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Abstract: In this paper, we first define type-two degenerate poly-Changhee polynomials of the
second kind by using modified degenerate polyexponential functions. We derive new identities and
relations between type-two degenerate poly-Changhee polynomials of the second kind. Finally, we
derive type-two degenerate unipoly-Changhee polynomials of the second kind and discuss some of
their identities.
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1. Introduction

As is well known, Changhee polynomials Ch,, (x) are defined by means of the follow-
ing generating function

2
14 t)*tvd =1+t B ( 1
f 0 = 5 1 = 3 O 0
(see [1,2]).
In the case when x = 0, Ch,,(0) = Ch,, are called Changhee numbers.

The Euler polynomials are defined by the following generating function:

(x+y)t - _“
/z,, ey = ef ¢ Z En(x)2 @)

(see [3]).
When x = 0, E,;(0) = E, are called the Euler numbers.
From (1) and (2), we note that

1=

Chy(x) =) Ej(x)S1(n,l),

1

0

and

ZChn )Sa(n, 1), (n > 0) (3)
(see [1]).

For any non-zero A € R, the degenerate exponential functions are defined by
(see [4-6]):
(1+AB)%,ex(£) = e (£) = (14 At)7. )

ex(t) =
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Here, we note that
tn

=Y (o, )

where (x)g) =1, (x)y 0 =x(x —A)(x =2A) -+ (x = (n —1)A), (n > 1).
In [7,8], Carlitz considered degenerate Bernoulli polynomials, which are given by
b t

a1 g T Zﬁm = ©®)

On setting x = 0, B, 1 (0) = B, 1 are called degenerate Bernoulli numbers.
For k € Z, the modified degenerate polyexponential function [9] was defined by Kim

and Kim to be
Eij (x :;;1 Jn i ——<— ([ x|<1). @)
Note that -
Eip a (x Z Mx =er(x) -1 8)
In [9], Kim et al. introduced degenerate poly-Genocchi polynomials, which are given
by
Biga (logy(14+1)) vy _ ¥ o) (!
‘ t) = G —, (ke 7). 9
e/\(t)+1 e/\( ) nzzo n,/\(x)n! ( ) ( )
(k)

In the case when x = 0, G4 (0) = G,(Zk))L are called degenerate poly-Genocchi numbers.
Let A € Cpwith | A [< 1. The degenerate Changhee polynomials of the second kind
Chy ) (x) are defined by

oy 2 x
(14 Alog(1+At) * dy y = (1+ Alog(1+ At))7
/Zp Yl A+ Alog(1 4 1)F
(e tn
= ;}Chm( ) (10)

(see [10]).

When x = 0, Ch,, 5 (0) = Ch,, ) are called the degenerate Changhee numbers of the
second kind.

In [11], the degenerate Daehee polynomials D,  (x) are defined by

1 14+t
th EDM Y (A eR). (11)
For x =0, D, ,(0) = D,, ) are called degenerate Daehee numbers.

Note that lim)_,o D, A (x) = Dy(x), (n > 0) (see [12]).

The degenerate Stirling numbers of the first kind are defined by

= (log)\(l—i—t stu n k) . (k=0) (12)
n=
(see [6,13-19]).
Note here that lim,_, S1 1 (1, k) = S1(n, k), where S1(n, k) are the Stirling numbers of
the first kind given by

I’l

7l (log (1+1)) i —, (k=0) (13)
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(see [5,20]).
The degenerate Stirling numbers of the second kind are given by

1 71
E( ZSMnl 7‘ (14)

(see [21]).
We note here that lim,_, Sy 1 (11, k) = S2(n, k), where Sy(n, k) are the Stirling numbers
of the second kind given by

L - i ® (15)

(see [1-30]).

In this article, we introduce type-two degenerate poly-Changhee polynomials of the
second kind and derive explicit expressions and some identities of those polynomials. In
addition, we introduce type-two degenerate unipoly-Changhee polynomials of the second
kind and derive explicit multifarious properties.

2. Type-Two Degenerate Poly-Changhee Polynomials of the Second Kind

In this section, we define degenerate Changhee polynomials of the second kind
by using the modified degenerate polyexponential function; these are called type-two
degenerate poly-Changhee numbers and polynomials of the second kind in the following.

