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1. Introduction

The integral transforms have wide applications in many branches of physics, engi-
neering, mathematics and in other scientific disciplines. There are many applications of
the integral transforms to differential, integral, and integro-differential equations, and
in the theory of special functions. In particular, the integral transform technique can be
applied to derive the solutions of integral equations of convolution type, integral equations,
differential equations, or integro-differential equations. The literature in this subject is huge
and includes many research papers and books. For more details regarding this subject, we
refer the readers to [1-7]. Integral transforms are also used in the solutions of problems
regarding mathematical modelling [8,9].

In this article, we focus on just Fourier transform which is an integral transform.
The most important use of the Fourier transformation is to solve many of the partial
differential equations of the mathematical physics, such as Laplace, Heat, and Wave
equations. Some applications of the Fourier transform include vibration analysis, sound
engineering, communication, data analysis, etc. [10-14]. The Fourier transform is also
an important image processing tool, especially in transformation, representation, and
encoding, smoothing and sharpening images [5]. By comparing with the signal process that
uses one-dimensional Fourier transform in imaging analysis, two- or multi-dimensional
Fourier transforms are being used. Fourier transform has been widely used in the fields of
image analysis.

Consider the following differential equation

(ax2 + bx + c)y,’{ + (dx+e)y, = n(d+ (n—1)a)yy, @

where g, b, ¢, d, e are real parameters and # is a positive integer. According to [15], this
equation has generally six sequences of orthogonal polynomial solutions. Three of them are
Jacobi, Laguerre and Hermite infinitely orthogonal polynomials [16] and three other ones,

which are denoted by M,(f ) (x), N,(lp) (x) and I,Sp) (x), are finitely orthogonal with respect
to the F sampling, inverse Gamma and T sampling distributions, respectively (see [17,18]).

The study of orthogonal polynomials and their transformations have been the subject
of many papers during the last several years. The families of orthogonal polynomials which
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are mapped onto each other can be introduced by using the well-known Fourier transform
or other integral transforms [19]. For example, Hermite functions are eigenfunctions of a
Fourier transform (see [20-23]). Likewise, the Jacobi polynomials are mapped onto the con-
tinuous Hahn polynomials [20] and by the Fourier-Jacobi transform, Jacobi polynomials are
mapped onto the Wilson polynomials [23]. In [24] , new examples of orthogonal functions
are obtained via Fourier transforms of the generalized Ultraspherical polynomials and the
generalized Hermite polynomials. In [25], the Fourier transform of Routh-Romanovski
polynomials is investigated. Furthermore, via the Fourier transforms of the finite classical

orthogonal polynomials M,(f ) (x) and N,S” ) (x), and two symmetric sequences of finite
orthogonal polynomials, new families of orthogonal functions are introduced in [21,26].

Recently, in [27] some new families of orthogonal functions in two variables were
introduced by using Fourier transforms of specific functions derived from two-variable
polynomials defined in [28,29] and then using the Parseval identity their orthogonality rela-
tions have been obtained. Also, in [30] the authors have defined finite bivariate orthogonal
polynomials by using a Koornwinder’s method [28].

Motivated by papers on Fourier transforms of univariate orthogonal polynomials men-
tioned above, a similar approach in those papers has been developed for two-dimensional
Fourier transforms. This approach allows us to derive new families of bivariate orthogonal
functions. Also, a similar approach can be applied for multivariate orthogonal polynomials
and their properties can be investigated.

The aim of this paper is to obtain new families of bivariate orthogonal functions
by two-dimensional Fourier transforms of bivariate finite orthogonal polynomials given
in [30] by means of Koorwinder’s method. The rest of the article is organized as follows:
In Section 2, we first remind three classes of finite univariate orthogonal polynomials
in [18] and then present fifteen classes of finite bivariate orthogonal polynomials which
are introduced in [30]. In Section 3, via Fourier transforms of finite bivariate orthogonal
polynomials, we obtain new families of bivariate orthogonal functions and then compute
their orthogonality relations via Parseval identity.

2. Preliminaries

In this section, we recall the classes of finite univariate and bivariate orthogonal
polynomials introduced in [18,30], respectively. We first start with three classes of finite
univariate orthogonal polynomials.

2.1. The Classes of Finite Univariate Orthogonal Polynomials
2.1.1. The First Class of Finite Classical Orthogonal Polynomials

Consider the equation

X(x 4+ 1)y (x) + (2= p)x+ (1+9))yu(x) —n(n+1—plya(x) =0, )

as a special case of (1). By means of the Frobenius method, an explicit polynomial solution
for Equation (2) is obtained as [18]

MPD (x) = (_1)nn!é <P - (Z +1)) <Z+Z> (—x)F. 3)

The first class of finite classical orthogonal polynomials denoted by M,(lp ) i orthogo-

nal on [0, 00) with respect to the weight function Wy (x, p,q) = x7(1 + x)~?*9) if and only
if p > 2max{m,n} +1and g > —1. Indeed, if we rewrite Equation (2) in self-adjoint forms
as

{ (31904077 (x)) = i+ 1= p)xt (142)” 4Dy (x), @)

(#9004 2) 7y, (1)) = mm 1= )t (1 2) Dy (x),
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where y,(x) = M,(f ) (x), then if we multiply the equations in (4) by y,(x) and y,(x),
respectively and subtract them, we arrive at

xq+1

7 W () Ym (%) — Y (X)Yn(x)
(Hx)wl(y Ym () = Y (x)y X)O

o @)
M) [ o M M (),
0

where A, = n(n+1 — p). Since

maxdeg {y/ () (x) — Yo (X)yn (x)} = m 41— 1,

thenif g > —1, p > 2N + 1, N = max{m, n}, the left hand side of (5) tends to zero. Thus,
it follows

T M) (p9) _ m#n,p>2N+14q> -1
/ g M () =0 { X ey .
0

To calculate the norm square value of the polynomials M,(f’q) (x), if we write the
Rodrigues representation of the polynomials given by [18]

o (L )P g (20 (1 4 x)" P77

(Pa) N — _
M, (x) = (—1) v T , n=01,.., (6)
in the norm square value, we have
i i) o [ ("9 (1 + x)" ")
/ (1+x) P+‘7 (x ) dx /M dxn ax,
0 0
then from integration by parts it follows
i n(x1 (1 4 x)"P) nl(p—(m+1) T e A
/M o dx—( n 1) |/x”‘71+x dx.
0 0
Since .
/xn—i-q 1+xn Py — (P—(ZW—FZ))!(Q—F”)!,
/ (p+g—(m+1)!
we find that

i MPD () oy = M= n)T(g+n+1)
x)) dx = /
O/HW e TS R )
where I'(z) is the well-known Gamma function defined by [31]

[e)

_ / e ¥dx ,  R(z) > 0.
0

Thus, the following corollary holds.
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Corollary 1 (Orthogonality relation). ([18]) The following relation is satisfied

MPD () MPD (1)d _( nI(p—n)(q+n+1) )5 ”

0/1+x’”+q M= e g ) O
. ; p—1 1 if m=n
ifand only if m,n =0,1,2,..,.N < &=, g > —1, dym = 0 if m#n

2.1.2. The Second Class of Finite Classical Orthogonal Polynomials
Let consider the second order differential equation of the form

Py (x) + (2= p)x + 1y (x) —n(n+1—p)ya(x) =0, ®)

as a special case of (1). By the Frobenius method, an explicit polynomial solution for this
equation is obtained as [18]

N (x) = (—1)" ék! (p - (Z + 1)) (n " k) (—x)", ©)

By means of similar calculations applied for the first class of finite classical orthogonal

polynomials M,(f ’q)(x) it is seen that these polynomials are orthogonal on [0, c0) with
respect to the weight function Wy (x, p) = xPe~1/¥ if and only if p > 2max{m,n} +1[18].
In other words

T —p /27 (P) () _ n'T(p—n)
O/x e N, (x) Ny’ (x)dx (p—Zn—l)(snm

2.1.3. The Third Class of Finite Classical Orthogonal Polynomials
The third class is defined by

—n'nZ/z < ,1)( k")(Zx)"‘z", (10)

and they are solutions of the differential equation

(14 32) ¥ (x) + (3 = 2p)xyy(x) = n(n +2 = 2p)yn(x) = . (11)

They are orthogonal on (—co, ) with respect to the weight function W3(x, p) =
(1 + XZ)—(P—1/2)
follows [18]

if and only if p > max{m, n} + 1. Indeed, the orthogonality relation is as

7 (1 + x2) SR ) ()1} (x)dx

B n122'=1 /72 (p)T(2p — 2n) 5
T (p—n—-1DI(p-n)(p—n+1/2)TCp—n—-1)""

2.2. The Classes of Finite Bivariate Orthogonal Polynomials

Recently, in [30], fifteen families of finite bivariate orthogonal polynomials have been
introduced by using Koornwinder’s method [28], which are now listed as follows:
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2.2.1. The First Sequence

k=nn=N
Finite orthogonal polynomials { 1Q, % (p.a) (x, y)} S defined as

, —2k—1,g+2k+1 ,
1QUD (x,y) = M (kP9 (1) k= 0,1,..,m,
are orthogonal with respect to the weight function
wy (x,y;p,9) = xPTy1(1 + x)*(PW) (x + y)f(pw)/

on the domain
Dl:{(x,]/)€R2:0<x<oo,0<y<oo}/

if and only if p > 2N + 2, ¢ > —1. In other words, we have
[ i) ) 1 QU () 1 QU (x, )y

_ (=T (p—k)T(p—n—k—1)T(g+k+ (g +n+k+2)
(p—2n—-2)(p—2k—1)(p+qg—(n—K)T(p+q—k "

forn,r=0,1,2,..,N < £ ,q>—1andN max{n,r}.

