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Abstract: A nonlinear quantum boundary value problem (q-FBVP) formulated in the sense of
quantum Caputo derivative, with fractional g-integro-difference conditions along with its fractional
quantum-difference inclusion q-BVP are investigated in this research. To prove the solutions’ existence
for these quantum systems, we rely on the notions such as the condensing functions and approximate
endpoint criterion (AEPC). Two numerical examples are provided to apply and validate our main
results in this research work.
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1. Introduction

It is a fact supported by many researchers that fractional calculus (FC) establishes
a flexible extension for the classical one to arbitrary orders. FC has attracted particular
attention from many researchers of mathematics, applied sciences, and engineering because
of the various important applications of this field in modeling certain scientific phenomena
and complex physical systems. Modeling systems using fractional derivatives can provide
a good interpretation of the physical behavior of the studied systems due to the nonlocality
and memory effects that have been exhibited in some systems. Some studies have been
conducted on the mathematical analysis of FC and its applications such as European op-
tion pricing models [1], p-Laplacian nonperiodic nonlinear boundary value problem [2],
nonlocal Cauchy problem [3], economic models involving time fractal [4], complex in-
tegral [5], incompressible second-grade fluid models [6], complex-valued functions of a
real variable [7], and separated homotopy method [8]. Likewise, quantum calculus is a
corresponding field of the standard infinitesimal one without the concept of limits. In spite
of the long history that they already have, both theories are in the field of mathematical
analysis, the investigation of their properties has emerged not so long ago. The quantum
fractional calculus (q-fractional calculus), considered as the fractional correspondence of
the g-calculus, was initially proposed by Jackson [9-11]. Researchers such as Al-Salam [12]
and Agarwal [13] gave a great boost to the fractional g-calculus and obtained important
theoretical results. Based on these results, the fractional g-calculus has emerged as an
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instrument with great potential in the field of applications [14-17]. Even in recent years,
many articles have been appeared on quantum integro-difference boundary value problems
(BVPs), which are valuable abstract tools for modeling many phenomena in various fields
of science [18-30].

Asawasamrit et al. [31] provided a multi-term g-integro-difference equation subject to
nonlocal multi-quantum integral conditions displayed as

K06+ (r) = @(r, 1(r), 5, 3L h(r)),  (r € [0,K]),

h0) =0,  vK IR A(m) =%, I3 0(2),
where q1,42,493,94 € (0,1),6 € (1,2),01,02,03 > 0,171,712 € (0,K) and v € R. The approach
implemented by them to arrive at the existence property of solutions for the suggested
g-BVP is based on the fixed-point techniques [31]. After that in 2015, Etemad, Ettefagh and
Rezapour [32] concerned the three-term g-difference FBVP

(525 1)(r) = w(r, 1i(r), G D+ 1lr)),

with four-point g-integro-difference conditions

1 — go)(B-D)

AR(0) + 415D+ 1(0) = mqu35+ﬁ(§1) = ml/o %ﬁ(v)dq%
3} — (B-1)

Mafi(1) + G603 (1) = moR 3 @) = | %ﬁ@)dﬂ,

where 0 < r < 1,1 < G <2, qc (0,1), ‘B S (0,2], Al,Az,gl,Cz,ml,ﬂQ € Rand 61,62 €
(0,1) with ¢; < &». Ntouyas and Samei [33] turned to studying the solutions’ existence for
the g-integro-difference FBVP
€08 h(r) = wlr, h(r), (91h)(r), (92h)(r), SO h(r), SR h(r), .., DL h(r)),
via boundary conditions %(0) + ah(1) = 0 and #’'(0) + bh'(1) = 0, in which r € [0,1],
g€(0,1),1<¢<2,6r€(0,1)withk=1,2,...,n,a,b # —1, ¢y, are defined by the rule
T

(pmh)(r) = / pm(r,0)h(v) dgv for m = 1,2 and w : [0,1] x R"*3 — R is assumed to be
0

continuous with respect to all (n + 4) variables [33].
Stimulated by the above research studies, the following proposed nonlinear Caputo
fractional quantum BVP is furnished with the fractional quantum integro-conditions:

€05 1r) = @u(r, (), (6€(23),9€(0,1)),
B0) + (&) = (798, h(1), (6 € R>0),
)
€00 1(0) + 05, 7(G) = 6LRIG [CDG A (1), (L2 R,
€00+ 1(0) + D4, 7(G) = €836, [ 04 1] (1), (65 € R7Y),
along with its inclusion version given by
€05+ lr) € Tu(r, h(r)), (c€(23), 9 (01)),
h(0) + (%) = ElRﬂ& (1), (4 € R>Y),
@

€06 1(0) + D5, 7i(G) = LR35, [SD5. 1] (1), (L, € R>Y),

€20+ 10) + D4, 1(E) = 6R IG5 8] (1), (6 €R™Y),
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wherer € [0,1],¢ € (0,1), 0 € (1,2) and ¢ > 0. Two operators qu)(();z qu(();z

the Caputo quantum derivative (CpQD) and the Riemann-Liouville quantum integral
(RLQI). Furthermore, continuous single-valued function ¢, : [0,1] x R — R and multi-
valued function T : [0,1] x R — P(R) are assumed to be arbitrary equipped with some
required specifications that will be explained subsequently. In comparison to other re-
searches on the quantum difference BVPs that were published in the literature, we here
deal with two abstract and extended structures of new fractional quantum difference
equations/inclusions via g-integro-difference conditions in which the existing property of
the relevant solutions is derived by terms of new notions of the functional analysis such as
the condensing maps and the measure of noncompactness and the approximate endpoint
criterion. These procedures on the suggested g-difference-BVPs (1) and (2) have been
implemented in a limited range of research studies on the quantum fractional modelings.
This yields the novelty and our main motivation to finalize this manuscript.

