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1. Introduction and Preliminaries

We first introduce and review some spaces that will be used in this paper. In what
follows, for any d € N (the set of positive integers), we denote Z? and R? by

Kd:ICX’CX...)(]C:{D[:(al,ﬂéz,...,ﬂéd):lxl‘elcrlgigd}/
—_——

d times
where K = Z (the set of integers) or R (the set of real numbers). Recall that the discrete
space [,(Z) is defined by

1

P

lp(Z) =< C= (Ck)kGZ : 2 |Ck|p < 00 if1 < p < oo,
keZ
and
Ip(Z) = ¢ = (ck)kez 2 sup [cx| < ooy if p = co.
keZ
For ¢ = (ck)kez € 1p(Z), we define I, (Z)-norm of ¢ by
1
p .
e, =1 (Slar)’s #1<p<e
P keZ )
SUpycy lckl,  if p = oo,
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Let p € [1,00]. The Wiener amalgam spaces (W£),(R?) is the set of all measurable
functions ¢ on R such that their norms ||g(x)|| (we), (re) defined by

1
(Zkezd esssup, ¢ o,174/8 (¥ + k)|p) F<oo, ifl1<p<oo

18 | we),mey =
! SUPyczd (esssupxe[orlwg(x + k)|) <oo. if p=oco.

Throughout this paper, we denote
(1,00l = {(r1,...,75) : 1 <r; <oofori=1,2,...,d}.
The following mixed-norm spaces will be discussed in this paper.

Definition 1 (see [1,2]). Let 5 = (p1,...,pa) € [1, 0] be a mixed-norm index. The mixed-norm
discrete space lﬁ(Z”l ) is defined by

() = e (et )], <]

with its norm

lell, = ([ (- et koo k)l -+ )

b forcel; (Zd>.

Definition 2 (see [1,2]). Let 5 = (p1,...,pa) € [1, 0] be a mixed-norm index. The mixed-norm
Lebesgue space Lﬁ(Rd ) is the set of all measurable functions g on R? such that

1
2 P

] P2
P
/R---/R[/R(/R|g(x1,x2,...,xd)|p1dx1> 1dx21 dxz...dx, < oo,

Forg € L,;,(Rd), we define L,;,(Rd)—norm of g by

no 1R
P1
I8y = | [ /R[/R(/R|g<x1,x2,...,xd>|mdx1) dle dxs .. dx

= H H||g(x1,x2,...,xd)HLpl(xl)

Pd

: )
L)L, (xg)
Ifpi =ocofori =1,...,d, then the relevant L,.-norms in (1) are replaced by Le-norms. To simplify
the notation ”gHLﬁ(Rd)/ we also abbreviate this to |[g]|1; or ||g]|5-

The mixed-norm Lebesgue space Lﬁ(Rd) is a generalization of the classical Lebesgue

space L,(R?). This class of function spaces focus on independent variables of possibly
different meanings. Mixed-norm Lebesgue space studies can be traced back to the years of
1960s in [1,2]. The space such like Lﬁ(Rd) has many practical or theoretical applications.
For example, functions in partial differential equations defined by spacial and time variables
may be in some mixed-norm spaces. In addition, inhomogeneous Besov spaces based
on mixed Lebesgue norms are studied recently in [3-5]. Moreover, mixed-norm Triebel—-
Lizorkin spaces or Hardy spaces are also studied in [6,7]. Besides, sampling theory is also
studied based on mixed-norm theories in [8], which only distinguishes variables in time
and space. With the help of [9], we will give a generalization of such sampling problem
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in sbuspaces of L,;,(]Rd) cases. That is to say, the results in this paper unify and extend the
revelent existing results in [8,9] and so on.

Definition 3 (see [8,9]). Let § = (p1,--.,pa) € [1, ] be a mixed-norm index. The mixed-norm
Wiener amalgam spaces (W L)z 5(RY) is the set of all measurable functions g on R? such that

| gtes v, e e, om <

Forg e (WE)5(R ), we define (WL)5 5(RY)-norm of g by

Iz = |-+ lsGaarxar - xadlover, o [ v, ey
where
1
p
18() [we), () ®) = [Z esssupycioq)l8(x + k)P | if1 < p<eo,
keZ
and
18C (W e)w(x)®) = SUp eSSl (o, g(x+k)| ifp=oco
S
Remark 1.

