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Abstract: The fractional integral is a function known for the elegant results obtained when introduc-
ing new operators; it has proved to have interesting applications. In the present paper, differential
subordinations and superodinations for the fractional integral of the confluent hypergeometric func-
tion introduced in a previously published paper are presented. A sandwich-type theorem at the end
of the original part of the paper connects the outcomes of the studies done using the dual theories.
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1. Introduction

It is a known fact that the notion of an operator was used from the early stage of the
study of complex-valued functions; many already known results can be proven easier with
them, and new results are being obtained with them.

Many papers, such as [1,2], studied different operators defined by using the fractional
integral of order A also used earlier by S. Owa [3]. Despite that, we also refer to [4-6] for
theoretical and numerical analyses from real models described by classical PDEs and related
operators. The results contained in the present paper were inspired by the outstanding
results previously obtained using fractional integrals, and the study was done by applying
them to a confluent hypergeometric function. The definition of a fractional integral can be
seen in [3] as follows:

Definition 1 ([3]). The fractional integral of order « is defined by

gy~ L [F f(E)
Dz f(z)_r(a)/o (é )1—1xd€/

—Z

where a is a positive real number, f(z) is an analytic function in a simply connected region of the
z-plane containing the origin and the multiplicity of (¢ — z)* " is removed by requiring In( — z)
to be real when ({ — z) > 0.

In paper [7] anew operator was introduced by using a fractional integral on the confluent
(Kummer) hypergeometric function. The introduction of this operator was inspired by the
studies done on this function having in view many aspects, from its combination with other
functions, as can be seen in papers [8,9], to its univalence in paper [10].

The confluent (Kummer) hypergeometric function of the first kind is defined in [11]
as follows:

Definition 2 ([11]). Leta,c € C,c #0,—1,—2,... and consider

1 2
P(a,c;z) = F1(u,c;z):1+gi+”(”+ )z

T mj‘f‘,zeu 1
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This function is called a confluent (Kummer) hypergeometric function, is analytic in C and
satisfies Kummer’s differential equation:
zw"(z) + (c — z)w'(z) — aw(z) = 0.
Considering

T(d+k)

(@D =g =+ +2) . (d k1) with () = 1,

the confluent (Kummer) hypergeometric function can be written as

7k

pacz) =Y E”k

(¢) & T(a+k)z
k:OT)k I'(a) ; . @

c+k

The definition of the operator introduced in [7] is the following;:

D p(a,c;z) = / “”” )
T(c) & (a+k) z ¢k
r( T(a) kgochrk (k+1)/ (z_t)l—Adt’

where A > 0,a4,c€C,c#0,—1,-2,....
The fractional integral of a confluent hypergeometric function can be written as

A (©) y- T(a+k) kA
D;"¢(a,c;z) = I(a) Z NCEAIY /\—i—k—l—l)z / (4)

after a simple calculation. Evidently, D;*¢(a,c;z) € H[0, A].

The original results which are shown in the next part of this paper were obtained by
using this operator and differential subordination and superodination theories, synthe-
sized in the monography [12] published by Miller and Mocanu in 2000 and in paper [13],
respectively. The usual notion and definitions are considered.

U = {z € C: |z| < 1} is the unit disc of the complex plane, H (U) the class of analytic
functions in U and H[a,n] = {f € H(U) : f(z) = a+anz" +a, 12" +..., z € U},
with 7 a positive integer and a € C.

Definition 3 ([12]). Let f, F € H(U). The function f is said to be subordinate to F if there
exists a Schwarz function w, analytic in U, with w(0) = 0 and |w(z)| < 1, z € U, such that
f(z) = F(w(z)), z € U. In such a case, we write f < F. If F is univalent, then f < F if and only

if £(0) = g(0) and f(U) C g(U).

Definition 4 ([12]). Let ¢ : C® x U — C and let h be univalent in U. If p is analytic and satisfies
the differential subordination

¥(p(2),2p'(2),2p" (2);z) < h(z), z € U, ®)

then p is called a solution of the differential subordination. The univalent function q is called a
dominant of the solutions of the differential subordination, or more simply a dominant, if p < q for
all p satisfying (5). A dominant g that satisfies § < q for all dominants q of (5) is said to be the best
dominant of (5).