2.2.2. The Second Sequence

k=nn=N
Finite orthogonal polynomials { 2Q ( )} - deﬁned as

, —2k—1, ’
27 (x,y) = MY () (1 + x)kM,i” V(L) k=0,1,.m,
are orthogonal with respect to the weight function
wy(x,y;7,9) = xTy 1 (1+x) " T(1+x+ y)_(”+‘7),

on the domain
Dz:{(x,y)€R2:O<x<oo,0<y<oo},

if and only if p > 2N + 2, ¢ > —1. In other words, we have
// Xy (14x) 791+ x +y)~ P+ ZQ;(f,;q) (x,y) zQﬁlps’Q)(x,y)dxdy

_ (n— kT (p —n—k =D (p—k)T(q+n—k+ DM(g+k+1), o
(p—2n=2)(p—2k—)I(p+q—n—k-DI(p+q—k "

forn,r=0,1,2,..,N < £ ,q>—1andN max{n,r}.
2.2.3. The Third Sequence

k=nn=N
Finite orthogonal polynomials { 5Q Lk (x y)} o defined as
0,n=

2k—1
3an(x y) = N(pk )( )kalgp)(%), k=0,1,..n,
are orthogonal with respect to the weight function

_ 1 x
w3(x,y;p) =y ”eXP(—x — y),

(12)

(13)

(14)

(15)

(16)
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on the domain
D3 = {(x,y) : 0 <x < 0,0 <y < oo},

if and only if p > 2N + 2. In other words, we have
_ 1
//y ”eXP(—x - ) 3Q7 (x,y) sQ (x,y)dxdy
D

_ (n—k)!k!I“(p—k)l"(p—n—k—l)a 5
(p—2k—1)(p—2n—2)

forn,r =0,1,..,N < 222 and N = max{n,r}.

2.2.4. The Fourth Sequence

i ; (Pa) k=nn=N
Finite orthogonal polynomials { 1Q, 7 (%, y) }k_ defined as

QU (xy) = M P NP (4), k=01,

are orthogonal with respect to the weight function

wa(x,y;p,q) = Py P (x + 1) P exp(—x/y),

on the domain
D4={(x,y) €R2:0<x<oo,0<y<oo},

if and only if p > 2N + 2, g > —2. In other words, we have

// Py (2 + 1) P exp(—x/y) 4QV (x,y) 4Q7 (v, y)dxdy

_( — k)T (p—k)I(p—n—k—-1)T (q+n+k+2)5 5
a (p—2k—1)(p—2n—-2)T(p+qg—n+k) 1,10k s/

forn,r =0,1,.,N < £ ,q> —2and N = max{n,r}.

2.2.5. The Fifth Sequence

.. . (p.g) k=nn=N )
Finite orthogonal polynomials { 5Q, % (x,y)}k defined as

=0,n=0

—2k—1,
sQP ) (x,y) = MP P () (1 + ) NP (1), k=0,1,..

are orthogonal with respect to the weight function

ws(x,y;p,q) = xTy P (1 +x)77 exp(—1 t x)’

on the domain
D5:{(x,y)€R2:0<x<oo,0<y<oo},

if and only if p > 2N + 2, g > —1. In other words, we have

// xTy™P(1+x) Texp (—
Ds

(=K% T(p—n—k—1)T(p—kT(g+n—k+1)
- (p—2n—-2)(p—2k-V)I(p+g—n—k—1)

x) 5Q£f];q) (.X, y) 5Q1(’,F;’q) (x/ ]/)dx‘i]/

fsn,rfsk,s/

(17)

(18)

(19)

(20)

(21)
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forn,r =0,1,..,.N < pT—2, g > —1and N = max{n,r}.

2.2.6. The Sixth Sequence

( ) k:n,n:N
Finite orthogonal polynomials { 6Q. (x,y)}k - defined as
, —0n=

Q" (x,y) = NP V()b MPP (L), k=0,1,..,m, (22)

are orthogonal with respect to the weight function

we(x,y;p,q) = y1(x +y)_(p+q) exp(—1/x),
on the domain
Dg={(x,y):0<x <00, 0<y <00},
if and only if p > 2N + 2, ¢ > —1. In other words, we have

/ y(x + 1) P exp(~1/x) QP (x,y) 6 QLY (x, y)dxdy
De

_ (=BT (p—K)T(p—n—k-1I(g+k+1)

= (P_Zn—Z)(p—Zk—l)r(p+q_k) n,rOk,ss

(23)

forn,r=0,1,..,N < p%z, g > —1and N = max{n,r}.

2.2.7. The Seventh Sequence
k=nn=N

defined as

Finite orthogonal polynomials { 7Q(p’q’u'v)(x,y)}k -
=0,n=

nk

7QU ) (x,y) = M) (x)M

{pa u,v)(

]E y)/ k = 0/ 1/"'/ n, (24)

are orthogonal with respect to the weight function
w7 (x,y; p,g,4,0) = X1y (1+2) 700 (14 y) 700,
on the domain

D; ={(x,y):0<x <00,0<y< oo},
if and only if p,u > 2N + 1, q,v > —1. In other words, we have

// xq]/v(l + x)*(PJrQ)(] + y>*(u+v) 7Q,(f;éq'u'v)(x/]/) 7Q£§'q'u'v)(x,y)dxdy

Here, using the orthogonality relation (7) for polynomial M,(lp ) (x), the following
orthogonality relation

// xTy?(1+ x)—(p+q)(1 +y)—(u+v) 7Q£f£wrv) (x,y) 7Q§,r;,q,u,v) (x,y)dxdy
Dy

(=K% (p—(n—k)T(qg+n —k+1)T(u—k)F(v—0—k+1)5 5
T (p—2n—k)—1)(u—2k—1I(p+qg—n+k)(utov—Fk) "k

(25)
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is satisfied forn,r =0,1,..., N < min{pT_l, ”T_l}, g,v > —1and N = max{n,r}.

2.2.8. The Eight Sequence

k=n,n=N
Finite orthogonal polynomials { 8Q, ¢ (p.q) (x, y)} . defined as
0=

QP (x,y) = NP (NP (y), k=0,1,..,m,
are orthogonal with respect to the weight function
1 1
. = x Py 1 - =
ws(x,y;p,q) =Py eXp< . y>,

on the domain
Dg={(x,y):0<x<00,0<y< oo},

if and only if p,q > 2N + 1. In other words, we have
(11
// e< E y>x"’y—q 8Q’(f]:7)(x,y) gQﬁ,’;’q)(x,y)dxdy
.

(n—k)k!T(p— (n—k))I'(qg— k)5 5
(p—2(n—k) —1)(g—2k—-1) "

forn,r=0,1,..,N < min{%l, %} and N = max{n,r}.

2.2.9. The Ninth Sequence

o . (p.qu) k=nn=N .
Finite orthogonal polynomials { 9Q, x (x, y)} 0 defined as

QP (x,y) = MPD (NI (y), k=0,1,.,m,
are orthogonal with respect to the weight function

—(p+q)

wo(x,y;p,q,u) = x7(1 + x) y "exp(=1/y),

on the domain
Dy ={(x,y):0<x<,0<y< oo},

if and only if p,u > 2N +1, g4 > —1. In other words, we have

] €140 0Dy exp(=1/y) 0QU (x,) 0 QU™ (x, )y

_ (n=0KT(p— (n—k))T(q+n—k+ )l (u—k) .
(p_z(n—k)—l)(u—Zk_l) (p+q ( k)) n,1%,ss

forn,r =0,1,..,N < min{prl, ”T_l}, g > —1land N = max{n,r}.

2.2.10. The Tenth Sequence

- . (r) k=nn=N__
Finite orthogonal polynomials { 10Q, ¢ (*,¥) }kfo defined as

—k—1/2 k/2
0@ (e y) = 1P @) (142 2P (), k=01,

(26)

(27)

(28)

(29)

(30)
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are orthogonal with respect to the weight function

_ p,l
waeyp) = (1+2+2) 7Y,

on the domain
D1 = {(x,y) : —00 < x < 00, —00 <y < o0},

if and only if p > N + 3. In other words, we have

~(p—1
// (1 + 2%+ yz) (h=2) 10Q,S’f’,2(x,y) 100 (x, y)dxdy

Dy

(n—k) k122D 7112 (p—k—1/2)T2(p)T (2p—2n—1)T (2p—2k) 55
= (p=n=3/2)(p—k—D)T (p=n—1/2)T (p—R)T (p—n)L (p—k+1/2)T (2p—n—k—2)T 2p—k—1) """ ks

forn,r=0,1,..,N < p— 3 and N = max{n,r}.
2.2.11. The Eleventh Sequence

(p.q) k=n,n=N .
Finite orthogonal polynomlals{ 11Q, (x,y)}k I defined as
=0,n=

e M)( y) = Mfl;szk—l,anﬂ)(x)xkllgp)(%), k=0,1,..n, (31)

are orthogonal with respect to the weight function

_(p_1
w1 (x,y;p,q) = T + x),(pﬂ,) (xz +y2) ,
on the domain
Dy ={(xy):0<x <00, —c0o <y < oo},

if and only if p > 2N + 2 and q > —2. In other words, we have

_(p—1
J[ a0 (20 2) U L0 ) 10 (x )y

Dny
(n — k)k12%=1 /a2 (p)T(p —n —k — 1)[(2p — 2K)T (g +n + k +2)

- 1 (Sn,rgk,s/
(p—2n=2)(p—k=1)I(p— )T (p—k+1)T2p — k= 1)T(p+q —n+Kk)
forn,r=0,1,..,N < £ ,q> —2and N = max{n,r}.
2.2.12. The Twelfth Sequence
k=nn=N
Finite orthogonal polynomlals{ 12Qn ¢ (x y)} o defined as
205 ) = NIV @M (), k=01, @)

are orthogonal with respect to the weight function

(p-1
wia(x,y;p) = xP 1 (xz +y2) (=) exp(—1/x),

on the domain
Dy ={(x,y):0<x <00, —0 <y < o0},
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if and only if p > 2N + 2. In other words, we have

_ p,l
// (242 U exp(-1/x) 1201 (x,y) 12 QI (x,y)dydx
Dyp

_ (n— k)2 /Ar(p)L(2p — 2K)T(p —n —k — 1)
(p—2n-2)(p—k=)(p— )T (p—k+})T(2p — k1)

5n,r5k,s/

forn,r=0,1,.,N < E2and N = max{n,r}.

