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Abstract: In this review article, we discuss the many-body interactions in plasmonic nanohybrids
made of an ensemble of quantum emitters and metallic nanoparticles. A theory of the linear and
nonlinear optical emission intensity was developed by using the many-body quantum mechanical
density matrix method. The ensemble of quantum emitters and metallic nanoparticles interact with
each other via the dipole-dipole interaction. Surfaces plasmon polaritons are located near to the
surface of the metallic nanoparticles. We showed that the nonlinear Kerr intensity enhances due
to the weak dipole-dipole coupling limits. On the other hand, in the strong dipole-dipole coupling
limit, the single peak in the Kerr intensity splits into two peaks. The splitting of the Kerr spectrum is
due to the creation of dressed states in the plasmonic nanohybrids within the strong dipole-dipole
interaction. Further, we found that the Kerr nonlinearity is also enhanced due to the interaction
between the surface plasmon polaritons and excitons of the quantum emitters. Next, we predicted
the spontaneous decay rates are enhanced due to the dipole-dipole coupling. The enhancement
of the Kerr intensity due to the surface plasmon polaritons can be used to fabricate nanosensors.
The splitting of one peak (ON) two peaks (OFF) can be used to fabricate the nanoswitches for
nanotechnology and nanomedical applications.

Keywords: plasmonics; nano-optics; dipole-dipole interaction; density matrix method; dressed states;
Kerr effect; quantum dots; metallic nanoparticles

1. Introduction

Recently there has been considerable interest in studying the nonlinear properties of
plasmonic nanohybrids (PNHs) made of metallic nanoparticles and quantum emitters (i.e.,
quantum dots (QDs)) [1–15].

The dipole-dipole interaction in the linear properties of PNHs and photonic crystals
has been investigated [10–14]. The Kerr nonlinearity has been studied widely in quantum
optics using three-level and four-level atoms [15–49]. For example, giant Kerr nonlinearities
in atoms have been studied by using electromagnetically induced transparency. It was
shown that the Kerr nonlinear refractive index of a three-level Λ atomic type is greatly
enhanced inside an optical ring cavity. On the other hand, the enhancement of the Kerr
nonlinearity was also investigated in a four-level atomic system. Experimentally, the
enhancement of the Kerr-nonlinear coefficient was also observed in a three-level atomic
system such as Rb atom.

Singh [40] studied the nonlinear second harmonic generation in nanohybrids made
of a metallic nanoparticle and a QD. Some efforts have also been devoted to studying
the Kerr nonlinearity in metallic nanohybrids. Recently, some effort has been devoted
to studying the Kerr nonlinearity in PNHs [35–43]. For example, Terzis et al. [37] have
fabricated optical systems from QD and gold-metallic nanoparticles. Singh experimentally
and theoretically [42,43] have studied the nonlinear properties of metallic nanohybrids.
The nonlinear effects can also be used for electro-optical device applications such as light
modulators, optical switches, optical logic, and optical limiters. The nonlinear research
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in PNHs can create a revolutionary change in electronic and photonic nontechnology
and nanomedicine.

In this review article, we outline a theory we have developed of the linear and
nonlinear light emissions for PNHs by using the many-body quantum mechanical density
matrix method. A schematic diagram of a nanohybrid containing interacting metallic
nanoparticles (MNPs) and quantum emitters (QEs) is shown in Figure 1. In Section 1,
we surveyed the literature for the Kerr nonlinearity. In Section 2, a theory of the surface
plasmon polaritons due to the photon-plasmon interaction is discussed. In Section 3, the
dipole-dipole interaction in the ensemble of QEs and MNPs is explained. In Section 4, a
theory for the linear and nonlinear optical absorption intensity using the density matrix
method is outlined. In Section 5, we derive the expressions of the spontaneous decay rates
due to the dipole-dipole interaction. In Section 6, we show how we derived the expressions
of dressed states in the strong exciton-DDI coupling limit. In Section 7, we discuss the
simulation we performed on the nonlinear optical absorption intensity. Finally, in the last
Section 8, we have summarized the findings of the review article.
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Figure 1. Schematic diagram of a nanohybrid which consists of a noninteracting metallic nanoparti-
cles (MNPs) and interacting quantum emitters (QEs).

2. Surface Plasmon Polaritons

Let us consider a situation where a probe with a frequency ωk and wave wavevector k
is applied to study the PL in the PNH. We know that the surface plasmons are present on
the surface of the MNP. The surface plasmons oscillate with a frequency ωp. The probe
photons interact with surface plasmons and this interaction creates new quasi-particles
called surface plasmon polaritons. Let us calculate the surface plasmon polaritons due to
the interaction of photon and surface plasmons interaction as follows.

The Hamiltonian of the surface plasmon and photons, and interactions between them
can be written as

HE = ∑
k
}ωkc+k ck + ∑

k
ωpB+

k Bk +−∑
k

Gk
(

B+
k ck + Bkc+k

)
(1)

where c+k and ck are the photon creation and annihilation operators, respectively. Here
B+

k and Bk are the surface plasmon creation and annihilation operators, respectively. The
constant Gk is the coupling constant between the photons and plasmons. The first and
second terms are for noninteracting photon and plasmon Hamilton. The last term is
photon-plasmon interaction Hamiltonian.
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Plasmons and photons operators satisfy the following commutation relation.[
Bk, B+

k
]
= δk, k′[

ck, c+k
]
= δk, k′

(2)

Note that in the interaction, the Hamiltonian has a mixture of photon and plasmon
operators. We aimed to diagonalize the Hamiltonian. The diagonalization of an interacting
Hamiltonian is a standard method in the many-body theory. We defined new quasi-particle
creation and annihilation operators p+ik and p−ik with i = 1, 2 We express the plasmon and
photon operators in terms of these quasi-particle operators as

Bk = u11 p1k + u12 p2k
B+

k = u∗11 p+1k + u∗12 p+2k
ck = u21 p1k + u22 p2k
c+k = u∗21 p+1k + u∗22 p+2k

(3)

New quasi-particle operators p+ik and p−ik with i = 1,2 are called surface plasmon
polariton operators, which have the combined effect of plasmons and photons.