The notion related to differential superordinations was introduced in [13].
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Definition 5 ([13]). Let ¢ : C*> x U — C and let h be analytic in U. If p and ¢(p(z),zp'(z),

22p"(z); z) are univalent in U and satisfy the differential superordination

h(z) < @(p(z),2p'(z),2p" (2);2), z€U, (6)

then p is called a solution of the differential superordination (6). An analytic function q is called
a subordinant of the solutions of the differential superordination or more simply a subordinant, if
q < pfor all p satisfying (6). A subordinant q that satisfies g < q for all subordinants q of (6) is
said to be the best subordinant of (6).

In the process of obtaining the original results from this paper, the following lemmas
are needed:

Lemma 1 ([12]). Let the function q be univalent in the unit disc U and 0 and ¢ be analytic in
a domain D containing q(U) with ¢p(w) # 0 when w € q(U). Set Q(z) = zq'(z)¢p(q(z)) and

h(z) = 60(q(z)) + Q(z). Suppose that Q is star-like univalent in U and Re(’%é?) >0,ze U
If p is analytic with p(0) = q(0), p(U) C D and

0(p(2)) +2p'(2)9(p(2)) < 0(q(2)) +24'(2)¢(q(2)),

then p(z) < q(z) and q is the best dominant.

Lemma 2 ([14]). Let the function q be convex univalent in the open unit disc U and v and

¢ be analytic in a domain D containing q(U). Suppose that Re(f’;((g((zz))))) >0,z € Uand

Y(z) = zq'(2)¢p(q(z)) is star-like univalent in U.
y EI{p(z) € H[q(0),1] N Q, with p(U) C D and v(p(z)) + zp'(z2)¢p(p(z)) is univalent in
v(9(2)) +2q'(2)9(a(2)) < v(p(2)) +2p"(2)¢(p(2)),

then q(z) < p(z) and q is the best subordinant.

2. Main Results
Continuing the work from [7], we get:

Theorem 1. Let q be an analytic and univalent function in U with q(z) # 0,V z € U and

—A Y ’
% € H(U), where A > 0and a, c € C,c # 0,—1,—-2,... Suppose that ZZ(%)) is

star-like univalent in U. Consider
g q(z)

2 2001 N 9" (z)
R6<5q(2)+ﬁq(z)+1 zq(z)+zq,(z)>>0,zeu, @)

withu,B,¢, 0 € C, B #0, and

2(D7p(a, ;)

a,b . L _
V(@B G z) =at+ Bt (E—B) D= p(a,c:2) + ®)
(z(DZ_MJ(a, c;z))’)2 N ‘BZ(DZ_)‘gb(a, c;z))”
K Dz_/\(]?(ll, C,'Z) (Dz—/\q;(a, C;Z))/ .
If the following subordination is satisfied by q,
Y0 B8 152) < @ 80(2) + la(2))? + L) ©)

q(z) ’
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then

=< q(z), (10)
and q is the best dominant.

Proof. Consider ,
z(D;)‘q)(a, ;z))
Dy )‘gb(a, c;z)

By differentiating with respect to z, we get

/ " N\ 2
o _ (D) (D) [ (D (o)
P (Z) o D;’\q)(a,c;z) Tz D;AqJ(a,c;z) z D;Aqb(a,c;z) and

p(z) = , zelU, z#0.

7. (11)
By setting

and
0(w) := a + Ew + pw?,

evidently ¢ is analytic in C\{0}, ¢(w) # 0,V w € C\{0} and 6 is analytic in C.

Considering
Q@) = =1/ @9(a(z) = 1 5)
and
h(z) = 0(q(z)) + Q(z) = & + &q(2) + u(q(2))* + ﬁZZ;S)’

which reveals that Q is a star-like univalent function in U.
By differentiating, we obtain /' (z) = &q'(z) +2uq(z)q’(z) + B Z((ZZ))
h/ 2 //

and = (()) g‘qZ( ) ,3‘7( ) 1_211((2) ((Z))
We deduce that Re( ) (

9(2)
By using (11), we obtain « + {p(z )+y(p( )) +/3
w+ B+ (E—B) z(D; (Ptzcz)) +y<z(DZA¢(a,c;z))/) B

Dz ¢(a,c;z) Dz ¢(a,c;z)

1-z
zp'(z) _
( *)‘(p(acz))”