(i) Infact, we have (WL)5 5(RY) C Ly (]Rd), but the converse Lﬁ(Rd) (WL)5 5(RY) is not true.
Indeed, since

%
)|Pd +k)|Pd
||g ||Lp ( R'g | x> k;i/ x | X

1

(Z / eSSSUP 0 1] lg(x +k) |pdx>
keZ

IN

==

= ( o Y esssup,cpoq |g(x+k)|*’dx>

keZ
= llg()ll¢ WE),(R)s
by induction on g, one has
g1y < 8 [ e) s me)- 2

Hence (WE)5(R?) C Ly(R?).
(ii) It is worth mentioning that when g = (p,p,--- ,p), we only get

I8 we)ymey < 18 we), me)

and hence
(WEL),(RY) C (WL)5(RY).

For example, when p = (1,1,---,1) = 1, we have
(Wen(RY) € (WL);(RY).

In classical sampling theory, Shannon sampling theorem [10] shows the basic theory of
signal analysis and communication system, which mainly used the bandlimited functions.
In shift-invariant spaces, it is known that sampling that are not bandlimited is a realistic
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model for a large number of scientific applications [11]. Especially, sampling study of
subspaces generated by wavelets was fascinating in 1990s—-2000s (see [12,13]). Until now,
the study of sampling in shift-invariant subspaces of LP(Rd) (see [9]) has aroused many
mathematicians [14-16]. Therefore, a natural research path is to extend the sampling theory
to the mixed-norm Lebesgue space Lﬁ(Rd). Of course, Lﬁ(Rd) is a kind of Banach space
which inherits many outstanding properties of the traditional LP(Rd) space. However,
due to the non-commutability of the integral order in the definition of Lf,»(]Rd), this has
brought various challenges to scholars in studying related mathematical problems. For
example, due to the non-commutative order of integrals, it is very difficult to characterize
the relevant mixed-norm spaces (see, e.g., [6,17]).

In this article, motivated by the above studies, we explore the promotion of the results
known in the literature in shift-invariant subspaces of mixed-norm Lebesgue spaces Lﬁ(Rd)
and establish new results to unify and refine these existing results. We establish generalized
sampling theorems, generalized stability theorems and new inequalities in the setting of
shift-invariant subspaces of Lebesgue and Wiener amalgam spaces with mixed-norms. A
convergence theorem of general iteration algorithms for sampling in some shift-invariant
subspaces of Lﬁ(Rd) are also given. Our new results promotes the existing conclusions of
shift-invariant subspaces, such as [8,9]. We hope that it can be used in the study of frame
or random sampling under mixed norms in the future.

2. New Stability Theorems in L,;,(R"l) and (W) ﬁ(Rd)

In this section, we import a series of results for supporting stability theorem in the
setting of Lﬁ(Rd) and (WS)ﬁ(Rd ). The following known lemma ([18], Theorem 6.18) is
fundamental for our proofs.

Lemmal. Let1 < p <oo,c€lpandh € Iy, then || Ly c(k)h(l —k)[|;, < [[cl[y,[[h]]1,-

With the help of Lemma 1, we now have a estimation of upper bound for stability
theorem in Theorem 3, which calls the help of (W£);(R?) (the upper bound positive

constant is ||17(x1,x2)\|(W2)1(Rd)<Rz)).

Theorem 1. Assume j € [1,0)¢, c € lyand n(x) € (WS)T(R”’). Then

Y o (x — k)
T

< llell; il we). wa):
Ly(R?)

Proof. For1 < p; < co, by Lemma 1, we have

P1

Y iy, (x1 — Ky, x2 — ko)
k Ly, (x1)(R)
= Jo | Xky Chy o1 (X1 — k1, X2 — ko) [Prdxy

= Jio) Enez | Ziy €k o1 (x1 — Ky — I, X2 — ka) |1y
< Jioap e iallf, o 1 Gra =k = B x2 = k) g,

= ”Ckl,kz ||Z711 (k1) |7 (x1, 22 — k2) ||]€;v2)1(x1)(R)/

which leads to

kzckl,kzﬂ(xl — k1,0 — kp) < ek ko 1y, ey 17 (1, x2 = 2) [[(w ey () (R) -
1

Lp, (x1)(R)
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A similar argument could be made for p; = co. So we can obtain

chklrkzn('xl - k1, X2 — kZ)

ky kg

Lipypy) (R?)

