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Abstract: In the setting of fuzzy metric spaces (FMSs), a global optimization problem (GOP) obtaining
the distance between two subsets of an FMS is solved by a tripled fixed-point (FP) technique here.
Also, fuzzy weak tripled contractions (WTCs) for that are given. This problem was known before
in metric space (MS) as a proximity point problem (PPP). The result is correct for each continuous
T—norms related to the FMS. Furthermore, a non-trivial example to illustrate the main theorem
is discussed.
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1. Introduction and Preliminaries

During the last decade, the PPP has been discussed as it means determining the
distance between two subsets of the MS. In optimization, this problem is mainly considered
and it is treated by FP analysis by viewing the problem as that of finding an optimal
approximate solution of an FP equation, this problem was known as a GOP. Research
interests played a prominent role in finding a solution to such kinds of problems such as
the papers [1-8].

The authors in [9] are the first ones to use the concept of non-self-coupled mappings
to be used in these problems, they followed the important results of [10]. Separately,
Choudhury and Maity [11], obtained coupled proximity points in general FMSs.

The goal of this work is to consider the global GOP of obtaining the distance between
two subsets of an FMS and solve it by FP methodology through the determination of two
different pairs of points each of which determines the fuzzy distance for which we use a
tripled mapping from one set to the other.

In 1965, fuzzy mathematics was initiated by Zadeh [12]. After that, the fuzzy ideas
appeared in many branches of mathematics through the work of the researchers over the
years. In particular, FMSs [13] have been studied extensively by many authors in many
mathematical disciplines because it has a naturally defined Hausdorff topology which is in
a large way the cause for the successful improvement of metric FP theory in these spaces,
some examples of these works were provided by [14-17].

PPP in a MS is described as follows: Assume that & and © are two subsets of a
MS (A,d). Then d(E,0) = inf{d(¢,{) : ¢ € E, { € O} is called a distance between &
and ©. One way of achieving d(Z, ®) with a mapping © : & — © and then to seek for
min{d(8,08),8 € Z}. A point & € Z is called the best proximity point of O if d(8,08) =
d(E,0). In optimization, this point is a solution to a GOP.

The problem has a fixed-point approach which we adopt here. It seeks to find an
approximate solution to the equation ¢ = oO¢ in the optimal way where the optimal
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approximate solution @ verifies d(9,09) = d(&, ®). The solution of the FP equation & = D¢
do not have an exact solution if & and @ are separately (EN© = @). This is actually
our concern.

This problem has been turned to the FMS by several researchers such as [18-20]. As usual
in a MS, the problem is solved by applying different types of contractions like, for instance,
Choudhury and Maity [3], Jleli and Samet [4], Samet et al. [5] and Raj et al. [7,8]. Here,
we proposed an application of a fuzzy WTC for the above problem. Coupled FP results
has experienced rapid development in the contemporary time through works of [21-27]. In
particular, the corresponding fuzzy coupled FP and related results are presented in [14,22].

In Hilbert spaces, the concept of weak contraction is an extension of Banach’s contrac-
tion principle which was initiated by Alber et al. [28]. It can be said that a weak contraction
lies between a contraction and a non-expansive contraction. By many works FP results
involving weak contractions have been considered, for more details see [22,29-32].

In 2011, a tripled FP result has been introduced by Berinde and Borcut [24] as an
extension of coupled FP result in partially ordered metric spaces, under this space they
presented exciting results about tripled FP consequences. For more illustrations about the
contributions of researchers in this line, see [33-39]. We use a WTC in this manuscript for
which two control functions are applied. Also, a fuzzy Q—property has been used in FMSs
which is important a fuzzified geometric concept of Hilbert space suitable for FMSs.

Now, we give some essential mathematical notions of our discussion.

Definition 1. [40] A binary operation % : [0,1]> — [0,1] is called a T—norm if the properties
below are verified:

. * 18 commutative and associative;
e foralld€[0,1],0%1 =70
e foreach ¥y,8,,03,84 € [0,1] so that 8, < O3 and O, < 8y, then 9y * ¥, < 93 * V4.

