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Abstract: In a previous paper, we have shown that Newton’s third law cannot strictly hold in a
distributed system of which the different parts are at a finite distance from each other. This is due
to the finite speed of signal propagation which cannot exceed the speed of light in vacuum, which
in turn means that when summing the total force in the system the force does not add up to zero.
This was demonstrated in a specific example of two current loops with time dependent currents, the
above analysis led to suggestion of a relativistic engine. Since the system is effected by a total force
for a finite period of time this means that the system acquires mechanical momentum and energy,
the question then arises how can we accommodate the law of momentum and energy conservation.
The subject of momentum conservation was discussed in a pervious paper, while preliminary results
regarding energy conservation where discussed in some additional papers. Here we give a complete
analysis of the exchange of energy between the mechanical part of the relativistic engine and the field
part, the energy radiated from the relativistic engine is also discussed. We show that the relativistic
engine effect on the energy is 4th-order in % and no lower order relativistic engine effect on the
energy exists.

Keywords: Newton'’s third law; electromagnetism; relativity

1. Introduction

Special relativity is a theory of the structure of space-time. It dictates that the equa-
tions of any physical theory should be invariant under the Lorentz group of coordinate
transformations. The theory was first introduced in Einstein’s famous 1905 paper: “On
the Electrodynamics of Moving Bodies” [1]. This theory was a consequence of empiric
observations and the laws of electromagnetism which were formulated in the middle of
the nineteenth century by Maxwell in their famous four partial differential equations [2—4]
which owe their current form to Oliver Heaviside [5]. One of the consequences of these
equations is that an electromagnetic signal travels at the speed of light ¢, which led people to
believe that light is an electromagnetic wave. This was later used by Albert Einstein [1,3,4]
to formulate their special theory of relativity which postulates that the speed of light in
vacuum c is the maximal allowed velocity in nature. According to the theory of relativity
no object, message, signal (even if not electromagnetic) or field can travel faster than the
speed of light in vacuum. Hence retardation, if someone at a distance R from me changes
something I may not know about it for at least a retardation time of ®. This means that
action and its reaction cannot be generated at the same time because of the signal finite
propagation speed.

Newton’s laws of motion are three physical laws that, together, laid the foundation
for classical mechanics. They describe the relationship between a body and the forces
acting upon it, and its motion in response to those forces. The three laws of motion were
first compiled by Isaac Newton in their Philosophiae Naturalis Principia Mathematica
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(Mathematical Principles of Natural Philosophy), first published in 1687 [6,7]. We will only
be interested in this paper in the third law which states: When one body exerts a force on
a second body, the second body simultaneously exerts a force equal in magnitude and
opposite in direction on the first body.

According to the third law, the total force in a system not affected by external forces is
thus zero. This law has numerous experimental verifications and seems to be one of the
corner stones of physics. However, in light of the previous discussion it is obvious that
action and its reaction cannot be generated at the same time because of the finite speed of
signal propagation, hence the third law is false in an exact sense although it can be true
for most practical application due to the high speed of signal propagation. Thus, the total
force cannot be null at a given time.

Most modern locomotive systems are based on two material parts each obtaining
momentum, which is equal and opposite to the momentum gained by the second part.
A typical example of this type of system is a rocket which sheds exhaust gas to propel itself.
However, the above relativistic considerations suggest’s a new type of motor in which the
system is not composed of two material bodies but of a material body and field. Ignoring
the field a naive observer will see the material body gaining momentum created out of
nothing, however, a knowledgeable observer will understand that the opposite amount of
momentum is obtained by the field as was shown in [8]. Indeed Noether’s theorem dictates
that any system possessing translational symmetry will conserve momentum and the total
physical system containing matter and field is indeed symmetrical under translations, while
every sub-system (either matter or field) is not. This was already noticed by Feynman [4].
Feynman describes two orthogonally moving charges, apparently violating Newton’s third
law as the forces that the charges induce on each other do not cancel (last part of 26-2), this
paradox is resolved in (27-6) in which it is shown that the momentum gained by the two
charge system is balanced by the field momentum.

We will define a relativistic engine as a physical system in which its center of mass
is in motion due to the interaction of its material parts. Those parts may be free to
move with respect to each other or more practically held in a rigid frame. This is of no
consequence as we will only be interested in the motion of the center of mass in this
paper. We stress that a relativistic motor allows 3-axis motion (including vertical), it has
no moving parts, it has zero fuel consumption (and thus zero carbon emission) and needs
only electromagnetic energy as explained in the current paper which may be provided by
solar panels. The relativistic engine is an ideal solution for space travel in which currently
much of the space vehicle mass is devoted to fuel.

It should be noted that there is no Lorentz covariant definition for the relativistic center
of mass, as pointed out by Pryce [9]. Indeed, the center of mass mentioned in our work is
not Lorentz covariant, it is defined with respect to a specific frame of reference in which the
relativistic engine is at rest (the laboratory frame of reference). Even after the engine is set
into motion its velocity is small compared to the speed of light, and thus the Newtonian
definition of the center of mass still holds approximately in that specific frame. One should
not confuse the retardation speed of the electromagnetic field (which is equal to speed of
light in vacuum) with the speed of the engine itself that may be quite modest. The device
is denoted a relativistic engine because it takes advantage of the relativistic retardation
effect not because it can reach relativistic speeds, in fact one can think of reasons why a
macroscopic relativistic engine will not reach relativistic speed due to the high energy
required. However, if one still would like to consider an engine moving at relativistic
speeds then perhaps the center of mass concept should be replaced by something else,
perhaps a relativistic center of momentum, however, this option is beyond the scope of the
current paper.

To be sure, other systems can introduce retardation such as for two objects that are
connected by a long spring, in which conservation of momentum and energy do not apply if
one ignores the momentum and energy of the spring. This case along with other interesting
cases are discussed in an excellent book “Dynamics of Particles and the Electromagnetic
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Field” [10], where more problems, and solutions, were treated than in the current paper,
this includes the problem of initial conditions. This work is not about retardation in long
springs but about retardation caused by the relativistic effect of a finite speed of signal
propagation. Only in this later case, momentum and energy is transferred between field
and material allowing the relativistic engine effect. This is quite different than transfer of
momentum and energy between two material bodies such as two objects and a connecting
long spring. Momentum and energy transfer between material bodies is well known and
the center of mass of the two objects and the connecting long spring viewed as one system
cannot move, if not initially in motion. However, this is rather different from the current
case in which momentum and energy are transferred from the electromagnetic field to
a material body. In the later example momentum and energy are transferred from one
material body (the two objects) to another material body (the long spring) this is well
known and perhaps of less interest than the transfer of momentum and energy from a
material body to a field which is involved in the motion of the center of mass of the material
body. The latter case suggests a new form of motor which is the relativistic engine.

In what follows, we will assume that the magnetization and polarization of the
medium are small and therefore we neglect corrections to the Lorentz force suggested
in [11]. In a paper by Griffiths and Heald [12], it was pointed out that strictly Coulomb’s
law and the Biot-Savart law determine the electric and magnetic fields for static sources
only. Time-dependent generalizations of these two laws introduced by Jefimenko [13] were
used to explore the applicability of Coulomb and Biot-Savart outside the static domain.

In a previous paper, we used Jefimenko’s [3,13] equation to discuss the force between
two current carrying coils [14]. This was later expanded to include the interaction between
a current carrying loop and a permanent magnet [15,16], see Figure 1.

Figure 1. A cylindrical magnet (blue) and a current loop (red) above it. (three different sections).

Since the system is affected by a total force for a finite period of time this means that
the system acquires mechanical momentum and energy, the question then arises if we need
to abandon the law of momentum and energy conservation. The subject of momentum
conversation was discussed in [8]. In [17-19], some preliminary aspects of the exchange of
energy between the mechanical part of the relativistic engine and the electromagnetic field
were discussed. In particular it was shown that the electric energy expenditure is twice the
kinetic energy gained by the relativistic motor. It was also shown how some energy may
be radiated from the relativistic engine device if the coils are not configure properly. In this
paper, we develop a methodology to deal with all aspects of the energy transformation in a
relativistic engine.

The plan of this paper is as follows: First, we introduce the conservation of energy and
momentum in a general electromagnetic system. Then we discuss the particular case of a
simple relativistic engine made of two current loops of arbitrary geometry, in which we shall
consider the mechanical momentum and energy gained by the engine. This will be followed
by a general analysis of the energy transformations between the field and mechanical
components in a relativistic engine. Which will be followed by a specific analysis of
a relativistic engine taking into account the various energy contributions expanded in
powers of %, in which c is the speed of light in vacuum. We show that the relativistic engine
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effect on the energy is 4th-order in % and no lower order relativistic engine effect on the
energy exists.

2. Energy and Momentum Conservation

Any system with space-time translational symmetry must conserve momentum and
energy according to Noether’s theorem. In the case of a system with charge and current
densities the energy-momentum conservation law takes the form [3]:

/ (0.0 + fBYd3x = 0 )

x* are space-time coordinates such that «, § € {0,1,2,3}, 9, is a partial derivative with re-
spect to the four dimensional coordinates and Einstein’s summation convention is assumed,
d3x is a volume element. In the above:

o = [ i Sy )
Sp T
and: ~
dE dP,

/fﬁde — ( [;r;ech , ;ﬂtech ) (3)

The various terms in the matrix appearmg in Equation (2) are defined in terms of the
electric field E and magnetic flux density B as follows. The field energy density e Field 18
defined such that:

€0
Efutg = / efieadx = / (B2 + B x 4)
where ¢ is the vacuum permittivity (~8.85 10712 F m~!). Poynting’s vector is defined as:

. 1~ -
S, = —ExB ®)
" o

where g = 471 1077 is the vacuum magnetic permeability. T;; is the Maxwell stress tensor:
1
Tj = e | EiE; + ¢*B;Bj — 7(E2+CZB2)5 (6)

i,j € {1,2,3} and ¢;; is Kronecker’s delta. Equation (3) contains the mechanical energy and
momentum E,,..,, ﬁmech and the temporal derivative %. Next we shall write the matrix
Equation (1) in terms of the spatial and temporal components separately. The spatial
components will yield the equation:

T Aida (7)

dpmech i dpfzeld i
i)

dt

In the above, Py;,4 ; is the i component of the field momentum of the system:

ﬁfield = €0 / E X §d3x (8)

S is a closed surface encapsulating the volume in which the system is located, # is a unit
vector normal to the surface, da is a surface element.

Equation (7) as proved in [3] is a precise statement of momentum conservation in a
relativistic engine and from a pure point of view nothing else is needed, however, for the
sake of concreteness a specific example for the two current loops relativistic engine was
analyses in [8] and will not be repeated here.
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To conclude this section we shall look at the zeroth component of Equation (1), which
yields the energy conservation equation:

dE dE 1 _
;t%h flg fs,, fda. 9)

The derivative of the mechanical energy is the power needed to sustain the system and is
given by [3]:

Power = “Emech ’"“h / B E (10)

where J is the current flux density. Hence:

d 1e
/d3x] E+ f 4 745,, Ada. (11)

Or:

Bx] E= i —yfs - fda. 12
[ &7 e L (12)

In the following we will discuss the manifestation of energy conservation as described by
Equation (12) for a relativistic engine.

3. The Case of Two Currents Loops of Arbitrary Geometry

Consider two wires having segments of length dI;, dI; located at ¥;, ¥, , respectively,
and carrying currents Iy, I, (see Figure 2).

14 I,

Figure 2. Two current loops.

According to [14] (Equation (38)), the force on loop , generated by loop ; takes
the form:

L © 1M1, s o
Ba= 20t ¥ L2 (=) (=) § § RY Rao(dl - ) (13)
n=0 :
in which Rjp = ¥ — X5, Rip = |Ryp|. L1(t) is written as a Taylor expansion in the time

t and the terms I1(")(t) are the derivatives of order n with respect to the variable t. As
in all expansions the above equation is valid only for a certain environment of ¢ on the
time axis which depends on the function I; (), this environment shall be defined using the
convergence radius Tyqy. That is Equation (13) is valid only in the domain [t — Ty, f +
Tmax). We note that there is no first order contribution to the force. Hence the next
contribution to the force after the quasi-static term is second order. Let us define the
dimensionless geometrical factor Ky, as:

= 1 _n= — — =
Rotw = 3 § § Ris*Rua(dla - dly) = —Raoa. (14)
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in the above & is some characteristic distance between the coils. In terms of Koy, we can
write Equation (13) as:

© 1 (¢)

— ],[0
F1 = —D(t
2= 2( )n;)

D )R (15)

The force due to coil 2 that acts on coil 1 is:

o (n
Fip = i%ll(t) n;) Iz(rz!(t) (—%)"(1 —1)Kia. (16)
The total force on the system is thus:
Fr=Fo+Fn =
1o 3 Co R (007 (0~ nOI{" ). a7

We note that the quasi-static term 1 = 0 does not contribute to the sum nor does the n =1
term. The fact that the retarded field “corrects” itself to first order in order to “mimic” a
non retarded field was already noticed by Feynman [4]. Hence we can write:

47m°°(1—n) _ﬁ
FT_4711§2 n! (c

)"Kizn (11(t)12(")(t) — Lt (t)). (18)

We conclude that in general Newton’s third law is not satisfied, taking the leading non-
vanishing terms in the above sum we obtain:

o= B0k, (o0 - i o). 19)

This result is correct up to a second order in 1. Assuming that the total momentum of
the system and the current derivatives are null at t = 0, we obtain a mechanical linear
momentum as follows:

=

t —
Pmech = / FT(t/)dt/ =
0

0 Mg (V6 - I (D). @

For simplicity, we will from here on assume a direct current in loop 2 hence:

h

c

S 1
)iz o . (21)

3~ Mo,
Precn = £ 117 (D)o
s
For a calculation of Kqp; in particular geometries see [14-16]. We stress that the mechan-
ical momentum given is of order C% and higher order terms are neglected. The kinetic
mechanical energy associated with this momentum is:

P2 1= - 1
Emech = Zmiz\e;;l = Epmech $Us. X C74 (22)

where M is the mass of the relativistic engine and:

= ﬁ mech 1
Us. = M I3 2 (23)

is the engine velocity. This indicates that unlike the conservation of momentum [8] which
was independent of the mass and therefore of the velocity attained by the system, in the
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calculations of both the mechanical and electromagnetic energies the systems velocity
and mass are of paramount importance. We also note that the expression for mechanical
energy is of order C%, lower order corrections do not exist and higher order corrections
are neglected.