< HZkz ISk ko1 (x1 = k1,32 = k2) L, () (®) HLPZ(X2)(R)

< e Nekstally e ez =) lwen e |, o

< HHCkl,szl,,l(k]) lpz(kz)H||77(X1,x2)||(W£)1(x1)(]R)H

(WL)1(x2)(R)

< lewy ko iy, 0 (0 22) W) (2)-

P12
Therefore the conclusion holds by inductionon 7. [

It is easy to see that when (W£);z is replaced by (W£);, we have the same results as in
Theorem 1 and its proof is similar because of ||g||(w2)T(Rd) < |Igll (W) (RY):

Corollary 1. Assume § € [1,00]%, ¢ € Iy and 1(x) € (WL)1(R%). Then

Y cx(x —k)
r

< lelli; 11l ey, (mey-
Ly(RY)

The shift-invariant subspace Span(#) (we usually call this space generated by 7) is
defined by

Span(n) := {f = Lk—:ck;y(x —k):ce lﬁ(Zd),n € (WS)l(Rd)}.

The following two known results are important for proving our new stability theorem.

Lemma 2 ([19]). (Mixed-norm Holder inequality) Let 1 < p,§ < oo with % + % =1 for
i=1,2,---,d Let g1(x) € L,;(]Rd) and g(x) € Lq(]Rd). Then

181 (x)82(*) I, ey < 1181 ()1 s me) 182()I 1 (we)-
Theorem 2 ([9]). Let 7 € (W£)1(R?) and Cy and C; be positive constants. Then

Cullell, < I} exn(x = k)l Lyrey < Callell,
v

holds if and only if one of the following conditions holds:
(i) There exists a function h € Span(1) such that

{(x =1),h(x)) = &, 1 € Z4,

and 0 is defined by 6 = 1 for | = 0,6 = 0 for | # 0;
(i) Y |17(E+2ml) 2 > 0 for every & € RY.

Now, we establish the following new stability theorem.



Symmetry 2021, 13, 331

6 of 14

Theorem 3. Let j € [1,00]%, ¢ € lf,(Zd) andn € (WL)1(R?). Suppose that ¥ | (& 4 27tl) |> >
0 for every & € RY. Then

Cullelly, < 113 ewn(x =Rl may < Callell, (©)
k

and
Cullells, < 11 cwn(x = k)l wey ey < Callelly, @)
K

hold for some positive constants C1 and Cs.

Proof. We first verify (3). On one hand, by Theorem 1, it leads to

Y cn(x —k)
T

< lelli; il w ). gay-
Ly(RY)

This means C; = ||7]] (We);(RY) < nll (We), (rd) and the upper bound of (3) is obtained.

For lower bound on the other hand, let /1, (x) = Y cx77(x — k). By applying Theorem 2,
we can find a function & € Span(#) such that

<77(x - l),h(x)) = 50,1, N/
Then -
[ 1 RG—Ryax
= Jga (T et (x —m))h(x — k)dx
= Y Cm Jga 17(x —m+ k)h(x)dx = cy.
Let {(&)i} € Iywith -+ L = 1fori € {1,2,---,d}. Thus

[{c, &) = |)_ cxCx

With the help of Lemma 2 and Theorem 1, one has

(e, &) < [l ()l e | ;ah(x—k)lhﬁ(nw
< My Gl rey el 11O w ). ety
It follows that
lellz; < ey Gl ey IBC w2; ety < [y )l ey 17w, ey -
Therefore, we get
Wncnzﬁ < ity (Ol

Take C; and hence the lower bound is arrived.

— 1
o Hh(x) H(W‘Q)l(Rd)
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Next, we prove (4). Using Lemma 1, we obtain

1y (O we),,, 0 ®2)

P1P2

P2 1

= {¥x, esssup.., c(o 1] [k, esssup,, <o 1] |y (x1 — k1, x2 — ko) |Pr]P1} 72
P2 1
= { Lk, esssup,, ¢ 1)Lk, €8SSUP, c101] (X, 1, [y | [171(x1 — k1 — I, x0 — ko — L) [)P1] 71 } 72

noa1
< A%k, [k, (2 X leny py lesssupy, o cpo11(x1 = kn =, x2 — ko — ) [)P1] 71 } P2

< el ) Yo Lk, (e888Upy 1o (x1 = ki, x2 = ka)|)]