Familiar examples of continuous f—norms are ¢ x ¥, = min{d;, t}, $ x¥ =

% forp € (0,1), 81 x 9 = 818, and 8 * ¥, = max{dh + & —1,0}.

An FMS is presented by George and Veeramani [13] as follows:

Definition 2. Let A # @ be an arbitrary set, x be a continuous T—norm and A : A x A x
[0,00) — [0,1] be a fuzzy set. We say that (A, A,*) is an FMS if the function A verify the
hypotheses below, for each ©1,8,, 93 € A, and T, > 0:

itemize

(fms 1) A(%1,9,,T) >0,

(fms2) A(0y,82,7) =1 8 =0,

(fms 3) A(01,92,T) = A, 04, 7),

(fms 4) A(01,9,.) : (0,00) — [0,1] is left continuous,

(fms 5) A(01,02,T) % A(0, 03, 1) < A(S, 03, T+ ). itemize

In the below, we will give some topological properties for an FMS in the limit of
our requirements.

Example 1. [13] Assume that A = R and for all ¢1,0, € R, 01 x 02 = 010,. Consider for
T € (0,00),
81—

A(l91, 192,’1') =e = ,V,% €A
Then (A, A, %) is an FMS.

It is noted that A MS (A, d) can be described as an FMS (A, A, x) with % x 9, =

mln{ﬂl, 192} and A(ﬂl, 192, T) = m
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Definition 3. [13] Suppose that (A, A, x) is an FMS, a sequence {0, } in A is called:

e Convergent to ¢ € A, and we write limy_,00o &y = 8, if for every € > 0, T > 0, there is
vo € Nso that A(0,,9,7) > 1 — € forallv > vy.

* A Cauchy sequence if for every € > 0, T > 0, there is vy € N so that A(0,,0,,T) > 1—¢€
forall v,u > vy. If every Cauchy sequence is convergent, then an FMS is called complete.

The subsequent results below are very important in the sequel.

Definition 4. [19] Suppose that (A, A, ) is an FMS, A(9, 8, T) is a fuzzy distance of a point
¢ € A from a non-empty subset & of A, which defined as

A(9,E,T) =supA(d,r1,T), VT >0,

red
and A(E, ©, T) is a fuzzy distance between two non-empty subsets = and © of A, which is defined as
A(E,0,1) =sup{A(s,7,T), s€E, re®,} VYt >0.
Assume that E and © are two non-empty disjoint subsets of an FMS (A, A, %), we have

By = {0€& 30c0:A(9,06,7)=A(E 0,1), VT >0},
© = {00, IecE:A6,0,1)=AE0O,1), VT >0}.
Definition 5. [19] Assume that (A, A, %) is an FMS and E and © are two non-empty subsets of

A. A point 9* € E is said to be a fuzzy best proximity point of the mapping © : & — O if the
stipulation below holds for all T > 0,

A(O*, 297, 7) = A(E,0, 7).

Definition 6. [8] Assume that (8, ®) is a pair of non-empty subsets of an FMS (A, A, x). The pair
(E,©) has a fuzzy Q—property iff A(01,01,T) = A(E, O, 1) and A(9,,6,,7) = A(E, 0O, 1),
for all T > 0, implies for 91,0, € E, 61,0, € O that A(8%y,61,7T) = A(82,60,, T), forall T > 0.

Lemma 1. [41] Assume that (A, A, x) is an FMS. Then for all 9,6 € A, A(9,0,.) is nondecreasing.
Lemma 2. [42] A is a continuous function on A x A x (0,00).