The Hamiltonian in Equation (1) can be written in the simpler form for diagonalization.
It can be expressed as

H = ∑
k

Hk,

Hk = }ωkc+k ck + ωpB+
k Bk − Gk

(
B+

k ck + Bkc+k
) (4)

We aimed to write the Hk in terms of SPP operators p+ik and p−ik . Replacing the plasmon
and exciton operators in terms of the SPP operators from Equation (3) into Equation (4) and
performing extensive mathematical manipulation, we obtained the following expression as

Hk = }ω+
k p+1k p1k + }ω−k p+2k p2k (5)

where ω+
k and ω−k are the energy of SPPs for the upper and lower branches, respec-

tively. Note that coupling between photons and plasmon splits the SPP spectrum into two
branches. The SPP spectrum is given by

ω±k =
1
2

[
(ck + ωp)±

√
(ck−ωp)

2 + 4g2
k

]
(6)

where we replaced ωk = ck. Finally, we obtained the expression for the expansion coeffi-
cients as

u11 =

√
g2

k

(ωp−ω+
k )

2
+g2

k ,

u21 =

√
(ωp−ω+

k )
2

(ωp−ω+
k )

2
+g2

k

u22 =

√
g2

k

(ωp−ω−k )
2
+g2

k ,

u12 =

√
(ωp−ω−k )

2

ωp−ω−k )2+g2
k

(7)

We then calculated the density of states (DOS) for SPPs. Later in the paper, we discuss
how the DOS was used for the calculation of the SPP decay rates. When summation over
wavevectors was converted into the integration, we needed to use the idea of the DOS

∑
k
=
∫

Dk(εk)dεk,

Dk(εk) =
Ω

3π2 k2 dk
dεk

(8)
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where Ω is the volume of the PNH. Here Dk is called the DOS. The expression of the DOS
can be expressed in term of the form factor Zk as

D(εk) = D0(εk)Zk(εk) ,

D0(εk) =
Ω

3π2
ε2

k
(}c)3,

Zk(εk) = (}c) dk
dεk

(9)

where D0 is the DOS of photons in free space.
Inserting Equation (6) into Equation (9) and after some mathematical manipulation,

the expression of the form factor Zk could be found as

Zk(ω
±
k ) =

(
(ωp −ω±k ) + |gk|2

(ωp −ω±k )
2

)
. (10)

We found that the form factor has a very large value when the surface plasmon
frequency is the resonance with the SPP frequency, which is an interesting finding.

3. Dipole-Dipole Interactions

When the probe field falls on the PNH, induced dipoles are created in the QEs and
MNPs. The dipole of one QE interacts with the dipoles of other QEs. This is called
dipole-dipole interaction (DDI). Following reference [10], the DDI Hamiltonian can be
written as

HQE
DDI =

1
2

N

∑
i〉j

Jij pi.pj (11)

where Jij is the DDI coupling constant and is found as

Jij =
1

∈b∈0 r3
ij

(12)

where pi and pj are the induced dipole moments in the ith-QE and jth-QE, respectively. Here
rij is the distance between the ith and the jth QEs. In the mean-field approximation [10,44–49],
the DDI Hamiltonian can be rewritten as

HQE
DDI = ∑

i
piE

QE
DDI (13)

where EQE
DDI is called the DDI electric field and is written as

EQE
DDI =

〈
1
2 ∑

j 6=i
Jij pj

〉
. (14)

Here, the DDI field EQE
DDI is the average dipole electric field created by all QEs on

the ith-QE and that EDDI has the effect of the long-range DDI (i.e., r−3). The average in
EDDI has been evaluated in references [30–36] by using the method of Lorentz [49], The
expression of the DDI field is found as and is written as

EQE
DDI =

λQD〈pi〉
3×4π∈0∈b ,〈

pi
〉
=

PQE
4πR3

QE

(15)

where λQD is the DDI constant and
〈

pi
〉

is the average polarization of the ith-QE. Here PQE
is the polarization of the QE and RQE is the radius of the quantum emitter.
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The probe electric field includes polarizations in the QE and MNP. They are denoted
as PQE and PMNP. Due to these polarizations, the MNP produces the SPP field ESPP and
the QE produces an electric field denoted as EQE. Solving Maxwell’s equations in the quasi-
static approximation [50,51], one can find the following expressions for polarizations as

PQE = 4π ∈0∈b R3
QEζQE

(
EP + ESPP

)
ςQE =

[
εq−εb

εq+2εb

]
PMNP = 4π ∈0∈b R3

MNPζMNP

(
EP + EQE

)
,

ςMNP =
[

εm−εb
εm+2εb

] (16)

Here εm, εq, and εb are the dielectric constant of the MNS, QE and background material,
respectively. The electric fields produced by these polarizations were found as

ESPP = PMNP
4π∈0∈br3,

EQE =
PQE

4π∈0∈br3

(17)

Putting Equation (16) into Equation (17), we obtained

ESPP = ΠSPP(EP + EQE)

ΠSPP =
R3

MNPgl ζMNP
r3

EQE = ΠQE(EP + ESPP)

ΠQE =
R3

QEglζQE

r3

(18)

The constant gl is called the polarization parameter and it has values gl = 1 and gl =−2
for PMNP ‖ r and PMNP⊥r. Note that both electric fields depend on r−3. Putting Equation
(18) into Equation (14), we obtained the expression of the DDI as

EQE
DDI = ΦQE

DDI EP,

ΦQE
CDDI =

λQD gl ςMNP
3

ΦQE
DDI = ΦQE

CDDI + ΦQE
ADDI

ΦQE
ADDI = ΦQE

CDDIΠSPP

(19)

Similarly, following the above method, we could also calculate the dipole-dipole
interaction between MNPs as

EMNP
DDI = ΦMNP

DDI EP

ΦMNP
CDDI =

λMNPgl ςMNP
3

ΦMNP
DDI = ΦMNP

CDDI + ΦMNP
ADDI

ΦMNP
ADDI = ΦMNP

CDDIΠQE

(20)

Note that the Π-term and the Φ-term depend on r−3. The higher-order terms r−6 were
neglected because they are weak.