We define the relativistic engine effect as a motion of the center of mass of a system
due to the interaction of its two subsystems, if there is no motion of the center of mass than
the effect is null. It may be that the center of mass is moving due to the motion of each
subsystem separately but then, according to the above definition this is not a relativistic
engine effect but an effect caused by an external force.

3.1. Proposed Experiment

In the following, we calculate the factor K5, for a geometry of two loops of unit radius
and a unit distance placed one atop the other (see Figure 3).

Figure 3. Two loops of radius 1 and displacement 1. We depict x-z and x-y cross sections. The x-z
cross section dot describes current going inside the plane and the symbol x describes a current going
outside the plane. In the x-y section the arrow is used to specify the current direction.

According to Equation (14), we obtain by taking & = 1 (in arbitrary units since Koy is
dimensionless).

Ripy = — ]4 7{ R'3R(dl, - dI}). (24)
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Every point on loop 1 and 2 has the coordinates ¥ =
(cosq,sinfq,1) and ¥, = (cos 6, sin 65, 0), hence:

—

R=1Xpp =17 — % = (cosf; — cos b, sinb; —sinby, 1) (25)

Furthermore, thus:
R* =3 —2cos(6; — 6,) (26)

The line elements can be calculated as follows:

dl;, = dof, = d61(— sin 01, cos 61, 0)
dl, = d6,0, = df,(— sin 6y, cos b5,0) (27)
Hence: L.
dly - dly = d61d6; cos(6; — 65) (28)

Inserting Equations (28), (26) and (25) into Equation (14) we arrive at:

. 27 27 n73_'
Ripy = _/ dGZ/ d6, cos(6; — 6,) <\/3 —2cos(6) — 92)> R(61,6,).  (29)
0 0

We now make a change of variable in the above integral 0" = 61 — 0,, in terms of the
new variable:

i 27T 2m—0, n=3 _
Kioy = — / d92/ do’ cos(0') ( 3— 2(:05(9/)) R(0' +0,,0,). (30)
JO —6r

In which:

R(0'+6,,0,) = ((cost’ —1)cosb —sinf’ sinby,
(cos®’ —1)sinf, + sinf’ cos By, 1) (31)

The integrand is periodic with respect to 8" with a period of 271, we thus write Equation (30) as:

= 27 27 n—3_)
Ky = —/ d92/ de’ COS(G')( 3 —2cos(9’)> R(0' + 6,6,). (32)
0 0

Noticing that:
27 27
/ 08 036y — / sin Byd6 — 0 (33)
0 0

We arrive at the equation:

- 21 n—3
Riz = <0,0,—27'c / de’ cos(e’)< 3—2cos(9’)) ) (34)
0

Vanishing of the x and y components of the force is expected due to the symmetry. The z
components can be calculated analytically, for even values of n one needs elliptic functions,
for example:

K120 = 4m(Ee(—4) —3Ke(—4)) ~ —4.94,
Ee(m) = /7 d0\/1 — msin® 0
0
Ke(m) = /% do—— L (35)
o V1 msin?e

K values for n < 6 are given in Table 1.
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Table 1. Table of the geometric factor K values.
n K120
0 —7.18
1 —6.74
2 —4.94
3 0
4 11.97
5 39.48
6 101.03
Finally notice that for multiple loops we have:
Kz121 ~ N1Na. (36)

where Nj and N are the number of turns in coil 1 and coil 2, respectively.

The Problem of Current Switching

We will address the problem of achieving constant force which is of interest for
locomotive applications. A constant force may be achieved by having a direct current in

one loop [1(t) = [; and a current of uniform second derivative on the other I () = %1_2%
In this case the accelerating force will be according to Equation (19):

hi,1 o
Fro® = BL(2) 5Kl 37)

[

Assuming the case of circular loops of the previous subsection we obtain from Equation (35):

Fp, & 4.94;011\111\12(?)27131112 (38)
For the values given in Table 2 Fr, = 2.74 Newton. The switching time may represent
some difficulty which one can overcome with advanced enough switching technology,
perhaps using low resistivity superconducting materials. Another possibility is using
numerous modular solid-state devices each with fast switching and small current such
that an appreciable amount of cumulative forcing will result. In any case increasing the
current for ever is not possible, but probably can be maintained sufficiently long to allow
experimental verification. Changing periodically the current is of course possible but in
this case one is led back to the standard piston going up and down as in an ordinary car
motor and this type of motion needs to transfer momentum to the road in order to convert
circular to linear motion.

Table 2. The choice of parameters for the force calculation.

Parameter Value
N; 1000
N, 1000
i 100 A
b 100 A
h 0.1m
h 0.3 ns

T, 10 ns
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4. Field Energy

Consider two sub-systems denoted system ; and system , which are far apart such
that their interaction is negligible. In this case, Equation (12) is correct for each sub-system
separately, that is:

. dEg =

/ Bx], By = — f;‘;’d L 745 S, - nda. (39)
L. dEg B}

R e L AN (40)

Next we will put the two loops closer together such that they may interact but without
modifying the charge and the current densities of each of the subsystems. The total fields
of the combined system are:

E:El+ﬁz, §=§1+§2 41)

Since both the field energy Equation (4) and Poynting’s vector Equation (5) are quadratic
in the fields the following result is obtained:

_ €0 = 3
Efia = - /(Ez + CZBZ)d3x = Efieta 1+ Efieta 2 + Efietd 12
€0 = =
Efieta1 = Egfieta1 + Emfiela1 = 5 (E% + CZB%>d3x
€0 = =
Efiras = Ekfieta2 + Emfiela2 = 5 (E% + CzB%)dgx
Efieii12 =  Ekfield 12 + EMfield 12
= €0/(E1 . Ez + C2§1 : Ez)d3x (42)
. 1~ - = . .
Sp = %EXBZSpl—i-sz—i-Splz
" 1~ =
Sp 1. = —E1xB
Ho
. 1. -
Sp 2 = —Ez X Bz
Ho
. 1 /2 - - -
S, = —(E1XB2+E2><B1) (43)
F Ho

The power invested in the combined system in bilinear in the current flux density and the
electric field according to Equation (10). This will lead to the following expression:

Power = /d3xf- E= Powerq + Powery + Powerqp
Power; = / d3xfl - E
Power, = / d®x], - Ey
Power;, = /d3x(71 Ery+To- El) (44)

Subtracting from Equation (12) the expressions given in Equations (39) and (40):

Power — Powery — Power,

_ d(Efieta — Efietla1 — Efietan) f{ (
- dt S

Sp—5,1-5, 2) - Ada. 45)
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taking into account Equations (42)—(44) we arrive at:

dEfie1d 12
Powerip; = — L

]f 5,1 - nda. (46)

5. Field Energy of a System of Two Current Loops

We now study the case of two loops of arbitrary geometry as described in Section 3.
However, now we assume two time dependencies. One due to the intrinsic time depen-
dence of the current in the loop and another is due to its motion as part of the relativistic
engine. Thus, the current density is:

J(%,1) =T (X = %e(t), 1), (47)

in which J'(%,) is the current density in the moving frame of the relativistic engine and
dxc(t)

o~ = Us.(t) is the velocity of the relativistic engine. The vector potential is [3]:

. T(%,t S R
A(x,t):i%/d%’%,l{zx—x’, tretzt—?. (48)

Which can be written as a power series in 7% in the form:

A% m l 3 /l R nﬂ_’ 2!

A(%,t) 47”;)”! (=)D

_ Kk S lﬂ/ 3 /l _B ny o

4 =ttt a R( c) J&.5

— @mlﬁ/:ml_ﬁmw_q

- 4n,§0n!dt". xR T E - &), (49)

As in the case of Equation (13) this expansion is only valid in the domain [t — Tyuax, t + Tyax]
in which T}, being the “convergence radius” of the above series. Hence this is only valid
for distances satisfying % < Tyyax or:

R < ¢ Tiax = Ripax (50)

since c is a big number we will occasionally use Equation (49) for infinite distances while
remembering that although R;;;x may be big it is not infinite. Let us introduce a comoving
integration variable: ¥ = ¥’ — %.(t), ¥ = ¥ 4 ¥.(t) such that: R(t) = |¥' —¥| = |¥ + X.(t) —
X| in such a comoving coordinate system we have:

L © 1 g 1 R, -
Arn=10 Y 156G xR(t)(—i)) 731, (51)

For a thin and uniform current loop this can be written as:

Az 1) = Zogi,d;{ (t )]{dg b)( Rgt))”]. (52)
Let us define:

_ n d" n 1
= (-1 47m'c" dt"[ }{le } 3)
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in terms of A(") we may write:
Azt =Y A" (x1). (54)
n=0

We notice A" is at least of order Ci,, but may contain higher order terms. The reason for
this is the fact that A(") contains temporal derivatives of R(t) which satisfy the equation:

(t
(£)

and 7 is proportional to C% for a relativistic engine according to Equation (23). Thus, A(")

=

~—

0 2 5. =—R-5, R

(55)

=

may contain terms which are up to order of (%)3”’2. We also notice that the zeroth order
terms takes the form:

- 5 1
A0z )= Hog 7{ -
(X,1) yp (t) le(t), (56)
which is just the quasi static approximation to A. It also easy to see that the first order term:
ANz, =0 (57)

as f dl = 0. As A" contains terms in various orders of %, and we will be interested in
analyzing the energy problem for a definite order of 1, we introduce the square bracket
notation G["! to denote a quantity of order (%)” Obviously, generally A" # A", The
electric field E can be calculated (in the gauge ® = 0) as [3]:

E=—0,A. (58)
We shall define for computational convenience:

This means that E") # E(") will contain terms coming from Al"l but also from Al"~2] as
the derivative will create terms which have an additional (%)2 factor. As for the magnetic
field B which can be calculated as [3]:

B=VxA (60)
it is easy to see that B[] is the same order as Al"] and:
Bl = ¥ x Al (61)

In what follows we will use the above expressions to analyzed the energy transformation
order by order starting from n = 0 and up to n = 4 which according to Equation (22) is
the most relevant for analyzing the energy transfer between the field and the mechanical
components of a relativistic engine.

5.1. Normalization

To avoid carrying the factor 2 in numerous calculations we shall define:

L4 Ll
A=A 5 f= Ak (62)
0 47T
Furthermore, hence:
L 4 L L 4 L
Pl s fF_p p=pl o pg_pgl (63)
0 T 0 47
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The field energy (see Equation (42)) can be calculated in terms of the new variables as:

1-
Efiela 12 = 1gn2/< E}-Ey+ B Bz>d3 (64)

where we are reminded that ¢? =
following form in terms of the new variables:

c 0
S = 12‘ 5 (Ef x By + B x BY). (65)

Finally the mechanical work which is represented by Equation (44) will take the form:
Ho 7R TR
Poweryy = e /d3x (]1 “Ey+ - E{) (66)
We introduce the following normalization:

U 167 Ho &

= ——3§ =S
p 12 1o p12 pl12 = 1672 7P 12
Sy = (Eix By+ By x By). 67)
167 Ho
Efiela12 = = WE}ield 12
1= = S =
Efia1z = /(Cin -Ey+ B - Bﬁ) dx (68)
1672 Ho
P o= P = P - P !
ower’, n ower1, oweryy = 1 Powery
Power}, = 47T/d3x(f1 "Ey+To- E{) (69)

In terms of the normalized quantities we may write the relativistic engine energy transfor-
mation Equation (46) as:

/ dE;‘zeld 12 a1 A
Powerlz = —T - f‘s Sp 12° ndﬂ. (70)

This can be analyzed order by order in terms of powers of % hence:

Power’l[zn] = — flgld 12 745/["] - fida. (71)

We notice that because of the pre-factor C% of the electric field contribution in Equation (68)
this term will not contribute to the field energy for the lowest orders: n = 0,1. We also
notice that since we are considering a case of two loop currents Equation (69) takes the form:

Power,, = 47r(ll(t) 7{ dly - E5(%) + () % d - 1?:;(552)). 72)

We are now ready to analyzed the field contribution order by order. In what follow we give
the main results the reader who is interested in the details is referred to Appendix A.
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52.n=0

For n = 0 we conclude that the energy equation of order zero is indeed balanced.
Mechanical work invested or extracted in the system results in increase or decrease in the
field energy accordingly. To be more specific the magnetic field energy is affected by the
mechanical work. The power related to the mechanical work is:

Powerl) = —31; () LML) (73)

in which:

MY = f - f al—— e le (74)

and this is equal to minus the derivative of the field energy:

E)[g]eld 2= h(t) LMY, (75)

which is what is expected from Equation (71) for the case that there is no Poynting contri-
bution. We underline that those contributions are not related the relativistic engine effect
as none of the terms depends on the engine velocity 7, and thus the above expression will
be valid even if the engine is infinitely massive and no motion occurs.