Lemma 3. [17] Assume that {j,}, {do} and {r,} are sequences in A so that j, — jand r, — r
as v — oo. If x is a continuous T—norm, then

{}ggo(ja*dﬂ*rﬂ) :j*}ggoda*r,

and

lim (jyxda*1rq) = j* limd, x 1.
a—o0 a—o0

Lemma 4. [17] Assume that a sequence of functions {5(a,.) : (0,00) — (0,1], a > 0} is
monotone increasing and continuous for each a > 0. Then lim, o1 (a, T) is a left continuous

function in T and lim#(a, T) is a right continuous function in T.
a—oo

Definition 7. [33] Assume that E # @ is a subset of a MS (A,d) and © : 3 — E (where
E® = E X & x B) is a given mapping. A trio (9,0,x) € E3 is called a tripled FP of O if
0 =0(9,6,x),0 =0(0,x,0) and xk = O(x, 9,0).
2. Main Results

We begin this section with the definition below.
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Definition 8. Assume that (E,®) is a pair of non-empty subsets of a FMS (A, A, *). We say
that (8,0,x) € E3 is a tripled best proximity point of the mapping O : E3 — @ if it verifies the
stipulation that for all T > 0,

A(8,0(8,6,x),T) = A(6,0(0,x,0),T) = A(x,0(x,8,0),T) = A(E, O, T).
It is clear that if & = O, a tripled best proximity point reduces to a tripled FP.

Theorem 1. Let (A, A, ) be a complete FMS, where % is an arbitrary continuous T—norm.
Assume that O : E3 — @ is a continuous mapping that verifies the hypotheses below:

(a) O(E3) C Oy,

(b) the pair (E, ©) verifies fuzzy Q—property,

(c) for each 9,0, x,0*,0%,k* € A,

A(O(9,0,x),0(8*,6%,«*),T)
Q| *A©(8,x,0),0(0% «*,8*),7)
*A(D(x,0,0),0(x*, 9%,0%), 1)
< Q(A(8,0%,T) xA(6,0%,T)  A(x, k™, T))
=Y (A(9,9",T) *A(0,0%,T) x A(x, k", T)), 1)

where Q),Y : (0,1] — [0, c0) are two functions so that

(i) Q) is monotone decreasing and continuous with Q(p) = 0iffp =1,

(i) Y is lower semi-continuous with Y (p) = 0iff p = 1.

Assume that there are 8y, 0y, kg, 01,01, %1 € Eg so that A(V1,0(8, 60, %), T) = A(E, O, T),
A(61,0(60,%0,%),T) = A(E, O, T) and A(k1,0(xo,9,60),T) = AE, O, 1), forall T > 0.
Then there exists 0,0,k € Eg so that A(9,0(8,0,x),T) = AE, O, 1), A0,0(0,%,9),T) =
A(E,0,T)and A(x,0(x, 9,0),T) = A(E, O, T).

Proof. By the last hypothesis of the theorem and since D(Eg) C @y, there are 1,61, x1,
%, 0, %7 € Eg so that forall T > 0,

A(192,D(191,91,K1),T) = A(E,@,T),
A(Qz,a(gl,Kl,ﬂl),T) = A(E,@,T), and (2)
A(Kz,a(Kl, 191,91),’() = A(E,@,T).

From (2) and fuzzy Q—property, we get for all T > 0,

A(l91,l92,”[) = A(a(ﬁo,90,1(0),9(191,91,7(1),’[),
A(91162/ T) = A(D(Go, Ko, 190)19(61/ K1, 191)/ T)/ and (3)
A(Klr K2, T) = A(a(KOr 190/ 90),9(1(], 191/ 91)/ T)-

Since D(ES) C y, there exists 93,03, k3 € & so that forall T > 0,

A(93,a(92,1{2, 192), T) = A(E,@,T), and (4)

A(193,D(192, 92, Kz),’f) = A(E, @, T),
A(Kg,a(Kz,l%,Gz),T) = A(E,@,T).

It follows from (2), (4) and fuzzy Q—property that for all T > 0,

A(D, 93, T) = A(D(,01,%1),0(82,62,2),T),
A(QZ/ 93/ T) = A(D(Glle/ 191)/9(92/ K2, 192)/ T)/ and (5)
A(KZ/ K3, T) = A(D(Klrﬁl/el)/ D(KZ/ 192/ 92)/ T)*
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By induction, we can write forall T > Oand allv > 1,

A0y, 0(0y-1,00-1,%,-1), T) = AE, O, T),
A(gvra(elifl/;(vfll191}71)/7:) = A(E‘/ ®/ T)/ and (6)
A(K'Ur D(KU*llﬂlI*l/ 9’071)/ T) = A(E/ ®/ T)-

Similarly,

A(90+1l E>(9271 Ky, 1917)/7'_) = A(E‘r ®r T)r and (7)

{ A(Op11,0(00,00,%0),T) = A(E, O, T),
A(Kp11,0(Ko, 90, 00),T) = A(E, O, T).