4. Linear and Nonlinear Plasmonics and Density Matrix Method

For this section, we calculated the plasmonic Kerr intensity. We considered that QD
has four energy levels. They are denoted as |1>, |2>, |3> and |4>. The energy difference
between levels |i> and |j> is expressed as εij. To study the Kerr nonlinearity, we applied
the probe field between |1〉 and |2〉. A schematic diagram of the four-level quantum emitter
is shown in Figure 2.
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Figure 2. A schematic diagram of a four-level quantum dots (QDs) is plotted. Energy levels are
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Following the method of reference [52,53], the expression of the polarization was
found as PQE

PQE
(
ωp
)
= P(1)

QE
(
ωp
)
+ P(2)

QE
(
ωp, ωp

)
+ P(3)

QE
(
ωp, ωp, ωp

)
(21)

P(1)
QE
(
ωp
)
=∈0 χ

(1)
QE
(
ωp
)
Ep
(
ωp
)

P(2)
QE
(
ωp, ωp

)
=∈0 χ

(2)
QE
(
ωp, ωp

)
Ep
(
ωp
)
Ep
(
ωp
)

P(3)
QE
(
ωp, ωp, ωp

)
=∈0 χ

(3)
QE
(
ωp, ωp, ωp

)
Ep
(
ωp
)
Ep
(
ωp
)
Ep
(
ωp
)
.

(22)

Here χ(1)QE, χ(2)QE, and χ(3)QE are the first, second the third-order expressions of the sus-
ceptibility. We know that the first-order susceptibility is responsible for the one-photon
phenomena, whereas second-order susceptibility is responsible for the two-photon phe-
nomena. Finally, the third-order susceptibility is responsible for the Kerr nonlinearity.

Fowling the method of references [52–55], the polarization of the QE can also be
expressed in terms of the quantum density matrix operator (ρ) as follows

PQE
(
ωp
)
= 2µ21

[
ρ21
(
ωp
)
+ h.c.

]
(23)

where µ21 is the matrix elements of the dipole moment between transition |1〉 ↔|2〉 and
ρ21 is the nonlinear density matrix operator (ρ) between transition |1〉 ↔|2〉. Expressing
the nonlinear density matrix as follows

ρ21 = ρ
(1)
21
(
ωp
)
+ ρ

(2)
21
(
ωp, ωp

)
+ ρ

(3)
21
(
ωp, ωp, ωp

)
. (24)

Putting Equation (24) into Equation (23), we obtained

PQE
(
ωp
)
= 2µ21

[
ρ
(1)
21
(
ωp
)
+ ρ

(2)
21
(
ωp, ωp

)
+ ρ

(3)
21
(
ωp, ωp, ωp

)
+ h.c.

]
. (25)
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We compared Equations (21) and (25) and we found the relation between the suscepti-
bility and the density matrix elements to be as follows

χ(1)(ωp
)
=

2µ21ρ
(1)
21 (ωp)+hc
∈0Ep(ωp)

χ(2)(ωp, ωp
)
=

2µ21ρ
(2)
21 (ωp ,ωp)+hc

∈0Ep(ωp)Ep(ωp)

χ(3)(ωp, ωp, ωp
)
=

2µ21ρ
(3)
21 (ωp ,ωp ,ωp)+hc

∈0Ep(ωp)Ep(ωp)Ep(ωp)

(26)

The above expression can be expressed in terms of the Rabi frequency as

χ(1)(ωp
)
=

2µ2
21ρ

(1)
21 (ωp)+hc
∈0}Ωp ,

χ(2)(ωp, ωp
)
=

2µ3
21ρ

(2)
21 (ωp ,ωp)+hc
∈0}2Ω2

p
,

χ(3)(ωp, ωp, ωp
)
=

2µ4
21ρ

(3)
21 (ωp ,ωp ,ωp)+hc
∈0}3Ω3

p

(27)

Following the method reference [52], the intensity of the fluorescence (light emission
intensity) from the QE could be calculated in terms of the susceptibility as follows

I1ph =

[
ωp

2c∈0
√∈b

∣∣∣χ(1)
pp
(
ωp
)
Ep
(
ωp
)∣∣∣2]

I2ph =

[
ω2

p
2c2∈0

√∈b

∣∣∣χ(1)
pp
(
ωp, ωp

)
Ep
(
ωp
)
Ep
(
ωp
)∣∣∣2]

Ikerr =

[
ω3

p
2c3∈0

√∈b

∣∣∣χ(1)
pp
(
ωp, ωp, ωp

)
Ep
(
ωp
)
Ep
(
ωp
)
Ep
(
ωp
)∣∣∣2].