This research scheme is outlined as follows: We present the main concepts of the
quantum calculus in Section 2. Our main results caused by new fixed-point approaches
about solutions’ existence of quantum BVP (1) and (2) will be obtained in Section 3. In
Section 4, two numerical examples will be provided to support and validate our obtained
results. A conclusion about our research work will be stated in Section 5.

and represent

2. Fundamental Preliminaries

In this section, some important issues in the sense of g-calculus are discussed. We
suppose that 0 < g < 1. On the function (m; — my)" given for n € Ny, its g-analogue is
defined by (m; — m,)(©) =1, and

n—1

(my —ma)™ = T (m1 — mag"),
k=0

so that my, my € Rand Ny := {0,1,2,...} [17]. Now, n = ¢ is a constant which is assumed
to be contained in R. Let us now display the follwoing q-analogue of the existing power
mapping (m; — my)" in a g-fractional settings:

A (@)q .
for m; # 0. We note that by having m; = 0, an equality mgg) = mj is obtained
immediately [17]. For the given real number m; € R, a g-number [m,]; is expressed as:

1—g™
il = S =g gL

The g-Gamma function is illustrated using the following format:

(1—gq)V
(1—q)t’

so thatr € R\ {0,—1,-2,...} [9,17]. It is notable that T';(r +1) = [r],T;(r) is valid [9].
A pseudo-code inspired by (3) and (4) is proposed in Algorithm 1 for computing various
Gamma function’s values in the proposed quantum settings.
Given a real-valued continuous function #, the quantum derivative of this function
can be formulated by:
Ar) — hlqr)

(1 —q)r
and also ( ;D¢+5)(0) = lim, ,o( 4D+ 7)(r) [34]. Given a function 7, the quantum deriva-
tive of this function can be extended to an arbitrary higher order by ( ;Df.%)(r) =

Iy (r) = 4)

( ¢Do+h)(r) = , (5)
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490+ ( qBDgIlﬁ)(r) for any n € N [34]. Obviously, we notice that ( ;D). %)(r) = h(r).
Similarly, for computing this kind of g-derivative of %, in Algorithm 2, we propose a
pseudo-code inspired by (5).

Algorithm 1 Pseudo-code for T';(¢):

Require: ¢ € R\{0}UZ ,q€ (0,1),n
1w+ 1
2: for/ =0tondo
3w w(1-4"N/1—g)
4: end for
5 Ty(g) < w/(1—q)!
Ensure: I';(g)

Algorithm 2 Pseudo-code for ;D hi(r):

Require: g € (0,1), A(r), r
1: syms b
2: if r = 0 then
% ¢ im((h(b) —h(q b))/ ((1-q)b),b,0)
4: else
s ¢ (h(r) = hgxr)/((1—g) 1)
6: end if
Ensure: 9 fi(r)

Given continuous map % : [0, my| — R, the quantum integral of this function can be
expressed as:

[e9)

(30 0)(r) = [ (o) dyo =r(1—g) L Bra), (7 € [0,ms) ©
k=0

provided the absolute convergence of the existing series holds [34]. The quantum integral
of /i can be similarly extended like quantum derivative to an arbitrary higher order using
an iterative rule ( 43, 7)(r) = 30+ ( 430+ '5)(r) for all m > 1 [34]. Moreover, it is clear to
note that ( q38+ h)(r) = h(r). A pseudo-code caused by (6) is proposed in in Algorithm 3.
We now suppose that my € [0, my]. This time, the similar g-operator of / from m; to m, can
be defined in this case as follows:

my
/ h(0)dgo = To-hi(ma) — JToehi(my)

my

= /Omz h(v) dgo — /Om1 h(v) dgv

[e9)

= (1—q) Y [mah(maq") — myh(mig"))q, )
k=0

when the series exists [34]. A proposed pseudo-code caused by (7) is organized in
Algorithm 4 for such a purpose.

If we assume that a function 7 is continuous at r = 0, then ( ;Jp+ Dg+h)(r) =
fi(r) — 1(0) is obtained [34]. Moreover, the equality ( ;D¢+ 4Jy+%)(r) = fi(r) holds for
each r. By considering a real number ¢ > 0 in this case such that n —1 < ¢ < n, i.e,
n = [g] + 1, for given function /& € Cg ([0, +0)), the RLQI of % is introduced by:

1 r
R ~6 — go)(s—1)
g3+ filr) ) /0 (r—qo) h(v)dgu, ¢>0
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provided that the above value is finite and Rq38+ h(r) = h(r) [35,36]. Further, the semi-
group specification for the mentioned q-operator occurs such that R 351 (R 352 71)(r) =

qvot \ g~0ot
qugfgzﬁ(r) for oy,00 > 0[35]. For 0 € (—1,00),

r,(6+1)
RAG 0 _ q 0+¢
170+ Fq(6+g+1)r ;o (r>0)

1
It is evident that if we take 8 = 0, then Rq jé* 1) = m

function /1 € Cﬂ(g) ([0, +00)), the CpQD for this function is formulated by:

1 for any r > 0. Given a

1 r e
Cq©g+ﬁ(7> = m/o (T—qv)(” 9 1) q g+h('0) dqv,

if the integral exists [35,36]. The following property is valid:

T, (0+1)
Cr6 0 _ q 0—¢
qi)wr l"q(G—g—l—l)r ,  (r>0).
It is evident that Cq®g+1(r) = 0 for any r > 0. For instance, by letting # = 2,9 = 0.5
and A(r) = 12, we have
_ Tos(3) oc
To5(3—¢)

In this direction, the graph of the CpQD for the function 7i(r) = r? for g = 0.5 is
available in Figure 1.