(DZ )‘47 (a,cz) ), '
2 < a+Eq(z) + plq(z) + BELEL

Ceten) < g(c),

By using (9), we have a + p(z) + pu(p(z )) "’:BZP

By applying Lemma 1, we get p(z) < q(z),V z € U, which means
V z € U and the function g is the best dominant. [

Corollary 1. Let A > 0,a,¢c,a,B, ¢, u € C,c #0,—-1,-2,..., B # 0, and relation (7) holds

for q(z) = 1352, with -1 < B < A< 1.If

V(B G z) <a+ ¢

1+ Az 1+ Az\? B(A — B)z
1+ Bz 1+ Bz (1+ Az)(1+ Bz)’

with q)‘f\’b, which is defined in (8), then

Z(D;A(P({Z,C;Z))/ - 1+ Az
D;/\(P(g’ C;Z) 1+ Bz’
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1+A ;
and g% is the best dominant.
Proof. We get the corollary considering g(z) = 4 32, —1<B<A<1linTheorem1. [J

Corollary 2. Let A > 0,a,¢c,a,8,5, 0 € C,c #0,—-1,-2,..., B # 0. Assume that (7) holds
forg(z) = (E2) o<y <1y

1 2r 9
+pl< +z> N Byz

1—z 1—2z27

VO (a, B, & ;2 )<a+§< +z)

z

with ¢ is defined in (8), then

v
and <1+§> is the best dominant.

Proof. Putg(z) = (1“) 0 < 7 < 1in Theorem 1 to obtain the corollary. [J

Theorem 2. Let g be an analytic and univalent function in U with q(z) # 0,V z € U, such that

ZZ(()) is a star-like univalent function in U and

Re( (e (2) +

g1 q(Z)ﬂ/’(Z)) >0, foruy, B, €C, B#0. (12)

¢
p

I]‘%{jzz) € QNH[q(0),1] and l/)i’b(lx, B, ¢, u; z) is an univalent function in U, where
1/1?\’ (a0, B,C, 1;2) is defined by (8) and A > 0,a,c € C,c #0,—1,-2,..., then

a+m@+ywnf+ﬁgf<¢%wﬂawn 13

implies
2(D:*9(a,¢2))’
DZ_)‘q)(a, c;z)

q(z) < , zel, (14)
and function q is the best subordinant.

Proof. Define the function p by

z2(D; M p(a,c2))
D;)‘cp(a, c;z)

p(z) = ,zel, z#0.

Considering

_B
p(w) =
and
v(w) == a+ w + pw?,
it is easy to show that ¢ is analytic in C\ {0}, ¢(w) # 0, w € C\{0} and v is also analytic
in C.
Since

q(z )[§+2;;;7( )]q'(2) , it yields

Re(%) = Re(%qz(z)q (z) + Bq(z)q (z)) > 0, where y, 8,2 € C, u # 0.
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From (11) and (13) we get
2, P2 (2) 2, Pr'(2)
a+¢q(z) + z))” + <a+cp(z)+ z))” + .
60(z) +1a(2))" + =7 6p(2) +p(p()"+ = 5
Applying Lemma 2, we obtain q(z) < p(z); therefore,
D ¢(a,c;2))’
q(z) < 2 iA(P(a i2)) , zel,
D;"¢(a,c;z)
and the best subordinant is functiong. [
Corollary 3. Consider A > Qanda, c,a, ¢, 1, p € C,c#0,-1,-2,..., B # 0. Assume that
(12) holds for q(z) = 142, -1 <B< A< 1. I]‘(D(Pi(() € Qﬂ?—l[ (0),1] and
1+ Az 1+ Az\? B(A—B)z b _
PR T <1+Bz> A+ Az)(1+ Bz) W @whEmiz),

where 4’?{17 is defined in (8), then

/

1+ Az - z(D;*¢(a,c;z))
1+ Bz D; Y ¢(a,c;z)

7

1+Az

and the best subordinant is I8

Proof. When —1 < B < A <1, consider q(z) = %igf in Theorem 2 and obtain the corol-
lary. O

Corollary 4. Let A > 0,a,¢,a,¢, 1, B€C,c#0,— ., B # 0. Assume that (12) holds
forq(z) = (1+z) ,0<y<1. UMEQDH[ (0),1] and

Yo(ac
(i)

1+z\?" 2 vz
+y<1—z> +1€ —<17b/\ (!X,ﬁ,ﬁ,y;z),
where tpﬁ’b is defined in (8), then

7

(1+z)7 2(D: 9 (a,c;2))"
<
1-z D ¢(a,c;z)

v
and the best subordinant is (li) .

v
Proof. Putin Theorem 2 q(z) = (%) ,when0 <y <1. O

The sandwich theorem is obtained combining Theorems 1 and 2.