(28)

The expression of the intensity of the fluorescence is given in Equation (28) can be ex-
pressed in terms of the density matrix elements by putting Equation (26) into Equation (28)
as follows

I1ph =
4ωpωpµ2

21
2c∈0∈2

0
√∈b

∣∣∣ρ(1)21
(
ωp
)∣∣∣2

I2ph =
4ωpωpµ2

21
2c∈0∈2

0
√∈b

∣∣∣ρ(2)21
(
ωp, ωp

)∣∣∣2
Ikerr =

4ωpωpµ2
21

2c∈0∈2
0
√∈b

∣∣∣ρ(3)21
(
ωp, ωp, ωp

)∣∣∣2
(29)

Note that the susceptibility (Equation (27)) and the fluorescence (Equation (29)) depend
on the density matrix elements. Next using the quantum density matrix method, we
evaluated the density matrix elements ρ

(1)
21 , ρ

(2)
21 , and ρ

(3)
21 for the first, second, and third-

order in the probe field, respectively.
We know that the probe electric field can be denoted in terms of the Rabi frequency

ΩP = µ21EP/h acting between transition |1〉 ↔|2〉. We consider that the SPP field repre-
sented in term of the SPP coupling constant ΠSPP is acting between transition |1〉 ↔|2〉.
Similarly, the DDI-MNP field ΦMNP

DDI is acting between transition |2〉 ↔|3〉 and the DDI-QD
field ΦQE

DDI is acting between transition |3〉 ↔|4〉. To make the calculation simple, we
considered ΦDDI = ΦQE

DDI = ΦMNP
DDI . The physics of the problem do not change due to

this approximation.
Three electric fields are falling on the QE: ET = EP +EMNP

DDI +EQE
DDI . These filed interact

with the exciton of the QE. Using the dipole and rotating wave approximation [52–55], the
interaction Hamiltonian between QE was found as

Hin = }ΩPσ21 + }ΩSPPσ21 + }ΩMNP
DDI σ23 + }ΩQE

DDIσ43 + h.c. (30)
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where
ΩP = µ21EP

} , ΩSPP = ΩPΠSPP,

ΩMNP
DDI = ΩPΦMNP

DDI , ΩQE
DDI = ΩPΦQE

DDI

(31)

Here h.c. stands for the Hermitian conjugate. Here σij = |i><j| is the exciton creation
operators for | i〉 ↔|j〉. Parameter Ωp is called the Rabi frequency. The first term in Hint
is the exciton-probe field interaction. The second term is exciton-SPP field interaction.
The third term is exciton-DDI-MNP interaction. The last term is exciton-DDI-QE field
interaction.

With the help of Equation (30) and following the method of references [53–55] equa-
tions of motion for density matrix elements were found as follows

dρ11
dt = 2γ23ρ22 − iΩP(ρ12 − ρ21)

dρ22
dt = −2γ21ρ22 + iΩP(ρ12 − ρ21) + iΠSPP(ρ32 − ρ23)

dρ33
dt = 2γ31ρ22 + iΠSPP(ρ23 − ρ32) + iΦDDI(ρ43 − ρ34)∗

dρ12
dt = −d21ρ12 − iΠSPPρ13 + i(ρ22 − ρ11)ΩP

dρ13
dt = −d13ρ13 − iρ12ΠSPP + iρ23ΩP − iρ14ΦDDI

dρ23
dt = −d23ρ23 + i(ρ33 − ρ22)ΠSPP + iρ13ΩP − iρ24ΦDDI

dρ14
dt = −d14ρ14 − iρ13ΦDDI + iρ24ΩP

dρ24
dt = −d24ρ24 + iρ34ΠSPP − iρ23ΦDDI + iρ13ΩP

dρ34
dt = −d34ρ34 + iρ24ΠSPP + iΦDDI(ρ44 − ρ33)

(32)

where the parameters appearing in Equation (32) were found as

d21 = δ21 + iγ21, d23 = δ23 + iγ23, d34 = δ34 + iγ43,

d41 = δ41 + iγ41, d42 = δ42 + iγ42, d31 = δ31 + iγ31

δ21 = ω21 −ωp, δ34 = ω34 −ωd, δ23 = ω23 −ωs

δ42 = δ23 + δ34, δ14 = δ21 − δ23 − δ34, δ13 = δ21 − δ23

(33)

Here δij is called the field detuning. Physical quantity γij is the exciton decay rates.
We solved Equation (32) in a steady state. We know that density matrix elements

satisfy the condition ρ11 + ρ22 + ρ33 + ρ44 = 0. We tried to find the analytical expression of
the density matrix elements in the steady-state. We considered that initially the ground
state is filled and all excited states are empty: ρ

(0)
11 = 1 and ρ

(0)
22 + ρ

(0)
33 + ρ

(0)
44 = 0.

In the first order in the probe field, ΩP, we solved Equation (32) using the above initial
condition. After some mathematical manipulations, we obtained the following analytical
expression of one-photon density matrix element ρ

(1)
12 , as

ρ
(1)
12 = −

iΩp
(
d13d14 −Φ2

DDI
)

d21
(
d13d14 −Φ2

DDI
)
+ d14Π2

SPP
. (34)

The second-order two-photon density matrix element ρ
(2)
12 was calculated in the sec-

ond order in the probe field, Ω2
P by solving Equation (32). After some mathematical

manipulations, we obtained the following analytical expression of the element ρ
(2)
12 ,
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ρ
(2)
12 = +

ρ
(1)
23 ΠSPPΩpd14 − ρ

(1)
24 ΠSPPΩpΦDDI

d21
(
d13d14 − d21Φ2

DDI
)
+ Π2

SPPd14
+

i
(

ρ
(1)
22 − ρ

(1)
11

)
Ωp
(
d13d14 − d21Φ2

DDI
)

d21
(
d13d14 − d21Φ2

DDI
)
+ Π2

SPPd14
(35)