Let A € C and k € Z; we consider that the type-two degenerate poly-Changhee
polynomials of the second kind are defined by

2Eiy ) (log) (1+1)) —(1+Alog(1+1)% = ZCh(k t—. (16)
H1+ (1+ Alog(1+1))7)

In the special case, when x = 0, Chfllf;\ (0) = Chl(ﬁ are called type-two degenerate poly-
Changhee numbers of the second kind, where log, (t) = 1 (t* — 1) is the compositional
inverse of ¢, (t) that satisfies

log, (ea(t)) = ea(log, (1)) =t.
For k = 11in (16), we get

2
14 (14 Alog(1+1)%

x ad £
(1+Alog(1+1)x =) Ch,m(x)ﬁ, 17)
n=0 :

where Chy, ) (x) are called degenerate Changhee polynomials of the second kind (see
Equation (10)).

Obviously,
lim [ — 2208\ D) g o0 4 )i 2 lim Ch*) (x )7
A—0 t(1+(1+uog(1+t))x) —o A0
_ 2Ej 1 t o t”

where Ch,gk) (x) are called type-two poly-Changhee polynomials.
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By using Equations (7), (10), and (16), we observe that

Z Ch(k) ﬂ _ 2Eik1)\ (logA(l + t))
o M 14 (14 Alog(1+£)1)
2 1o (logy(1+1#)™!
t

14 (14 Alog(1 4+ 0) Tty (m+1)1(m + 1)k
1
t

—33 Sia(l,m+1)-
» (m+1)k1 lz;ﬂ I

— 2 Sial+1,m+1)
I=m

1+ (14 Alog(1+t (I+1)!

1
A

> "\ [ & 1 Sia(l+1,m+1)¢

- h, ) — . -

<s§C nA L <Z Z (m 4 1)k-1 I+1 I

gy Sia(l+1 1 n
L.H.S = 2(2 (7)Chnm A(l+1,m+ ))t‘ (19)
0

~—
~—

=\ o= I[+1(m+1)k-1 ) n!
Therefore, using (19), we obtain the following theorem.

Theorem 1. For n > 0and k € 7Z, we have

n !
Sia(l+1,m+1)
ch®) = "\ch, 222 . 20
nA gn;()(l AT (m + 1)F T 20)

Corollary 1. Forn > 0and k € Z, we have

n 1 I+1 1
Chp=Y % (7) iy 212 ;L +'1m+ ) (21)
[=0m=0

From (16), we observe that

[l
=
Lre
0
S
L=
S
N——
3
it1e +
N
I >
N———
>
3
5}
99
—_
+
=
N——

Y cnf =Y <Z > (}) Ch,ik)l,A(x>m,Asl(l,m>> = 22)

By comparing the coefficients on both sides of (22), we obtain the following theorem.
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Theorem 2. Let n > 0and k € 7. Then, we have

no 1
n
chi) (x) = IZ y <l>Ch;(qk_)l,A(x)m,A51(l,m). (23)
In [4], the degenerate Bernoulli polynomials of the second kind are defined by
L iy = Y bame (24)
log, (1+1) = A

(see [30]).
For x =0, b, (0) = b, » are called degenerate Bernoulli numbers of the second kind.
From (7), we note that

diElk (log-(1+ x)

1+ 0)M 1 & (10 (logy (1+x 1+t
= o L ) '(An(fgﬁ!(nk—l i - 1E>gj<1)+x>Elk‘1*“°gA(l e

Thus, from (16) and (25), we have

2 .
ZCh '_ (1+(1+Alog(1+x))%)Elk’A(logA(l+x>)

2 A L O ) L L O ) A
x(1+ (1+ Alog(1+x))7) /0 log, (1+1) / log, (1+1) /0 log, (1+1) S

(k—2)—times

_ 2 - ( m )
1+(1+/\log(1+x))] m§0m1+~--+zmk_1:m my+ e+ Mg
% bml/\ (/\ - 1) me,A (A 1) bmk,l,/\ (/\ - 1) x™m

m1+1 mi+my+1  mi+--+mq+1m!
[e9) 1 [e9) ( ) ( m )
; "2 ;mzo m m1+~~4;k_1:m my+ -
bml,/\(A_l) bmz,)\()\_l) bmkflr/\()\_l) ﬁ (26)
m+1 my+my+1 my+ - +m_q+1 n—mA

Therefore, using (26), we obtain the following theorem.