2.2.13. The Thirteenth Sequence

}k}’lﬂN

Finite orthogonal polynomials { ng(p ) (x,y) » defined as

13QYY (x,y) = 1P ()L (y), k=0,1,..,n, (33)

are orthogonal with respect to the weight function

w13(x,y;p,q): (1+x2) ( 2)(1+y2) ( 2),
on the domain
Diz = {(x,y): —00 < x < 00, —00 < y < 0},

if and only if p,q > N + 1. In other words, we have

. —(p—1 —(g-1
/ (1 +x2) (r=3) (1 +y2) (1-2) 13Q7(f,;‘7)(x,y) 13Q£f;"7)(x,y)dydx
Dy

(n — k)'k122( =D 712 (p)T2(q)

= N (34)
(p—n+k=1)(q—k=1)T(p—n+kT(g—KI(p-n+k+1)
I'(2p —2n+2k)I' (29 — 2k)
X fsn,rfsk,Sr
(g—k+3)T@p—n+k—-1)r2q—k-1)
forn,r =0,1,..,N <min{p — 1,9 — 1} and N = max{n, r}.
2.2.14. The Fourteenth Sequence
Finite orthogonal polynomials { 14Q(p (A1) (x,y) }k:n'n:N defined as
nk o 39 S k=0,n=0
(pam) M( ) 1( ) k=01 (35)
14Q1’l,k (xl ) n—k ( ) (y)/ Ay ARV 7’1,

are orthogonal with respect to the weight function

(-1
ZU14(X,y; p.q, M) = xq(l —|—X)7(p+q) (1 +y2> (u 2)/

on the domain
Dis={(xy):0<x <00, —00 <y < oo},

ifand only if p > 2N +1,u > N + 1 and g > —1. In other words, we have



Symmetry 2021, 13, 452

11 of 35

1
// X1(1+ x)f(p+q) (1 +]/2) —(u=3) 14Q;(fl;q,u)(x’y) 1 ﬁﬁ""”)(x,y)dydx
b14
 (n =Kk /AT (p—n+ k)T (g +n—k+1)
(p=2n—k)—1)(u—k—1)T(p+qg—n+k)
y T2 (u)T(2u — 2k) Surbice
r(u—k)r(u—k+%)r(2u—k—1) ’

forn,r=0,1,..,N < min{pT_l,u - 1}, g > —1and N = max{n,r}.

2.2.15. The Fifteenth Sequence

L ~ (pa) k=nn=N _ .
Finite orthogonal polynomials { 15Q, (x,y)} defined as

k=0,n=0
() — N(P) I(Q) k=01
15Q}’l,k (x/]/) n_k(x) k (]/), VAR ALY n/

are orthogonal with respect to the weight function

_ —(9-3)
wis(xy;pg) =x P (1+2) 7 exp(=1/x),
on the domain
D5 ={(x,y) : 0 < x < o00,—0c0 <y < o},

if and only if p > 2N +1and g > N + 1. In other words, we have

- (a3
// x~P (1 +y2) (=) exp(—1/x) 15Q,(f,’,f)(x,y) 15Q§ﬂ’q)(x,y)dydx
Ds5

_ (n — K)KI2%1 /7T (p — 4 )T2()T (29 — 2K) B

(p—2(n—k) = 1)(q—k=1)T(g =R (q—k+3)T2g—k—1)

forn,r=0,1,..,.N < min{%l,q - 1} and N = max{n,r}.

(36)

(37)

(38)

In the present paper, we first consider Fourier transforms of some specific functions in
terms of finite bivariate orthogonal polynomials listed above except for tenth, eleventh and
twelft polynomial sequences and then we introduce new families of bivariate orthogonal

functions via Parseval identity.

3. Fourier Transforms for the Set of the Polynomials Q,,

The Fourier transform for a function of one variable is defined as [32]

[0 9)

Ff) = [ ez,

—00

and the corresponding Parseval identity is given by

for p, f € L?(R).
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The Fourier transform for a function of two variables is in the form [1]
[ee]
Zo

and the corresponding Parseval identity is given by

e §1x+€2y)g(x, y)dxdyl

8\8

778 y)dxdy = 711)2 7 7]: F(h(x,y))derdE. (39)

Now, let us obtain the Fourier transforms of finite bivariate orthogonal polynomials
given in the previous section in order to define some new families of bivariate orthogonal
functions using the Parseval identity.

3.1. Fourier Transform of the Polynomials 1Q£lp ]:7) (x,y)
Let us define

Bk (X, Y551, K2, A, ) = €Y (e¥ + 1)~ FR) (px 4 pyy = (i)

(40)
e R Te e (0

where «1, %2, A and p are real parameters, and the polynomials 1Q1(f ]:7) (x,y) are defined
in (12). By using appropriate substitutions e* = u, ¢/ = v and % =t,weget

hl’l k(x Y K, KZ/)\ ﬂ))

(/ uk+Kz—*—l §1+§2)(u +1)” (K1+K2)M7(l/\ k2k 1, P‘+2k+1)( )du)
0

X ( / g1 152(1+t)—<’<1+’<2>M,94‘><t)dt>.

0
If we apply (3), then

WTp+n+k+2)I(p+k+1
F (e (x, y31, 72, A, 1)) = (=1) (yr(y+2k+2))r((];+1) |

nk (—(n—k), 2—A+n+k 7 . ]
« Z ( (n' ))ll]l( " )ll /uk+K2—%—l(§1+§z)+ll(u_|_1)*(K1+K2)du
h=o  h!(=1)"(p+2k+2), |

0
% Zk: (_k)lz (1 —A+ k)lz /th—l_ing"lZ(l + t)*(K1+K2)dt
—0 12!(—1)12(144‘1)12 0

(- )nl"(y+n+k+2)l"(y+k+l)
o T(p+2k+2)I(p+1)

nk (—(n— k), 2= A+t ),
i=o hN=D)M(u+2k+2),

Mo+ k+3—i@+&)+h)T(a—k-%+i(@+&)—h)
r(Kl +K2)

g

X

y K (k)i (1= A+k), T(ky — i + )T (kg + i — o)
=0 lz!(—l)lz(ﬂ+1)lz T (i1 +12) ’
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and we can conclude that

(—1)'T(p+n+k+2)I'(u+k+1)
F hn YK, ’)\’ =
U0y 2, A 1)) = SR T (0 1) T2 (g £ 10)

x Ci(k,x1,%2,81,82)O1(n, k,x1,%2, A, 14,81, C2),

where

Ci(k,x1,%2,81,62) = T'(x1 4+ i82)[' (12 — i€2)I (k1 —k —1/24i(G1 + &2))
xT(rg +k+1/2—i(81 + &),

and

. —k, k+1—A, kp — i
®1(n/k,K1,K2,)\,%§1/§2) - 3F2( ‘M—Fl, 1 — K _162 | 1

F <—(n—k), n+k+2—A k+x+1/2—i(& + &) |1>
32 HA2k+2, k—1+3/2—i(E + &) '

such that 3F; is a special case of the hypergeometric function given by [31]

a1,ay, ..., ap k (”P)k ‘
qu<b1,b2,...,b x) Z 1)ie( ) (bQ)

inwhich (A), =A(A+1)...(A+k—1),k=1,2,..; (A), = 11is the Pochhammer symbol.
Also, from the definition of Gamma function, it can be verified that

T(A+k —1)*r
(Ve = 4 and T(a k) = L0, (41)
Hence, from the Parseval identity (39) we obtain
/ i (%, y; 51, %2, A, )l s (X, Y5 01, 02, &, B)dxdy
/e(K1+K2+Q1+Q2+1)xe(K2+Q2)y(ex+1)*(K1+K2+Q1+Q2)(€x+ey)*(K1+K2+Q1+Q2)

X 1Q1(1/,\k,#) (ex/ elj) 1Q£?ﬁ) (ex, ey)dxdy

-1 — (1 +K2+01+ — (k1 +o+o1+
://MK1+K2+Q1+Q20K2+QZ (u 4 1) tRtate)q 4 )~ @tetate) )
00

x 1Q<Ak”)(u v) 105" (u, v)dudo
n+r

/°°/ y+n+k+2) (+k+DT(B+r+s5+2)T(B+5+1)
T(ji+ 2k + 2T (4 + DT(B+ 25 + 2)T(B+1)

% Cl(k1K1/K2/§l/§2)Cl(sr 01, QZI@]/CZ)
(k1 +x2)I2(01 + 02)

x O1(n,k,x1,%2,A,1,81,82)01(r,5,01,02,,B,C1,82)dC1dCo.
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Now by taking k1 + 01 +1 = A =aand xp + 02 — 1 = u = B in (42), if we use the
orthogonality relation (13) in the left-hand side of (42), we obtain

4% (n — k)T (k1 + 01 — n — k)T (k1 + 01 — k+ 1)T?(kp + 02 + 2k + 1)
(k1 +01—2n—1)(k1 + 01 —2k)T (k1 + k2 + 01 + 02 — (n —k))
y T2 (11 + k2)T% (2 + 02)T*(01 + 02)
T(ki+r4+01+0—k)T(ka+0+n+k+1)I'(ky + 02 + k)

5n,r5k,s

= / /Cl(k,K1,K2,61,52)(31(5,@1,@2,51,52)

X O1(n,k,x1,%0,%1 + 01+ 1,60+ 02 —1,81,82)
X O1(7,,01,02,01 + 1+ 1,00 + 12 — 1,81, 82)dC1dC.