ρ
(1)
24 = − iρ(1)23 ΦDDI d34

d24d34+Π2
SPP

,

ρ
(1)
24 = − iρ(1)23 ΦDDI d34

d24d34+Π2
SPP

,

ρ
(1)
22 =

2ΠSPPImα23
2γ21+4ΠSPPImα23

ρ
(1)
23 =

+iΠSPP(d24d34+Π2
SPP)(ρ

(1)
33 −ρ

(1)
22 )

d23(d24d34+Π2
SPP)+Φ2

DDI d34

,

α23 =
+iΠSPP(d24d34+Π2

SPP)
d23(d24d34+Π2

SPP)+Φ2
DDI d34

(36)

The third order Kerr density matrix element ρ
(3)
12 was calculated in the third order in the

probe field E3
P and E3

SPP by solving Equation (32). After some mathematical manipulations,

we obtained the following analytical expression of the element ρ
(3)
12 as

ρ
(3)
12 =

ρ
(2)
23 ΩpΠSPPd14 + iρ(2)24 ΩpΦDDIΛSPP

d21
(
d13d14 − d21Φ2

DDI
)
+ Π2

SPPd14
+

i(ρ(2)22 − ρ
(2)
11 )Ωp

(
d13d14 − d21Π2

SPP
)

d21
(
d13d14 − d21Φ2

DDI
)
+ Π2

SPPd14
(37)

ρ
(1)
13 = −

(
d14ΦDDI Ωp

d21(d13d14−Π2
SPP)+d14Φ2

DDI

)
,

ρ
(2)
24 = − iρ(2)23 ΠSPPd34

d24d34+Φ2
DDI

ρ
(2)
23 =

(
iρ(2)33 ΦDDI−iρ(2)22 ΦDDI+iρ(1)13 ΩP

)
(d24d34+Φ2

DDI)

(d24d34+Φ2
DDI)+Π2

SPPd34

,

ρ
(2)
22 =

ΩpIm
(

ρ
(1)
12

)
γ21

(38)

Note that the ρ
(1)
12 , ρ

(2)
12 , and ρ

(3)
12 depend on the SPP and DDI couplings.

We then calculated the linear fluorescence intensity due to the emission of one photon.
Inserting Equation (34) into Equation (29) we obtained linear fluorescence intensity as

I1ph =
4ωpωpµ2

21

2c ∈0∈2
0
√∈b

∣∣∣∣∣ iΩp
(
d13d14 −Φ2

DDI
)

d21
(
d13d14 −Φ2

DDI
)
+ d14Π2

SPP

∣∣∣∣∣
2

. (39)

Similarly, we calculated the nonlinear fluorescence intensity due to the emission of
two photons. Inserting Equation (35) into Equation (29) we obtained the two-photon
fluorescence intensity as

I2ph =
4ωpωpµ2

21
2c∈0∈2

0
√∈b

∣∣∣ρ(2)A
(
ωp, ωp

)
+ ρ

(2)
B
(
ωp, ωp

)∣∣∣2
ρ
(2)
A
(
ωp, ωp

)
= +

ρ
(1)
23 ΠSPPΩpd14−ρ

(1)
24 ΠSPPΩpΦDDI

d21(d13d14−d21Φ2
DDI)+Π2

SPPd14

ρ
(2)
B
(
ωp, ωp

)
=

i
(

ρ
(1)
22 −ρ

(1)
11

)
Ωp(d13d14−d21Φ2

DDI)
d21(d13d14−d21Φ2

DDI)+Π2
SPPd14

.

(40)
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Finally, we evaluated the nonlinear fluorescence intensity due to the emission of three
photons. Inserting Equation (37) into Equation (29), we obtained three-photon fluorescence
intensity (i.e., Kerr intensity) as

Ikerr = I0

∣∣∣∣∣
(

ρ
(3)
A +ρ

(3)
A

)
d21(d13d14−d21Λ2

DDI)+Λ2
SPPd14

∣∣∣∣∣
2

ρ
(3)
A = ρ

(2)
23 ΩpΠSPPd14 + iρ(2)24 ΩpΦDDIΠSPP,

I0 =
4ω21ω21µ2

21
2c∈0∈2

0
√∈b

ρ
(3)
B = i(ρ(2)22 − ρ

(2)
11 )ΩP

(
d13d14 − d21Π2

SPP
)
.

(41)

We found that the one-photon, two-photon, and three-photon fluorescence intensity
depends on the SPP coupling and DDI couplings.

5. Exciton Decay Rates Due to Dipole-Dipole Interaction

The radiative decay rates γij appear in Equations (27)–(35). The radiative decay rate
γ21 is due to the spontaneous emission of exciton transition from |2〉 to |1〉. The decay rate
γ23 is due to the exciton decay from |2〉 to |3〉 because of the exciton-DDI-MNP interaction.
Similarly, the decay rate γ34 is also due to the exciton decay from |3〉 to |4〉 because of the
exciton-DDI-QD interaction.

The SPP dispersion relation ω±k was evaluated in Equation (6) for the upper (+) and
lower (−) SPP spectrum. The lower mode of the SPP is responsible for the enhancement of
the SPP field. Hence, we consider the lower branch for the decay calculation. The spectrum
of the lower branch was denoted as ωs

k = ω−k . Henceforth, we take out superscript (−) for
all terms.