Theorem 3. For n > 0, we have

K _ 1 " n m
Ch”'/\_z ; (m) Z <ﬂ11+"'+mk1)
1

my gy =m
na Q=D bp (A =1 b a(A=1)
TYZ1+1 ml—i—mz—i—l m1+~--+mk71+1

Chnfm,)v (27)

n\b A—1
( ) m’;(—kl )Ch”‘"“'
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Let k > 1 be an integer. For s € C, we define the function # » (s) as

1 oo tsfl .
Wﬂ@_ﬂﬂétu+u+M%ﬂ+thMM%ﬂHﬁwt

1 /1 ps—1 —2Ei  (log, (14 t))dt
T(s) Jo t(1+ (1+ Alog(1+1)7)

Jun

1 oo tS 1
2Ei; (1 1 dt. 28
+r(5)/1 H1+ (14 Alog(1+1))3) i (log (1 + 1))t (28)

The second integral converges absolutely for any s € C, and hence, the second term

on the right-hand side vanishes at non-positive integers. That is,

lim

sS——m

=

1 0 tsfl 1
2Fir , (log, (1+t))dt| < —— M =0. (29
F@)A t(14 (1+ Alog(1+1))7) e (108 (1)) = I(=m) )

On the other hand, for R(s) > 0, the first integral in (29) can be written as

o 0
1 Z Chl,)\ 1
I'(s) I s+l

I=0

which defines an entire function of s. Thus, we may conclude that 7 ) (s) can be continued
to an entire function of s.
Further, from (28) and (29), we obtain

tS—l

1
A(—m) = lim 2Ei » (log, (1+t))dt
kA Jm 1"()./0 t(1+(1+Alog(1+t))% k1 (log, )

1 )’ 1 & Pl
1 5= 1 _ -
=i [ R 5

1 A
= ... 1 n,
o+ +0+s—l>mml"()s+m m!

I'(1—s)sin7s (k) (k)
— ) Ch Ch
( ) "A — T(1 4 m) cos(mm) rriﬁ)\

+0+04--- (30)

= lim
s——m s+m m!

k
= (~1)"Ch®).

Therefore, using (30), we obtain the following theorem.

Theorem 4. Letk > 1and m € N|J{0}, s € C; we have

M (—m) = (—1)mCh1(ql1{,))\-
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From (16), we note that

_t<nzoc;szA ,><1+2( )Am log(1 + £))™ ) '

2Eij , (log (14 1)) = £(1+ (1 + Alog(1+ ) }) ZCh )&

n!

L2 ()
) n /
=Yy alcl Y Y (7)( Y S1(Lm)Ch M) ’i, (31)

On the other hand,

m
(1)m,)\sl(l/ m)ChSlk)l,?x>

[e9)

2Eiy, (log, (1+1)) Z D kiéqg'lmt H)"
-9 i (D, (log)\(l—i—t))

m,A e
\ (m —1)!mk m!
m,A

=2 Z (r:}l’l?(_l i S]I/\<1’l m) "

1
n=m n:

=1
ad L 1) ,/\Sl,A(n, m) "
LHS=2) ( 21 B w (32)
m=

n!’

Therefore, using (31) and (32), we obtain the following theorem.

Theorem 5. Let k > 1and m € NJ{0}, s € C; we have

i JmAS1,A (1, m)

k1

n n—-1 1
— ( HM 22() mAsl(lm)Ch£)1 M)

For k = 1 in Theorem 5, we get the following corollary.

Corollary 3. Form € NJ{0}, s € C, we have

n

Z JmAS1,A (1, 1)

(Chn 1)\+ Z Z ( ) mAsl(l m)Chn 1- l/\)

=0 m=0

From (16), we note that
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o k k t"
Y (Crhx+ 1)+ chifl ()
n=0 :
2Eik1)\(10g/\<1 +t>) 1

Kt (4 Alog@ sy T Hes AN ((1+Atog(1+)1)

00 n ! "
n k t
=2 (2 ). <l>(1)m,A51(l,H1)Ch,(1_)l,/\(x)> 5 (33)
By comparing the coefficients on both sides of (33), we get the following theorem.

Theorem 6. Let k € Z and n > 0; we have
k) (k) n, W
Chn,A(x+1)+Ch Z Z YmaS1(l, m)Ch ( ).

3. Type-Two Degenerate Unipoly-Changhee Polynomials of the Second Kind
The unipoly function uy(x|p) is defined by Kim and Kim to be (see [20]):

wxlp) = ¥ B, (ke m), @)
n=1

where p is any arithmetic function that is a real or complex valued function defined on the
set of positive integers N.
Moreover,

[e9)

ug(x|1) = Z = Lip(x (35)
(see [22,23,28]) is the ordinary polylogarithm function.
In this paper, we consider the degenerate unipoly function attached to polynomials
p(x) as follows:

i (alp) = Y- p(i) i 36)

It is worth noting that
1 .
U\ (x| 1") = Eipa(x) (37)

is the modified degenerate polyexponential function.
By using (36), we define type-two degenerate unipoly-Changhee polynomials of the
second kind by

©0 n
t(1+ (1+Alog(1+41))%) n— "

(38)

In the case when x = 0, ch! /)\ p(O) = Chfﬁ, p are called type-two degenerate unipoly-

Changhee numbers of the second kind. Let us take p(n) = ﬁ Then, we have
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= k) o 2uga(logy (1+1)]1p) . s
ZChM%(x)n! t(1+(1+Alog(1+t))%)(1+M g(1+1))

2 (log, (1 +1))" o x
t(1+(1+)tlog(l+t))%)m:1 mk(m +1)! (1+Alog(1+1))
2Eiy ) (log, (1+1)) (1+/\log(1+t))%

H1 + (1+Mog(1+t))%)
)z (39)

_ZChn/\ 7|

Thus, using (39), we have the following theorem.