Theorem 1. The special function

(k2 +1/2— (x +y))i
(3/2=x1 = (x+¥))
><®1(”/](—./ Kl/KZI Kl + Ql + 1/ K2 + QZ - 1/ _ix/ —1]/),

1E0k (X, 1551, %2, 02, 01) =

has an orthogonality relation of form

70 jF(K1—;+i(x+y)>F(Kz+;—i(x+y)>
xr(gz+;+i(x+y)>F(e1—;—i(x+y)>

x T(xy 4+ iy)T (k2 — iy)L' (02 + iy)T' (01 — iy)
X 1Eyx(ix, iy; k1, %2, 02, 01) 1Er,s(—1x, —iy; 01, 02, %2, %1 )dxdy
4% (n — k)K!'T () + 01 —n — k)T (k1 + 01 —k+ 1)
(k1401 —2n—1)(x1 + 01 — 2k)I (k1 +x2 + 01 + 02 — (n —k))
2 (xp + 02 + 2k + 1)T2 (k1 + 2)T? (%2 + 02)T?(02 + 01)
(kg +x04+01+0— k)T (kg + 02 +n+k+1)(k2+ 02 +k)

5n,r5k,s/

forx1,01 > 1/2,%3,00 > 0and k1 + 01 > 2n + 1. Please note that the weight function of this
orthogonality relation is positive for k1 = 01 and xp = 0.

3.2. Fourier Transform of the Polynomials 2Q1(1p ];q) (x,y)

Let us define

ho (X, 550, K2, A, 1) = e("2+%)(x+y)(1 Fet) 21 4 F 4 oY) (atR) fol?é”)(ex,ey), (43)
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M)(

where 1, %, A and y are real parameters, and the polynomials ,Q x,y) are defined
in (14). If we apply the Fourier transform to the function h,, x(x,y; %1, k2, A, it), under the
subsitutions e* = u, ¥ = vand 1, = t, respectively, we get

F(hy g (x, y571, K2, A, 1))

_ / / efi(§1x+§2y)e(1c2+%)(x+y)(1_|_ex)fxz(1_’_ex_i_ey)f(quer) ZQ'(qAIéH)(ex,ey)dxdy

ZT+n—k+DT(p+k+1) |k (=(n—k),(n+k+2-21),

= (-1)
(e +1) ho WD),
y (/ uKz_igl—%-&-ll(l + u)kK1K2i62+%du)]
0
k . _ (o)
x Y ( k)lz(lirl My /ﬁq—i@‘z-%#z(l+t)*(K1+Kz)dt /
L=o LN=1)2(p+1), \;
from the relations (41) and definition of Beta function
By = g = | Grmet RORE >0
0

the latter expression can be also expressed as

‘ (-D)'T(p+n—k+1)T(p+k+1)
]:(hn,k(x,y,Kl,KZ/)\/V)) = FZ(}J+1)F(K1+K2)

X CZ (k/ K1,%2, 61/ €2>®2 (1’1, k/ K1,K2, A/ W, (:1/ CZ)/

where
Cz(k, K11K2/§1r§2) = F(Kz — i1+ 1/2)F(K1 +i¢y — 1/2)F(K2 — iy + 1/2)
o Tl —k—=1-i(G1 +¢2))
F(Kl +K2—k—1/2+i§2)/
and

—(n—k), n+k+2—-2A, ko +1/2—i& )
@ /k/ 7 /)\/ 7 7 - F . 1
2(n, k%1, %2, A, 1, 61, 62) 32( WAL, k1 42— i(E1 + 8) |

v ap REFIT AR i 1/2,
372 u+1,3/2—x1 —i& '

Hence, from the Parseval identity (39), we obtain
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/ / Mo g (%, Y561, K2, A, ) hrs (X, 5 01, 02, &, B)dxdy

= //uK2+szK2+Qz(1+u) (K2+Q2)(1+M+‘U) (k1 +12+01+02)

00

2Q(Ak )(u v) erS' (u v)dudv (44)
)

X

ntr 7/ (tn—k+ DT+ k+ DB +r—s+1DT(B+s+1)
[2(u+1)T2(B+ DI (k1 +x2)T (01 + 02)

X Cz(k, x1,%2,C1,62)Ca(s,01,02,81,82)O2(n, k, k1, %2, A, 1,81, C2)
X @2(1’, 5,01,02, %, ﬁr glr CZ)d§1d€2

Now by taking ¥ + 02 = 4 = pand kK1 + 01 = A = « in (44), and we use the
orthogonality relation (15) in the left-hand side of (44), we obtain

472 (n — k)IK'T () + 01 —n—k — )T (k1 + 01 — k)
(k1+01—2n—2)(ky+01—2k—1)T (k1 +12+01+02—n—k—1)
y I (k2 + 02 + DI (11 + 2)T (01 + 02) 55
T(k1+ %2+ 01+ 02— k) (kg + 02+ 1 —k+ 1) (kg + 05 + k+1) "k

= / /Cz k,x1,%2,81,82)Ca(s, 01,02,81,8C2)

n, k/ K1,K2,K1 + Q11K2 + QZ/ (:1/ 62)
r,s, Ql/ QZ/ Ql + K1, QZ + K2, 61/ 62)d€1d§2

CJ)
X Oy

(
(
Theorem 2. The special function

(8/2 =K1 — K2 —Y)i
(2—m +x+y)
Xy (n,k,x1,k2, K1 + 01,%2 + 02, —ix, —1y)

ZEn,k(x/ Y, K1, K2, QZ/ Ql) -

has an orthogonality relation of form

T T T(ka—ix+1/2)T(ky +iy — 1/2)T(xy — iy +1/2)T (kg — i(x +y) — 1)
Zo Zo [(x) + 1o +iy —1/2)
o Tle2+ix+1/2)I (0o +iy +1/2)0 (1 — iy —1/2)T (1 +i(x +y) — 1)
I'(02+01—iy—1/2)
X oE, k(ix,1y; %1, %2, 02, 01) 2Er s (—ix, —iy; 01, 02, k2, k1 )dxdy
472 (n — k)IK'T () + 01 —n—k — )T (k1 + 01 — k)
(ko1 —2n—2)(ky+o01 —2k—1)T(ky +Kx2+01+02—n—k—1)
y T (k2 4 02 + 1T (11 + k2)T (02 + 01)
Fkmi+tra+o1+02—kl(ke+o+n—k+1)I(ka+0+k+1)

5n,r5k,s/

forxq1,01 > n+1and xy, 0 > —1/2. Please note that the weight function of this orthogonality
relation is positive for k1 = 01 and ky = Q5.
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3.3. Fourier Transform of the Polynomials 3Q’(f k) (x,v)
Let us define

x 1 e ey .

where %1 and A are real parameters, and the polynomials 3Q£lp,2 (x,y) are defined in (16).
By using appropriate substitutions, we derive the Fourier transform of the function given
above by taking into account the relations (41) as

]:(hn,k(xr Y, K1, A))

= / /e (Erx+Eay) o3 — (-4 Jy— 5 3Q7(1)"k)(ex,ey)dxdy
o0 —00

_ (/uk Ki— 1(§]+§2)€,H }S —2k—1) ) (/ (k1+iZ+3) e ZtN( )( )dt)
0 0

=(-1)" [ni‘j{ (=(n— k))ll (nthk+2- A)ll (/ooukx1i(é‘1+§2)+llez]udu) ]

I1=0 (_1)1111! 0
% i (_k)lz k +1— = K1+l§2+ lZ)ef%dt
1)l ’
12:0 ( 2 0
since o
/t (ptis—k+1) =25 gy — pp-+is— T(p+is — k), (46)
0

we can conclude that
F(hup(x,y;x1,A)) = (=1)"Cs(k, x1,81,82)@3(n, k,x1, A, &1, 82),
where
Ca(k, k1, &1, &) = 22 FHEH2) 520 (i) — k= 1 48(81 + &))T (kg — 1/2 +18),

and

(n—k),n+k+2—-2A 1 —k,k+1—
2k Cz‘i

O3(n,k,x1,A,81,82) = 2F1< k—x1+2—i(& + &) 2 3/2 =Ky —i

where > F is a special case of the hypergeometric function. Hence, from the Parseval
identity (39), we obtain

/ /hnk X, Y5 k1, A)hrs(x,Y; 01, ) dxdy

— //v*(mwﬂe—(%%) 3Q,(1f\,3(u,v) 3Q£,ﬂ§)(u,v)dudv
00 @)

_ / / Ca(k, k1, &1,82)C3(5, 01,81, 82)

—00 —00

X @3(71, k/ Kl/)\r glr 52)®3(r/ 5,01,&, gl/ 62)d§1d€2
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Now by taking x1 + 01 = A = « in (47) and using the orthogonality relation (17) in the
left-hand side of (47), we obtain

//C3(k1K1,§1,52)C3(S,Q1,§1,§2)
x @3(n, k,x1,x1 + 01,81,82)O3(r, 5, 01,01 + k1,81, 82)dE1dEo
4% (n — k)'k'T (kg + 01 —n — k — )T (k1 + 01 — k)

N G-
(k1 +01 —2n—2) (k1 + 01 — 2k — 1) n,r0k,s

Theorem 3. The special function

1
— K1 — (X +¥))

sEnk(x,y5%61,01) = B Os3(n, k, k1,1 + 01, —ix, —iy),

has an orthogonality relation of form

X 3En,k(ix/ l]/, K1, Ql) SEV,S (_ixr _ly/ 01, Kl)dx‘i]/

_ 21-2(i1+01—k-2) 7-[2(71 —k)K!T (k1 + 01 —n—k—1)T (k1 + 01 — k)5 5
(k1401 —2n—2)(k +01 — 2k — 1) n,r0ks/

\8

Ik —1+i(x+y)l(o1 —1—i(x —i—y))l"(;q — ;—l—iy)l"(g)l — ;—z‘y>

3

for k1,01 > 1and k1 + 91 > 2n + 2. Please note that the weight function is positive for x; = 0.