53. n=1

For n = 1 we conclude that the energy equation of order one is indeed balanced in a
trivial way. Equation (71) is satisfied in the sense that 0 = 0. From now on we will disregard
in our calculations any field term of order one, as their contribution to any expression is
obviously null.

54.n=2

We conclude that the energy equation of the second order is indeed balanced. Me-
chanical work invested or extracted in the system results in increase or decrease in the
field energy accordingly. To be more specific the magnetic field energy is affected by the
mechanical work. The power related to the mechanical work is:

a3 L
Powergzz] = —8‘;22 di‘?’ Izygfdlz dlRyp (76)

and this is equal to minus the derivative of the field energy:

2 Ho d 11
Ej[leezd 2= 372 R 1 ]{f dly - dlp)Ryp. (77)

which is what is expected for the case that there is no Poynting contribution. We underline
that those contributions are not related the relativistic engine effect as non of the terms
depends on the engine velocity 7, and thus the above expression will be valid even if the
engine is infinitely massive and no motion occurs. We do not expect any relativistic engine
contributions for orders smaller than ~1- For a phasor current of frequency w we obtain
a relativistic correction to the classical mutual inductance which is important for large
systems with high frequency.

M2 = "0“’ ]f T - 7{ TRy (78)

55.n=3

We conclude that the energy of the third order is indeed balanced. Mechanical work
invested or extracted in the system results in increase or decrease in the field energy
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accordingly. To be more specific the magnetic field energy is affected by the mechanical
work. The power related to the mechanical work is:

3 po dih(t)
Powerl) = o ) 74 f di; - di>R2, (79)

and this is equal to minus the derivative of the volume field energy:

EB po dL(t
Efietav 120 = T AP ]{ j{ (dl; - dI))R?, (80)

However, for the third order in 7 there is also a surface contribution to the field energy:

3
3] po  @hL(t) z 2

Efielas 12 = 973 b i Ary - Any. (81)

in which: 1
A’rziffxdf (82)

such that the total field energy is:
(3] 3] 3]

Eficta 12 = Efietav 12 T Efietas 12 (83)

The change in the field energy through the surface terms results in radiation as described
by the Poynting flux:

AL - -
?{sp - hda —9L 8 d;ﬁ ) ry - Ary. (84)

curiously this flux can be avoided by configuring the loops to be orthogonal to each
other [19]. We underline that third order contributions are not related the relativistic engine
effect as non of the terms depends on the engine velocity 7, and thus the above expression
will be valid even if the engine is infinitely massive and no motion occurs. We do not
expect any relativistic engine contributions for orders smaller than cl4 For a phasor current
of frequency w the result indicates a resistive relativistic correction to the classical mutual
inductance which is important for large systems with high frequency.

M = ”‘0“’ f - 74 AR, (85)

56.n=4

We conclude that the energy of the fourth order is indeed balanced. Mechanical
work invested or extracted in the system results in increase or decrease in the field energy
accordingly. In the fourth order both electric and magnetic field energies are affected by
the mechanical work. The power related to the mechanical work is:

4 d° I dE
Power! = — 5 6}262 d15 I jf ﬂ{ (dh - dly) RS, + 6=k, (86)

it contains both work done by the mutual inductance and on the relativistic engine. This is
equal to minus the derivative of the volume field energy:

E4 —6E Ho_d*L(t) (d - di
fieldV 12— mech + 967‘[C4 T 1° Z)R (87)

The total field energy is s made of an electric part:

4
E)[EJ]‘zeld 127 —2Eyech- (88)
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and a magnetic part:

4] _ po d*L(t
EMfietav 12 = ~%Emeen + 53— IZ%]{ (dly - dlp)R3,. (89)

Moreover, for the fourth order in 1 there is also a surface contribution to the field energy
which satisfies:

dE/[4]ld5 12
4] a4
fle = /dan ;[mm B2 ) = —fSSL]u-nda (90)
such that the total field energy is:
(4] _ 4 (4]
Eficta 12 = Efietav 12 T Efieras 12 ©1)

The change in the field energy through the surface terms results in radiation as described
by the Poynting flux:

4l oo Mo [l o po dL(t)
fsspu'”da_(4n)2fispl2'”d”__480nc4 a5 [2Rmax
¢ F (70l -db) (3 - %) + 20T - Zo) (- 1) ). (92)

We underline that fourth order contributions are the only one that are related to the
relativistic engine effect as some of the terms depends on the engine velocity 7. If the
engine is infinitely massive and no motion occurs, we are left with the mutual inductance
correction terms and radiation terms which involve higher order derivatives. For a phasor
current of frequency w we obtain a relativistic correction to the classical mutual inductance
which is important for large systems with high frequency.

T 7{ L RS, (93)

6. Conclusions

A relativistic engine is not a “perpetuum mobile” it requires energy to operate. The en-
ergy needed for its operation comes at the expanse of the electromagnetic field energy.
Moreover, we have shown that the total energy required is six times the mechanical energy
obtained by the engine as energy must be invested also in driving the needed current for
its operation through the loops (see Equations (A182) and (A195)). Two times comes at the
expense of the electric field energy and four times at the expense of the magnetic field energy. Notice
that we have not taken resistive losses into account but if the coils are not superconductive
this should be taken into account as well. As we collected all the terms up to and including
C% we have encountered for most of the time terms that can be thought of as relativistic
corrections to the mutual inductance formula and are not connected in any way to the

relativistic engine effect. For order there are also radiation losses which may be avoided

by cleverly constructing the loop c01ls orthogonal to each other. For order % 2 the nature
of our series expansion prevents us from evaluating the radiation flux at infinity and we
must suffice with the radiation flux over a sphere of radius R;sx which is the distance after
which our approximation becomes invalid.

In this work we have only dealt with the energy exchange due to the interaction
of two loops but of course even a single loop looses energy due to radiation. Future
works will consider other relativistic concepts such as an electric (rather than magnetic)
relativistic engine. We will also be interested in studying the relativistic ramifications of
small body moving in a large structure generating an “external field”. In such a body
we expect additional contribution to the main “classical” force which are due to the
relativistic retardation.
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Finally we remark that although an energy of 6E,,,..;, seems excessive and inefficient,
it is highly efficient with respect to other types of engines which are purely electromagnetic.
For example, to reach a momentum p using a photon engine one needs an energy of

E, = pc while for a relativistic engine an energy of E, = 3pvs. will suffice. The ratio is

E
£ = 3, which is a huge number for non relativistic speeds.
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Appendix A. Energy Balance fromn = 0ton = 4
Appendix Al.n =0

Let us look at Equation (71) and study it for the zeroth order in %:

/[0
Power;[g] = fldd 12 ]{ 15 - fida. (A1)

Appendix A.1.1. Power

We shall start by calculating Powergoz], according to Equation (72):

Power|Y) = 47 (Il(t) f di - E%(x) + L(1) f dl - Eﬂ(”(zz)). (A2)

The field E'I% can only come from the vector potential A’} = A’() as all other A"(") are of
higher order in 11, hence according to Equation (56):

A (%, 1) = AO)(%,¢) = I(t ]f d? (A3)

According to Equation (59):

. . 5 1 3 7s. - ﬁ(t)
O = 00 = —au1(t) fdis — 1)l Dt A4
t t ( ) R(t) ( ) R?’(t) (A4)
However, the second term in the above equation is of order of and will be dealt with
later. Hence:

B0l — _3,1(t) 74 i (A5)

R(t)
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we notice that the derivative of the integral is of order ( )2 hence does not contribute to
the zeroth order. Now since the second coil has a constant current this leads to the result:

=0. (A6)
Inserting the above result into Equation (A2) yields:
Power!Y) = a7 I(1) ]{ diy - El%(z). (A7)

Inserting Equation (A5) into Equation (A7) will yield the expression:

=

ol _ _ ?{j{:.* 1 — %%
POZU€1’12 47'[8,}[1(1’)12 dl-d éRu(t), Rp=X1—-Xx (A8)

This can be written in terms of the familiar mutual inductance [3]:

M =10 fai. de2 ER— (A9)

Powergoz] = 1210 Powerl[ I = —atll(t)leg (A10)

as:

[0]

We notice that Power;, may be positive or negative according to the relative position of the
current loops and current directions, hence, energy can be invested or extracted from the
combined system according to the system configuration.

Appendix A.1.2. Field Energy

Turning our attention next to field energy defined in Equation (68):
g0l g [0] 3
fzeld 12 — / B d”x (A1)
B'l% is calculated according to Equation (61) as:
B0 = ¥ x A0, (A12)

Now since A’} = A"(0) we may use Equation (56) to obtain:

B0z f dl x Vo ]{ dl (A13)
Inserting Equation (A13) into Equation (A11) will yield:
Eftlan = h(0)L [ @ (A14)

in which we recall that I is time independent. Using a well known identity from vector
analysis we may write:

/(0] _ 3y = 1
Egean = 12/d 7{% (ah - diz) () sz(t))
_ 4L RV, A15
V) O ) (419
We shall show in the Appendix B that:
3 :. 5 S 1 B
[ & ¢ fuai )V )] =0 (A16)
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Hence: i 1
,[0] - 5 = — —
Efiela12 = Il(t)IZ/dSij{[(dll 'dZZ)(VRl(t) 'sz(t) )] (A17)
Now: 1 1 1 1 1 1
v -V =V- v — V2 A18
RO VRO RO RO RO RO (A19)
Taking into account that [3]:
.o 1 .
Vi_—— = —4m5(R A19
Rz(t) ( 2) ( )
in which 6(R;) is a three dimensional delta function, we have:
1 -1 - 1 = 1 47 =
\Y% -V =V. \% + 0(R»). A20
RO VRO ®O RO RO (420

The first term in the right hand side is a divergence. Thus, using Gauss theorem its volume
integral will become a surface integral, the second term is a delta function. This means that
there is no contribution to the volume integral from the delta term unless ¥ = ¥,. We may
now write Equation (A17) as follows:

10] . - N 1 = 1 47
Bl = (012 f (@ -db)[( [ ot ¥ )+ ol a2

Let us look at the surface integral and assume that the system is contained inside an infinite
sphere. On the surface of such a sphere:

dan = r2dQF, 7= % (A22)
dQ) is an infinitesimal solid angle. Now since r = |¥| — oo on the surface and:
= x
R:f—f’:r(?—7) (A23)
it follows that:
X' X'
R:\56—3?’|:r|?—7|:r(1—?~7):r—?-f’ (A24)

up to second order in the infinitesimal quantity %/ Furthermore, for the same reason:

1 1, F
= i) (A25)

to the same order. Furthermore, also:

bvdl bv14
3.3 . X 1 1 . X
o R e .s) (a27)
R R 2 TS

Using the above results we conclude that:

. 1.1 1 4n
Jim [ dat- oy VRpy T A, ) 407 =~ lim == =0 (A28)

Hence:

1[0] . = =~ 47T
Efita12 = Il(f)lzf]{(dll 'dlz)[Ru(t)]- (A29)
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And 0 Koo 0
E field 12 = (4n)z E field 12 = L() M, . (A30)
where we took advantage of the mutual inductance term defined in Equation (A9).
Appendix A.1.3. Poynting Vector
Finally we shall study the Poynting vector:
0 0] _ glo] | =[0] _ /[0
5% = B < B + B x B (A31)
Taking into account that Ego] is null according to Equation (A6) this simplifies to:
a’lo 0
5% = El9 < BY". (A32)

Now the Poynting vector term which is usually associated with radiation only contributes
to the energy balance on a surface encapsulating the system under consideration (see
Equation (71)). Taking this surface to be spherical and at infinity we deduce that only the

asymptotic forms of Eg[o] and B‘;[O] are of interest for the purpose of evaluating the Poynting
vector contribution. According to Equation (A5):

ﬂ/[o] _ f‘ = ]_ _ f‘ A
E (1) A = W)= dii- 3 (A33)

In which we use the approximation given in Equation (A25) and take into account that
$ dl = 0. The magnetic field is given in Equation (A13):

BNz, £) = I(t) 7{ dl x II;((Z

in the above we used again the identity § dl = 0. We shall define the quantity:

N f dl x| — 7. (A34)

A= j{dfx B(7- )7 — 7). (A35)

for future use. From the above it easy to see that:

7[0]
rlgglo S p12% 75 (A36)
and thus it is easy to see that:
]{ Sty o = lim # (S, -7)rd0 = 0 (A37)

hence there is no Poynting vector contribution to the energy balance. Thus, is the quasi
static approximation there is no radiation losses as expected.

Appendix A.1.4. Intermediate Account

We conclude that the energy equation of order zero is indeed balanced. Mechanical
work invested or extracted in the system results in increase or decrease in the field energy
accordingly. To be more specific the magnetic field energy is affected by the mechanical
work. The power related to the mechanical work is:

Powerg = —adtf; (t)IzMg (A38)
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and this is equal to minus the derivative of the field energy:
0 0
Efug 12 = h() LM, (A39)

which is what is expected from Equation (71) for the case that there is no Poynting contri-
bution. We underline that those contributions are not related the relativistic engine effect
as none of the terms depends on the engine velocity 7, and thus the above expression will
be valid even if the engine is infinitely massive and no motion occurs.