Again, by (6), (7) and fuzzy Q—property, one can write forall T > 0,and allv > 1,

A(ﬂvl 190+1/T) = A(D(ﬂv—lx90—1/7(0—1)/9(190/ GU/K’U)/ T)/
A0y, 0511, T) = A(D(Ov—1,%0—1,8p-1),20(0p, K, B), T), and (8)
A(KU/ Ko+1, T) = A(a(KU_],197;_1,97;_1),9(1(0, 19‘0/ ev)rT)-

SetforallT > 0,and allv > 0,
UU(T) = A(ﬁ?}/ 191)+1/ T) * A<97}/ 9‘0-‘1—1/ T) * A(KU/ Ko4+-1s T)' (9)

Letting ¢ = 0,1, 0 = 0,1, k = k,_1 and ¢* = O, 0% = 0,, k¥ = 1, in (1) and by (8),
one can write forall T > 0and all v > 1,

( A(a(ﬁv—l/ 0o—1, Kv—l)/ D(l%, 0o, Kv)/ T) )

@) *A(D(Gvfl,val, 190,1),9(67;,1(0, 197)),’1.')
*A(D(valr By_1, 9071)/ D(er Wy, 92;); T)
Q(A(Fy—1, 80, T) * A(Oy_1,00, T) x AKy_1, %0, T))
—Y(A(Oy—1,8,T) * A(0y_1,00, T) * AKy_1,%0, T)),

IN

also, one can write

Q(A(By, Oyr1, T) * A(Oy, Oy i1, T) x AlKy, Kp11, T))
Q(A(ﬁ’()flr 1917/ T) * A(G’{)flr 921/ T) * A(vall Ky, T))
=Y (A(Fy_1,8,,T) * A(0y_1, 04, T) * A(Ky_1,Kp, T))-

IN

Applying (9), we have
Q(Bo(7)) < A0p-1(1)) = Y(Bo-1(7)) < Q(Co-1(1)) (10)

Because () is a monotone decreasing function, we get U, (1) > U,_1(7) forallv > 1.
Thus, we conclude that for all T > 0, {Uy(7) }»>0 is an increasing sequence in [0, 1], this
implies that lim, e Uy (T) = A(T) (say)< 1. We want to prove that forall T > 0, A(7) = 1.
If there is 19 > 0 so that A(1) < 1, then letting v — oo for T = 79 in (10), we have
QA1) < Q(A(10)) — Y(A(10)), which is a contradiction because Y(A(1p)) # 0. Hence
A(T) =1, for each T > 0. This implies that for all T > 0,

lim U, (7) = lim A(9y, 0y11,T) * A0y, 011, T) x A(Kp, Kpy1,T) = 1. (11)
V—00

V— 00

Next, we claim that {#,}, {65}, and {x,} are Cauchy sequences. Suppose the contrary,
there are €,/ > 0 with £ € (0,1) so that for every integer a, there exist two integers y(a)
and B(a) so that B(a) > y(a) > a and for all 4 either

Ay Opta€) <14,
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when the sequence {9, } is not a Cauchy, or for all g,
A0 Op(a)s€) <114,

when the sequence {6, } is not a Cauchy, or for all a,
Al e €) <1 =L,

when the sequence {x;} is not a Cauchy. Therefore, based on the above three non-Cauchy
sequences, we can write for all g,

Za(€) = A(ﬂ'y(a)'ﬂﬁ(a)le) *A(G'y(a)/ 9/5(”),6) *A(K'y(a)rKﬁ(a)le) <1-—V. (12)

By considering B(a) is the smallest integer exceeding y(a) such that (12) holds, one can
obtain, forall a > 0,