C ¢ 2
0.5©o+7

Algorithm 3 Pseudo-code for q§8+ h(r):

Require: ¢, 1, h(r),r,q € (0,1)
1: P+ 0
2: fork =0ton do
3 CP y (1 _ qk+1)g71
4: PEP+¢*qk*h(r*qk)
5: end for
g (5% (1—q) < P)/(Ty(r))

Ensure: q38+ h(r)

[oX}

m
Algorithm 4 Pseudo-code for / ’ h(v) dgo:

Jmq

Require: 7i(r), my, k, my, g € (0,1)

1: P+ 0
: forl =0:kdo

P P4q' s (mo % h(my % q') —my x h(my xq'))
end for
<+ (1—¢q)*P

my

Ensure: / h(v) dgov

my
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Caputo g-derivative of h(r) = r2 forq=0.5

7 T T T
¢=1.15
—_—c=125
6F |——q=145 4
— =165
c=185
5 c=1.95 ]
4+ |
NL
35
[a]
O o
3k i
2 -
1 -
0 L 1 L 1
0 1 2 3 4 5

Figure 1. The graph of the Caputo q-derivative of /i(r) = r2 for ¢ = 0.5.

Lemma 1 ([37]). Assumethatn —1 < ¢ <nandh € Cﬂ(g) ([0, 400)). Then, we have:

n—1 rk
(qu(g)+ Cq©8+ h)(r) = h(r) — kgo m( q@g+ﬁ) (0).

According to the above lemma, the given fractional quantum differential equation,
Cq©g+ﬁ(r) = 0, has a general solution which is obtained by #(r) = fig + fiyr + fiar® + - -+ +

fin_17""! so that fig,...,fi,_1 € R,and n = [¢] + 1 [37]. It is worth noting that for each
continuous 7, according to Lemma 1, we get:

(R‘ij(gﬁ Cq©g+h) (7‘) = ﬁ(?‘) + fig + fiar + ]12]/2 + .4 ,ﬁn—lrnil,

where fiy, ..., fi,—1 illustrate constants contained in R, and n = [g] 4+ 1 [37].
Next, we recall some essential inequalities and concepts. The Kuratowski measure of
noncompactness O is defined by

O(H) :=inf{e > 0: H = | Hy and diam (Hy) <efork=1,...,n},
k=1

where diam(#Hy) = sup{|h — I| : h, W' € H;} and H is bounded subset of Banach space 2.
Moreover, it is identified that 0 < O(H) < diam (H) < +oo [38].

Lemma 2 ([38]). Consider the bounded subsets H, H1 and H, of an arbitrary real Banach space
2. Then, the following conditions hold:
(Cy) O(H) = 0iff H is precompact;

(Cy) O(H) = O(H) = O(envx(H)), where H and ecnvx(H) are the closure and convex hull
of H;

((Cg,) if’Hl C Ho, then @(7‘[1) < @(Hz);
(Cyq) Vk €R, O(k+H) <O(H);
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(Cs) Vk € R, O(xkH) = |x|O(H);
((C6) @(7—[1 + Hz) < @(7‘[1) + @(7‘[2), where Hq, + Hy = {ﬁ1 4+ hp; Py € He, by € 7‘[2},‘
(C7) O(H1UH2) < max{O(H1) +O(H2)}

Lemma 3 ([39]). Regard A as a Banach space. Then, for each bounded set H C 2, a countable set
Ho C H exists subject to O(H) < 20(Hyp).

Lemma 4 ([38]). Regard A as a Banach space. Let H be bounded and equi-continuous set contained
in Cy([a, b]). Then, O(H(r)) is continuous on [a, b], and we have O(H) = SUP, ¢ [4,5] O(H(r)).

Lemma 5 ([38]). Let A be a Banach space. Let H = {hn},>1 C Cy([a,b]) be bounded and
countable set. Then, O(H(r)) is Lebesgue integrable on [a, b], and we have:

@({/Or ﬁn(v)dv}n>l> < 2/(:@({@(@)}”21)@.

Definition 1 ([38]). Regard 2 as a Banach space and ¢, : S C A — 2 as a bounded and
continuous operator. Then, the map ¢, is termed condensing if for any bounded closed set H C S,
the inequality O(¢.(H)) < O(H) holds.

Theorem 1 ([38], Sadovskii’s fixed point theorem). Regard 2 as a Banach space. Let H be a
bounded, closed and convex set contained in . Furthermore, assume that continuous mapping
@+« : H — H is condensing. Then, there exists at least one fixed point for the map @, in H.

Let us denote the normed space by (2, || - ||=). Regard P(A), Pps(A), Per (), Pem (A)
and Pc, () as a family of all non-empty, all bounded, all closed, all compact and all convex
sets contained in 2, respectively.

Definition 2 ([40]). An element h € 2 is termed an endpoint of a multi-valued function T, :
20 — P(A) whenever we get T, (h) = {h}.

The multi-valued map T has an approximate endpoint criterion (AEPC) if

inf  sup d(hy,h) =0,
& e, ()

Ref. [40]. Next, a required theorem related to the proposed quantum boundary problem
is recalled.

Theorem 2 ([40], Endpoint theorem). Let’s assume that (2, d) is a complete metric space, and
P : [0,00) — [0,00) is u.s.c subject to for each r > 0, iminf, e (r — (7)) > 0, and P(r) < r.
Assume that Ty : A — Py 4 (A) is a multi-valued map such that for each hy, hy € 2, the following
inequality holds:

Hd(T*ﬁq,T*ﬁz) < l/J(d(ﬁl, ﬁz))

Then, there is exactly one endpoint for T iff T« has an approximate endpoint criterion.