Theorem 3. (Sandwich-type result) Consider q and qy analytic and univalent functions in
U, with q1(z) # 0and q2(z) # 0,V z € U, such that 20 g 22 o star-like uni-

71(z) 72(2)
valent. Assume that qy satisfies relation (7) and q, satisfies relation (12). If (Dq)i((“;))

S
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QN ™H[q(0),1] and lpf\’b(oc, B, G, u;z) is defined by (8) and is univalent in U, A > Oand a, c € C,
c#0,-1,-2,..., then

Bz (2)
q1(z)

forwa,B,u,é € C, B #0, implies

Bzq5(2)
72(z) ’

2+

&+ 2q1(z) + u(q1(z)) <30, B, & wiz) < &+ Eqa(2) + u(q2(2))* +

!/

2(Dp(a,c;2)
D;)‘cp(a, c;2)

q1(z) < =< q2(2),

and q1 and g, are, respectively, the best subordinant and the best dominant.

For q1(z) = 111‘2115, q2(z) = 111‘222;, where —1 < B, < By < A1 < Ay <1, we have the

following corollary.

Corollary 5. Leta, c,a, ¢, 4, p € C,c #0,-1,-2,..., 8 # 0and A > 0. Assume that (7)
and (12) hold for q,(z) = Az nd go(z) = Az 1 < B, < B < A < Ay <1 If

= 1Bz’ ey
D;’\ L !
% € H[q(0), 1] NQand
1+ Aqz 14 Az ? B(A1 — By)z b |
a+§1+Blz <1—|—B1Z> (1+ A1z)(1+ Byz) <Y (o, B,E, 1; 2)

<a+¢

L+ Apz (14 Agz 2 B(Ay — By)z
14 Bz 1+ Bz (14 Azz)(1+ Byz)’

with ¢ defined by (8), then

1+ Az z(D;¢(a, c;z))/ 1+ Az
Y = ,
1+ Byz D; (P(g, C,‘Z) 1+ Byz

1+A12
1+B1Z

1+A22

75 are the best subordinant and the best dominant.

hence and

For q1(z) = (%)’h, q(z) = (%—5)72, where 0 < 91 < 72 < 1, we have the
following corollary.

Corollary 6. Let A > 0,a,¢c,a, 8,1, € C,c #0,—-1,-2,..., B # 0. Assume that (7) and

T T2 D p(aciz) !

(12) hold for g1 (z) = (%) ,and qp(z) = (%) ,0< 11 <7 <1 IfZ(D;A(P#;)
€ QNH[g(0),1] and

1+z\7M 1+2\*"  2B71z
o) oo ()" B wtnnn

z z z2

1 72 1 22 9
<zx+§( +Z> —i—y( +Z) 1 2122

1—z 1—z 1—2z27

where " is defined in (8), then

<1+z)71 - z(D;"qb(a,c;Z))’ - <1+z>72
1—2z D;A(P(H,C;Z) 1—2z !
14z

gt gt
hence (%) " and (E) * are the best subordinant and the best dominant, respectively.
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By changing the functions ¢ and 0 in Theorem 1, we get:

Theorem 4. Consider A > 0,a,c € C,c #0,—1,—2,..., the convex and univalent function g
—A )
in U with q(0) = A and 2Dz 9aciz)) € H(U),V z € U. Suppose that

D;A(p(a,c;z)
1
Re(zzl((zz)>+;+l) >0, zel, (15)

wherew, 3 € C, B # 0, and

Z —A a,c,z ! z —A a,c,z "\ 2
P Bi2) o= (ot p) HLD 92 652)) ﬁ( (b (o ))> 16

D;*¢(a,c;z)
2(D;9(a,c;2))"

D;p(a,c;z)
If the following subordination is satisfied by q,

+p

93" (0, Brz) < aq(z) + pzq'(2), z € U, (17)

then
z(DZ_Mp(a, c;z))'

D;)‘gb(a, c;z)

=<q(z), ze U, (18)
and the best dominant is the function gq.