A(By(a) Op(a)-1,€) * B0y (a), Op(a) -1, €) * BlKy (a), Kp(a)—1,€) > 1= L. (13)
By the triangle inequality for each Jwith 0 < J < §, for all 2 > 0, we can write

1= 2> 2za(€) = D0 (a), Op(a), €) * B0y (a), Op(a) €) * DKoy (a), Kp(a) €)
> A( Y(a ,ﬁw(u)Jrl,j) *A(l%,( )+1,l9/3< )+1,€ —2:[) *A(ﬂﬁ( +1,l913 (a) ,j)
*B Oy (a): O a1 2) * B0 041, Op(a 1, € = 23) * AlOp(a) 1, Op(a) 1)
<’< (@) Ky (a)+1,3) * BlKy(a) 11, Kp(a )+1'€*23>*A(Kﬁ( +1'Kﬁ (a)73)
DBy (a), Oy(a)+1/3) * D050y, O (a)+1,3) * Bl o) 1)
*(A(&y(u)Jrl/ ﬂﬂ(a)+1/ €—21)* A(B'y(a)Jrl/ 9/3(a)+1/ €—21) xAx Koy (a)+1s Kﬁ(a)+1/ €- 2J)>
*(A(195<a)+11195(a)/3) * D05 ()11, 0p(a), T) * A(Kﬁ(a)+1'K/S(a)fj)>~

(14)

Let V1(7), for T > 0 be a function defined by

V] (T) = H(A(ﬁ'y(ﬂ)+ll ﬂﬂ(ﬂ)+1/ T) * A(ey(a)+1, 9ﬁ([l)+1/ T) * A(K7(a)+1’Kﬁ(a)+l/ T)) . (15)

a— o0

Considering lim sup on both sides of (14), by (11), using the continuity property of x,
and by Lemma 3, we have

1—¢ > z(e)

L A<l97(a)+lr 19/5(41)-&-116 - 23)
Z 1x alglc;lo *A(G,Y(a)+1, 9ﬁ(a)+1/ € — 2]) *~1 (16)
*A(K7(u)+1/ Kp(a)+1,€ — ZJ)
[ AO@+1 @)1 € —2)
= [}1_}]?120 *A(G,y(a)Jrl,e/B(a)Jrl,e — 2:[) = V1 (6 — 23)
*A(K'y(u)+HKﬁ(a)+1/ €— 23)

Because A is continuous, bounded with range [0, 1], and monotone increasing in the

third variable T and nondecreasing (Lemma 1), it follows from Lemma 4 that V; defined
in (15) is continuous from the left. Taking the limit as 7 — 0 in (17) and using (12), we get

Vl (E) = H<A(ﬂ’y(a)+1' 19‘3(‘1)_,_1,6) *A(Q'y(a)+l/9ﬁ(a)+1/€) *A(K’y(a)—&-l'K‘B(u)-‘rl'e)) < 1-—2¢. (17)

a—o0

Consider V(7), for T > 01is a function defined by

V(1) = lim (A(197<a)+1119,5(a)+1ﬂ) * A(0y(a)+1,0p(a)+1/ T) *A(K'y(a)+lfK/5(a)+1/T)>' (18)
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Again, for any J > 0, for all integer a, one can write

A(B.y(a)+1, Op(a)+1, € +33) % A0 (a)+1,Op(a)+1, € + 3T) * A(K(4) 41, Kp(a)+1,€ + 37)
2 (A8 a1 y(a) D) * DO 02,0301, ) * By 011,80 )
x (B8 0y Op(a)1,€) * B0y a) Op(a)1,€) % Ak () p(a) 1,€) ) (19)
*(B(Bp(a) 1, Bpa),3) % B(Bpa) 1, 8pa),T) * lrp(a) 1, %p(a), D)
*(BBp(a), Bpta) 1,3 * D00y, Bpa) 1,1 * A(Op(a), Bp(ay 1. 7))-