3. Main Results

We regard the family of continuous functions on [0,1] by 2 = Cg([0,1]) and the
defined sup-norm |||y = sup, c01] |h(r)], for all members i € 2, confirms that the space
2 becomes a Banach space. In the sequel, we will establish the existence results for quantum
BVP (1) and (2). Before moving to the existence results, the following proposition will play
an essential role:
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Proposition 1. Let ¢. € A, ¢ € (2,3), 0 € (1,2), & € (0,1), {1, £5, 3 € R* and o > 0. Then,
the function h* satisfies as a solution for the given quantum integro-difference FBVP (CpQFP)
formulated by

€051 (r) = @), (rel0,1], g€ (0,1)),

B(O) + A(§) = (R 35, (1),
8)

D0 10) + 05, 1(8) = 6533, (D5, 1] (1),

C L. (0) +C DL, h(E) = (R 39, [COLLA] (1),
iff h* is a solution for the fractional quantum integral (FQI) equation given by

T (r — gp)(6—1) . _ gp)(cto—1)
w0 = [ e g R e ©

1 (€ (& —ago)e—1) 1 (1 — go)cto—2)
_E/o %¢*(v)dqv+€3Al(r)/() (I“q(gqj—)(f—l)q)*(v)dqv

— 10)(6—2)
— A1 (r) /oé (érq(qgvza)q)*(v) dgo

1— qv) (c+o—0-1)

—gp)(s—e-1)
) [ g ) dyo - et [ ST

o T,c—0) ¢+(@)dgo- - (10)

Proof. Firstly, the given function 2* is regarded as a solution for (8). By virtue of ¢ € (2,3),
taking the integral in the RL-settings of order ¢ to (8), we arrive at

. " (y —go (c-1) 5 . 5
h*(r) = /0 (lﬂ(é)(p*(v) dgo + fio + fiar + fiar?, (11)
b q

so that fig, fi1, fi € R are some constants that are needed to be obtained. By considering
0 € (1,2), the following immediate results are obtained

r(r — go)6—2)
Copnt) = [T g o) gt i+ a1+ g

0 Fq(g —-1)
C om0 2 7 (r - qy) (g—0-1) B 272-0
D h'(r) = / -~ ¢.(0)d0+ fig———,
r (1, _ qv)(ngvfl) o potl

R ~o * _ ~ ~
) = Tty Oty oy YIE G

~ (1+q)r‘7+2

TR T3y
Rmo (Col pegny _ [7 (r—qo)eto=2) - r7 (14 gq)r
qjm( qgmh () _/0 I(c+o—1) #+(0) dqurmrq(U—l—l) e T (c+2)"

. " (y —ago (¢+o—0—1) 270 +2—0
qu&(cge 1 (r)) :/0 (r—qv)

«(0)dgo + flp =—F———.

Now, by virtue of the given boundary conditions, we get

= [ A 1 o
y0751/0 Iy(g+0) ¢+(0) dgv 51/0 I'y(c) ¢+(0) dgo
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1(1— go)leto—2) ¢ (& —gp)c2)
—6391/0 %(p*(v)dqv+®1fo w%(v)dqv

T,(c+o—1) T,(c—1)
1(1—go)lsto—e-1) ¢ (& —qo)le—eD)
i £2®2/0 Tlcto—g ¢4 ®2/o g 7@dm
- 43 1 (1 — qv)(QW*z) 1 ¢ ((;’ — qv)(gfz)
== - — =y (v)d
m=a ) Tere—n * O 5 f Crony e @de
Ay 1 (1—go)letemel) Ay [C(Z—qo)e—eD)
A1B3 /0 Ty(¢+0—0) ¢+(0)dgo 3 As /o Ty(¢—0) 9+(0)dgv,
and
1 (1—gu)letomeD) 1 [8(z—qo)ls—eD)
=2 (o) dgo—— [T o (0) dgo,
Ha Aa/o T,(cto—a) 7 (v) dgo Ag/() T,c—o ¢ (v) dgo

where we regard the constants

Ao +1) -4 (e +2) -4 _ ETy(c+3)—6(1+q)

5 - 7 5 — ’ (5 ,
! Ty(c+1) 2 T,(0+2) 3 T,(c+3)
g Tt =t ()0 +2) b))
Ty(c+1) I(o+2)
An — 252*9Fq(0’+ 3—-0)— 2621“,7(3 —0) 0 — 12 _ 62y — 6371
’ Iy(3—-¢)ly(c+3-0) SRV M SVASTAY

along with the functions with respect to r as

r— ®1A1
A

20 — 1Ay + O A

12
A (12)

Ai(r) = Aa(r)
By substituting the values of i, fi; and fi; in (11), integral solution (9) is obtained.
The converse part can be easily deduced. O

Remark 1. Note that for simplicity in the subsequent computations, we set the following upper
bounds by virtue of the functions displayed in (12):

1+10q]|Aq]

()] S R = AT > 0

|A1] + [A2] + |©2|[Ar]]A3]

A < = A5 > 0. 13
| 2(7’)|— |A1||A3| 2 > ( )

Theorem 3. Let ¢, : [0,1] x 2t — R be continuous. In addition, assume that there exists a
continuous 9 : [0,1] — R>0 along with a nondecreasing continuous map @ : [0,00) — (0,00)
such that for each r € [0,1] and h € 2,

|« (r, A1) < 8(r)p(l|All2)- (14)

We suppose that there exists a function my, : [0,1] — R such that for each bounded set
HCAandr € [0,1],
O(p+(r,H)) < my, (r)O(H). (15)
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Then, at least one solution of the given Caputo fractional quantum BVP (1) exists on [0,1] if

Mo, g, b g I & gle D
4 - + g, A -
Tyc+1) o] (Fq(g+0+1) Ty(c+1) P\ Tg(c +0) - Tyle)

e A ly N g(,c—e)
m
P2\ Ty(c+o—0+1) " Ty(c—o+1)

¥ (16)

where 1y, = sup,c (o1 [mg, (1)].
Proof. Introduce the mapping G : $ — $) defined as:

g - [

A T, ¢« (v, i(v)) dgo (17)

4ot (- qo)Etey 1 ¢ @—qeV
f/o /0 9. (0, h(0)) dgo

S e e AL Rl S 7S

1(1— (g+o—-2)
+ M) [ (1~ q0)

A m(p* (v,h(v)) dgov (18)

¢ (F—go)e—2)
,Al(r)/o %(p*(v,h(v))dqv

1 (1 — go)cto—e-1)
+ LA (1) / (A goyere 7

0o Thlg+o—o) ¢+(0,1(0)) dg0 (19)

_oo)(e—e-D)
— M) /0 ¢ %(p*(v, fi(v)) dgo,

where $ = {h € 2 : ||hlly < ex,e. € R0} C 2 and is classified as a convex bounded
closed space. Obviously, the fixed point of the proposed operator G is the quantum
fractional BVP’s solution (1).