The exciton interaction Hamiltonian with the probe, SPP, and DDI fields can be written
in the dipole and rotating wave approximation as

Hint = H0 + Hex−PP + Hex−SPP + HMNP
ex−DDI + HQD

ex−DDI (42)

where the first term is the Hamiltonian for the noninteracting excitons and SPPs. The
second term is due to the spontaneous emission coupling term due to the exciton-probe
field interaction. The third term is due to the exciton-SPP field interaction. Finally, the
fourth and fifth terms are due to the exciton-DDI field interaction. Their expressions were
found as

H0 = ∑
i=1,3

}ωi1σi1 + ∑
k
}ωs

k p†
k pk

Hex−PP = ∑
k

VPP
(

pkσ†
21 + p†

k σ21
)

,

Hex−SPP = ∑
k

VSPP
(

pkσ†
21 + p†

k σ21
)

HMNP
ex−DDI = ∑

k
VMNP

DDI
(

pkσ†
23 + p†

k σ23
)

,

HQE
ex−DDI = ∑

k
VQE

DDI
(

pkσ†
34 + p†

k σ34
)

(43)

where σij = |i><j| is the exciton creation operator for transition | i〉 ↔|j〉 where i and j
stand for 1, 2, 3, and 4. Meanwhile, the operators p†

nm,kz
pnm,kz

are the photon creation and
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annihilation operators, respectively. The coupling constant appearing in Equation (43) was
found as

VPP = i
(

µ2
21}ωs

k
2∈0∈bVQE

)1/2

VSPP = i
(

µ2
21}ωs

k
2∈0∈bVQE

)1/2[
ΠSPP

]
VMNP

DDI = i
(

µ2
23}ωs

k
2∈0∈bVQD

)1/2[
ΦMNP

DDI
] ,

VQE
DDI = i

(
µ2

34}ωs
k

2∈0∈bVQE

)1/2[
ΠQE

DDI

]
(44)

where VQE is the volume of the QE.
The Golden rule method of the quantum mechanical perturbation theory was used to

calculate the decay rates. It is written as

Γij = 2π}∑
k

∫
dωs

kDk(ω
s
k)|Vint(ω

s
k)|

2δ
(
ωs

k − εij
)

(45)

where Vint is the interaction term given in Equation (44) and Dk is the DOS which has been
calculated in Equation (8).

Putting Equations (44) and (8) into Equation (45) and doing extensive mathematical
manipulations, we obtained the decay rates for exciton as

ΓP = γ0Zk(ω21) = γ0

(
(ωp −ω21) + |gk|2

(ωp −ω21)
2

)
, γ0 =

(
}3µ2

21ω3
21

π ∈0∈b }4c3

)
(46)

ΓSPP = γ0
∣∣ΠSPP

∣∣2Zk(ω21)

ΓMNP
DDI = γ0

∣∣ΛMNP
DDI

∣∣Zk(ω23)

ΓQD
DDI = γ0

∣∣∣ΛQD
DDI

∣∣∣2Zk(ω34)

(47)

Here γ0 is the radiative decay rate when QD is in the vacuum. Please note the
following relationship γ21 = ΓP + ΓSPP, γ23 = ΓMNP

DDI and γ34 = ΓQE
DDI . Note that the

radiative and nonradiative decay rates can have large values when exciton energies ε12, ε23,
and ε34 are close to εnm. This is an interesting finding of the paper.

6. Dressed States: Exciton-DDI Coupling

We show in the next section that in the strong coupling between the exciton and DDI
polaritons, the single peak in the Kerr absorption splits into two peaks. This phenomenon
can be easily explained by the physics of the dressed state. We calculated the energies and
eigenfunctions for exciton-DDI polariton Hamiltonian in the strong coupling. Note that
the DDI field is acting between states |2> and |3>. For simplicity we denoted |3> and |2>
as |a> and |b>, respectively. Here |a> and |b> are the ground state and the excited state
of the exciton.

The polariton energy of the kth mode was denoted as εk = εd and it was considered
that the energy of the DDI polariton is very close to exciton energy i.e., εk ∼ εba. This
means that only one mode of the polariton was acting with an exciton and we denoted
εk = εDDI . The interaction Hamiltonian between exciton and the DDI polaritons was
written as in the dipole and rotating wave approximation can be written as

HT = εaσaa + εbσbb + εd p+k pk − }ΩDDI
(
σ+

ba pk + σ−ba p+k
)
. (48)

Here p+k and pk are the DDI polariton creation and annihilation operators, respectively.
Here |a >< a| and |b >< b| are called the number operators for states |a> and |b>, respec-
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tively. The first two terms are the noninteracting Hamilton for the exciton and kth mode
DDI polariton. The last term is the exciton-polariton interaction Hamiltonian. The constant
ΩDDI is called the Rabi frequency for the DDI field.

We then calculated the eigenvalues and eigenfunctions of the total Hamiltonian as

HT |ϕk〉 = εT |ϕk〉 (49)

where are εT and |ϕk〉 are the eigenvalue and eigenket of the total Hamiltonian Hint. We
considered two states which have the same number of particles, i.e., nk. Therefore, we
choose |a, nk〉 and |b, nk − 1〉 states. The first has nk polaritons and zero excitons and the
second has one exciton and (nk − 1) polaritons. Note that both states form |a, nk〉 and
|b, nk − 1〉 form an orthonormal set and they satisfy the orthonormal conditions as follows

〈a, nk|a, nk〉 = 1, 〈b, nk − 1|b, nk − 1〉 = 1, 〈a, nk|b, nk − 1〉 = 0. (50)

The eigenket |ϕk〉 can be expressed as a linear combination of the orthonormal set
|a, nk〉 and |b, nk − 1〉 as

|ϕk〉 = αa|a, nk〉+ αb|b, nk − 1〉 (51)

where αa and αb are expansion constants. Inserting Equation (51) into Equation (49)
and using Equation (50), we obtained the following equations after some mathematical
manipulations as( {

εT − (εa + εnk )
} (

}Ωa
√

nk
)

−
(
}Ωa
√

nk
)

αa
{

εT − (εb + εnk−1)
} )( αa

αb

)
= 0. (52)

The determinant of the above equation gives the eigenvalues of energy εT as∣∣∣∣ {εT − (εa + εnk )
} (

}Ωa
√

nk
)

−
(
}Ωa
√

nk
)