P1.P2

= llew il 17 Cers x2) | w2y

P1.P2

So the upper bound of (4) is arrived. Moreover, by (2),
iyl @y < Cllg () sy, w2

Putting this with the lower bound of (3), we have the lower bound of (4).
A similar argument could be extended to the case of p = (p1,p2, -+ -, pa} withd > 3.
The proof is completed. [

Remark 2. Here, from the proof of upper bound in (4), we cannot have the same result by y €
(WL);(R?) because we only have ||g(x)|| (We); (Rl) < 18 [l w2y, (rey- In fact, we have another

proof of (3) in [19]. In fact, in [19], we use the condition of 1 € L5 (R%), not n € (WL)(R?).
Note that

181l ¢ () = €SSSUP., c101) ( ) { . [esssupme[o,l] (kz lg(x1 +kq,..., x4 —&-kd))} })

deZ 1EZL
Then ||g(x)|\£3(Rd) < ||g(x)|\(W£)T(Rd) by their definitions.

3. Sampling Theorems in Span(y) with Mixed-Norms

In order to conduct sampling studies, we usually assume that the objective function
or signal g(x) is continuous. Furthermore, we also need the help of 1-order modulus of
continuity of g(x) to establish the convergence of the summation of sampling series.

Definition 4 (see [8,9]). Let t > 0 and g(x) be a continuous function on R, Then 1-order
modulus of continuity of g(x) is defined by

m(g)e(x) = P |g(x +h) —g(x)].

The following result will show that Definition 4 is well-defined.

Proposition 1. Let ¢ € (WL)1(RY). If g is continuous, then m(g)(x) € (W£)T(Rd) and
m(g)i(x) € (WL)1(RY).
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Proof. Assume 0 < t < 1. Then
m(g)e(x1 +l,x2+ 1, x5+ 1g)
=sup < g1+l Hh,xo+lh+hy, o xg+ g+ hg) —g(xi 1, %0+ 1,0 xg + 1g)|
<supp o g+l +Hhyx2 + o+ o, xg + 1+ hg)|

+supy <, 1801 + 11, %0 + 1o+, xg + a)|

It is easy to see that
Z sup - - Z sup sup |g(x1+ 1,00+ 1D, -, x5+ 1y)]
I €01 I x€[01] ] <t
= X0, SUPyefo1] "+ Lty SUPy efo1] 18(¥1 + 11, X2+ 1o, -+ xg + 1)

= ||8||(w2)T(Rd)-
On the other hand, since
sup |g(x1+h+h,xa+h+hy,- -, xg+ 15+ k)|
xle[O,l]
Ssupy e 81+l X2+ 1o+ ha, oo xg + la+ ha),
which leads to
sup |g(x1+l+h,x2+h+hy, -, xg+ 15+ hy)|
LheZ xle[o,l]
S YezSUPyc(-12) 181+l xa + b+ by, xg + lg + hy)|
< Yhez Yke[-12)02 WPy cfo) I8(x1 + hi+k, xo + I+ by, -+, xg + 1g + ha)|
= Zkle[—l,Z}ﬂZ leel SUP,, (0,1 |g(x1 +h4ki,xo+bh+hy, -, xg+1i+ hd)l
< 421162 SUPy, c[0,1] |g(X1 +lh,0+b+hy,- - x5+ 1;+ hd)|.
So, we have
Y. sup ---) sup sup gl +h+h, o+l Al xg+ g+ hg)l
lg x4€[01] I, x1€[0,1] |n|<t
< AT, supy o1 Kty SUPy o 1§(¥1 102+ 1, X + g

< C||g||(w2)T(Rd)f

where C = 4% for 0 < t < 1.
Put all the above together, we get

lm(&)e()we); ey < ClE@ we), ra):
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Similarly, since
sup sup [m(g)(x1 +1l1+hy,x2+ b +hy, -, xg+1g+hy)

I=(ly, 13)€Zd x€[0,1)4 || <t
< Yezd SUP.c(0,1)¢ SUP || <t lg(x1+ I+ I, x4+ +hy, -+ x5+ 15+ hy)|