Firstly, we verify the continuity of G on ). Take the sequence {#,},>1 in $ such
that i, — h for each h € $. Since ¢, is continuous on [0,1] x 2, so we can write
im0 @« (7, fin(r)) = @«(r,h(r)). Now, with the aid of Lebesgue dominated conver-
gence theorem, we obtain:

" (r —go)s—1
Jimy (G1) (1) = [ I lim .o, (0) e

+ lim ¢ (v, hn(v)) dgo

ﬁ/l (1_qv)(g+071)
0 Tyle+o) o

1

1 E—g)eY
61 /0 rq(g)

¢ Loy Fin (0))
+ 3/\1(7’)/0 mng{}o%(v, n(0)) dgo

nlg{}o ¢+ (0, hin(v)) dgo

~o)(6-2)
— M(7) /05 %1}3}0 @+ (v, hn(0)) dgv

1— qy>(€+‘77971) .
Ty(¢+0—0) 115, @ (0, in(2)) dgv

Fano(r) [
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¢ (¢ — qv)(gfefl)
—A2(7’)/0 W’}%%(U fin(v)) dgo

= (Gh)(r),

for each r € [0,1]. Thus, we get limy, o0 (Gl ) (r) = (Gh)(r). Hence, the continuity of G on
$) is proved. Now, we want to examine uniform boundedness of G on ). To accomplish
this goal, consider 2 € . In view of inequalities (13) and (14), we have:

r(y — (¢—1)
(@) = [ g o h(e) e
/ 1 (1 _ qv)(gﬂpl)
Bl Wrmm(a)ﬂdqv

w/ I%(v 1i(v))] dgo

1 _qv g—Hf 2)

|l |/ 19+ (0 P@)] dgo

(;—HT
A |/ 6‘77’)4;* v, (v))| dgo

1_qv §+‘7 0-1)
gl +o—0)

raln0) [ 942, h(0)) | dgo

+ [Aa(r) I/ M)Q)Iq)*(v hi(v))|dgv

1 0
= e Welinla) + e RARLUEY

g()

U3AT
Iy(g+0)

AsElet

)
T, (c) 3(r)p(llAlla)

+ 3(r)p(lIAlla) +

A
Iy(c+o—0+1)

AE(’;(Q*Q)

O(r)p(lhlla) + T,c—ot1)

3(n)e(l[7lla)-

Set

A 1 1 0 g . 05 gle=1)
O=—+— + +A +
Ty(c+1) o] (Fq(g+0+1) Ty(c+1) "\Tyle+0) " Ty(o)

A b P ) (20)
Ti(c+o—0o+1) Tylc—o+1)




Symmetry 2021, 13, 469 12 of 22

Consequently, we can declare that |G|y < Q9*p(e) < oo, and this implies uniform
boundedness of G on ). Next, we ensure the equi-continuity of G. In order to check this,
consider 1,7 € [0,1] such that r; < rp and & € §. Then, we get:

" (ry — au) 6D — (r1 — qo)(e=D)
I(Qﬁ)(rz)*(gﬁ)(mﬂﬁ/o (2 =) Fq(g()rl )t ]|§9*(U,ﬁ(v))|dqv

[ 72“7” " g2 0,10) g0

— go)cto—2)
+83[A1<r2>—A1<r1>1/0 P IR

1) = ] CZ R o o) ey

_ ao)(eto—g-1)
+ la[Ax(r2) — Aa(r1)] /01 urq(?ij— Z) s (v, i(v))| dgo
— a0) 6~
+[A2(7’2)—A2(1’1)] /[;IWM)* (v, h(v |d 0.

o Tyelc—o)

Note that the above inequality’s right hand side goes to zero as r; — r, (independent
of 7). Hence, it is evident that || (GA)(r2) — (Gh)(r1)||lae — 0 as r1 — rp, and this confirms
that G is an equi-continuous. Consequently, we conclude that G is a compact operator on $)
in view of the famous Arzela—Ascoli theorem.

At this point, we will check that G is condensing operator on §). By Lemma 3, it is
obvious that a countable set Hy = {h,},>1 C H exists for each bounded subset H C
such that O(G(H)) < 20(G(Hp)) holds. Hence, in the light of Lemmas 2, 4 and 5, the
following is obtained

O(G(H)(r)) <20(G({fm}n=1))

 (r— ro)(eD)
<2 %@(%(u{ﬁn(v)}@)) dgo
20, 1 (1—qo)(sto D

[61] Jo  Ty(g+o0) O(@«(v, {fin(v) }n>1)) dgo

2 (¢ (E—qo)e )
i m/o T Qe @) dgo

1(1- qv)(ngrer)

+2f3/\1(1’)/0 rq(g+0__1)

O(@s«(v, {fn () }n>1)) dgo

_ 4p)(6-2)
+2m() [ G0, (o, (o)) e

11— go)sto—e-1)

T,(¢+o—0) O(@+(v, {fin(0) }n>1)) dgv

20 A0(r) /O

¢ (F—go)ls—e-1)
+2m(r) [ EL I (0.0 i (e) ) dyo
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 (r —go)e—1)
= 4,/0 %m% (U)@)({hn(v)}nzl)dqv
iy 0o

W 0 Ty(c+0) g, (0)O({n (V) }n>1) dgo

Y
an 5 %m% (©)0({Fin(2)}51) dgo

1(1- qv)(g+a—2)

+4€3A1(1’)/0 rq(g+0__1)

g, (0)O({Fin (v) }n>1) dgo

CE—qu©?