Theorem 7. Let n > 0and k € Z, and let I'n be a Gamma function. Then, we have

Chfﬁ’% (x) = Ch) (x) (40)
From (38), we get
> k)t 2uy ) (log, (1+1)[p)
Z Chﬁt%pny - A l
) (1+(1+Alog(1—|—t)) )
2 p(m
= log, (1+1))"
K1+ (14 Alog(1+£)% ; *
2 . m+1)! & t
_ . ZP + 1)( )erllA( Z SlAm+1l)l
(14 (14 Alog(1 + £)1) m=o (m+ 1)k 1=mi1
> P\ (& & pm+1) (D) (m+ DS (m+1,14+1) ¢
= Chi— : : =
(J; Mj!)(EOEO (m+ 1)k I+1 I

(& &\ p(m+ 1) (1) ap(m+1)!1S 4 (m 41,1+ 1)Chy_p | £
- (Zz(l) (m+ DR+ 1) a @

Therefore, by comparing the coefficients on both sides of (41), we obtain the follow-

ing theorem.

Theorem 8. Let n € Nand k € Z. Then, we have

“L ) (m+ 1)k +1)

5 (1) P D Oesaln DS LI+ 0Oy
1=0m=0

In particular,

s (1’1) Sl,A(m +1,1+ 1)Chn—l,/\ (43)
! (m+1)11+1)

From (38), we observe that
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i clem g B _ 2uy ) (log, (1+1)[p
=0 Tl (1 (14 Alog(1+ 1)

1
*)
_ 2uga(logy (1+t)[p) °° A A" (log(1 + At))™
" g

(¢S] K tn
-(Lotn)

)) (1+Alog(1+1)4

(44)

From (44), we obtain the following theorem.

Theorem 9. Let n > 0and k € 7Z. Then, we have
k L n k
Ch,g,%,p(x) -y ¥ ( l)ChEI)Z,A,p(x)m,Asl(l,m). (45)

From (38), we observe that

5 o) B = 2allom(+lp)
n=0 © 14+ (1+Alog(1+1¢))7)
2 ; P(m+1)(1)Z1+1,Am-(logmH))mH
t14 (14 Alog(1+£))T) m (m + 1)km!
_ 2log, (1+¢) p(m+1)(1)miram!
- t(1+(1+)\log(1+t))%)m o (m+1)km!
:logA(1+t) i p(m~+1)(1) g 1m! isulnﬂfi

t +Alog1+t ))A m=0 (m + 1)

1+(1
= <iDs/\ )(iCha/\ ,)(i i pm+;+){;+um‘sl,)\(1/m)§i>

agk

e &

(log, (1+1))"

>.

1=0m
© b © 1 m 1 " m! 1
(_OZ< ba/\Cha/\b,><ZZ_: +m+)1)+“ S (zm);)

n n—1 1
p(m—+1)(1) 41 1m! "
LHS =}, <Z ;)mgo (7) Dy -a2Can i+ 1);“ S],/\(l,m)> - e)

n=0

By comparing the coefficients on both sides of (46), we obtain the following theorem.

Theorem 10. Let n > 0 and k € Z. Then, we have

n n—I
n m—+1)(1 m!
Chfilf/)\,p = Z Z (l)Dn—l—a,ACha,Ap( (m):_ ){;}j—l'/\ Sm(l,m). 47)



Symmetry 2021, 13, 579 11 of 12

4. Conclusions

In this article, we introduced type-two degenerate poly-Changhee polynomials of
the second kind and derived some beautiful identities and relations between type-two
degenerate poly-Changhee numbers of the second kind and Stirling numbers of first and
second kind. In addition, we gave the relation between degenerate Bernoulli polynomials
of the second kind and type-two degenerate poly-Changhee numbers of the second kind.
Again, we defined type-two degenerate unipoly-Changhee polynomials of the the second
kind and obtained some properties and relationships of degenerate unipoly-Changhee
numbers of the second kind and the Daehee numbers.
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approved the final manuscript. Both authors have read and agreed to the published version of
the manuscript.
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