3.4. Fourier Transform of the Polynomials 4Q’(1p ,;q) (x,y)
Let us define

1 er Yy
By (X, y;%1, %2, A, jt) = exp [(M + %o + 2>x — K1Yy — 5 }

x (eF +1)(1FR2) Lol (ex o),

(48)

where «1, %2, A and p are real parameters, and the polynomials 4Q7(1p ]:7) (x,y) are defined

by (18). If we apply similar calculations as in the first function family for finding the Fourier
transform of the function given by (48), by considering the relations (41) and (46), we have

(== K)y,
= ()M
(n+k+2—)\)llr(k+'<2+%—i(§1+§2)+11>r<7<1—k—§+i(§1+§2)—11)]

WL(p+n+k+2)

]'—(hn,k(x/y;KHKZI/\/.u)) = (_1) 1"(,11 +2k+2)

(}l+2k+2)ll T'(x1 + x2)

)3

2=0 (_1)1212!

k _ —
y l (—k),(k+1-=2), 2HE BT ()t iE, — lz)] ,
!

and we can conclude that

(—1)"T(p+n+k+2)

T(p+2k+2)T(x1 + x2) (49)
X Cy(k,%1,%2,81,82)O4(n, k, k1, %2, A, 4,81, C2),

F(hy(x,y5%1,5%0,A, 1)) =
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where

Ca(k, 11, %2, &1, &) = 2H62T (g + i)
xT(ry —k—=1/24+i(C1+ )T (ko +k+1/2—i(51+C2)),

and

-k, k+1—-2A 1
Oy(n,k, 1,52, A, 14, 81,82) = 2F1< 1= % —if |2)

ap "R k2, K2+k+%—i(€1+€z)|
3 pA2k+2, k—x1 +3/2—i(E1+ &) '

Hence, from the Parseval identity (39), we write
//hn,k(x/]/)Kl/K2/)\/#)hr,s(x/y}erQZra/,B)dxdy

1 [e9)
el
—00 —

and thus, by using result (49) and definition (48), and then applying substitutions ¢* =
u,e¥ = v, we obtain

F(hy(x,y;61,%0, A, 1)) F (hes(x, 501, 02,1, B))dE1dC

8\8

watretote,—(km+e+l),—3 (u+ 1)*(K1+K2+Q1+92)

X

4Q£1Aiéy)(“ 0) 4Q£0§’ﬁ)(u,v)dudv 50)

_ (-1 "H/w/ (4t k+2)T(B+r+5+2)Calk 51, 52,81, 8)
T(i + 2k + 2)T (B + 25 + 2)T (k1 + x2)T (01 + 02)

X C4(Sf 01,02,81,62)O4(n, k, k1, %2, A, 1, 81, 82)
X O4(7,5,01,02,0, B,81,E2)dE1dEs.

Now by taking x; + 01 +1 = A = a and ko + 02 — 1 = y = B in the left hand side
of (50), then according to the orthogonality relation (19), we obtain

/ / ©O4(7,8,01,02,01 +x1+ 1,020+ %2 —1,81,82)
X Oy(n, k,x1,%2,%1 + 01+ 1, %2 + 02— 1,81,82)
x Cy(k,x1,%2,1,62)Ca(8, 01, 02,81, $2)d81d o
4702 (n — k)'K'T (1 + Q1 —n—kI'(k+01—k+1)
(k1 +01—2n—1)(r1 + 01 —2k)I (1 + 12 + 01 + 02 — (n — k))
Fz(KZ + 02+ 2k + 1) (K1 + Kz) (Q1 + Qz)
(K2+Q2+n+k+1)

5n,r5k,s
Theorem 4. The special function

(ko +1/2— (x+y))i
(3/2—x1 — (x+y))x
xOy(n, k,x1,%2,61 + 01+ 1,10+ 020 — 1, —ix, —iy),

4Bk (X, y561,%2,00,01) =
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has an orthogonality relation in form

/
x (01 —1/2—i(x +y))I (1 +iy)T(e1 — iy)

X 4Ep i (ix,iy; %1, %2, 02, 01) 4Ers(—ix, —iy; 01, 02, K2, k1 )dydx
22-(k+et) 72 (n — k)IKIT () + 01 — 1 — k)T (ke + 01 —k +1)

(k1401 —2n—1)(x1 + 01 — 2k)I' (k1 + K2 + 01 + 02— (n — k))

y T2 (k3 + 02 + 2k + 1)T (k1 + k2)T (01 + 02)
Tkp+0p+n+k+1)

/ (g —1/2+i(x+y))T(xa+1/2—i(x+y))T(o2+1/2+i(x+y))

(sn,rfsk,s/

forx1,01 > 1/2,%2,00 > —1/2 and x1 + 01 > 2n + 1. Please note that the weight function is
positive for k1 = 01 and ky = 02.

3.5. Fourier Transform of the Polynomials 5Q}(1p ,;q) (x,y)
Let us define

ey
14 e

X —K1
ho (X, 550, K2, A, 1) = X (1+ ex)_(K1+K2_%) ( ) SQS,\];M) (e*,e”), (51)

where 1, %, A and y are real parameters, and the polynomials 5Q£lp,;q) (x,y) are defined
in (20). By using the substitutions e* = u, ¥ = v and 11, = t, respectively, and applying
the identities (41) and (46), we get

F (B (2, y5 61,52, A, 1))

B WT(p+n—k+1)
= (=1 T(u+1)

nk (= (n—K)),, (1 +K+2— ),

L=0 (p+ 1), (—1)"L!

(K —iG + ll)r<K1 —k+i(G1+8) -5 11)
F(Kl—i—xz—k—i—i@z—%) ]

. [ £, (—K), (1= A+K)

X

)3

hmo (-1)Ph!

I 2K1+i§2—lzr(K1 + 1(;‘2 . 12>‘| )

Therefore, we can conclude that
(—1)'T(p+n—k+1)
I'(p+1)
x Cs(k,x1,%2,81,82)O5(n, k, k1,12, A, 4,61, 82),

F(hpi(x,y; 61,62, A, 1)) =

where

29T (i + @) (kg — k+ (&1 + &) — 1/2)T (ko — i&y)
Cs(k,x1,%2,81,62) = T(, +#0 — k+ifs —1/2) ’

and

—(n—k), n+k+2-A7A, ko — i >
@ /k/ 7 /)\/ 7 7 = 3F, . 1
5(n,k, k1,12, A, 1, 61, 62) 32<y+1,k—1<1+3/2—1(§1+§2) |

o fk,k+1f)\|1
PN 1 —im '2)

Hence, from the Parseval identity (39), we obtain
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/ / By (X, 551, %2, A, f)hy s (X, Y5 02, 01, &, B)dydx (52)

[eo)

(o9}
://MK2+QZ—1(1Jru)*(K2+Q2*1)v—(xl+gl+1)e_l+Tu
00

X

5Q£Akﬂ)(“ v) 5Qrs (u v)dvdu

G y+n—k+1)r(ﬁ+r—s+1)
B 271 // F(p+1)I(B+1)

x Cs(8,01,02,61,62)Os(n, k, 1, %2, A, 1,81, 82)Os5(7, 8,01, 02, &, B, 51, G2)dG1d 8.

C5 (k/ K1,K2, 61/ 62)

Now by taking xo + 92 —1 =y = fand x; + 01 + 1 = A = « in (52) and using the
orthogonality relation (21) in the left-hand side of (52), we obtain

472 (n — k)IK'T (k1 + 01 —n — k)T (k1 + 01 —k+1)
(K1+Q1 —21’1—1)(K1—|—Q1 —Zk)F(K1+K2+Q1+Q2—n—k—1)
I2(x; + 02)
T(kp+02+n—

k) 5n,r5k,s

Cs(s,01,02,81,82)05(7,5,01,02,01 + k1 + 1,00 + k2 — 1,81,82)

.

x Cs (k/

8\8

=

1,%2,81,82)Os(n, k, k1, k2, K1 + 01 + 1,60 + 02 — 1,81, 82)dC1dCo.
Theorem 5. The special function

(3/2 =K1 — K2 —Y)
(3/2 =11 — (x+Y))k
X®5(nl kl K1, K2, K1 + Ql + 1/ K2 + QZ - 1/ 7ix/ *W);

sEn (X, y5%1,K2,00,01) =

has an orthogonality relation of form

7 7 T(c +i(x+y) —1/2)T (01 —i(x +y) — 1/2)
o) Tk e iy —1/2)T (e + 02 — iy — 1/2)

x I(x1 +iy)T (01 — iy)[ (k2 — ix)I (02 + ix)
5E71 k(lx l]// K1,%K2, QZ/ Ql)
5Ers(—ix, —iy; 01, 02, %2, k1 )dxdy
22- ("1+91)7r (n —Kk)K!T (k1 + 01 — 1 — k)
(ki+o01—2n—1I'(kg+x24+01+020—n—k—1)
T(xk1 + 01— k+1)T%(xp + 02)
X n,réks/
(k1 + 01— 2K)T (k2 + @2 + 1 — k) '

X

X

for k1,01 > n+1/2and x2,02 > 0. Please note that the weight function of the orthogonality
relation is positive for k1 = 91 and ky = 05.