αa
{

εT − (εb + εnk−1)
} ∣∣∣∣ = 0. (53)

The above expression reduces to the following equation as

ε±T =

(
εb + εnk−1 + εb + εnk

2

)
± 1

2

√
(εd − εba)

2 + 4nk}2|Ωddi|2. (54)

The ε+T and ε−T are eigenvalues for eigenkets
∣∣ϕ+

T
〉

and
∣∣ϕ−T 〉 and they are called dressed

states. Putting, εnk = nkεd and εba = εb − εa into the above expression, we obtained

ε±T =

(
εba
2

+

{
nk −

1
2

}
εd

)
± 1

2

√
(εd − εba)

2 + 4nk}2|Ωddi|2. (55)

We then calculated the eigenkets
∣∣ϕ+

T
〉

and
∣∣ϕ−T 〉 from Equation (48) for eigenvalues

ε+T and ε−T . The expansion coefficients α±a and α±b are provided in Equations (56) and (57).
Using orthonormalization properties given in Equation (50) and after some mathematical
manipulation, we obtained

α±b =

( {
ε±T − (εa + εnk )

}2{
ε±T − (εa + εnk )

}2
+
(
}Ωddi

√
nk
)2

)2

(56)

(
α±a
)2

=

(
}Ωddi

√
nk{

ε±T − (εa + εnk )
}2

+
(
}Ωddi

√
nk
)2

)1/2

. (57)
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In most of the experiments, only one polariton was required to excite transition from
ground state |a〉 to the excited state |b〉. Therefore, we added nk = 1 in the above equations.
For this case, we obtained the following expression for the eigenvalues

ε±T =

(
δba
2

+ εba

)
± 1

2

√
(δba)

2 + 4}2|Ωddi|2 (58)

Here δba = εba− εd is called the detuning parameter in quantum optics. When the DDI
polariton energy is in resonance with the exciton transition energy (i.e., δba = εba − εd = 0),
the above expression reduces to a simple form

ε±T = εab ± }2|Ωddi|2. (59)

We found that when the polariton energy is in resonance with the exciton energy, the
excited state splits into two dressed states

∣∣ϕ+
T
〉

and
∣∣ϕ−T 〉. The energy difference between

the two dressed state was proportional to the DDI coupling Ωddi = ΩPΦddi.

7. Results and Discussion

In this section, we discuss the numerical simulations performed on the SPP dispersion
relation, DOS of SPPs, and Kerr absorption intensity. The effect of the SPP and DDI cou-
plings on the Kerr absorption intensity are also investigated. In our numerical simulations,
we measured all physical qualities related to energy (frequency) are measured with respect
to the decay rate γ2. Some of the examples for the energy (frequency) physical quantities
are Rabi frequency (ΩP), exciton frequencies, probe detuning, and decay rates. In our
numerical simulations, we used γ23/γ21 = γ34/γ21=1 and ΩP /γ21 = 1. The probe detuning
(δp) and DDI detuning (δd) were measured with respect to the decay rate γ21.

We first calculated the dispersion relation for the SPPs and the density of states
for the SPPs. Here the dispersion relation means the relation between the energy and
wavevector of polaritons. The dispersion relation is calculated in Equation (6) and the DOS
is calculated in Equation (9). The results are presented in Figure 3a,b. The normalized SPP
energy (ω±k /ωp) is plotted in Figure 3a as a function of a normalized wave vector (k/kp).
One can see that the SPP dispersion relation has a bandgap. The upper band does not
participate in the enhancements of the Kerr intensity because its properties are similar to
photons. On the other hand, the lower band plays an important role in plasmonics. The
behavior of this band is a mixture of plasmons and photons (i.e., SPPs). These materials
can be called the polaritonic bandgap materials, since they have a polaritonic bandgap in
their band structure. They are similar to photonic bandgap materials that have a bandgap
in their photonic dispersion relations.

The results for DOS are plotted in Figure 3b as a function of the normalized energy
(ω±k /ωp). We found that the DOS has large values near the band edges. This means that
a large number of SPPs are located near the band edges. When a QE lies near the MNP,
excitons of the QE interact with the SPPs of MNPs. However, if the energy of the excitons
lies near the band edges, there will be huge exciton-SPP coupling since there are the huge
number of polaritons are located near the band edges.

Next, we studied the effect of the SPP field on the Kerr absorption intensity (Ikerr/I0).
The results are plotted in Figure 4a as a function of normalized detuning (δp/γ21 = δ21/γ21)
for different values of the SPP coupling (ΠSPP). For Figure 4a, we have considered that DDI
coupling is absent. The solid, dash, and dash-dotted lines were plotted for the detuning
parameter ΠSPP = 0.1, ΠSPP = 0.7, and ΠSPP = 1.5, respectively. Note that the SPP
coupling is unitless. Other parameters are taken as ΦDDI = 0.0. Her the DDI coupling is
also unitless. Note that at zero detuning (i.e., δp/γ21 = 0), the Kerr intensity has a peak.
The zero detuning means that the probe field frequency is in resonance with the exciton
frequency ω21 (i.e., ωp = ω21).
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We found in Figure 4a that as the SPP coupling increases, the Kerr intensity also
increases. See the dotted and dash-dotted lines in the figure. This means that there is a large
enhancement in the Kerr intensity due to the presence of SPPs. The enhancement occurred
because the SPP coupling appears in the numerator of the Kerr intensity expression. See
Equation (41). Further, we predicted that the enhancement has smaller values when the
probe field is not in resonance with the exciton energy.

We also plotted a three-dimensional figure for the Kerr intensity (Ikerr/I0) as a function
of the SPP coupling (ΠSPP) and the probe detuning

(
δp/γ21

)
. The results are shown in

Figure 4b. Note that as the SPP coupling increases, the Kerr effect also increases. There is a
huge enhancement in the Kerr intensity due to the nonreality of the system.