T,(c—1) g, (0)O({Tin(0) }n>1) dgv

FAAL () /O

11— go)sto—e-1)

F40A(r) /0 T

mg. (0)O({fin(v) }n>1) dgo

+4A5(r) /C (E—qo)eeV

0 T,(c—0) mg, (0)O({Ain(0) }n>1) dgo

r (r — gp)(e—1
§4m%@(7{)/ (r—qo)ts 7

dyv
0 rq(G) 1

dgou+

447715, O(H) /1 (1- qv)(g—Hr—l)
0

4T!~1¢*@('H) 4 ((: — qv) (c-1)
1] Ty(c o) h d

|1 Ty(0)

1 _ (¢+o—2)
+ 4601y, O(H) [ (1-q0)

————d,v
Jo Ty(g+o—1) 7

. g4 — qgou (9_2)
+4A1m¢*©(7{)/0 %dqv
. 1 (1 —go)leto—e-1)
. ¢ (& —go)le—el)
+4A2m¢*®(7-[)/0 %dqv
411y, O(H) 4011, O(H) 451y O(H)  43Ai1me, O(H)
- Talg+1) 01|Tq(¢ +o+1) |61|Tq (¢ +1) Ta(c+0)

4N, O(H) 40 A51, O(H) 4@‘(9*9)A§n~1¢*©(7{)'
Tq(5) Tig+o—o+1) Tg(g—0+1)

Hence,

O(G(H)) <4

g, | Ty, ! n g
Tc+1) |01 \Ty(c+o+1) Ty(c+1)

o 03 gle=1)
+ 1y, A +
e (Fq(g +0)  Ty(o)

0y gle—o) >

g, A O(H).
e 2<Fq(g+0—e+1)+Tq(g—e+1) (#)

"4
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By applying condition (16), we get O(G(H)) < O(H). This clearly implies that G
is condensing operator on §). Ultimately, by employing Theorem 1, we can infer that
the map G possesses one fixed point leastwise in ). Thus, it is found at least one solu-
tion for the supposed quantum-integro-difference FBVP (1) and finally the proof process
is terminated. [J

Now, we set up an existence criterion for the given fractional quantum inclusion
BVP (2). The inclusion problem’s solution (2) is determined by an absolutely continuous
function 7 : [0,1] — R whenever it satisfies the given fractional quantum integro-difference
conditions, and a function 3 € £1([0,1], R) exists such that the inclusion 3(r) € T.(r, i(r))
holds for almost all r € [0, 1], and we have:

g b (=gt
nn = | B do+ 5 [ ey e

¢ (&~ qo)(e)
l/o €—q0) 7 ) dyo

o Ty(c)
_ qo)(cto-2) 2 (&= qo)(e2)
o) [ G0 de—mo) [ g
' (1 qo)etoey CE—gquieV
+0ana(r) | e g S A2l A g e

for each r € [0,1]. Let &, ; represents the collection of all selections of T for each & € 2
and is defined as

St 5= {3 € £([0,1]) : 3(r) € Ts(r, (r)) for almost all r € [0,1]}.

Construct a multi-valued map 7 : 2 — P(2l) which is defined as

J(h)={heA:h(r) =w(r)}, (21)
where
G 4ot (1= gqo)lety
@(r) —/0 Wﬁ(v) dqv—i—i/o Wg(v) dgou

L e@—gqo)leh
-5 /0 e 3(v) dgo

1 (1 — (g+0-2)
+ () [ (1~ q0)

CE—qo)?
0 Fq(g +o-1)

(@) dgo = A(r) [ i@ dge

1 (1 —_ qy)(g‘HT*Q*l)
Ty(c+o—0)

+ by Ay(7) /0 3(v) dgo

Z(F = gp)le—e-1)
_ Az(r)/o %5(0) dgo, 3 € 6T, -

Theorem 4. Let T, : [0,1] x A — Py (A) be a multi-valued map. Suppose that

(A1) an increasing u.s.c map ¥ : [0,00) — [0, 00) exists such that iminf, . (r — (7)) > 0,
and P(r) < r for every r > 0;

(A) Ty : [0,1] x A — Pep () is integrable and bounded and T, (-, h) : [0,1] — Pey(A) is
measurable for every h € A;
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(A3) ¢ € C([0,1],]0,00)) exists subject to

1

g (T (r, I (1)), T (1, R2(r))) < ()| (r) = (r)]) 5

foreachr € [0,1] and hy, by € A, where SUP,c[o1] IC(r)| = ||C]| and

_ 1 1 4 &) . l3 g1
9= {rqml) el (rq<g+a+1> * rq<g+1>> +Al(rq«;m I

IZ1l; (22)

A2 0, N gle=e)
2 Tjc+o—o+1) Thyc—0o+1)

(Ag) the multi-valued map J : A — P(A) formulated in (21) satisfies approximate endpoint
criterion.

Then, a solution is found for the given quantum-difference inclusion FBVP (2).