3.6. Fourier Transform of the Polynomials 6Q1(ff) (x,y)

Let us define
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By (%, 561,52, A, 1) = (1+ey_x)_(K1+K2)exp Koy — (x +K2—1 x— e
nk\ X, Yr 81, 82, A 1 7 5 (53)

X 6fo,;”) (€5, e¥),

where 1, %, A and y are real parameters, and the polynomials 6Q£f,;q) (x,y) are defined
in (22). If we apply the Fourier transform for the function k,, x (x, y; k1, %2, A, i) given by (53),
we get

[oclNe ]
F(hyr(x, 51,52, A, 1)) / /e (E135+8y) pray— (ri+K2— 3 ) x— 55~

—00 —00

x (1+ ey_x)_(K1+K2) 6Q1(3,;”)(ex, e¥)dxdy

(/u K-k (@) +E) o N,SAkz“)(u)d”)
0

(/ pro—igy—1 (1+1) (K1+K2)M,({/\'V)(t)dt)

0
_ (=1 "T(utk+1) [k (=(n—k)), (n+k+2=-A),
I(p+1) =0 (—1)"hy!

% (/u K1—k+i(E1+62)+ 5 —1) pm zudu)]
0

% i (_k)lz (k+ 1 _IA)IZ /thfiC:z*l‘Hz(l + t)_(K1+K2)dt ,
=0 (:’u+1)lz(71) 212! 0

by using the relations (41) and (46), we can conclude that

—1)"T(k+pu+1
fwmwwmmﬁﬂ”:hﬁﬂﬂmimf

X Ce(k,x1,%2,81,82)O6 (1, k,x1,%2,A, 1,81, C2),

where

C6(k, K1,K2, Cl/CZ) = 2K1_k+i(§1+§2)_%r(1€1 —k— 1/2 + l(f:l + 52))
x T +iG2)T (2 — i82),

and

—(n—k),n+k+2—-A 1
@6(n/k/K]/K2//\/V/Cl/CZ): 1<k—(K1+)3/2—l((:]+§2) | )

—k,k+1—)L, Kz—l'(:z
X3B< W1 1)
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Hence, from the Parseval identity (39), we obtain

//hn,k(x,y;xl,Kz,/\,y)hr,s(x,y;Ql,ez,a,ﬁ)dydx

(54)

Yl

//UK2+92 Yu+0)~ (k1+Ka+01+02) ,—1/u Q W(u v) 6Q 5)(14 v)dvdu
00
_ (=

“7’/ Tk+u+1DI(+p+1)
I'(p+1)T

(27) (B+1)I(x1 +x2)T (01 + 02)

X C6(k1 K1,K2, gl/ 62)C6(Sr 01,02, 571, 52)
X Og(n,k,x1,%2, A, 11, G1,62)O6 (1,5, 01, 02,2, B, 81, 82)dC1dC>.

Now by taking xp + 0o —1 = p = Bpand 1 + 901 + 1 = A = a in (54) and then use the
orthogonality relation (23) in the left-hand side of (54), we obtain

4t (n — k)T (k1 + 01 —n — k)T (k1 + 01 —k+1)
(k1 +01—2n—1)(x1 + 01 — 2Kk)

rz(Kz + 02)T (%1 + #2)T (02 + 01)
I(k1 + K2 4+ 01+ 02 — k)T (k2 + 02 + k)

5n,r(5k,s

= / / Ce(s,01,02,81,82)Cs(k, 1,%2,81,G2)

6<r/ 5,01,02,01 + K1 + 1/ 02 + Ky — 1/ Cl/ (:2)
O¢(n,k, 11,10, 61 + 01+ 1,60+ 02 — 1,81, G2)dE1dEy.
Theorem 6. The special function

1
oEnk (X yim1, %2, 02:01) = 3 ),

X@é(]’l, k/ K1/K2/ Kl + Ql + 1/ K2 + Q2 - 1/ _ix/ —1]/)/

has an orthogonality relation in form

_/°°_/°°F(Kl +i(x+y)— ;)l’(gl —i(x+y)— ;)

x I'(x1 +iy)T (o1 — iy)T(x2 — iy)T (02 + 1y)

X 6Ey k(ix,1y;%1,%2, 02, 01) 6Ers(—ix, —iy; 01,02, %2, %1 )dydx
22+3=(+e) 72 (i — k) IKIT (kg + 01 — 1 — k)T (k1 + 01 —k+1)
(k1 4+ 01 —2n —1)(x1 + 01 — 2k)

% (k2 + 02)T ()1 + k2)T' (01 + 02)
T(x1 4+ #2401+ 02 — k)T (k2 + 02 + k)

571,1’5](,5/

for k1,01 > 1/2,%2,02 > 0and k1 + 01 > 2n + 1. Please note that the weight function is positive
for k1 = 01 and Ky = 0.
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3.7. Fourier Transform of the Polynomials 7Q, ' (p.q,1.0) (x,y)
Let us define

By i (X, 4561, %2, K3, K4, A, 1, 17, T) = (1 +ex)*(K1+Kz)(1 + ey)f(xﬁm) 55
X exp(kox + K4Y) 7Q£:‘,;”’77’T) (e*,é¥),

where k1, %, k3, K4, A, 4, 11, T are real parameters. Similar to the results in the paper [21],
we get

‘F(hnk(xly/Kl/KZ/K?)/Kﬁl/)\ w,n, ))

n,

/ /e E1x+&Y) K2X+K4y(1+e ) (K1+K2)(1+ey)—(K3+K4) 7Q()\k,l4r77,‘[)(ex,ey)dxdy

_ (= D'T(p+n—k+1D)T(t+k+1)
I(p+1I(t+1)
X Oy(n, k,x1,%2,%3,K4, A, 4,1, 7,81, C2),

Cy(x1,x2,%3,%4,C1,C2)

where

[(x1 +iG1)T (k2 — ig1)T (k3 +i82)T (kg — i82)
I'(x1 +12)T (k3 + K4)

C7(K1/ K2, K3,K4, gll 62) =

7

and

—k, k+1—77, Kq — i
k =
@7(7’1, /K]/K21K3/K4/A/V/T]/T/€1/€2) 3F2( T4+ 1’ 1— K3 — 162 | 1

—(n—k), n—k+1-=A, ko —i¢;
E 1).
X“( Wl 1 -k —iE |

Hence, from the Parseval identity (39) and then using the orthogonality relation of
7Q£lp ,;q’u’v) (x,y) given by (24), after the necessary arrangements, we can give the next theorem:

Theorem 7. The special function

T'(xo 402 +n— k)T (x4 + 04 + k)
['(x2 + 02)T' (x4 + 04)
xOyz(n,k,x1,%2,%3,%4,%1 + 01+ 1,60+ 02 — 1,63 + 03 + 1,4 + 04 — 1, —ix, —iy),

7En,k(x/ Y, K1,K2,K3,K4,04,03,02, Ql) =

has an orthogonality relation of form

[e9)

/ / I'(xq +ix)T(xp — ix)T (k3 + iy)T (kg — iy)T (01 — ix)T' (02 + ix)
x T(03 — iy)T (04 + iy) 7Ey k (ix, 1y; k1, K2, K3, K4, 04, 3, 02, 01)
X 7EY,S(_ix/ _1]// 01,02,03,04,K4,K3,K2, Kl)dxd]/
_ 42 (n — k)"K' (k1 + 01 +1— (n —k))T(k3 + 03 +1 — k)T (n — k +x2 + 02)
(K1 + 01— 2(1’1 — k))(Kg, + 03 — Zk)F(Kl + K2+ 01+ 02— (1’1 — k))
F(k + x4 + Q4)F(K1 + Kz)F(Kg, + K4)F(Q1 + Qz)F(Qg + Q4)
571 réks/
[(x3 + x4+ 03+ 04 — k) T

where x1,%p,%3,K4,01,02,03,04 > 0, K3+ 03 > 2n and k1 + 01 > 2n. Please note that the
weight function of this orthogonality relation is positive for k1 = 01, ko = 02, kK3 = 03, kK4 = Q4 OF
K1 = K2, 01 = 02, kK3 = K4, 03 = 04.
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3.8. Fourier Transform of the Polynomials 8Q’(1p ,;q) (x,y)
Let us define

e Y +eY
hn,k(x/ Y, K1,K2, /\/ nu) = exp(_le — Ky — 2) Q(A’H (ex, e}/), (56)

where «1, %, A and p are real parameters, and the polynomials 3Q£1p ];q) (x,y) are defined
in (26). As a result of the calculations in the paper [21], we get

Y eV

F(hy(x,y;%61,%0, A, 1)) :/ /6’ (Crx4Goy) prrx 2y =3 gQgi\,;”)(ex,ey)dxdy
(—

1)"Cg(r1, k2,1, 82)Og(n, k, k1,52, A, 1, &1, 82),

where 4
Cs (K1, K2, €1, &) = 2R HETEIT (16 4081 (1 + i),

and

—(n—k),n—k+1—-A 1
®8(nrer1rK2r/\/I’tr§1r§2> = ZFl( ( ) |2>

1—x1 —i&y
—k, k+1—pu
* 21:1( 1—xy —iGo |)

By using the Parseval’s identity (39) and the orthogonality relation (27) for the
rﬂ)(

polynomials 8Q X,Y), we can give next result.
Theorem 8. The special function

SEl’l,k(x/ y/ K1, K2, QZ/ Ql) = @8(7’1, k/ K1,K2,K1 + Ql + 1/ K2 + QZ + 1/ _ixr —l]/),

has an orthogonality relation as follow

/ / I'(x1 +ix)T(xp +iy)T (01 — ix)T (02 — iy)
X

8Enk(ix,iy; K1, %2, 02, 01) 8Ers(—ix, —iy; 01,02, k2, x1)dxdy

P (n—k) (kg + 01 —n+k+1)(ka+ 0+ 1 —k)
T Rtate (g + g —2(n— k) (ke + 2 —2k)

where K1,%2,01,02 > 0, k1 + 01 > 2n and xy + 02 > 2n. Please note that the weight function of
this orthogonality relation is positive for k1 = 91 and xy = 0».