+ Ljeza SUPyefo1) SUP < [§(¥1 + 1, X2 + Do, -+, X + 1)
< 2 eqa SUPse10) 181 + 11, X2 + 1o, xa + 1)
= 2% ez Lie[-124 24 SWPxefoa)e [§(x1 + hh ki, x0 + o+ ko, -+, xq + 1g + ka) |
= 2% ke[-1,2) 24 Liezd SWPxeoa)e [§(x1 + h + ki, 20+ b+ ko, -+, xq + la + ka) |
=2 4% i sup o |§(¥1 + 1l ki x2 o ka, o, xa g+ Ka)|

= Cligllwe), @)

we obtain
Im()e(X) | we), mey < ClIX) lwey, @)
The proof is completed. [

Proposition 2. Let ¢ € (W£){(R?). If g is continuous, then
T [m(2)0(x) v ey = O
Proof. By Proposition 1, for every fixed € > 0, there exists M € N, such that

Y sup |m(g)x+1)] <e.
=M xe[0,1)4

Since g is continuous, there exists some t); > 0 satisfying the following estimation:

€

sup sup |g(x+1+h)—g(x+1)| < e

x€[0,1]4 [h]|<tp

with |I| < M and t < tp;. Thus,

sup sup |gx+1+h)—gx+1)|< )] % < 2e.
|[|<M x€[0,1)7 |h|<tm [1|<M M

Observe that for any 0 < t < fpy,

[m(@) ()l wey @y = Yo sup [m(ge(x+D)[+ ), sup sup [gx+I+h)—gx+I)| <3,
|I|>M x€[0,1)4 |[|<M x€[0,1]7 |h|<tm

this shows lim;_, o+ ||m(g)t(x)||(wg)1(Rd) = 0. The proof is completed. [

Theorem 4. Let 7 € (WL)1(RY) and g € Span(n). If  is continuous, then the following hold:

(i) m(g)t(x) € Ly
(ii)  for any € > O, there exists some T > 0 such that

Im(8)s ()l ey < el

for0O <t <T.
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Proof. Since g € Span(7), § = Y cx#7(x — k) for ¢ € I5. So

m(g)t(x) = sup |g(x +h) — g(x)]

|n|<t

<sup ) lexlln(x —k+h) —n(x — k)|
|h|<t k

<Y lexlsup [y(x —k+h) —n(x —k)|
k [h|<t

= ; |eklm () (x = k).
By Theorem 3, one has
(&)t ()l ey < Nellzs Im @)l we), re)-
Combining this with (3) yield
(&)t ()l ety < CUGN Ly eyl (1)t ()| we), (e

which means m(g):(x) € Lﬁ(Rd ). Hence (i) is proved. To see (ii), let ¢ > 0 be given. Then,
by Proposition 2, there exists T > 0 such that

(&)t ()l mey < ellgllere
for 0 < t < T. The proof is completed. [
Definition 5 (see [8]). Let A1, Ay, - -, Ay be countable index sets. The sampling point set
S = {xx = (xp, Xpep, - - - Xk,) k= (k1,ko, -+ kg) € (D1, 02, ,04)}
is said to be strongly separated if infki#kj |xk,- — xk].\ > € > 0, where € is fixed.

Before presenting the sampling theorem in this section, we will show some strongly
separated properties of the sampling points meticulously.

Theorem 5. Let Ay, Ay, - - -, Ay be countable index sets. Suppose that the sampling point set S =
{xe = (g, Xpeps - - - Xk,) k= (k1,ko, -+ k) € (A1, Dy, - -+, Ng) } is strongly separated. Then

18 ey Xy -+ o2, )1y < Cepllgllwe) s mey

for a continuous function f € (Wﬂ)ﬁ(Rd ) and some positive constant C, 5.

Proof. Note that | (i, ¥y, ¥k, )ty := |-+ 8oy ¥y %)l gy =+ ||, - S0,

we have

I, (xa)"
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18 (ks Xy =+ %), (k1)
= [Zkyen, 18Xk Xhy - /xkd)|’“]ﬁ
= [Enez Ly et hi+1] 18k Xy -+ ,Xkd)\’“]ﬁ
< [Ehez Ly el h+1) SUPx fty 41 18(¥1 Xy - /xkd)|’”]%
< [Thez(LE] + 1) supy gy 18031, xhy, - - ,xkd)V’l]ﬁ
< [Shen(12] +1)supy o [8(x1 + 1%k, -+ 2|10

1 1
= (le) + V)7 [Thezsupy,coq 801 + 1, 2y -+, xi,) 1],

with | x| is the biggest integer less than or equals to x. By induction, we get

e | TR M

< (L + )7 (2] + 1)