Proof. Define ,
D2 ;
p(z) = 2 = e D) Leuzro
D *¢(a,c;2)

with p(0) = A, an analytic function in U. Differentiating with respect to z we get p’(z) =

/ N\ 2 ”
(DZ’/‘qb(a,c;z)) _ (D;Aqa(a,c;z)) (D;/‘q)(a,c;z))
D;Aqb(a,c;z) z D;Aq)(a,c;z) Tz D;’\qb(a,c;z) and

z(DZ_’\cp(a, c;z))/ (z(D;Aqb(a, c;z))/>2 Z2 (Dz_/\cp(a, c;z))“
- - = R e .19
D;*¢(a,c;2) D;*¢(a,c;2)

Let
p(w) = p
be analytic in C\{0} with ¢(w) # 0, w € C\{0} and

O(w) := aw

analytic in C.
Consider

Q(z) = zq4'(2)9(q(2)) = pzq'(2)

star-like univalent in U and

We obtain Re(zg((zz))) = Re (zq”(z) + 5+ 1) > 0.
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z —A a,c;z ! z —A a,c;z "\ 2
From (19), we get ap(z) + pzp'(z) = (a —i—ﬁ)i(DfAlp( w2) /3<(DZ #oc)) ) +

D (a,cz) D ¢(acz)
ﬁzz(D;Aqb(a,c;z))”
D A p(acz)
By using (17), we get ap(z) + Bzp'(z) < aq(z) + Bzq'(z).

(D:*9(ac2))

Lemma 1 gives p(z) < ¢(z), ¥ z € U, so we obtain - D p(acr) <q(z),Vz e U, and

the best dominant is function gq. [

Corollary 7. Let -1 < B < A< 1L, A>0,acapcCc#0,-1,-2,...,6 #0,and
q(z) = ﬁgj’ z € U, fulfilling the relation (15). If

B(A—B)z al—l—Az
(1+Bz)>  1+4+Bz’

PP (e, Brz) <

with Y¥* defined by (16), then

z(D;)Vp(a,c;z))l . 1+ Az
D ¢(a,c;z) 1+ Bz’

1+Az

and the best dominant is 7 55

Proof. In Theorem 4 consider q(z) = 111‘35, with-1<B<A<1 O

Corollary 8. Let A > 0,4, ¢c,a,p€ C,c # 0,—-1,-2,....6 # 0and q(z) = (%)7,
0 < v <1, fulfilling the relation (15). If

b ' 2Bvz (1+42z\7 1+z\7
¥a (“"B'z)-<122(l—z) T 1—-z) "~

with Y3* defined by (16), then

o (11e)

1—z
%
and (%) is the best dominant.

Proof. In Theorem 4 put g(z) = (%)7, with0 <y <1. O

By changing the functions ¢ and 6 in Theorem 3 to be the same as in Theorem 4, we
get:

Theorem 5. Let A > 0,a,c € C,c #0,—1,—2,...and q be a convex and univalent function in
U with q(0) = A. Suppose that

Re(Zq’(z)) >0, a,B€C, p+#0. (20)

—A )
If % € QNHg(0),1] and wf\'b(zx, B; z) defined in (16) is univalent in U, then

aq(z) + pzq'(z) < 93’ (a, B;2) (21)
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implies

Vzel, (22)
DM ¢(a,c; z)

and the best subordinant is the function q.

Proof. Define the analytic function

2(D; M p(a,;2))
D;)‘(p(a,c;z) ,zelU, z#0

p(z) =

and p(0) = A.
Set
p(w) := p
to be analytic in C\{0} with ¢(w) # 0,V w € C\{0} and
v(w) := aw
analytic in C.
. Since %((;))) = %q’(z),from (20) we get Re(’(;((g(f))))) Re(%q (z )) > 0,witha, g € C,

Relation (21) gives the differential superordination

aq(z) + Bzq'(z) < ap(z) + pzp'(z), z€ U,

and by applying Lemma 2, we obtain q(z) < p(z), which means

2(D; (s, ;7))
D;Mp(a, c;z)

, z€el,

q(z) <

and the best subordinant is the function g. O

Corollary 9. Assume that (20) holds for q(z) = 111‘25 ze U with—-1<B<A<I1,A>0,a4,

(D q)(ucz))
ceC,c#0,-1,-2, IJ’WEQOH[()H,and

1+Az B(A-B)z
1+Bz  (1+Bz)?