3.9. Fourier Transform of the Polynomials 9Q,/y (P 1) (x,y)
Let us define

hn,k,(xr iK1, K2, K3 A, n T]) _ eK2x7K3y7¥ (1 + EX)*(K1+K2) 9Q()\k,ﬂ/’7) (ex,ey), (57)

n,
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where 1, 3, 3, A, 4 and 7 are real parameters, the polynomials 9Q1(f ,;q’u) (x,y) are defined
by (28). In view of the calculations in the paper [21], we get

F(hyx (X, 451,62, K3, A, 14, 17))

D' Tn—k+u+1
_ 1) F((y+1) K )C9(K1,K2,K3,§1,Cz)@9("/k/K1/K2/K31Ar#/’7/§1,52)r

where )
2x3+id)

mf(’ﬁ +i81)T(xp — i&1)T (13 + i82),

C9(K1, K2,K3, glr ‘:2) =

and

—k, k+1—
®9(nrerHK2/K3//\l,u/ﬂlgl/(’:Z) = ZFl( 1_ K3—1 217 ‘ )

—(n—k),n—k+1-=A, kp — i
X?’Fz( 41,1 — K — i 1)

Hence, from the Parseval identity (39) and the orthogonality relation (29),
Theorem 9. The special function

9En,k(xr Y, K1,K2,K3,03,02, Ql)
= @9(7’1, k/ K1,%2,%3,K1 + 01 + 1/ K + 02 — 1/ K3 + 03 + 1/ _ix/ _Zy)/

has an orthogonality relation of form

/ / I'(xq +ix)T(xp — ix)T (k3 +iy)T (01 — ix)T (02 + ix)T (03 — iy)
X 9oE,

J(ix, iy; 51, %2, %3, 03, 02, 01) 9Er,s (—1x, —iy; 01, 02, 03, K3, K2, K1) dxdy
22~ (s +es) 2 (g — k)T (g + 01 +1 — (n — k)T (k3 + 03 + 1 — k)
(k1401 —2(n —k))(x3 + 03 — 2k)
o % (k3 4 02)T (k1 + k2)T (01 + 02) 55
T(x1+ 01+ K2 +02— (n—k))T(iy + 02 +1—k) "0

for k1,%2,%3,01, 02,03 > 0, k3 + 03 > 2n and x1 + 01 > 2n. Please note that the weight function
of this orthogonality relation is positive for k1 = 01, ko = 02, k3 = Q3 Or kK] = kp, 01 = 02,
K3 = Q3.

3.10. Fourier Transform of the Polynomials 13Q,(1p ];q) (x,v)

Let us define

—(k1—1/4) —(kp—1/4)
hn,k(x/ Y, K1, K2, A/ I’l) = (1 + x2> ' (1 + y2> ’ 13Q§Z/I\kry) (xr y)/ (58)
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where x1,%2,A and u are real parameters, and the polynomials 13 Qflp ]:7) (x,y) is defined
in (33). Applying the Fourier transform for the function given in (58), we get

F(hnje(x,y5 01,52, A, 1)) = T(A —z(nnr (—Alz)r)(l?()u —k)

[g} (-1" (7%_1()11 (7%]{_1)11

5‘3\8

h=0 (A= (n—=k)),h! (59)
5] (-1)"(-% kT 7 —(1,—1/4)
Y. ((y )k S lz / *lézj 1+y 2 Y 2gy |
— ) .
In here, if we take as
T —(K1—1/4
Sn—k, (x1,81) = /e‘lﬁlx (1+x2) (1 )xn—k—zzldx
T (& (—iEx) —(k1—1/4
() ey
—00 j=0 :
_ i (_igl)j / (1 —|—x2) 7(K171/4)x"*k+]'*211dx
= ’
then, forj =0,2,4, ...,
& (i)t T N\ 1/4) o o
S2m,ll(K1;€1>—§) (Zr)' /(1+x ) xm r ldx
o)
= 2 : /1—|—t (1 — 1/4)tm+7 Ih— 1/2dt
1
=0 §>r )
(—1)" ﬁ (60)
_i 4 F(m+1’fl1+1/2)r(1(17m—r+llf3/4)
r=0 r'(%) [(x; —1/4)
r
52
o (m—=1+1/2), zl
=B(m+1/2—1, &y —m—3/4+1) )
rzé) (7/44+m—x; — 1) r(% 7l
where 1
(2r)! = 277! <) 61)
2 r

and the relations (41) are used. Besides that, Sy, ;, (x1,¢1) = 0 forj =1,3,5,....
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On the other hand, forj =1,3,5, ...,

Som1, (K1,81) = Z

/ (1 I xz)_(K1_1/4)x2m+2r+2*211dx
= 2r+1
—00

= i c- (_1)r(§2) i —(x1—=1/4) ym+r —I
—(—lﬁl)EM/(1+t) 1/4) pmtr+1/2-1 g4

S (@) Tmtr+3/2-1)T(k—m—r—7/4+1) (62
*(—151)2 2 : ) F(K1—1/4)

= (—i¢1)B(m+3/2 -1, —m-7 4+l
(—i¢1)B(m+3/2—1l, k1 —m—7/4+1] r;) Ty E—

7

2
o (m+3/2—1) (il)
§
2

where the relations (41) and

2 — J—
(—k)y = 22! ]‘[(k“l)l, 0<1<k/2 63)

are used. Also, Spy,11, (x1,81) = 0 for j = 0,2,4, ... . Thus, from the relations (60) and (62),

e cep T([2EE] w172 - ) (- [252] — 374 41)
T, — 1/4)

(=] 121, (5)
=0 (7/4+ [ 154 —xl—zl)r<1—(‘12>”) "

and similarly the integral Sy ;, (2, {2) is calculated as

Sn—kp, (k1,81) = (—iC1)

X
[If agk

oo

Sk, (k2,82) = / 1§2y _(K2_1/4)yk*212d]/
eyt T[]+ 1/2-R)0 (o — [BR] -3/4+1)
= (—it2) (ks — 1/4)

& ([55] +1/72- )(?f)r

X
= (7/4+ [42] - x - zz)r(l - H) "

r

Now, substituting the calculated integrals S, i 1, (1, 1) and Sy 1, (2, &2) in (59) we get

ot = S

X @13(7’1, k/ K1,K2, )\/ ]’l/ Cl/ 62)/
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where
Cis(n,k, k1, %2) —r({ k“} +1/2>r([k+1} +1/2>
P — [ ] = 3/4)T (ko — [542] — 3/4)
% T(x1 — 1/4)0(x, — 1/4) '
and

n—k 17(71)](

Ok, k1,100, A, 61, 82) = (—iE1) 2 (i)

(o), (), (- 4]0,
=0 (A—(n—k), (1/2— [%Tkﬂ])l]zl!

1/2_’_{11 kJrl}_l1 %

n—k |
7/4+ 2] — o -, 1 - S 4

1 (-4),(7) (e [9] -304),

50 (k) (1/2 - [%Dl I!

2

=
~

gl

X165

MN\PT‘

1/2+ |52 — by 2
<k 7/4+[k+1} 712,17# 4|

where 1 F, is the special case of the hypergeometric function. If the results are replaced in
the Parseval identity (39), we obtain

L

By (X, 4551, %2, A, W)y s (%, Y5 01, 02,2, B)

8\8

—(K1+01-1/2) —(rk2+02-1/2)
(1—|—x2) K1+o1 (1+y2) Ka+02 13Q£l/,\]é;4)(x,y) 13Q§f’§’ﬁ)(x,y)dydx

/ / 2"+fr F(a)F( )C13(n, k, KHKz)m
J I — k)T (= k)T (a — (r —s))T(B—s)

X O13(n, k, k1, %2, A, 1,81, G2)O13(7, 5, 01, 02,2, B, 81, 82)AG1dCH.

27r2

Now by taking A = & = 11 + 01 and y = = k2 + 02 in the left-hand side of the above
equality and applying the orthogonality relation (34), it can be written that

22(K1+K2+01+Q2—n—1)7r2(n — k)!k!FZ(Kl +o01—(n—k)T? (ko + 02 — k), 0k 5
(k1 +01—(n—k)—1)(k2 + 02 — k= 1)T(2(k1 + 01)—(n — k) —=1)['(2(x2 + 02)—k — 1)

:/ /C]?,(r,S,Ql,Q2)®13(7",S,Q],Q2,Q1+K],Q2+K2,§1,€2)

—00 —00

x C13(n, k, 1, %2)O13(n, k, k1, %2, %1 + 01, %2 + 02,84, C2)dC14E,,

in view of the relation
222—1

NG T(2)T(z+1/2). (64)

I'(2z) =
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Theorem 10. The special function

13E0 k(% 551,52, 02, 01) = O13(n, k, k1, %2, %1 + 01, %2 + 02, —ix, —1Y),

has an orthogonality relation of form

/ / 13En i (ix, iy; k1, %2, 02, 01) 13Er,s(—ix, —iy; 01,02, k2, k1 )dxdy

22(ktotertoa—n=1) 72 (5 — fYIKIT2 (k1 4 01 — (1 — k))T?(k2 + 02 — k)
(k1 + 1 — (n — k) = DT (k1 +01) — (n — k) — r2( [2=52] +1/2)
T(x; —1/4) (kg — 1/4)
T(2(k2 + 02) —k — 1)F<1c1 - [%] - 3/4)r(gl - [”*Tk“] - 3/4)
T(2 = 1/4)T (01 — 1/4)61,0s
(2402 k=D (i2 = [H1] = 3/4)T (02 - [551] = 3/4) 2 ([ 42] +1/2)

X

X

for k1,01 > {”T‘H} +3/4and xp, 00 > [”T“} +3/4.