Appendix A2.n =1
Let us look at Equation (71) and study it for the first order in %:

1]
m 912 1] 4
Powerj," = R TEE ?g Sp 1o - fida. (A40)

Appendix A.2.1. Power

We shall start by calculating Powerglz], according to Equation (72):

Power!ll = 47 <Il(t) 7! diy - BV (%) + L(t) ]{ diy - Il (552)). (Ad1)

The field 'l can only come from the vector potential A’ll], As A’1) = 0 (see Equation (57))
it follows that A’(!l = 0 and hence by Equation (58) :

E'll =o. (A42)

It then follows that:
/

Powerl[zl] =0. (A43)

Hence no mechanical work is invested nor extracted for a relativistic engine in the first
order of %

Appendix A.2.2. Field Energy
Turning our attention next to field energy defined in Equation (68):

Efar = 1B B+ B B0, (Add)

Bl is calculated according to Equation (61) as:
Bl =¥ x A0, (A45)
Now since A’lll = 0 we may use Equation (A45) to obtain:
BNz 1) =o. (A46)
for the magnetic field generated from both coils. Inserting Equation (A46) into Equation (A44)
will yield:

Mmoo
Efieta12 =0 (A47)

Hence there is no contribution from first order terms in 1 to the field energy of a relativistic
engine neither.
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Appendix A.2.3. Poynting Vector
Finally we shall study the Poynting vector:

§;[11]2 = E;[O] X gé[l] + E;[l] X E;[O] + E;[ I % B {e ] [ I'x E;[O] (A48)

According to Equations (A42) and (A46) all the above terms vanish and we have:

1] 1 4
§,=0= 7{ g1 fda =0, (A49)
Appendix A.2.4. Intermediate Account

We conclude that the energy equation of order one is indeed balanced in a trivial
way. Equation (71) is satisfied in the sense that 0 = 0. From now on we will disregard
in our calculations any field term of order one, as their contribution to any expression is
obviously null.

Appendix A.3. n =2
Let us look at Equation (71) and study it for the second order in %:

Powerl[z] = - fldd 12 ?{SP 1o - fida. (A50)

Appendix A.3.1. Power

We shall start by calculating Power%], according to Equation (72):

Power!? = 4 <11(t) 74 di; - EP(%)) + L(t) f dl, - Egm(@)). (A51)

The field E'? can only come from the vector potential A’ and A0, A'0) is given
in Equation (A3) while A’ can be deduce from A’ which can be calculated using
Equation (53) as:

2 -
7@z~ L4 ?{ 7
A (%, 1) 22 72 [I(t)' le(t)], (A52)
Or explicitly as:
2 - -
70z — L df(f)%ﬂ df()%ﬂﬁ
AN (%, 1) 202{ ol dIR(t) — i dIR - Us.
S[1 o o o dU
+ I(t)]{dl[R(va) —R-dt]}, (A53)

in which we have used Equation (55). It is clear that A'?) contain contributions to A’/ but
also to A’l¥) and A’} (but not to odd A")’s). For now we will only be interested in A’
which is:

S 1 d%1(t)
112] — %
A%, =52 dt2 dl| R(t (A54)
Combining the above result with Equations (59) and (A4) yields:
- 1 dI(t) - R(t)
2l — ]{ f oK)
E 52 P le dl 0 (A55)

Now since the second coil has a constant current this leads to the result:

EA =g f{ di; A. (A56)
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Inserting the above results into Equation (A51) yields:
5 7s. - R
Powerl[z] = — 47T11(t)12f.fd11 dlzvs 12
Rlz
R
~ anh(Oh § fai- af; % Ra
_ 2 dh(n), f]?dz LR (A57)
C2 dt?) 2 1 6i21812
In the above:
Ry =% — % = —Rip = Ryy = |[Ro1| = [Riz| = Rpz (A58)

Inserting Equation (A58) into Equation (A57) will result in the cancellation of the first
two terms:

3
Power!2 = Zcfd (23 I ?f ]{ diy - ARy (A59)
Hence:
2 Ho 2 po dPL(t
Power = " S Power|2 = — oL )1, ]f 7§ di - 3Ry (AG0)
2]

We notice that Power;; may be positive or negative according to the relative position of the
current loops and current directions and third derivative, hence, energy can be invested
or extracted from the combined system according to the system configuration. We also
notice that this term has nothing to do with the relativistic engine effect as it is completely
independent of the mass of the engine and will exist also for an infinitely heavy motor.
This is to be expected as the relativistic engine effect is fourth order in % and not second
order. We will interpret the double integral 55 f dl_é . dERlz in the next subsection dealing
with the field energy.

Appendix A.3.2. Field Energy

Turning our attention next to field energy defined in Equation (68) we obtain the

following expression for second order terms in %:

E}[lze]ld 2= /(Clzﬁi[o] /[O] +B) . Eé[ = B/m ”;“”)d%, (A61)

in which we are reminded that there are no field contributions which are first order in %

According to Equation (A6) the zeroth order electric field for the static current second coil
is null, hence:

2 3/[0 / 2 /[0
Ef[zg]ld = /(Bl[ ] [ ] + B /2 ] 2[ ]>d3x, (A62)
B'1? is calculated according to Equation (61) as:
Bl =v x A1, (A63)

Taking into account Equation (A54) the second order correction to the magnetic field is thus:

_ 1 d2I(t) 1 d21(t) [ > R(t)
2] (3
B (X, 1) = 52 dt2 %dl VR(t 52 A %dlx Ok (A64)

Hence for a static coil:
B2 1 =0 (A65)
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Furthermore, thus:
2 5/l2] | g/00] 53
Efzeld 12 — /B B d’x (A66)
Inserting Equation (A13) into Equation (A11) will yield:

2] 1 d?L(t) 3
Efiia12 = 52 1 Bx b diy x VR () - ¢ dly x ¥

% ( j (A67)

in which we recall that I is time independent. Using a well known identity from vector
analysis we may write:

2] B 1d211 3 af. - i) = 1
Efila1n = I/d j{f I -db) VRl(t)'sz(t))

— (dh-V Rz )@l VR (1)) (A68)

Let us look at the integral expression

inty = [ dx § f1dh -9 o) @l - TR (1) (A69)

This is an expression of the type described in Equation (A305) of Appendix B with h = R%
and ¢ = R;. According to Appendix A the expression in Equation (A69) can be expressed
as a surface integral. Assuming that our system is contained in an infinite sphere we have
according to Equations (A316) and (A22):

inty = ]{ f dlydlyy lim f 4O P20 Ry — (A70)
r—»00 R,
Now: .
Riny N
IRy = —— = Ryp (A71)
Ry
This can be calculated up to second order in *! using Equations (A23) and (A24) as
o R 1. .. . . X
Riw = fu - (Fun(? - 1) = 1) + O((21)?). (A72)

Similarly according to Equation (A25):

1 1], 7% x
= r[1+ = +o((:)2)]. (A73)

Plugging Equations (A72) and (A73) into Equation (A70) we obtain:

inty = ]{ 74 L1l lim f A0 r#,
r (o)

[fm (P 71) — T) +0((2D) )} {

() )] (A74)

The O ( ( ’(7/ )2) terms will not contribute in the limit of infinite radius and thus we may write:

inty = § § diyydly, lim § 017, [fm+ oo 0) 7 )] [H & "2] (A75)
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multiplying the square brackets explicitly we obtain:
. . . 1 S
int, = j{]{dllndlzm rli)ngo%d() rin {rm +o (P (7 - (X1 +X2)) — X1m)
X1%2
+ o(%32)] (A76)
in the limit of large r:
1 -
inty = %%dllndlzﬂ, lim ?{dQ iy {rm + - (rm( (X1 +%2)) — X1m) (A77)
Now we notice that performing a loop integral over a constant C we obtain a null result:
f il-C=0 (A78)
Since neither of the terms in the square bracket depends on both ¥; and ¥, (they depend

on either ¥ or ¥, or non of them) certainly one of the loop integrals of Equation (A77) will
vanish (or both), hence int, = 0 and thus Equation (A68) takes the form:

1 d?I( N

Eflin =52 d12 L [ @x § §1(dl-db) (VR (1) - ¥ ))]. (A79)

Now: , 1 .
VRy(t) - Vo—x = V- (R (H)V — Ry(HV? A80
1( ) Rz(t) ( 1( ) R, i’)) l( ) Rg(t) ( )

Taking into account Equation (A19), we have:

= - 1 = = 1 =
VRi(t) -V =V - (Ri(H)V +47R(t)d(R). A81
1( ) Rz(t) ( 1( ) Rz(t)) T 1( ) ( 2) ( )

The first term in the right hand side is a divergence. Thus, using Gauss theorem its volume
integral will become a surface integral, the second term is a delta function. This means that
there is no contribution to the volume integral from the delta term unless ¥ = X,. We may
now write Equation (A79) as follows:

2] 1 d’I; (t)
i = 50— f}’{ (ahs - diy)[ [ dan- R ()

Let us look at the surface integral and assume as usual that the system is contained inside

an infinite sphere.
. = 1
inty = j{f dlz /dan Rq(t )V Ro()

_ 2a =
- ffdll db) lim [ Q7% - Ry DY

(). (A82)

(A83)

Using Equations (A24) and (A27) this can be written as:

inty = fjfdzl dly) lim [ Q2 r{l—r +O((r))]

F—00
1

" [”r (B(F-%)f — )+O((Xf)2” (A84)

r
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Or also as:

r—0oo

int; — —ff(dfl.dz; ) lim er[l—r x1+o((xl)2)}
[1+i(?-f2)+0((?)2)] (A85)

In the limit of large r the terms O((%)?) will not contribute, hence:

ints = —f]f(dfl i) lim dm[l Y ﬂ [1 n %(? - 552)] (A86)

multiplying the square brackets explicitly we obtain:

r—o0

inty = ff (dl; - diy) lim [ dQ) r[1 + 1(2 B P 7) +o((x;§2))] (A87)
the term O (( 2 )) will not contribute, hence:

inty = y{]{ dl1 dlz lim dﬂr{l—i— 1( ﬂz—?'fl)] =0 (A88)

r—o0
Since neither of the terms in the square bracket depends on both ¥; and ¥, (they depend
on either ¥ or ¥, or non of them) certainly one of the loop integrals of Equation (A77) will

vanish (or both) being a loop integral over a constant vector (see Equation (A78)), hence
int3 = 0 and thus Equation (A82) takes the simple form:

2] 27 d?1;(t)
Efita1n = =2 e ]{ f (dl - dl3)Rya. (A89)
And: ,
2] Mo 2 Ho d*L(t
Efiea12 = @n)? Efina12 = 372 ap ]{ j{ (dhy - dly) Ry (A90)

For a phasor current with frequency w:

() = Lo, j=+/-1 (A91)
we obtain a second order correction to the mutual inductance of the form [18]:
2 .
2 w? [ [
M = o e fdll : 74 dlhR 1 (A92)
Such that: 2 2
Efieta 120 = h(t) M5 (A93)

Obviously the larger the system and the higher the frequency the more important this
correction is. We stress that this term is not related to the relativistic engine effect and will
exist even for an engine of “infinite” mass.

Appendix A.3.3. Poynting Vector
Finally we shall study the Poynting vector:

52, = B x B+ B x B B« B B < B0 (A%4)
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[0]

Taking into account that Ez is null according to Equation (A6) and Bém is null according
to Equation (A65) this simplifies to:

5% = B < By + B < B (A95)
Now the Poynting vector terms which are usually associated with radiation only contributes
to the energy balance on a surface encapsulating the system under consideration (see
Equation (71)). Taking this surface to be spherical and at infinity we deduce that only the
asymptotic forms of E'l2l and B'lV) are of interest for the purpose of evaluating the Poynting
vector contribution. According to Equation (A55):

= 1 d3I 5 Ts.- R(t
R dt3 ]{ dIR (1) — 1() f dl R3(t§) (A96)

Taking into account the asymptotic forms given in Equations (A24) and (A27) and taking
into account that ¢ dl = 0., we arrive at the asymptotic form:

2]

3
~ %d;g) %dl ARt %fdl[ﬁsuf’ 3@ )RR (A97)

Hence for an asymptotic field created by a time dependent current we have the form :

—»/[2] 1 d3I] A
B e L fdha (A98)

However, for an asymptotic field created by a time independent current we have the form :
2] -
B~ 74 Al [s. - %5 — 3(s. - 7) (7 - )] (A99)

The asymptotic form of the magnetic field B/l is given in Equations (A34) and (A35):

0] (= I(HA
B'ON(%, 1) ~ (72‘ (A100)
From the above it easy to see that:
lim &2 o L (A101)

P op12 & P

of course the contribution from Equation (A99) will go to zero much faster as: . This term
is only obtained when I; () is time dependent. It easy to see that:

12 A . a2l a2 _
745 da = lim (5%, 7)r*d02 = 0 (A102)
hence there is no Poynting vector contribution to the energy balance. This is expected as
the mechanical work is balanced by the field energy loss exactly in second order terms of %

Appendix A.3.4. Intermediate Account

We conclude that the energy equation of the second order is indeed balanced. Me-
chanical work invested or extracted in the system results in increase or decrease in the field
energy accordingly. To be more specific the magnetic field energy is affected by the me-
chanical work. The power related to the mechanical work is according to Equation (A60):

B (
Power = _SZ(Z2 d; I 74 f diy - d Ry, (A103)
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and this is equal to minus the derivative of the field energy Equation (A90):

Efin = 5o & ;2 2§ § - 4Rz (A104)
which is what is expected from Equation (A50) for the case that there is no Poynting
contribution. We underline that those contributions are not related the relativistic engine
effect as none of the terms depends on the engine velocity @, and thus the above expression
will be valid even if the engine is infinitely massive and no motion occurs. We do not
expect any relativistic engine contributions for orders smaller than . For a phasor current
of frequency w Equation (A92) indicates a relativistic correction to the classical mutual
inductance which is important for large systems with high frequency.