PP (a, B2),

where 1P;l(b is defined in (16), o, p € C, B # 0, then

/

1+ Az . z(D;¢(a,c;2))
14 Bz D;Aqb(a, c;z)

7

: 144
and the best subordinant is 1+B§.

Proof. In Theorem 5 consider q(z) = 111"3; ,with—-1<B<A<LL O

Corollary 10. Assume that (20) holds for q(z) = (%)7, 0<y<1A>04acceC,

D;*¢(acz
c#0,—-1,— IJ(W € QNH[g(0),1] and

1+z\" | 2Byz (14+2\" b,
a<1—z> tio2izz) "W (@ Biz),
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where w;’\’b is defined in (16), a, p € C and B # 0, then

(1—}—2)7 z(D; ¢(a,c;z))
<
1—-2z D ¢(a,c; z)

/

7

and the best subordinant is (HZ ) ",
Proof. In Theorem 5 consider q(z) = (%)7, with0 <y <1. O
The sandwich theorem is obtained combining Theorem 4 and Theorem 5.
Theorem 6. (Sandwich-type result) Consider q1 and gy convex and univalent functions in U with
q1(z) # 0and q2(z) # 0,V z € U. Assume that relation (15) is satisfied by q, and relation (20) is

satisfied by qy. If %&5;) € QN *H[q(0),1] and gbi’h(lx, B; z) is univalent in U defined by

(16),A >0,a,¢c,a, € C,c#0,—-1,-2,..., 3 #0, then
aq1(z) + Bzas (z) < 93" (2, B;z) < aqa(z) + Pagh(2),
implies
z(D; ¢(a, c;z))/
D;’\cp(a,c;z)

and the best subordinant is q1 and the best dominant is q;.

q1(z) < <q2(z), Vz e,

Letting g1 (z) = 111’;1122, qa(z) = 1112225, where —1 < B, < B; < A1 < Ay < 1,in
Theorem 6 we get

Corollary 11. Assume that (15) and (20) hold for g1(z) = 02 and gy(z) = 422 gpnd

= T¥Biz = 1Bz’
A>0acn, /36((:,6750,—1,—2,...,,57&0,—1SBQ_Bl < A §A2§1.If
(D q)(ucz))
1+Aiz | P(A1—Bi)z | ap
i “(a,B;z
1+Biz  (1+ Byz)? vi (e frz)
al-i—AzZ_'_‘B(Az—Bz) Vzel,

1+ Byz (1+ Bzz)
where wi’b is defined in (16), o, € C and B # 0, then

1+A D2 ¢(a,c;z)) 1+ A
+ A1z z( zA4’(‘1 c;2)) - + 22’ sell
1+ Byz D;"¢(a,c;z) 1+ Byz

. . 1+Az . . 1+Arz
hence, the best subordinant is 7 B and the best dominant is 7 e

g gt
By setting g1 (z) = (%Z) ‘and 72(z) = (%) * where 0 < 71 < 2 < 1,in Theorem 6
we obtain
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Corollary 12. Assume that (15) and (20) hold for q1(z) = (%)ﬁ and q(z) = <1+Z)72,

and A > 0,0, ¢,0,p € Crc £ 01,2, p£0,0 <71 < 7z < 1. If AL

D A ¢(a,c;z)
QN H[q(0),1] and
. 1+z 71_‘_2,8712 1+z ”1< Wb (4, B;2)
1—z 1-22\1-z gy (i

1 2 2 1 2
{a( —I—z) N [3722( +z) CLeu

1-z 1-2z2\1-z

where ¥ is defined by (16), then

/

1—z

(1 +z)“” _ 2(D"9(a,c;2))

1 2
— =< ( +Z> , Vze U
1-z D;"¢(a,c;z)

T ¥
hence, the best subordinant is (%) and the best dominant is (%*i ) 2.

3. Discussion

Using the previously introduced operator involving the fractional integral of con-
fluent hypergeometric function, further study was done and new subordinations and
superordinations were obtained; we also gave their best subordinants and best dominants.
Interesting corollaries were stated using particular functions as best subordinants and best
dominants of the subordinations and superordinations studied in the theorems stated in
this paper. An investigation on this operators’ univalence is yet to be done. Additionally,
other aspects related to it can still be investigated, such as introducing new classes of
functions with certain properties given by the use of this operator.
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