1
Pd_\ ra
1 Pd—
Lz [ - [Ehezsupy o) 18(x1 + 11, -+, xg + 1) [P1] 7 ] | }

= Cexﬁ

g||(w2)f,(Rd)‘
The proof is completed. [
Definition 6 (see [8]). The sampling points S is called r-dense if the balls B, (x) satisfy

U Br(x) = R?  forany R > r.
xes

Let A1, Ay, - -+, Agbe countable index sets. Recall that the collection {1 (x) }re(a, a5, )
is a partition of unity if it satisfies the following three conditions:
1 0L le(x) <1lfork= (kl,k2,~ .- ,kd) € (Al,Az, s ,Ad),‘
(2) Suppui(x) C By(x), where B,(x) is the open ball centered at x = (x1,x2,- - -, x4) with
radius r > 0;
G Lrw(x) =1
Let {u(x) }re(ay,ap, a,) 18 @ partition of unity. Then we can define the sampling
operator by

Psg(x) = Y. g () ug (x)

ke(A1,82,,Ag)

with the sampling sequence g(xx) = g(xk,, Xk,, - - , Xk, ). Usually, we take the sampling
point set S as strongly separated.
Finally, applying Theorem 4, we establish the following new sampling theorem.

Theorem 6. Let 7 € (WL)1(RY), g € Span(yy) and p € [1,00]%. If iy is continuous and S is
Ro-dense and strongly separated, then for each e > 0,

g (x) — Psg(x)HLﬁ(Rd) < SHgHLﬁ(Rd)

forany 0 <r < Ry.
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Proof. Since

g(x) — Psg(x) = (g(x1, -+, xq) — gk, -+, xk,) ) i (X)

ke(

X
= A]/"'/Ad)
J— ( Z )(g(xl,...,xd)g(x] +hxk1,-..,xd+hxkd))uk(x)’
ke A],---,Ad

by Theorem 4, we have

g — Psg(x)llL,

< ke mo| () = gt x|

< 1 e ) 9P <r] (8001, 2a) = 8O+t g ) ) ()

< [m()r(%) Lie(ay, a0 4| ma)
— Im(g), (e,
< ellgll mey
where h = (hxkl,- . 'hxk,,,)' The proof is completed. O

Remark 3. An new iterative algorithm can be established as follows:
Define
8§1(x) == Psg
and
8n+1(x) 1= Ps(g = gn)(x) +gn(x) forn €N,

where S is a fixed sampling point set with 0 < & < 1 in Theorem 6. It is easy to see g — g1 €
Span(17). Hence, by induction, we get ¢ — ¢n € Span(n). Applying Theorem 6, we obtain
18 = gnt1ll;me) = 18 = 8n = Ps(g — &)l ;re)
<ellg = gnllL, e
<& g - 81ll1;(me)
< &gl ey

which imply
lim {lg —gnlly ;) = O

n—+oo

This proves the strong convergence of our iterative algorithm.
Remark 4. As an example, let

n(xy,x0, -, xq) = @1(x1) @ @2(x2) ® - - @ @a(xg),

where @ means the traditional tensor product. In wavelet theory, we can take the functions ¢;,
1 <i < d, as the orthonormal or biorthogonal scaling functions with compact support. It is not
hard to verify that these scaling functions satisfy |1 || (We); (Re) < 0007 71l (), (rey < o0 and

Y 1A(E+27l) [ > 0 for every ¢ € RY.
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4. Conclusions

It is well-known that sampling theory and stability theory are fascinating theories
that has a wide range of applications in different branches of mathematics. In this article,
inspired by previous research, we explore the promotion of the results known in the
literature in shift-invariant subspaces of mixed-norm Lebesgue spaces L ﬁ(Rd) and establish
new results to unify and refine these existing results. We establish generalized stability
theorems, generalized sampling theorems and new inequalities in shift-invariant subspaces
of Lebesgue and Wiener amalgam spaces with mixed-norms. A convergence theorem of
general iteration algorithms for sampling in some shift-invariant subspaces of L,;,(Rd) is
also given. Our new results promote the existing conclusions in shift-invariant subspaces.
We hope that these new results can be used in the investigation of frame or random
sampling under mixed norms in the future. Furthermore, the study of mathematical
models and numerical experiment results is also an important goal of our future research.
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