Appendix Ad. n =3
Let us look at Equation (71) and study it for the third order in %:

Poweryy) = ——Lt12 7{5 51, - ada. (A105)

Appendix A.4.1. Power

We shall start by calculating Power%], according to Equation (72):

Power3) = 47 <Il(t) f diy - P (%)) + L(t) f dl - E;[?’](zz)). (A106)

The field £/ can only come from the vector potential A'®l and A’ A’ll] is null according
to Equation (57) while A’Bl can be deduce from A’®) which can be calculated using
Equation (53). As expected, the higher the frequency the more pronounced the relativistic
effect is. A third order correction to the magnetic field in a relativistic motor can be derived
from the third term A’ in the sum given in Equation (52):

1 & e
B (v gy — 1 A 7{ 2 v
AN (%, t) TS [I(t). dIR (t)] (A107)
Now it is clear that this expressmn contains terms of the order of and higher (including

terms of the order L e and 1 7). However, it is easy to see that there are no third order
corrections to the vector potential except:

3
A8z, p) = _%d dlt S 74 TR (1) (A108)

Now using Equation (58) we arrive at the following equation for EP:

]. d41
(3] 2

in which we maintained only terms of the order of but not higher. From which it is
clear that:

EF =0 (A110)

for a constant current loop. Hence according to Equation (72):

Powerl[z} = 47’(12?{0112 /[3](9(2). (A111)
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3 27 dil(t
Power}§) = 2% d; L § §i-diR}, (A112)
Hence:
Bl _ Mo B _ o d(t
Power() = 2 powerty) = SE0 S L )1, 7{ 74 di; - dR2, (A113)

B3]

We notice that Power;; may be positive or negative according to the relative position of the
current loops and current directions and fourth derivative, hence, energy can be invested
or extracted from the combined system according to the system configuration. We also
notice that this term has nothing to do with the relativistic engine effect as it is completely
independent of the mass of the engine and will exist also for an infinitely heavy motor.
This is to be expected as the relativistic engine effect is fourth order in % and not third order.
We will interpret the double integral § § dly - dl_éR%z in the next subsection dealing with the
field energy.

Appendix A.4.2. Field Energy

Turning our attention next to field energy defined in Equation (68) we obtain the

following expression for third order terms in %:

Ef[zae]ld = /(EQ[O] /[3} + B Bl ;[O]>d3xf (A114)

in which we are reminded that there are no field contributions which are first order in %

BBl is calculated according to Equation (61) as:
BB =V x ABI, (A115)

Taking into account Equation (A108) the third order correction to the magnetic field is thus:

" 1 d®I(t) 1 dBI(t) [ 5 =
BBl(zt) = 74111 R3(t) = f dl x R(t A116
(%) = 6c3 df x VRA(t) T 33 df ( )
in which we have used:
VR? = 2RVR = 2RR = 2R (A117)
Hence for a static coil:
Bz =o0. (A118)
Furthermore, thus:
21[3] /[0
fzeld 2= / By X. (A119)

Inserting Equation (A13) into Equation (A11) will yield:

p 1 dL( 3 & @p2
Efira12 = ~¢3 g I/d ]gdl VRi(t)

in which we recall that I is time independent. Using a well known identity from vector
analysis we may write:

/3] __1.dnh@) 3 R oL
iz = ~g3 G Ui [ f f1ah-ab) (IR V)

)(dl - VRE(1))]. (Al21)

(A120)

TR
(dh Ry(t)

Let us look at the integral expression

1nt4—/d3 7{% ;16

><dfz - VR3(1))] (A122)
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Such that:

/) 1VAdh(), [ s - 1
Eflgld 127 T3 B /d 7{% dlz R3(t) - VRZ t)) — inty). (A123)

This is an expression of the type described in Equation (A305) of Appendix B with h = -

and ¢ = R2. According to Appendix A the expression in Equation (A122) can be expressed
as a surface integral. Assuming that our system is contained in an infinite sphere we have
according to Equations (A316) and (A22):

int, — ]f 7{ Lyl Tim f 10 rzfnamR%Riz (A124)

Now:
OmR? = 2Ry, (A125)

This can be calculated using Equation (A23) as:
] PN X1m
Rim = 1l — 2, (A126)
Similarly according to Equation (A25):
1 1
R r

Plugging Equations (A126) and (A127) into Equation (A128) we obtain:

(( 2) )] (A127)

inty =2 f 7{ Al lim ]{ 40 125,
-] 1 2 o(2) i

Now we recall that performing a loop integral over a constant C we obtain a null result:

f al-C=0 (A129)

The only term that contribute must depend on both ¥; and X, thus Equation (A128) takes
the form:

int, = —2 74 f Ly lim ]f 40 rZ?nxle [r 'rxz n o((xf)z)] (A130)

Furthermore, taking the limit we obtain:

inty = —2%%dllnd12m%d0?nxlm? <X
~ jf ]{ ALyl X1 o ]{ dO% (A131)
According to [3]:
A 4
74 A = b (A132)

in which 9, is a Kronecker delta, hence:

inty = *8% %dllndZmelmXZn = *8% 7{ %(dlq %) (dly - %) (A133)

Hence although int, is a surface integral at infinity it does not vanish which indicates
radiation. The radiation contribution to the energy balance will be discussed further in the
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next subsection in which we shall consider the Poynting flux contribution. Let us now look
at the first part of the integral:

= 1
ints = [ dx § fl(ah - i) (VRE(H) - ¥ . A134
5 2 1( ) Rz(i’) )} ( )
Such that: ;
/3 1 d°L(t), .. .
f[ze]ld 2= "3 dig )12[1nt5 — inty]. (A135)
Now: , , ,
200\ O _ % 204\ _ R2(1)T2
VRi(t) VRz(t) \Y (Rl(t)sz(t)) Ri(t)V R (D) (A136)
Taking into account Equation (A19), we have
VR3(t) -V L _¢ (R3(HV L ) 4+ 47R2(1)8(Ry). (A137)
! Ra(t) PRy (8) !

The first term in the right hand side is a divergence. Thus, using Gauss theorem its volume
integral will become a surface integral, the second term is a delta function. This means that
there is no contribution to the volume integral from that terms unless ¥ = ¥,. We may now
write Equation (A122) as follows:

ints = § f (s -aly)( [ dan - K3(1)¥ Rzl(t) 2 (1)), (A138)

Let us look at the surface integral and assume as usual that the system is contained inside

an infinite sphere.
inte = § J(dh-dby) [ o K39 L
Ry(t)

R
_ 24 2 2
- ]( ]{ (dly - diy) tim [ 40 7% - R3¢ 0 (A139)
We denote: -
- R,
G = R3(t) (A140)
FURS()

and show in Appendix C that:

]{ ]{ (dl - ) lim / 4072 G = ?f 7{ (dl; - diy) / 407 - %) (A141)
r o0

Hence:
intg = —j[?! (diy - diy) /dQ?-(Z(?-fl)fz)
- 2 74 f (dl; - i) X1mXon / dOF P (A142)
Now taking int account Equation (A132) we obtain the result:
intg = ——fjl{ dl1 dlz ) (%1 - Xo). (A143)

Hence:

ints — 47 j{ 7{ dl, - dly)R2,(t) f f (dl; - di3) (%, - Ta). (A144)
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Now inserting Equations (A144) and (A133) into Equation (A135) will yield:

3] 2 dL(t) Lo
Efield 12 3C3 s 7{% dll dlZ R 3 ff.(dll . dlz)(xl . x2)
+ 57{%(‘111 %) (dly - %1)). (A145)
we will dissect the above expression into volume and surface contributions such that:
/13 _ 27T d3 11
Ef[ie]ldV 2= 733 P 12]{]{ dl -dl)R3, (A146)
13 _ AmdPL(t) Lo
Ef[z‘e]lds P T j{]{(dll ~dl) (% - X2)
- f fun )| (A1)
3] /3] 3]
Efita12 = Efietav 12 T Efietas 12 (A148)
And:
3] Ho /i) po dh(t)
Efitav 12 = @n)? Efioav 12 = ~ 543 4P 7{% (dl - dly) R, (A149)

It can easily seen that the change in volume energy is balance by the mechanical work
done, see Equation (A113). For a phasor current with frequency w:

L(t) = e, j=+v-1 (A150)

we obtain a second order correction to the mutual inductance of the form [18]:

M = fzio“’ f d, - 7411121{12 (A151)
Such that: , ,
Ej[‘i]eld 2= L(HhLM. (A152)

Obviously the larger the system and the higher the frequency the more important this
correction is. We note that this term contains a j indicating that this correction is resistive.
We stress that this term is not related to the relativistic engine effect and will exist even for
an engine of “infinite” mass. Of course we have unbalanced surface terms with field energy:

3] Y RE) po dLi(t)
EB — E
fieldS 12 (47-[>2 fieldS 12 = 36c3 43 2
bf 7{(,11} -dl) (Ry - %) —jf]{(dz} ) (dl - 7). (A153)

The only way to balance the derivative of this term in the energy equation is by a Poynting
term which signifies the generation of radiation. Finally we notice the vector identity:

(%1 xdly) - (% x dlp) = (dI - dlp) (%, - X2) — (d] - %) (dly - %) (A154)
and the definition of a oriented Area:

Ar = % 7{ 2xdl (A155)
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and write Equation (A153) in a compact form:

Bl po  PL() z
Efielas 12 = g gl An - Ar. (A156)

Hence orthogonal current loops will generate a null surface field contribution.

Appendix A.4.3. Poynting Vector
Finally we shall study the Poynting vector:

11[31]2 = E’[O] ;[3] + E’;[3] 5 E;[O] + E;[ | o B Bl [ ] E;[O] (A157)

Taking into account that Ego] is null according to Equation (A6) and E;m

to Equation (A118) this simplifies to:

is null according

38, = B B0+ B B, (A158)

Further more according to Equation (A110) E;[S] is also null hence:

5P = EFP < By (A159)

The above expression can be calculated using Equations (A109) and (A13):

@3 b d* L(t Rzﬁz
2 T g3 g f?{dllx Ly

4
- 2400 ¢ i x (45 x G) (A160)

in we have used the definition of G given in Equation (A140). Doing some vector algebra
we have:

2 I d*I( %, o o
519, = 2O f Jlanal, - 6) - Gl - db)| (A161)
Now let us calculate the Poynting flux on an infinite sphere:
f 519, - ada = lim [ 82,7 Pdo. (A162)
r—oo

According to Equation (A161) this will take the form:

U _ L d*L(t) 2o ] a2
Sy1p - fida = e H dl (dl - G) — G(dl - d) | -7 2dQ).  (A163)
S [e¢]

According to Appendix C this can be calculated using the result of Equation (A333):

ad I d*Ii(
%5;[31]2 = 323 d14 /ermrnxln

f jf [t (Al - %) — o (dly - D). (A164)

Applying Equation (A132) we obtain:

Ny _Amh d*L(t o = = NT AT
7{‘9;[312 =50 d14 %f{ )l - %) — (%1 - %) (dl - dly)|. (A165)
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Taking into account Equations (A154) and (A155) we have finally:
4
&bl o Mo [P .. o d°h(t) 2 o
jésp o= 0 § Sy ida = 5T b T A i, (A166)

Thus, the Poynting radiation flux balances that change in surface field energy given in
Equation (A156) .

Appendix A.4.4. Intermediate Account

We conclude that the energy Equation (A105) of the third order is indeed balanced.
Mechanical work invested or extracted in the system results in increase or decrease in
the field energy accordingly. To be more specific the magnetic field energy is affected
by the mechanical work. The power related to the mechanical work is according to
Equation (A113):

5 _ _po d*L(t
Power() = 5 0 oL )1, ¢ b - dBR3, (A167)

and this is equal to minus the derivative of the volume field energy Equation (A149):

e po dL(t
Efietav 12 = T P Izj{f dly - dl)R3,. (A168)

However, for the third order i in ¢ 1 there is also a surface contribution to the field energy
given in Equation (A156):

3
3] po . d°L(t) » o
Efielas 12 = g gl An - Ar. (A169)

such that the total field energy is:

_ g

13 £l
E fietdv 12 1 Efielas 12 (A170)

field 12 —

The change in the field energy through the surface terms results in radiation as described
by the Poynting flux depicted in Equation (A166):

4
7{ Spha - fda = —E0 1 B ;ti ) Ar, - An. (A171)
curiously this flux can be avoided by configuring the loops to be orthogonal to each
other [19]. We underline that third order contributions are not related the relativistic engine
effect as non of the terms depends on the engine velocity 7, and thus the above expression
will be valid even if the engine is infinitely massive and no motion occurs. We do not
expect any relativistic engine contributions for orders smaller than Cl4 For a phasor current
of frequency w Equation (A151) indicates a resistive relativistic correction to the classical
mutual inductance which is important for large systems with high frequency.

M = ”‘0“’ 5 pdh - § dbRE, (A172)

Appendix A.5. n =4
Let us look at Equation (71) and study it for the fourth order in %:

4] fleld 12

Power,, = }AS 1o - fida. (A173)
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Appendix A.5.1. Power

We shall start by calculating Power?z], according to Equation (72):

Power!s) = 47 <11(t) % dly - B (7)) + L(t) }[ dl - Eﬂ‘”(s@z)). (A174)

The field E'® can only come from the vector potential A’/ and A’ Let us start by
analyzing the contribution of the A’?) term, according to Equation (A54) this is equal to:

q 1 d%I(t)
A (%) = ?{ IR(t A17

(x.6) 22 dt2 a (A175)
to calculate the electric field contribution to the fourth order according to Equation (58) we
shall take the temporal derivative of Equation (A175) but keep only fourth order terms,
thus we arrive at:

2
Ef(zn = 212 a dIt . %d 7. (A176)
where we use Equation (55), obviously this is not the only contribution to the electric field
of the fourth order and thus it is marked by the index , other contributions to the electric
field will be marked by ;. Hence for the static coil we have:

Ef(z 1) =0. (A177)
and thus:
Power'd) = an1, f diy - B (zy). (A178)

Plugging Equation (A176) into Equation (A178) leads to the result:

271 d? L(
Powe 1@ =z d; I f dly - 74 diRyy - . (A179)

Using Equation (14) for defining K12, we arrive at the form:

4] 2mh? d?I(t)

Poweruaf 2 a2 12K122 (A180)
or also: 2 21 (1)
4 Ho 4] _ pohm d"hL(t) . &
Powery;, = o 5> Power,, = e R [Kqp - T (A181)
Taking into account Equation (21) we have:
W _ AP
Powery,, = % - 7. (A182)

which is exactly the amount of mechanical power needed to drive the relativistic engine.
Unfortunately more power is needed to drive the currents through the coils as will be
demonstrated below.