Proof. We are going to determine that an endpoint exists for the multifunction [J : % —
P(2A) given by (21). Since the map r — T, (r, i(r)) is measurable and closed-valued set-
valued mappingl therefore, it has a measurable selection. As a result, S, ;, # @. Firstly,
we show that 7 (h) is closed for every /i € 2. Consider the sequence {%y, },,>1 in J (k) such
that 71, converges to A. For each n, there exists 3, € &, j, such that

r (r — go)e—1) 07 1 (1= go)eto—1)

1 (¢ (E—gqo)leV
- E/o T,(¢) n(0) dgo
1 (1 — gp)leto—2) ¢ (E—go)(6—2)
+€3A1(7’)/0 %)Ul)ﬁn(v) qu—Al(T)/O (grq(qg)l)én(v) dqv
— go)eto—e—1) E(F — go)(c—o-1)

for almost all r € [0, 1]. Since the multi-valued function T is compact, we have a subse-
quence {3, },>1 converging to 3 € £1([0,1]). Thus, 3 € &, ; and

r(y — (c-1)
lim h,(r) = /0 %3(0)%0

n—oo

4 1 (1 — E]”U)(';J'_‘T_l) 1 ¢ (C — qy) (c-1)
b Ticre (e g [ e
1(1—qo)leto=2) (& —qu)(c2)
+53/\1(V)/0 mﬁ(”) dq”*/\l(f)/o mﬁ(v) dgov
1 (1—qo)leto—eD ¢ (§—qu)eeD
+52/\2(V)/0 mé(v) qu*/\z(V)/o Wé(”) dgov

= n(r),

for almost all 7 € [0,1]. This indicates that & € J and therefore, 7 is closed-valued. Since
T, is compact multi-valued function, it is simple to check that 7 (%) is bounded for all
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h € A. Atlast, we prove that H;(J (h1), T (h2)) < ¥(||h1 — hz||) holds. Let Ay, hy € A and
71 € J(h2). Select 3; € &, j; such that

Ty (¢—1)
ni) = [ O ) dgo

Iy(¢)
4 1 (1—qo)letol) 1 % (&—qo)eD
ah Tere @5 [ g @
1 (1 — qU)(ngU*z) ¢ (g — qz})(Q*Z)
+ {37\ (1) /0 mél(v) dgo — Aq(r) /0 mﬁl(v) dqv
1 (1 — go)leto—e-1) (& —gqo)e—eD)
Hoha() [ @) e Al [ T @) dge,
for all r € [0, 1]. Since
Ha (T (r, 7 (r)), Tu(r, h2(r))) < Z(r)p(|a(r) = Ra(r)]) %

for each r € [0,1], so there exists 3* € T«(r, hy(r)) such that

1) =5 < EOR(I )~ Ra)]) 5,

for each r € [0,1]. Now, the multi-valued map X : [0,1] — P(2) is considered, which is
characterized by

x(0) = {3 € 2 1) =571 < LOWA0) ~ a(r)) 5 }-

Since 31 and 7 = {(¢p(hy — ﬁz))é are measurable, so it is obvious that the multifunction
XNTy(:, h(-)) is measurable. Now, select 35(r) € T (r, h(r)) such that

151(r) —32(r) < 2(r)(9(|ha (r) = ha(r)])) %

for all 7 € [0,1]. Choose » € J () such that

" (r—qo)ls—1)
o= [ TP ) dp

Iy(¢)
0 1 (1—go)lete D 1 (8 (g—qo)sd
Fa b R O g [ g a0
1(1 — gp)lcto=2) ¢ (& —qu)c2
+ 3 (”)/0 (;7(;]3_)0,_1)52(0) dgv — Aq(r) ./0 %32(0) dgv
1 (1 —go)leto—el) ¢ (§—qu)leeV
+ oAy (7) /0 Ih(c+o—o0) 32(v) dgv — Ao (r) /0 W&(”) dgv,

for any r € [0,1]. Then, we get

vy — '(;(_1)
() -] < [ I 0) o)l dgo
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¢ 1 (1 — gp)leto=1)
ﬁ.o %‘31(0) —32(v)|dqv

1 S (G—qo)h
g / fg O - 2@ldp

1 _ qv)(9+‘7 2)

om0 [ G0 - () 4

5 —qgo ( 72)
im0 [ G ) - (@)l dgo

1_qz) Q‘HT 0-1)

02 A /
+2|2 | g+0 Q)

31(v) — 32(v)| dgo
U 7)
100 [T ETE o) - o)l dyo

1 1
< m”gnlp(”hl —hal)) 0

4 (¢)
WH@HVJ(HM ﬁ2||) Iélfﬁllé\llp(nhl hall) L

Q=

l3A 1 A*,g(

1
+ (g+U)I|C|\1P(\Iﬁ1 hal)) 5+ T, IICllllJ(Hﬁl mal) 5

0N 1 A;g(g—e)

i to—grn eI = al) 5 + 2 s 12l — el

o=

1 1 ¢ &)
— ! +
Ti(c+1) |01 \Ty(g+o+1) Ty(c+1)
* 63 (:(gfl)
+A +
1<rq(€+‘7) Ty(g)
. 0 g0
+A +
2<Fq(g+0—g+1) Fq(g—g—i-l))

1
= Qy([|lhn — hz]) o

1
€I = hall) 5

= 9(|lh — Ral]).

Thus, we get |11 — waf| < ¢ ([n — ha]). Hence, Ha(J (), T (f)) < 9 ([[fn — ha]) for
each fy, hy € 2. By utilizing (A4), we realize that 7 has an approximate endpoint criterion.
Now by employing Theorem 2, a member /* € 2 exists such that J(#*) = {h*}. This
indicates that #* is the solution of the fractional quantum-difference inclusion problem (2),
hence, our proof is finally completed. [

4. Numerical Examples

This section provides some interesting numerical examples to apply and validate our
results in this research work.

Example 1. Consider the following Caputo quantum-difference FBVP:
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3r+1 .
C 2.5 _
0,5©o+ﬁ(”) = 30000= sin(A(r)),

7(0) + 7(0.25) = (0.1) R 5307°R(1),

(23)
059071(0) + G 5D71(0.25) = (0.2) K 5357 [G5952R] (1),

G500+ 1(0) + G 58 1(0.25) = (0.3) R 53075 [ 500+ B (1),

such that ¢ = 05, ¢1 = 01, ¢ =25, =025, ¢, = 02,0 =075 0 =15 03 =03
and r € [0,1]. Furthermore, we consider a continuous function ¢.(r,h(r)) : [0,1] x R - R

constructed as: art1
r .
@« (r,h(r)) = 30000=" sin(A(r)).