Passing liminf as 2 — oo in (19), apply (11) and (13), we have

A( (a)+l/l9ﬁ( )+1,€+31)
lim [ *A(0y ()11, 0pa)+1,€ +33) | 2 1x (1 =€) x1x1=(1-1),
e *A(KW (a) +1/K/S {1)-&-1/€ + 33)

that is,

A0 (a)+1, Op(a)+1,€ +37)
V2(31) = lim | *A(0,(0) 11,0051, € +31) | >1—L. 20)
T\ *A(y ()11, Kp(a) 41,€ + 3T)

Since A is continuous, bounded with range [0, 1], and monotone increasing in the third
variable T and nondecreasing (Lemma 1), it follows from Lemma 4 that V; defined in (18)
is continuous from the right. Taking the limit as J — 0 in (20), we have

A (a) 11, Op(a)+1/€)
Va(e) = lim | *A(6 y(a)+1-9p(a)+1,€ €) | =214 (21)
e *A(KW V+1-KB(a)+1/€

Combining (17) and (21), we obtain that

Hm A(y(4) 11, Op(a)+1,€) * DOy(a) 11, Op(a) +1,€) * DlKo(a) 11, Kp(a)+1,€) =1 — L. (22)

a— 00
As well, by (12), we get
,}L@(A<ﬂ’7(a)’ 19/5({1),6) *A(G'y(a)lgﬁ(a)/e) *A(K’y(a)fxﬁ(a)/e)) S 1—4. (23)

Assume that V3(7), for T > 0 is a function given by

V3(T) = m <A<l9’y(a)/l9ﬁ(a)lr> *A(G,\r(a),eﬁ(a),l') *A(Kv(a),Kﬁ(a),T)>. (24)

a—o0

For J > 0, one can write
A(B(a), Op(a), € +23) % A6,y (a), Op(a), € +2T) * MKy (), Kp(a), € +27)
> (A(ﬂwaw‘%(uwlf:‘) * D050y, 0(a)+1,3) *A(w)f"v(u)ﬂfj))
*(A(l%(umr B8(a)+1,€) * B0y ()11, 0p(a) 11, €) * DKy (a) 41/ K/S(u)—l—lre))
* (8801, 8p(a) T) * (Do) 1,050y 3) * (AlKpay41, Kp(0) 1) )-
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Taking lim inf as a — oo in both sides of the above inequality and apply (11), (22) and
Lemma 3, we conclude that

tim (A(8 o) Bp(a) € +23) % (6 a) 850 € +23) x Al o) Koy € +23))

a—oo

1% lim (A(ﬂ'y(a)+1r19ﬁ(u)+l/€) * DOy (a)+1,Op(a) +1,€) * A(K'y(a)+lfK/3(a)+1f€)> * 1

a—o0

= 1-4.

v

It follows from (24) that

A(0(a), Op(a) ,€+2])
Vs(e+23) = lim | *A(6, eﬁ(a et2) | >1-2 (25)
N * Ay (o) ,Kg(a), € +21)

Because A is continuous, bounded with range [0, 1], and monotone increasing in the
third variable T and nondecreasing (Lemma 1), it follows from Lemma 4 that V3 defined
in (24) is continuous from the right. Passing the limit as J — 0 in (25), we get

VB(e) = lim (A(ﬁ'y(a)rﬁﬁ(u)le) *A(ey(a)leﬁ(u)le) *A(K'y(a)rK‘B(a)re)) >1-/. (26)

a—ro0

Combining (23) and (26), we get

Jlim (A(ﬁ'y(u)/ Op(a),€) * B(0,(a), Op(a), €) * A(K'y(a)lKﬁ(a)re)) =1-4 (27)
NOW settmg 9= 1‘9[3(&) 0= 6[3(11)/ K = Kﬁ(a) and 9* = 19,7([1) 0* 9,7([1), K" = K"/(a) in (1),
we get
A(2(Bp(a), Op(ay Kp(a))- O (830 )€
Qp *A (D (Op0), Kp(a) Op(a))s OOy (a) 6y ),e
<D (O (Kg(a) Op(a), Op(a) ) O (Ko () O 7<a>)r€