3.11. Fourier Transform of the Polynomials 14Q£lp ,;q’”) (x,y)
Let us define

7(1{371/4)

hn,k<x/ Y; K1, K2, K3, A, 1" 17) — €K2x(1 + ex)—(KH-Kz) (1 + yZ) 14Q£z/,\léy,}7) (ex’y)l (65)

where x1,%2,%3,A, 4 and 7 are real parameters, and the polynomials 14Q7(1p ];q’u)(x,y) is
defined in (35). By applying similar calculations in the paper [21] and in the previous
subsection, we get

(—1)" 2T (4 +n— k+ DI(y)
T(u+1I( = k)
X C14 (k/ K1,%K2,K3, Cl )®14 (n/ k/ K1,K2,K3, )\/ ]/l/ 77/ 61/ 62)/

f(hn,k(xr Y, K1, K2, K3, /\/ u, 77)) =

where
kt1 C Tks1]
Cra(k, x1,%2,%3,81) = 1"([ 2 ] "(;111222)0;; [; ]) 3/4)
x T'(xq +i&1)T(kp —i7),
and

_ ,1)/(

RN
O14(n, k, K1, %2, 63, A, 14,1, 81,82) = (—id2) ™ 2

« 3E, —(n—k),n—k—i—l—)%, o — idq 1
p+1,1—x —igy

3§ (4,09, o [35]-9),
=0 (7 — k), (1/2— [’%Dlzlz!

551 +1/2-1, 2
k

2

7/4+ [S1] ~ x5~ 1, 1- G4
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Hence, from the Parseval identity (39), we obtain
7 /oo Mo (X, Y5 %1, %2, %3, A, 1, 1) s (X, Y5 1, 02, 03, 2, B, 7y )dxdy
_ /OO /00 pater—1 (] 4 g~ (Ritertrter) (1 n y2>*("3+‘\’3*1/2 14Q(/\y Nt y)
o X 14Q£f’§’ﬁ’7) (t,y)dydt (66)

1 //2"+5F(y+n—k+l) (B+r—s+1I'(n)I(y)
I(p+ DI+ — k)T (y —s)

X (71)717]((71)’/75(:14 (S/ 01,02, 03, 61)814 (rr S, Ql/ QZ/ QB/ &, ,B/ e 51/ 52)
x Cra(k, x1,%2,%3,81)@14(n, k, k1, K2, %3, A, 1, 1, 61, G2 )AG1dGo.

Now by taking 1 +01+1=A=a, 50+ 00 —1=pu=Pandxz+03 =17 = 7in
the left-hand side of (66) and then using the orthogonality relation (36), in view of the
relation (64), we obtain

225+ =k 2 (. — k)T (i + 01 + 1 — (1 — k)
(k1401 —2(n—k)) (ks + 03—k =1l (k1 + 12+ 01+ 02— (n—k))
y I2(k2 + 02)T? (K3 + 03 — )
I(k2 4+ 02 +n—k)I'(2(x3 +03) —k—1)

571,?57(,5

Ci4(s,01,02,03,61)Cra(k, k1, %2, %3, G1)

X ®14(T,S, 01,02,03,01 +x1+ 1,00+ 12 — 1,03 +%3,81,82)
X O14(n, k, k1, %2, %3,%1 + 01+ 1,k + 02 — 1,63 + 03,81, $2)dC1dCH.

8\8

Theorem 11. The special function

14Ep k (X, yi K1, K2, K3, 03, 02, 01)
= O14(n,k, 11, 12,163,610 + 01 + 1, %0 + 02 — 1, k3 + 03, —ix, —iy),
has an orthogonality relation in form

s

r Kl + lx (K2 - ZX) 14En,k(ixr lyr K1,%2,K3,03,02, Ql)

8\8

I'(01 —ix)T'(02 + ix) 14Er s(—ix, —iy; 01, 02, 03, k3, K2, k1 ) dxdy
22(5+03=K) 72 (g — k)IKIT (5 + 01+ 1 — (n — k))
(k1 +01—2(mn—k))(x3+o03 —k—1)T(x1 +x2+ 01+ 02— (n—k))
FZ(KZ + Qz)FZ(Kg + 03 — k)
[(ra+ 02 +n—k)I(2(k3+03) —k—1)
F( + ©2)T(01 + 02)T (65 — 1/4)T (05 — 1/4)300i

[ s -] (o~ [ -]

for x1,%2,01,02 > 0, kK1 + 01 > 2n and k3,03 > {”T“} + 3/4. Please note that the weight
function is positive for k1 = kp and 91 = 0 or k1 = 01 and Ky = Q3.
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3.12. Fourier Transform of the Polynomials 15Q1(f ,;q) (x,y)
Let us define

7(K271/4)

(i1, w0, A, ) = €% (14172 15Q" (), (67)

where 9, %, A and u are real parameters, and the polynomials 15 Qip,;q) (x,y) is defined
by (37). In view of the calculations in the paper [21] and in similar calculations given for

13Q1(j,7,;q) (x,y), we get

F (b (x,y55%1, 60, A, 1))

 (—1)"koktR T (e 4 igl)r(l;t(ﬁ)k)

—(n—k),n—k+1—-A 1
XZFl( e in 2

) [k/ZZ] (—1)12(_§)12(—’%1),2 fe—fézy@ +y2)7(1c271/4)

=0 (p =) 12!

1 nfkl—-
= (r()]/l_kgy)CLG(k, Kl’ K2/ 61/ 62)®15(nl k/ Kl/ KZ/ A/ ]’l/ ‘:lr 62)/

where

Cis(k, 1, K, &1, &) = 2XTMIHGT (1cy + i)
([E2] v [551] )

and

O15(n, k%1, %2, A, 1, 81, 62)
N Vi —(n—k),n—k+1-21 1
pr— —_ 2 —_
(=ita) Fl( 1—x1 =iy | 2)

k2 (—5) (=52) (0 —|5L] —3/4
(), (- [19] -),

) (n— k), (1/2— [’%1})1212!

74+ M — -, 1= 58 4

Hence, from the Parseval identity (39), we obtain

//hn,k(x,y;fq,Kz,)\,y)hr,s(x,y;Ql,Qz,a,/%)dxdy

TT —(xp+02—1/2 N
= / / tf(K1+Q1+l)ei% (1 +y2) (k2+02 ) 15Q£3k/ﬂ)(t'y) 15Q;(f,s/ﬁ)(t,]/)d]/df )

< % n—k r—s
- 2//<_1)I’(H(—_kl))l*(ﬁr_(ys))r(ﬁ)C15(k"‘1/’<2f61152)(315(5/@1/Q2/§1,Cz)
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Now by taking A = a« = x1 + 01 + 1 and u = = K + 07 in the left-hand side of (68),
then using the orthogonality relation (38) we have
2202%02) 72 (g — k)IKIT (11 + 01 + 1 — (n — k))[2(x2 + 02 — k)
(k1+01—2(n—k))(x2+ 0 —k=1)I'(2(x2 + 02) —k—1)

571 rék s

= / / Ci5(s,01,02,C1,82)®15(7,5,01,02,01 + k1 + 1,00 + 2,81, C2)

—00 —O0

x Cis(k, x1,%2,81,82)O15(n, k, K1, K2, K1 + 01 + 1, K2 + 02, 81, §2)dG1dGo,
in view of the relation (64).
Theorem 12. The special function
15En k (X, 1, %1, K2, 02,01) = ©O15(n, k, k1, k2, %1 + 01 + 1, K2 + 02, —ix, —iy),
has an orthogonality relation of form

L

[(rx1 +ix)T (01 — ix) 15E,x (ix, iy; %1, K2, 02, 01)

8\8

X 15E;s(—ix, —iy; 01, 02, K2, k1 )dxdy
_ 22rteR)=(ate) 72 (n — k)IKIT (k1 + 01 + 1 — (n —k))
(k4o —2(n—k))(ka+ 02 —k—1)T(2(ka +02) —k—1)
rz(KZ +02 —k)I'(ko —1/4)T' (02 — 1/4)5n,r5k,s

AR /) (7] 3)c(e (2] 579

forxy,01 >0, k1 + 01 > 2n and x2, 02 > [ } + 3/4. Please note that the weight function of
the orthogonality relation is positive for k1 = 01.

X

4. Conclusions

The integral transforms have many applications in mathematics, physics, engineering,
and in other scientific disciplines. The most important use of the Fourier transformation is
to solve differential equations, integral equations and partial differential equations of the
mathematical physics such as Laplace, Heat, Wave equations. Some other applications of
the Fourier transform include vibration analysis, sound engineering, communication, data
analysis, etc. [10-14]. The Fourier transform is also an important image processing tool,
especially in transformation, representation, and encoding, smoothing, and sharpening
images [5]. Another use of the Fourier transform is that it allows us to derive new families
of functions by means of Parseval identity. During the last several years, there were many
papers on the study of orthogonal polynomials and their transformations. The families of
orthogonal polynomials which are mapped onto each other can be introduced by using the
well-known Fourier transform or other integral transforms. Up to now, Fourier transforms
of Jacobi, generalized Ultraspherical, generalized Hermite, Routh-Romanovski polyno-
mials, finite classical orthogonal polynomials, etc. and relations with other polynomials
have been studied by many authors. By the motivation of Fourier transforms of orthogonal
polynomials mentioned above, a similar method in those papers has been developed for
two-dimensional Fourier transforms. This paper first deals with two-dimensional Fourier
transforms of some specific functions in terms of finite bivariate orthogonal polynomials.
Then, via Fourier transforms of finite bivariate orthogonal polynomials and Parseval iden-
tity, the new families of bivariate orthogonal functions have been derived. This study will
be a material for researchers who study on orthogonal polynomials and special functions.
The method applied for bivariate case in this paper can be applied for some other orthogo-
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nal polynomials in multivariate case. Furthermore, it is possible to investigate some partial
differential operators whose eigenfunctions are the obtained new orthogonal functions and
some their characteristic properties in further research.
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