The graph of this function is shown in Figure 2.

The graph of the function ¢ (r,h)

0.0015
0.001
e

0.0005
-

-0.0005
-0.001

-0.0015
50

Figure 2. Graph of the function ¢.(r, 1) on [0,1] x [0,50].
Then, for each i € R, we have:

3r+1, . 3r+1
«(7, = sV < = ,
91, 1) | = oo [sin(A()| < o= = 8(r) (|| l=)

where ¢ : [0,1] — R>0 is a continuous function defined by 9(r) = % and p : RZ0 — R>0

is nondecreasing and continuous via o(||h||r) = 1. Now, for any hy, hy € R, we can write:

19 n(7)) = 9 (1, Ba(1)] = oo L sin(fn (1)) — sin(Fa(1))|

o 3r+1

< WW(?) — ho(r)|.
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Hence, for any bounded set H contained in R, we reach

3r+1
O(g«(r, H)) < W@(H) i=mgy, O(H).

We compute 1y, = sup,c(q |mg, | =~ 0.001355. Then, by taking into account the above
calculations and the following inequality, we get

Mg, Mg, { g) L s (3 glel)
— + + i, A +
[rq(€+1) |61] (rq(€+‘7+1) T(c+1) Mo Th(c+0)  Ty(g)

~ (0.001741 < 0.25 = 411

e AX 0y N g(gfe)
m
P\ Ty(c+o—o+1)  Tylc—o0+1)

We figure out that Theorem 3 is settled. As a result, at least one solution exists for Caputo
fractional quantum-difference FBVP (23).

Example 2. Consider the following Caputo fractional quantum-difference inclusion FBVP:

5(r+1) arctan(h(r))}
256(4 + 31?) ’
7(0) + 7(0.9) = (0.11) R ¢306R(1),

CsD7h(r) € [o,

(24)

C8D071(0) + S sD57R(0.9) = (0.12) R ;356 D7 R] (1),

0+

G800+ 71(0) + S sD8.71(0.9) = (0.13) R (306 [ 4D A] (1),

where g = 0.8, ¢ =275, ¢ =09, 1 =0.11, ¢, = 0.12, {3 = 0.13, 0 = 0.6, ¢ = 1.7, and
r € [0,1]. Now, we introduce a multi-valued function T, : [0,1] x R — P(R) as follows:

5(r 4+ 1) arctan(A(r))
256(4 + 312)

Te(r, i(r)) = |0,

Next, we regard i : [0,00) — [0, 00) as increasing upper semi-continuous function defined
by y(r) =  for any r > 0. It can easily be noted that iminf, o (r — (1)) > 0 and P(r) <r

for each r > 0. We select { € C([0,1],[0,00)) formulated by {(r) = %. Thus, ||C]| ~
0.0390625. For any h, h* € R, we have:

Hy(Ty(r, i(r)) — Ti(r, B*(r))) = 2528’1__*:5)72)| arctan(h(r)) — arctan(h*(r))|
5(r+1) .
< mm(”) — ()]
5(r+1) .
= mlﬂ\ﬁ(ﬂ — 15 (r)])

< LP(IA(r) — 1 (1)) %

where

_ 1 1 A () . 03 gle=1)
o= [rq<g+1> TG (rq<g+a+1> i rq<g+1>> h (rq@w) Th©




Symmetry 2021, 13, 469 20 of 22
A3 b gl 12| ~ 0.066907
+ + ~ 0. .
2\Tjc+o—0+1) " Th(c—0+1)
The graphs of the functions: A1(r) and Ay (r) for r € [0,1] are shown in Figure 3.
Figure 3. Graphs of functions: A1 (r) and A,(r) for r € [0,1].
Next, consider the multifunction J : 2 — P(21) given by:
J(h) = {b € A : there exists 3 € S, j, such that h(r) = @(r) forall v € [0,1]},
where
T (r—qo)@7D) 011 1 (1— qo)275+06-1)
@(r) = /0 r,e7m W4 Ta7gr y T, 108 OO
1 0.9 (0.9 — qv)(2.75—1)
N 1.8784/0 T,(2.75) 3(0) dgo
1 (1 _ qv)(2.75+0.6—2) 0.9 (0.9 _ qv)(2.75—2)
+(013)A1(r) /o T,(275+06—1) 3(2) dgv = M (1) /o T,(275—1) 3(0) dgo

1 (1 _ qv)(2.75+0.6714771)
T,(275+0.6 —17)

+(0.12)As(r) /O 3(v) dgo

09 (0.9 — gp)(275-1.7-1)
o) [ $(0)dyo,

I,(275—1.7)

with 61 ~ 1.8784 and
A1(r) =0.5387r —0.2348 and Ay(r) = 0.53002r% — 0.4133r — 0.02959.

Hence, by utilizing Theorem 4, it is found a solution for the quantum-difference inclusion
FBVP (24).

5. Conclusions

The proposed nonlinear Caputo quantum-difference FBVP with fractional quantum
integro-conditions along with its fractional quantum-difference inclusion BVP has been
studied in this work. In this direction, we proved the existence of a solution for the first
quantum-difference Equation (1) with the help of some notions in topological degree theory.
In other words, we defined a new operator and checked its properties and finally showed
that it is a condensing function. The existence of a fixed point for this operator ensured
the existence of a solution for the mentioned quantum-difference Equation (1). In the next
step, we considered the inclusion version of the above FBVP which had a form as (2). To
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arrive at the main purpose this time for confirming the existence of solutions of (2), we
used new techniques based on the approximate endpoint property and the existence of
endpoints for a newly-defined multifunction. Numerical illustrative examples have been
provided to display the validity and potentiality of our main results to be applied in future
research works. We recommend that other researchers can study different generalizations
of the proposed g-difference-FBVPs by using novel fractional difference-operators such as
(p, q)-difference ones.
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