< O(AWB5() B ™) % A (Op(a) baa ) *A(Kﬁ(a)"cw(a)'e))
=Y (A0 B0, T) % D800y by (a1 T) * A (Kpta) Koa €) )
As @ — oo in the above inequality, and by(22) and (27), one can write
Q-0 <Q(1l—0)-Y(1-10),

this is a contradiction because Y (1 — ¢) # 0. Therefore, {0, }, {6,}, and {«,} are Cauchy
sequences. The completeness of A leads to there are 0,6, x € A so that

lim ¢, =9, lim 6, =6 and lim x, = «. (28)
V—00 V—00

V—00

The continuity of the mapping o and (7) implies that for v > 1,

limy—s00 A(0y 11, 0(00, K0, 05), T) = A(E, O, T), and

{ hmv%oo A(190+1/D(l9'01 927/ K’U)/ T) = A(E/ ®/ T)/
limy_y00 A1 1,0 (K0, 80, 04), T) = A(E, O, T).
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Or, equivalently

A(limy ;00 011, O (limy 00 By, liMy—y0 Ky, limy 00 ¥p), T) = A(E, ©, T), and

A(hmvﬁoo 19U+1/ a(hmvaoc 1921/ thA)OO 927/ hm'UA)OO KU)/ T) - A(E/ ®/ T)/
A(limy—se0 Ky 11, O (liMy—s00 Kp, liMy 500 By, limyy00 05), T) = A(E, O, T).

Therefore, A(9,0(8,0,x),T) = A(E, 0, 1), A(0,0(0,%,9),7) = A(E,®, T) and A(x, O
(r,9,0),7) = A(E,©, 7). This leads to (8,6, k) is a best proximity point of () and this finishes
the proof. O

Remark 1. The results of Saha et al. [22] for coupled fixed-point results can be obtained here
without partial order on the space, if we put A = & = © in Theorem 1.

Corollary 1. Let (A, A, *) be a complete FMS, where % is an arbitrary continuous T—norm.
Assume that O : E3 — @ is a continuous mapping that verifies the hypotheses below:

(i) O(Z}) € Op;

(ii) the pair (E, ®) verifies fuzzy Q—property;

(iii) for each 9,6, x, 9, 0%, k* € A,

A(D(8,0,x),0(8*,0%,1*), 1)
( *A(D(0,x,9),0(0%,k*,0%),T) )
*A(D(x,8,0),0(x*, 0%,0%), 1)

< a(A(9,0°, 1) xA(6,0%,T) * Ak, k", T)),

A(61,0(600,%0,00),T) = A(E,0O,T) and A(x1,0(xg,09,60),T) = AE,O,T), for al
0. Then there is 0,0,k € Eg so that A(9,0(8,0,x),T) = A(E,0O,T), A(0,0(0,x,0),
A(E,0,T) and A(x,0(x,9,0),7) = A(E, O, 7).

where w € (0,1). If there are 8y, 0y, k0, 91,61, k1 € Eq so that A(9%1,0(d, 00, k), T) = A(E, O,
T
7)

||v:L

Proof. Only take Q)(e) = e and Y(e) = e — we in Theorem 1 foralle > 0. O
Now, we introduce a non-trivial example to support the results of Theorem 1.

Example 2. Assume that x is a minimum tT—norm and A = R> with fuzzy metric

T
T+ [0 — 0%+ 10 — 0% + |k — x*|

A((8,6,x), (8,0%,«"),T) =

Suppose that E and © are two subsets of A defined by

[z

{(0,8):0 <& < o0},
O = {(1,8):0< 0 < oo}

Let 8,6,%,0%,6%,&* € &, where & = (0,9), 0 = (0,0), & = (0,x), 8% = (0,8%), 6% =
(0,6%), xk* = (0 K) 8,0,x,0%, 0%, k* > 0.

Define the mapping O : B> — © as 9(19 6, K) = (1 1,In(1+ %)). Also, we will
choose the functions Q,Y : (0,1] — [0,00) as Q(3c) = L% and Y (3¢) = 122

At the first, we verify the fuzzy Q—property for the pair (E,0). Here for all T > 0,
AE,09,T) = 1;.