Let us now derive an expression for A, the fourth order contribution will come
from A'(2) given in Equation (A53) but also from A'® defined in Equation (53):

4 ~
A®(%,1) = 2417;? {I(t) fdﬁ@(t)} (A183)

We notice that there are no contributions from A’(®) which Contains only odd powers of
1 . It is clear that Equation (A183) contains terms of the order of and higher (including
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terms of the order C%,Clg and C%). However, it is easy to see that there are no fourth order
corrections to the vector potential coming from Equation (A183) except:

1 d*I(t) 34
S f dIR3( (A184)

Taking into account Equation (A184) and the fourth order contributions from Equation (A53)
we obtain the expression:

= 1 d*I(¢) 1 dI R 1(t) d
4] (2 ¢y — 3 =
A'M(%, 1) = YR j{le -2 fd R-7— a2 ?{d (A185)
We shall define: .
Al = 241C4 a dIt y 74le3 (A186)

for future reference. Now using Equation (58) and keeping only fourth order contributions

/4]

we arrive at the following equation for E

. 1 d°I( % 3 dzl(t)% o
B 24 dt5 AR+ =g § AR
" 2=
232 d;t 74le —+—) fdlfz-%. (A187)

We shall define for future reference the mutual inductance fourth order electric field:

/4]
o) 1 It ?5 3 AL
Epui = ~ 572 dt5 dIR3(t) = =i (A188)

the last equation sign is correct up to the fourth power in % It is clear that for a constant
current we have: )
/4] I SN d=v
Eal =25 jf dbRy - 23 (A189)
We shall write down the total electric field correction to fourth order in % for future
reference:

5 2
E + E 2404 dt5 le 2 2 dt2 diR
3 dI(t) [ =z, dT I(t) 5 dZ*
T 74 diR- S 74 dIR- 3. (A190)

Plugging Equations (A187) and (A189) into Equation (A173) will lead to the following
expression:

41 5 s . 427
Powerl[ ] = 72 [Il (t)[z f f(dll . dlz)Rlz . ﬁ

1 dL(t)
242 dt5 f 7§ (dly - di)R3 (1)

d?I (t
I dl - di )R
+ in 2%]{ 2)Ro1 -

+3d11 f%ssA dv
2dt 13

: N 42
+ 711 sz]fdzl i) 21-]. (A191)

dt?
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Now since Ry; = —R5 the first and fifth terms cancel. Furthermore, we obtain:
4 Ar[ 1 L)
Powery,, = = [ 2402 5 dll dl )R, (1)
d?1(t : R
I dl
BT 27{ ?{ 1)
3 dIl :» A dd
I . A192
AT 2747{ Rz dt} (A192)
Taking into account the definition of Ky, given in Equation (14) we have:
o An[ 1 L)
Powery,, = = [— YRR d11 dl YR, (t)
L), 2z 3dh(t) oz 4T
+ T2 Ibh“Kipp - Us. + > it Ihh*“Kio; - dt:| (A193)
Hence:
powerl = _HO 5 Power A _ po @h(t szy{ dll dlz Ry (t)
12b 1677 12b — 967TC4 A5 21
2
po d°Li(t) oz Bpo dL(t) , oz  dU
il dp Ibh“Kyyy - Us. + 8 dt Izh Kip - Jl (A194)

Now using the expression for the relativistic engine mechanical momentum Prech given in
Equation (21) we have:

W _ Mo 4] po dL(t)
Powei’lzb = 167 POwerub 967‘[64 i f.j{ dll dl R )
dﬁ = =4 dZJ
+2$ - Ts. + 38 o, - =
_ ko d° L(t 7{% @
= 9%t dP d(ly - )RSy + 5Pech - (A195)

Hence the total mechanical work done in the fourth order can be calculated using
Equations (A182) and (A195) as:

Powerﬁ] = Power%]a—i—Power?z]b
}40 d 11 d_‘
- 5 )L 74 f (@l - A5)RY; + 6P
_ Ho dSIl 7{% dEmech
= S6rn AP d11 dlz R (A196)

We notice that power invested is mechanical work to fourth order in % has two parts.
One which clearly is not related the relativistic engine effect and the other which clearly
is. As related to the mechanical power needed to operate the relativistic engine it is six
times greater then the change in kinetic energy of the engine itself, the rest of the power is
invested in driving the currents through the coils. An additional part which is related to
the fifth derivative of the current is not connected to relativistic engine effect and will exist
even for an infinitely heavy engine.
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Appendix A.5.2. Field Energy

Turning our attention next to field energy defined in Equation (68) we obtain the

following expression for fourth order term in %:

14 1 rzi0] =22 z=2] =100
Ean = [(5(E" B BB

+ BB BB 4 B B ) (A197)

in which we are reminded that there are no field contributions which are first order in %

According to Equation (A6) E;[O] = 0, and according to Equation (A65) E;m = 0, hence the
above equation simplifies as follows:

Efan= | (Clzﬁi[o] EF BB BB ”;[°]>d3x. (A198)

The field energy can be clearly partitioned to electric field and magnetic field contributions:

/4] — p'l4 /[4]
Efietan = EEfield 12t EMfield 12
/4] — /o, g2l 13
Ekfiaa1n = / Ey Hax
14 3/10] 574 /10 3
Efhin = /(Bl” ”+B 4B (A199)
We begin with evaluating E E[ f]l ie1d 12 DY using E 100 of Equation (A5) and EZ[Z] of Equation (A56).
Obtaining:
/4] Iz d11 3
Efia12 = 2 ]{ f dly - db) / d>x R2 R1 (A200)
We show in Appendix D (see also [17]) that:
2y = [ dx A201
TRz R2 R1 ( )
hence: - dI
1[4] Uy 1
o = 2 7{ ]f (dF; - di3)Rys. (A202)
Taking into account Equation (14) we obtain:
/4] 2l dl(t ) .,
Eefieran =~z g 05 Kize: (A203)
hence: a1 (1)
[4] _ Mo 4 _ ko dh(t), -
Efield 12 = (g;p)2 "Efield 12 = T g2 g Ls. - K. (A204)
using the mechanical momentum Equation (21) we thus obtain:
4 _ =
E][S}ml 13 = 05 Brech = —2Emech- (A205)

Turning our attention to the magnetic part of the field energy we notice that a fourth
order correction of the magnetic field B’ 4 is needed, this can be calculated according to
Equation (61) as:

—

Bl =v x A4, (A206)
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Taking into account Equation (A185) the fourth order correction to the magnetic field
is thus:

Bz ) — ]{ g_l””()]{ R 7) xdi
B'™(X, 1) 2C2 V(R x dl iR V(R 7) x dl
1 d*I(t) 3 5
+ fVR (t) x dI. (A207)
Hence for a static current:
U - Iz = A d

We shall find it convenient to label the different terms of the magnetic field of the fourth
order:

§/[4](f,f) - B'[4]+BH+BH
g~ 1) I ATy T
Ba - 2C2 ( d ) l
gl __1dll) [oos ¥
B" = 2 V(R -7) x dl
SUC . 1 d4 j{ 7
BY = Sa dl. (A209)
Furthermore, thus the magnetic energy can also be partitioned:
[4] /4] /4] /4] 1[4
Etfield 12 Eptfietd 120 T Emfietd 120 T Entfierd 126 T Enfierd 12¢
/4] _ g0l g4l 8
Enfiad 120 = / - By d x
/4] _ g4 ol 8
EMfield 12¢ = / -By " dx
114 ﬂ/ 4] 3/[0] 43
El\[/Ij]field 2 = / Y B
1[4] _ g4 ol
EMfield 12 = / - By d x. (A210)

We shall start by evaluating E;\[j}ie, 4 120+ Using Equations (A13) and (A208) we obtain:

/(4] t)h 3y PSR dv Ry
EMfzeldlZO 2C2 /d ff( 2 X V(Ro(t) - dt)) < 1 XV 1(t)> (A211)

Using a well known identity from vector analysis we may write:

/14] _ Il ) 3 v, = 1
Entfieta 120 = 202 /d %j{ dll dlZ < (Ra(t) - dt) \ Ry ()

=

V (R,
- (dlz v 1(0)(01?-@(1@(0"’5))}. (A212)

Let us look at the integral expression

mt7_/d3 75% (dls - U ) dl; - 6(R2(t).‘;:))] (A213)

This is an expression of the type described in Equation (A305) of Appendix B with g = R%
and h = Ry(t) - %. According to Appendix A the expression in Equation (A213) can be
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expressed as a surface integral. Assuming that our system is contained in an infinite sphere
we have according to Equations (A316) and (A22):

dv

. (A214)

int; = ]4 f el lim j{ 10 rzfnam Rz

The following asymptotic expressions will now come in handy (see Equations (A72) and (A84)):
- . x
(#(7 - %) —x2)+O((72)2). (A215)

I — —12[f,ﬁ1(3(?-*1)?m—zlm)+0((tl)2)} (A216)

Inserting Equations (A215) and (A216) into Equation (A214) and taking the limit will yield:
int; — — f ]( dlyudlo 7( 4O PP Ziz (A217)

However, according to Equation (A129) a closed loop integral over a constant is null hence:
int; =0 (A218)

Furthermore, Equation (A212) simplifies to:

14] . 12 v, = 1
Entfied 120 = /d3 7[]{ d11 dl; ( (Ra(t) - dt)'le(t) J. (A219)
Now: dad v, = 1 dv 1
- el e (R Owl) _ (k. Tyee L
V(R ) Vi = v <(R r )VR> (Re- )V & (A220)
Taking into account Equation (A19), we have:
=~ dU s AU = 1 v, =
V(R; - dt) V—l V- ((R I )VR1> +47(Ry - dt)é(Rl). (A221)

Plugging Equation (A221) into Equation (A219) and using Gauss theorem we obtain:

—

130 1 dv
0=~ 2c22  f(dn-ai)| [ dan- (Ry- 57 VR—1+47TR12 T )

Let us perform the surface integral on an infinite sphere as usual and look at the integral:

intg = ]( ]{ (i - ) Tim f 0 2% - (R dUW ! (A223)
1

Now Equation (A216) takes the asymptotic form:

= 1 1 1
Ve = —— |p4 =
Rl 7"2|: r

o o X
3(7- 1)r—x1)+0((;)2)]. (A224)
Using Equations (A215) and (A224) in Equation (A223) and taking the limit:

intg = —f f(dz} -db) fdm- (7- ZLZ)? - —f f('(dz} -db) }[dn (7- %) (A225)

However, according to Equation (A129) a closed loop integral over a constant is null hence:

intg =0 (A226)
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and thus Equation (A222) simplifies

/4] 2nlk( [ ([, ,»\gs dT
EMfid 0= ~—2 }g (d11 'dlz) Riz- = (A227)
Taking into account the definition Equation (14) this is simplified to the form:

2 o
/4] . h= - dv
Mfietd 120 = 2L (D) o Kiza - = (A228)

E
Next we turn our attention to E;\[/}L}i 214 124 (s€€ Equation (A210)), using Equations (A13) and
(A209) we obtain:

4 I 5 = R do 5
Elfa s = 5 [ #x f f (xS0 D) - (B x I ). a9

However, this integral is the same as the integral given in Equation (A211) with the indices

1 and 2 interchanged. It immediately follows that E;\[/}l} iold 124 18 €qual to right hand side of

Equation (A228) with the indices 1 and 2 interchanged, thus:

2 —
/(4] _ he - dd
Enfierd 120 = 270h () o Kana - = (A230)

However, according to Equation (14):

Ko1p = —Kin. (A231)
Thus, we obtain:
/4] N 1[4]
EMfied 120 = ~EMfieta 120 (A232)

Furthermore, Equation (A210) simplifies to the form:

/[4]
Mfield 12 —

/(4]

114]
E Mfield 120 T EMfietd 12 (A233)

=E

this is to be expected as the energy terms should not depend on acceleration but only

on velocity. We now turn our attention to E;\[/ZILJ]{M 1 12 defined in Equation (A210). Using
Equations (A13) and (A209) we obtain:

L di( : o
E;\[/zllj]‘ieldle: C2 1l /d3 f]{ dl1><VR1 t)- o )) ( 2 X V t))' (A234)

Using a well known identity from vector analysis we may write:

1[4 12 dll - 1
EJ\[/I/]‘ield o T T /d3 j{]{ dll dlz ( (Ry-s.)) - VR>

2
_ (dfl : @R) (dl} V(R ~z75.)>]. (A235)

Let us look at the integral expression

inty = /d?’x?{?{(dl} : @é) (- (R - 5s.)) (A236)

This is an expression of the type described in Equation (A305) of Appendix B with g =
Ry-¥s.and h = R% According to Appendix A the expression in Equation (A202) can be