The enhancement in both Figure 4a,b in the Kerr absorption intensity can be explained
as follows. When the SPP field (i.e., MNS) is absent (i.e., ΠSPP = 0 ), the Kerr intensity is
due to the contribution from three probe photons. However, the Kerr intensity has an extra
contribution due to the SSP coupling. The extra contribution to the Kerr intensity is due to
the three polaritons produced by the SPP field. The SPP contributions to the Kerr intensity
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are many times larger than the probe photons. In summary, we can say that the present
finding can be used to fabricate nanosensor devices for nanotechnology and nanomedical
applications by measuring the enhancement of the Kerr intensity.

Next, we investigated the effect of the DDI coupling (ΦDDI) on the Kerr intensity
(Ikerr/I0). The results are plotted in Figure 5a as a function of the probe detuning

(
δp/γ21

)
.

The solid, dash, and dash-dotted lines were plotted for the detuning parameter ΦDDI = 0.1,
ΦDDI = 0.5, and ΦDDI = 2.0 respectively. The SPP coupling parameter was taken as
ΠSPP = 0.1. The SPP and DDI coupling parameters were unitless. One can see from the
figure that for the DDI coupling ΦDDI = 0.5, the Kerr intensity was enhanced. When the
DDI coupling was further increased to ΦDDI = 2.0, the Kerr intensity decreased, and one
peak split into two peaks.
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To make the effect of the DDI coupling on the Kerr intensity clearer, we plotted a
three-dimensional figure of the Ker nonlinearity in Figure 5b. Note that when the DDI
coupling is in the weak coupling limit, the Kerr intensity increases with the DDI coupling.
It reaches a maximum value at a certain value of the DDI (i.e., ΦDDI = 0.4). When the DDI
coupling increases further, the peak of the Kerr intensity splits into two-peaks. In summary,
we can say that when ΦDDI < 1.

The Kerr intensity has one peak. On the other hand, when ΦDDI > 1, the Kerr
intensity splits from one peak to two peaks. The condition ΦDDI < 1 is called the weak
coupling limit, whereas the condition ΦDDI > 1 is called the strong coupling limit. This is
an interesting finding of the paper.

We then defined the weak and strong DDI coupling limits. In the literature, the
weak coupling limit is defined when the Rabi frequency of the DDI electric field (ΩDDI)
is smaller than the decay rate (i.e., ΩDDI < γ21). Here the DDI Rabi frequency is defined
as ΩDDI = ΦDDIΩP. In this case, the DDI coupling ΦDDI is in the weak coupling limit.
On the other hand, the strong coupling limits are defined when the DDI Rabi frequency
is larger than the decay rate (ΩDDI < γ21). In this case, the DDI coupling is in the strong
coupling limit. The above definitions are the approximate definition and are not applied in
all problems. Note that in Figure 5b, the DDI coupling approximately satisfies the weak
and strong coupling limit criteria for the enhancement and the splitting of the peak.

The splitting from one peak to two peaks due to the strong DDI coupling limit is
explained by using the physics of dressed states, as discussed in Section 5. In the absence
of the DDI coupling, the Kerr intensity is due to the three photons emission from the
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transition |2〉 ↔|1〉. On the other hand, in the strong DDI coupling limit the excited state
|2〉 ↔|3〉 splits into two dressed states |2−〉 ↔|3〉 and |2+〉 ↔|3〉. Therefore, the Kerr
intensity emissions have two peaks due to transitions |2−〉 ↔|1〉 and |2+〉 ↔|1〉. We have
also found that the distance between the peaks increases as the DDI coupling increases.
This is because the energy splitting is directly related to the DDI coupling. See Equation
(59) for further details. In summary, we can say that the splitting of one peak (ON) into
two peaks (OFF) can be used to fabricate nanoswitching devices for nanotechnology and
nanomedical applications.

Finally, we provide comments on the giant nonlinearity found due to the Kerr effect
in the present work. We have shown that there is a huge (giant) enhancement in Kerr
nonlinearity due to the presence of SPPs. We have also found the due to the weak DDI
coupling, there is also an enhancement in the Kerr nonlinearity. The giant Kerr nonlinearity
found in plasmonic nanohybrids is of great importance in the context of quantum informa-
tion theory and its applications. In particular, the photon/phonon blockade can appear in
systems involving high Kerr-type nonlinearities [56,57]. Moreover, such systems can be
applied in the maximally entangled state’s generation [58] and as the source of quantum
steering [59]. Quite recently, the model involving Kerr nonlinearities was considered in the
context of the PT-symmetry breaking [60]. The present study can also be used for optical
pumping [61] and photon transparency [62].

8. Conclusions

A theory of the Kerr nonlinear tensity was developed by using the many-body quan-
tum mechanical density matrix method for plasmonic nanohybrids. We showed that the
Kerr intensity enhances in the weak dipole-dipole coupling limits. On the other hand,
in the strong dipole-dipole coupling limit, the single peak in the Kerr intensity splits
into two peaks. Further, we found that the Kerr nonlinearity is also enhanced due to
the SPP coupling. Next, we determined the spontaneous decay rates are enhanced due
to the dipole-dipole coupling. The enhancement of the Kerr intensity due to the sur-
face plasmon polaritons can be used to fabricate nanosensors. The splitting of one peak
(ON) two peaks (OFF) can be used to fabricate the nanoswitches for nanotechnology and
nanomedical applications.
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56. Leoński, W.; Tanaś, R. Possibility of producing the one-photon state in a kicked cavity with a nonlinear Kerr medium. Phys. Rev.

A 1994, 49, R20–R23. [CrossRef]
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