Also, By = &, @9 = © and O(E3) C ©y. Assume that 97 = (0,81), 9 = (0,8,) € Eand
07 = (1,61),6; = (1,62) € ©, with

A(97,07,T) = A(E0O,7)and (29)
A(03,605,T) = AEO,T), (30)
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forall T > 0. From (29) and (30), we have

T T
= = ) = 0y and
T+1+[8 — 0 1+7 1=
T T
= = ) = 0y,
T+ 1+ [0, — 6y 1+71 SR
respectively. Therefore, for all T > 0
A(8%,07,7) i ° A(B%,05,7).

- 1+|l91—l92| - 1+|91—92‘ -
Next, for all T > 0, as x is minimum T—norm,
A(a(A,@f),a(@,&,ﬁ),T)
Q| *A(D(6,%,9),0(6%, %, 8%), T

*A (O o, 0

(10 (1 + 285)), (1,1, In(1 4 EG0 ) 1)
O *Aggl, 1,In(1 + “’g*")g, gl, 1,In(1 + W)g,r;

IN

*A((1,1,In(1+ =£40)) (1,1, In(1 + £HEH0)

Q(A((l, 1,In(1 + W)), (1, 1,In(1 + W))J))

T+ ‘1n(1—|— B04x) _ (] 4 SEOEK"
[In(1 4+ SEE8) —In(1 4 4

T

, T

Now, we consider the two cases below:
Case (D.If 0+ 60 +x > 0* 4 0" + «*, then

In(1 + 8HEK) _In(1 4 CH84x")

T

14+ 0+Z+K

In(

1+ oF +96* +x*

T
(9—0%)+(0—0% )+ (xk—x*)
6

In(1+

ENWEIE ]
1+l9 +96 +K

T

In(] 4 (B=8)+(0=6")+(c—x")

< n(1+ - 6 ) as In(1+ 0) is increasing function
< (9 —0*)+ (0 — 0*) + (x — x*)

- 6T

< |0 — 0% + 10 — 0%| + |k — ¥

- 6T

< i where & = max{|® — 9%, |0 — 6|, [x — x|}
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Case (II). If 8 4+ 6 +x < 0" + 6% 4 «*, then

* g% | ok
1+t9 +96+K

In(1 4 $HEK) — In(1 + S48 IH(W
T T
(0% —8)+(0*—0)+(x* —x)
In(1+ 1+%
T
ln(l + (19*—19)+(9*6—9)+(K*—K))
T

< (F=0)+(0"—0)+ (x* —x)
|0* — O + |6* — 0] + |x* — x|
6T

< .
- 2T

Hence,

where & = max{ |8 — |, |60 — 6%|, |x — x*|}.
Finally, for all T > 0,

Q(A(@,@,T) *A(@,GA"‘,T) *A(f,;?‘,r))
~Y(A(9,9,7) +8(8,6%,7) %A%, 7))

Q i * i * i
B T+H[8 -8 T+|0—0% T+ |k —x*

Yy T . T . T
T+ T 0—07  T+|xk—x]

= =
el jlal

TTn T
where & = max{|® — 9*|,|60 — 0*|, |x — «*|}. Hence for all T > 0,

A(a(§,§,f),a(6¥,&,ﬁ),r)
0 *Aga(é,f,lf),a(ef,;i,@f),r;
*A(D(K,8,0),0(x*,0%,0%), T
< Q(A(@,@;,T) *A(@,QA*,T) *A(ﬁ,;@,’r))
—Y(A(@,z/‘ﬁ,r) *A(@,@,T) *A(f,;?,T)).

Thus, all requirements of Theorem 1 are fulfilled. So O has a tripled best proximity point. It is
noted that (0,0,0) is one such point.

3. Conclusions

The aim of this manuscript is to consider the global GOP of obtaining the distance
between two subsets of an FMS and solve it by FP techniques through the determination of
two different pairs of points each of which determines the fuzzy distance for which we use
a tripled mapping from one set to the other.
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