Symmetry 2021, 13, 420

42 of 56

expressed as a surface integral. Assuming that our system is contained in an infinite sphere
we have according to Equations (A316) and (A22):

1

inty = f j{ dlyydlly, lim / A0 P (Ry - 35 (A237)
Now: .
o A = R; X RiR 1, W AR
V(R-7) = viV(ﬁ) = vl(ﬁl — RIZ ) = ﬁ(vs. — (7s.- R)R) (A238)

Taking into account the asymptotic expressions in Equations (A215) and (A25) the limit of
Equation (A237) takes the following form:

into = 7{ f dly,dly, / Q) (0 — (T5. - )i (A239)
However, according to Equation (A129) a closed loop integral over a constant is null hence:
intg = 0 (A240)

Furthermore, Equation (A235) simplifies to:

114) _ b d11 3 - 1
ENthid 126 = — 3 / P 7{ f (dh - db) V(R - 5s) V- ). (A241)
Now . . .
V(R -7)-V—=V"- <(R1 5)@) — (Ry - 75.)V2— (A242)
Ry Ry Rz
Taking into account Equation (A19), we have
N | = PO | A, =
V(Ry-9) - VR— =V ((Rl ~U)VR> +47t(Rq - Us.)8(Ry) (A243)
2 2

Plugging Equation (A242) into Equation (A241) and using Gauss theorem we obtain:

4 L dn(
E;\[/I}ield 126 = Cﬁ i j{ jl{ dll dlz / dan - V ~|—47rR21 7). (A244)

Let us perform the surface integral on an infinite sphere as usual and look at the integral:

inty = f ]f (ah -db) lim j{ a0 27 - (R )ij (A245)

Using Equations (A215) and (A224) in Equation (A245) and taking the limit we obtain:

intyy = — 7{ f (ats - a) ]{ Q- (7 5)f = — f jf (a; -ai) ]{ 40 ( (A246)

However, according to Equation (A129) a closed loop integral over a constant is null hence:

intjg =0 (A247)
and thus Equation (A244) simplifies to:
L dL(
Extfiea 120 = 47— 1 % 7{ (dfi - dB3) Ry - 5. (A248)

Taking into account the definition in Equation (14) this is simplified to the form:

E

2
i anp, O R 5

Mfield 12b — it 2 (A249)
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Hence:

2
4] o prl4] po dh(®)h”p

EMfzeld 126 = (471)2 EMfzeld 120~ EIZ dt CiKlZZ ‘v (A250)
Taking into account the mechanical momentum Equation (21) and the mechanical energy
Equation (22) this can be written as:

£l

Mfield 12b — —2Pyech - U5. = —4Emech- (A251)

Finally we turn we turn our attention to E;\[/}L} w014 120 defined in Equation (A210), by taking
the time derivative of E;\[/i],i 214 12 and keeping only terms of the fourth order in 1

;\[/ﬁf‘ 1d 12 9B, (0]
ie c 1c_ . g'l0] 53
T = o5 B,"d°x (A252)

According to Equations (A206), (A186) and (A188) this can be written as:

dE

dE =
Mfzeld 12c / v E ;[0] By (A253)

However, according to a well known vector analysis identity:

Vo s B =V (Bl x By 4 BV < B (A254)
Now to zeroth order in % Maxwell equations dictate that:
VAV T
X By" =4m], (A255)
Thus, we may write:
4 gl _ e pl4 4 =
Vx BB = (B B+ anE T (A256)

Plugging Equation (A256) into Equation (A253) and using Gauss theorem we obtain:

dE/[4
M [dan (B, x B — s fdl - B (R2) (A257)
Now taking into account Equation (A188) this can be written as:
dE 5 .
Mfield 12¢ 1 Lt / f 3 3/[0]
—_— = da dl1Ry(t) x B
dt 24ct dp 1Ri(t) x B,")
+ 4nl j{ % (dl; - d2)R3,) (A258)
to the fourth order in % we may write:
dE 4 -
Mfield12c _d [ 1 d*L(t / j{ 5 4 /0]
at - dt{24c4 i L) AL Ry(8) x By7)

+ 4nl f f{ (dl; - d»)R3,) } (A259)
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Hence up to a constant:

) _ 1 d*n() 307y 5§10
EMfield 12¢c 24C4 A4 /d %dl R )
+ 4nl j[ ]f dl, - diy) R3] (A260)

We notice that this magnetic energy term has a surface and volume contributions as follows:

/[4] _ 4 /4]
Entfietd 12¢ = Emfietav 12¢ T Entfietas 12¢ (A261)
In which:
£l B _ _#o dh(t )1 (dly - dI)R3, (A262)
MfieldV 12¢ = (g7r)2 “MfieldV 12¢ = 9grcd ™ gpa 2 1-dl2)

It can easily seen that the change in volume energy is balance by the mechanical work done
(see Equation (A196)). For a phasor current with frequency w defined in Equation (A150)
we obtain a fourth order correction to the mutual inductance of the form

”0“’ f - 7{ LR, (A263)

Such that:

4

_ [4]
Mfietav 12¢ = () 2My,. (A264)

Obviously the larger the system and the higher the frequency the more important this
correction is. We stress that this term is not related to the relativistic engine effect and will
exist even for an engine of “infinite” mass. The surface terms of the field energy are:

E _ Mo g
MfieldS 12c (47[)2 MfieldS 12¢
_ Ho d* Il QP -
T 3842t d 2 / da j{dllRl(t) x By") (A265)

We recall that the derivative of this term is:

dE;\[/AIIJ]( 1dS 12 4 0
1e C A =14 =1
e = /da - (B B (A266)

This term is not balanced by mechanical work and thus the only way to balance the
derivative of this term in the energy equation is by a Poynting term which signifies the

generation of radiation and will be discussed in the next section. We notice that this term
dI(t)
4

will not exist if = 0 but the relativistic engine effect will still exist provided there is a
second order derivative to the current.

The total magnetic energy can calculated by plugging Equations (A261) and (A251)
into Equation (A233). This will partitioned into a volume and surface terms as follows:

El[él]fzeld 2= El[él]fieldv 2t El[él]fieus 1 (A267)
in which: \
Egél]fieldv 12 = —4Emech + 967Sc4 a 24 ?{?{ (dl - dI3)R3, (A268)
and:
El[él] Fields 12 = El[éi]fz‘elds 12¢ (A269)
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Finally we may calculate the total field energy by plugging Equations (A267) and (A205)
into Equation (A199). The total field energy will partitioned into a volume and surface
terms as follows:

Eﬁ]em 1= %lev nt E)%les 12 (A270)
in which:
Elay 12 = 6w + gt Tty f - 3 (A271)
and:
E][f%]ems 127 El[él}fields 12¢ (A272)

It can easily seen that the change in volume energy is balance by the mechanical work
done (see Equation (A196)). However, the surface term remains unbalanced and cannot
be balanced with a Poynting flux which indicate radiation. We stress that this term has

dAn(t)
=0

nothing to do with the relativistic engine effect and will vanish for

Appendix A.5.3. Poynting Vector

We shall now study the Poynting vector correction of the fourth order in %:

'l

pl2 =
+

E;[O] % g;[4] + EQ[Z] *;[0] + g;[o} % 51[4]

X Bém + E;m X B
B < B 4 B« B (A273)
Taking into account that Ego] is null according to Equation (A6) and Bém
to Equation (A65) this simplifies to:

is null according

S, EO B B X B BRI BR B B (a2

We will find it useful to make the following definitions:

g'l4] — ol g4 4 /4] o g/lol
Spi2a = Ei X By, Sple_E B,™,
/4 _ @2 g2 4] _ 10
A (A275)
Furthermore, thus:
a4 /4 1[4 /4
=5t 8+ G+ S ha (4276)
We shall also find it useful to define the Poynting flux:
P = jf M . hda (A277)
=S50 .

The Poynting flux will be calculated on an “infinite” sphere, while recalling that the sphere
cannot actually be infinite as we are limited by the convergence radius Ry, and can only
be “big”, hence:

= lim [ 84,720, (A278)

r—00

We will find it convenient to make the following definitions:
a'4] Ad /(4
]isplzu'” a, PF,= 7{‘5;}12b

_ G'14] hd
PF = ]{Sspm nda, PFd_]fspm

Furthermore, thus:

PF! da,

3)

da, (A279)

3)

PF' = PF, + PF, + PF. + PF}. (A280)
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g'l4]

From Equation (A278) it is clear that only the asymptotic expressions of S p 12 are relevant
for the Poynting flux.

Let us start by looking §;[41]2 EI[O] [ | The asymptotic form of Ei[o] is given in
Equation (A33). From Equations (A208) and (A238) we have:

Ro)Ry) x dly  (A281)

o o 7 £ I 1 ,d7 7
B;[4] (%) = — I % ' dv __ b dv dv

22 22 P&\

which shall show in Appendix E that for large r:

= 1
Bl (%1 > (A282)
hence Sqﬁ]z S r% and thus:
PF, =0 (A283)
on the infinite sphere (see Equation (A278)).
Let us now look at S/[41]2 b= E Al ;[0} the asymptotic expression for Bém is given in

Equation (A34) according to which asymptotically B';[O] (5 r% For the electric field we turn

our attention to Equation (A190) and partition the field into relativistic engine terms and
mutual inductance (see also Equation (A188)) correction terms:

= el
P~ 3 I ) fair-54 2 J i 20 1(07{~d25
B = e faitae L S fa G fain G
4 1 dSI( ) >
Evi = ~opa—gs §AR(®) (A284)
This in turn will lead to a partition of §;[41]2 » such that:
g'14] — g4 g'[4]
Sp12b - Splerel+Spl2bmui
g'[4] = P4 glol
Sp 12bre = Erp X By
g'4] — g B0
Sp12bmui = E1yui X B2 (A285)

Now E i . contain integrals of the type § dTIA{ @ for a constant @. It follows from

Equation (A345) that asymptotically E;[ﬁ] « 1 and thus &'

1 .
; p12brel & thus this term

will have a null contribution to PF,. Hence:

PF, = lim [§1 . #1240 = lim / EH B p 20 (A286)

r—00 p 12 b mui r—>00

Plugging into the above equation, Equations (A284) and (A13) will result in:

, L dL(t) 2, 7{74 R3R,
PEy = -5 2 1 lim / 40 P2 dly x | di, % ' (A287)

We shall now use the definition

to write the above equation as:

/ 12 dSIl 7 7 =
P = — 52l lim / 40 7% f ]{ (d x (d x Go) ) (A289)
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Using standard vector identities:

, L dPL()

b 240k A
lim (a0 § § (@ dh)¢- o) - (ol h - G))  (a290)

This equation is analyzed in Appendix F. Using Equations (A361) and (A370) we obtain
the result:

Ea d5I t
¢ f (7dh -dlzxxl T) +2(dly - %) (dhy %)) (A291)

Turning next our attention to PF, we notice that this term involves a cross product of

[ J and B 2 According to Equation (A99) E 2 decreases as 4 L while B s given by
Equatlon (A64)

<], 1 dL(t
By = 5y d; 74 dly x Ry (t (A292)

2]

Taking into account Equation (A72) it then follows that E decreases asymptotically as %

and thus S p[ 1]2 . decreases asymptotically as . It follows that:
PF. =0 (A293)

Finally we evaluate PF]. We notice that this term involves a cross product of E;m and
E;[O]. As for Egm, we have already indicated that according to Equation (A34) it behaves
asymptotically as: E;[O] x r% [ /i defined in Equation (A189), it is of the form type
$ diR - 6_0 for a spatial constant . It thus follows from Equation (A345) that asymptotically

E;M and thus S 7l 1}2 g < - We conclude that:

PFj =0 (A294)

Collecting all terms of Poynting flux it follows that:

PF' = PF,+ PF,+ PF/+ PFj = PF} =
0] Ry 7{ %(7(,171 D) (%1 - %) + 2(dly - %) (dl; - 92’1)) (A295)
30ct dr° J

Or we may write:

g4 . Ho g4 g po d°L(t)
ﬁsi’ 127 M0 = s f S M= ggg g 2R
¢ (70 -dl) (31 - %2) + 20y - 2o) (- 7). (A296)

This term is clearly not a relativistic engine term and involves a fifth derivative of the
current (only a second derivative is needed for a relativistic engine). We underline again
that the expansion is valid for large but finite range R4, defined in Equation (50), however,
the explicit value of R,y enters explicitly only into the field energy surface terms and the
Poynting flux of the fourth order i 1n , for small or null fourth derivative of the current one
need not worry about such terms.



Symmetry 2021, 13, 420

48 of 56

Appendix A.5.4. Intermediate Account

We conclude that the energy Equation (A173) of the fourth order is indeed balanced.
Mechanical work invested or extracted in the system results in increase or decrease in the
field energy accordingly. In the fourth order both electric and magnetic field energies are
affected by the mechanical work. The power related to the mechanical work is according
to Equation (A196):

o o
Power!t = -5 67262 d; ]{ j{ (dl; - di) RS, ek, (A297)

it contains both work done by the mutual inductance and on the relativistic engine. This is
equal to minus the derivative of the volume field energy Equation (A271):

£ po d*L(t)
Efietav 12 = ~6Emech + 96md 7{ }é (dly - d;)R3, (A298)

Moreover, for the fourth order in 7 L there is also a surface contribution to the field energy
given in Equation (A272) which accordmg to Equation (A266) satisfies:

dE}[ i]’ds 12 _ / da- (B« Bl = — f 54 fda (A299)
By i X By ") = s Op 12
such that the total field energy is:
Eﬁlm 2= EJ[‘z]eldV Tt Ej[‘z]elds 12 (A300)

The change in the field energy through the surface terms results in radiation as described
by the Poynting flux depicted in Equation (A296):

a4 .o Mo @l . o dI(t)
%SSP 15 - fida = @n)? P12 fida = ~ 1800 dp DR yax
(70 a1 - %) + 20Ty - 2o) (- 7). (A301)

We underline that fourth order contributions are the only one that are related to the
relativistic engine effect as some of the terms depend on the engine velocity ¢. If the
engine is infinitely massive and no motion occurs, we are left with the mutual inductance
correction terms and radiation terms which involve higher order derivatives. For a phasor
current of frequency w Equation (A263) indicates a relativistic correction to the classical
mutual inductance which is important for large systems with high frequency.

(U
M = 9”60 7{ - 75 RS, (A302)

Appendix B. On the Nullification of a Certain Integral
We would like to prove the equality:

/ Px 7{ 74 (dl, - ¥ Rzl(t))(df2 v R11<t) )] =0 (A303)
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Which may be written in terms of the Einstein summation convention as follows:

1 1
/d3x]{f[(dllmamm)(dzmanm)] —0

(A304)

in the above we have used the symbol 0,,, = a . To do this let us look at a more general

case. Let g(R;) and h(R,) be two arbitrary functlons. Furthermore, let us evaluate the

integral:
Int = [ @x § §(dlidnh(Re)) (dladng (Ra)
The following set of equations follow:

9mg(R1)anh(Rz)

9nh(Rz (amg(Rl) (Ry)) —
= 9,(0mg(R1)h(Ry

= h(Rz)0;
) = 0m (g (R1)h(Rz)) + dmh(Rz)0ng(Ry)

Now since Ry = ¥ — ¥ it follows that:

L - 0
0ng(R1) = —091g(R1),  0u1 = o
n
Furthermore, since Ry = ¥ — ¥, it follows that:
L - 0
amh(Rz) = —amzh(Rz), amz = ax2
m

Summing up the above results we have:

Ing(R1)9,h(Ry) =
In(Omg(R1)h(R2)) — 9m(3ng(R1)1(R2)) + 0mah(R2)0u18(Rq)

We thus conclude that:
/ B 74 % L1yl [0 (Bmeg (R1)A(R2)) — 3 (3ng (R1)1(R2))
+ 9m2h(R2)d,18(R1)]

Now for every single valued set of function & and g we have:

]{dllnanlg(ﬁl) = fdg =0, deZmamZh(KZ) = fdh =0

Hence:

Int = / P f ]{ L1yl [0 (3rsg (R1)H(R2)) — 3 (Bng(R)M(R))]

(A305)

(A306)

(A307)

(A308)

(A309)

(A310)

(A311)

(A312)

The above integral contains only gradients which once integrated can only contribute to

surface terms as follows:
nt = § § dhydlz | dandng(Ra)n(Re) — § dnndug(Ra)h(Ro)
Now:
74 ]{ dl1ydlyyy 7{ daydng(R1)1(Ry)
- f f dlyydly, f dandng(R1)h(Ry) =0

(A313)

(A314)
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according to Equations (A307) and (A311). Hence:

Int = f j{ dly,dlyy, f{ da,dmg(R)N(R) (A315)

Suppose now that the system is contained in an infinite sphere of radius r = oo and
suppose that:

Lim ¢ dandmg(Ri)h(Rz) =0 (A316)

Then it follows that:
Int=20 (A317)

Furthermore, Equatlon (A303) is proved To verify that this is indeed so we only need to
substitute h(Ry) = ( 3 and g(R;) = and take into account Equations (A22), (A25)
and (A27).

R (t)

Appendix C. Asymptotic Values
In the limit » — co we may think of:

o
Il
N | =

(A318)

as a small parameter. In terms of this small parameter we expand G defined in Equation (A140):

—

G(e) = G(0) +eG'(0) + %ezé”(o) +0 (e3) (A319)

Inserting Equation (A319) into Equation (A141) will result in:

ff(dfl-dfz)1im/dm2f-é:/dmlm77§j[dll 0)
e—0 €

¥ / 40 lim - ]f 74 dl; - dizi - G'(0) + / a0~ 7{ ?{ di -dip-G"(0)  (A320)

e—0 €

the terms O (63) will cancel in the limit. Obvious the first two terms in right hand side will
diverge unless the closed loop integrals vanish. Let us denote:

<R
R= —= =7 —e¥ (A321)
and
IR| = V1 —2¢ef- ¥ + 272 (A322)
in terms of R we may write G as:
= R%ﬁz |R1 |2R2
C=—3"="73 (A323)
Ry Ry
obviously:
G(0) = 7. (A324)

However, since a closed loop integral over a constant vanishes (see Equation (A78)), it
follows that:

40 lim — ]{ f dl; - diyp - G(0) = [ dQlim 7{ jf di; - diy = 0 (A325)

e—0 62
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Now let us calculate G’ (€) to do this we notice the following identities:
dR S d’R dR| e¥?—#-¥
i — =0 ] = _ (A326)

dez de IR

Using the above identities we calculate:
= N D s =B B -5 2 =15 1-315 12
G'(€) = 2(eX] —7-%1)Ra|Ry| ~ —3(eX3 —7-X2)Ra|Ra| "|R1|” — %2|Ra| “|R1|” (A327)

Furthermore, thus:

G'(0) = #(3( - %) — 2(- T1)) — T (A328)
Hence:
aotm f §ai-di G0
- Z/thm %%dll (- %) — (- 7)) = 0 (A329)

because at least one of the two loop integrals is done over a constant. Finally we calculate
G"(e) which leads to a somewhat lengthy but straight forward expression:

G'(e) = 282Ry|Ry|°
+ z(ex%*T'xl)(*fzmﬂ — 3Ry |Ry| (€3 — - xz))
+ 15|Ry| 7 (ex% — #- %)2Ry Ry

— 6|Ry|” (€x1—r %) Ro(eX5 — 7 - X3)

+ 3x2|R2] |R1| (eX3 —7-X)

— 3|Ry| IRy |* R,

— B(2e -7 5) Rl BRI R| (B 7 52))  (A330)

From the above expression we calculate G"(0) as follows:
G"(0) = 4(P - X)Xy + 2827 + 15(7 - Xp) 2P — 63y (P - Xp) — 3337 (A331)

Obviously only the first term contributes as it depends on both ¥; and ¥, (and not on each
variable alone) and hence:

/dQ f?{dzl diy? - 6" (0 _2/5107(}%11 i (7- %) (7 - %) (A332)

Finally inserting the results from Equations (A325), (A329) and (A332) into Equation (A320)
we obtain

ff(dfl -diy) lim [ dO r2?~é:2/dﬂj§7§dﬂ (P %) (P 7)) (A333)

r—00

which is identical to Equation (A141).

Appendix D. Q Function Evaluation

We shall now calculate the term:

dx (A334)
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First let us introduce a change of variables:
F=Ry=%-1% (A335)
Since the integral Q is calculated at a fixed point ¥, it follows that d%y = d®x and:
Ri=X-% =0+% X =7—Rp. (A336)

This leads to the following expression for Q:

5= [y 357 — Rpp| A337
Q= [y y|y— R y. (A337)

"o

This integral is now evaluated using a spherical coordinate system in which the “z” axis
point at the direction of Ry;. In this case d®y = —y?dyd cos #d¢ and Q can be calculated
as follows:
R ) —1 27 o -1
G=— / dy/ dcosG/ dgy 7|7 - Rua| (A338)
0 1 0

’]7 — Rlz‘ = \/]/2 + R%Z — 2]? . ﬁlZ = \/yz + R%Z - Zlez cosf, (A339)
In which we notice that the above expression is not dependent on the azimuthal angle ¢.
Moreover, using a cartesian set of unit vectors 11, /2, /3 one may write:

v~ = sin 6 cos ¢y + sin B sin Py + cos O3, (A340)

Thus, it can easily be seen that there is component to J in the 1y,1, directions as the
azimuthal integral vanishes. In the /3 direction the azimuthal integral is trivial and we
obtain the result:

— o0 1 -1
Q= 27'(yA3/0 dy /71 dcochosG\/y2 + R3, —2yRypcosf . (A341)

Let us make a change of variables s = cosf,y’ = RLH and notice that i3 = Ry, which

is a unit vector in the direction of Ry, in terms of those variables we obtain a simpler

representation of Q:
o . ~00 1 -1
Q =27mRy / dy’/ dss\/y?+1—-2y's . (A342)
Jo -1

However, we can evaluate analytically the s integral to obtain:

1 -1 1 >
/ dss\/y?+1—-2y's = 2 v y, - (A343)
-1 3l v v <1

Furthermore, plugging this back into Equation (A342) we obtain:
Q = 27Ry,. (A344)
Appendix E. Asymptotic Form of E;m

Let us write Equation (A72) in the form (keeping only the first order term in %)

Ry~ 7 — 27 (A345)

in which we define a perpendicular vector to # as follows:

@, =D — (D) (A346)
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Hence we may write up to first order in %):

dvAA dﬁAA xudvA rdz_f_,

Let us use the above equation and Equation (A25) in Equation (A281), we obtain:

1 ,dd ,di 4
E(E <dt Rz)Rz)Xdlz

N 1%(1+r-x2)<dv +xu(d7’,? +7dv.fu))><df2 (A348)

r dt | r S dt ) r(dt

Now since for a constant loop integral we have:

féxﬂ:o (A349)
It follows that:
1,47 did A .«
FZ(E - (E - Rp)Ry) x dly
1 .. du L dv A -
) ((V'xz)dM +X M(dt ?) +T(E 'x2¢)> X dlp (A350)

and Equation (A282) is thus derived.

Appendix F. Evaluating PF,

Let us look at G, defined in Equation (A288). In terms of the small parameter € defined
in Equation (A318) we may expand G; as follows:

- - 1 .4
Ga(e) = Go(0) + eGL(0) + E.s%;g(O) S3G(0) +0 (€4> (A351)
Thus, we have:

7{ 74 (dl; - di) lim [ dQ 7. G,

r—oo

- ff}m ah) 1 63/deéﬁm
. s
+ f%Wy%w%?/ﬂWGND
1 T I ~ AN
n Effwhdmggg/ancgm
4—%%%Mﬂﬂb/ﬂﬁﬁwm (A352)

the terms O (e*) will cancel in the limit. Obviously the first three terms in right hand side
will diverge unless the closed loop integrals vanish. However:

G, (0) = 7. (A353)

Since a closed loop integral over a constant vanishes (see Equation (A78)), it follows that:

40 lim %%dhderz):/ﬂle.%%ﬂlmz—o (A354)

e—0 63 -0 €3

For calculating the derivatives of G, we shall use computer algebra due to the complexity
of the expressions. We shall write down only the values of the derivative in 0 since only
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those are of interest to us for evaluating the expressions in Equation (A352). For GQ(O)
we obtain:

Gy(0) = 37(7- (%2 — X1)) — X2 (A355)
Hence:
Jont b f o v o
/ 0 hm—2 f ]{ dly - d(2(7 - %) — 3(P - %)) = 0 (A356)
e—0 €

because at least one of the two loop integrals is done over a constant. Let us now evaluate
G (0):
2

Gy(0) = 3(?(?-9‘5) — 2% (P %p) + 5P (7 - %2)°
20T (F - 30 5)) + 1(F - ) (A357)

Obviously only the first term contributes as it depends on both ¥; and X, (and not on each
variable alone) thus:
G 15(0) = 6(7 - 1) (%2 — 37(P - %)) (A358)

and hence:

%?{7{ d; - di) tim © [ aor- G

e—=0€
1
- —61im77{f(dll ~dlz)/d0(?-9?2)(f~a?1) (A359)
e—0€
Taking into account Equation (A132) we thus have:
1 . Pl o
5%7{ dl; - diy) hgée a0 - G(0) = —Sng%eff (dl -d)% %o (A360)

As this result is diverging we are reminded that we are not allowed to use our expansion
beyond Ry (see Equation (50)) and thus the above integral takes the value:

—8anaxy§7§(dfl A7 - % + 0(1). (A361)

in which O(1) stands for terms which are either independent of R,y or decrease with

Rmax-
For the same reasons the first two terms in the expansion do not contribute to the
second integral of Equation (A290) and we are left with third term. Thus:

~1lim [d0 7 7{ f )(dh - G)) (A362)
will be equal to:
—Eg%e/dof]{ - dy) (dh - GY(0))) (A363)

and taking into account Equation (A358) we obtain:

~3lim - /dQ}{% pedl)dly - (7 %1) (2 — 377 %2)) (A364)

e—0 €

The above expression can be written in terms of Einstein summation notation as:

—3%im - / a0 ]{ ]{ [(dFy - o) vypdlaniidn — Sl ¥isxid it ] (A365)

e—0 €
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taking into account Equation (A132) and also the result [3]:

7T
= (6uk01m ~+ 010km + Onmdxr) (A366)

4
]{ At = 13

we obtain:

— 47mlim - 7{% dl1 X2) X152 0k

e—0 €

— gdllmdlznxlsxzk(énkdsm + 51’!561(7/1 + 5nm(sks):| . (A367)

Taking into account that § dI; - ¥, = § dl, - ¥, = 0, Equation (A367) takes the form:

-l f fli e 2)

3, i o o
2R Rl + () G ) (A368)
or more simply as:
47T Jim L f j{ (dly - dby) (%1 - %) — 2(dly - %) (dhy - )| (A369)
5 e=0€

This term is diverging and thus we shall replace the infinite sphere with a sphere which is
simply big to the maximum allowable size of the expansion:

4 Lo . .
2 Ruax § § [30dh-dl) (3 - %) — 2(dT - Bo) (- 7)| 4+ O(1). (A370)
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