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Abstract: The current article studied a nonlinear transmission of the nerve impulse model, the
Fitzhugh-Nagumo (FN) model, in the conformable fractional form with an efficient analytical ap-
proach based on a combination of conformable Sumudu transform and the Adomian decomposition
method. Convergence analysis and error analysis were also carried out based on the Banach fixed
point theory. We also provided some examples to support our results. The results obtained revealed
that the presented approach is very fantastic, effective, reliable, and is an easy method to handle
specific problems in various fields of applied sciences and engineering. The Mathematica software
carried out all the computations and graphics in this paper.

Keywords: conformable fractional derivative; Sumudu transform; Adomian decomposition method;
partial differential equations

1. Introduction

Numerous nonlinear fractional models have paramount importance in applied sci-
ence and engineering like fluid mechanics, geophysical fluid mechanics, fluid mechanics,
thermodynamic, plasma physics, relaxation vibrations, heat transfer, and optics [1-4]. For
instance, The fractional Fitzhugh-Nagumo model (FN) is an important nonlinear model for
describing the transmission of thermal energy in thermodynamics, circuit theory, biology,
and in the area of population genetics [5-7].
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here, ¢ = ¢(x,t), 4, is an arbitrary constant. For « = 1, Equation (1) reduces to classical
Fitzhugh-Nagumo equation
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and for 6 = —1, Equation (2) converts into the famous Newell-Whitehead partial differ-
ential equation. Equation (2) was first introduced by Hodgkin and Huxley and obtained
at first to model the transmission of nerve impulses. In the last decades, many numerical
and analytical techniques were applied to the classical and fractional FN equations to
find their approximate and analytical solutions, some of which are; homotopy analysis
method [8], first integral method [9], haar wavelet method [10], Hirota method [11], Jacobbi
elliptic function method [12] Adomian decomposition method [13] wavelet method [14],
g-homotopy analysis method [15], finite element method [16], modified trial equation
method [17], Pseudospectral method [18], and so on.

During the last few years, the conformable fractional derivative and integral have re-
ceived much attention, and many applications have been remodeled using their definitions.
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Moreover, they have many exciting advantages that make them more comfortable and more
flexible than the definitions of other fractional derivatives, especially Caputo and Reimann
Liouville derivatives. Among these advantages, the conformable fractional derivative
(CFD) satisfies all ordinary calculus concepts such as product, quotient, Rolle’s theorem,
and mean-value theorem, chain rules. A non-differentiable function can be y- differentiable
in terms of conformable sense [19-21]. FN has been studied very extensively and, there
is pervasive literature available of the solutions of FN differential equations of fractional
order, where the fractional derivatives are in terms of Caputo or Reimann-Liouville. Nev-
ertheless, there is very little or no work available on solving the FN involving conformable
fractional derivatives. Motivated by those mentioned above, we feel compelled to solve
the FN model in the form of conformable space.
The conformable form of FN Equation (2) is given by

ay¢ B aZA(P

50~ 5 = (LT~ — o0, @)
with the initial condition
x)\
o0 = (%) @

where, ¢ = gb(%%), and A, u are the parameters defining the structure of the CFD
(0<Au<l).

In this paper, we develop the conformable Sumudu decomposition method (CSDM)
application to study the conformable fractional FN equation. The CSDM is a modified
algorithm based on the combination of the Adomian [22] decomposition scheme and
conformable Sumudu transform method [23]. The remaining part of this article is structured
as follows: In the next section, we present some basic definitions of the conformable
fractional derivatives and the conformable Sumudu transform. In Section 3, the main
idea of the proposed method is described. The convergence of the solution is discussed
and proved in Section 4. In Section 5, we devote ourselves to applying the (CSDM) for
conformable fractional FN equations. In Section 6, we discuss the numerical results and
illustrate the accuracy and efficiency of the CSDM. Conclusions are outlined in Section 7.

2. Preliminaries

In this segment, we briefly recall some fundamental theories and formulas related to
the conformable fractional derivative (CFD) and conformable Summudu transform (CST)
which can be found in [23-31].

Definition 1. Let u € (n,n+1],n € N, and ¢ : R x (0,00) — R, be an n — differentiable
function at x,t > 0, then the CFD of order u of the function ¢(x,t) is given by

p(TH1-1) (x, E+ Vt(fuku)) — o=V (x, 1)
= lim .

otH v—0 v

Definition 2. Let A € (m,m+1],n € N,and ¢ : R x (0,00) — R, be an m — differentiable
function at x,t > 0, then the CFD of order A of the function ¢(x, t) is given by

P (x, 1) 4;(W*1) <x + gx[A1=4), t) — 4;(W*1)(x, t)
2 = lim .
oxA {—0 @
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Theorem 1. Let A,y € (n,n+1], n € N. If ¢ is A, and u-differentiable at x,t > 0, then

aA(p(x,t) _ x(m 8W4>( x,t)

ax? A
8V¢(x, t) o t( wl—u) a“l](P(x, t)
ot FTI

In the following example, we introduce the CFD of some certain functions.

Example 1. Let 0 < A, <1, and ¢,d, m,n, and, k € R, then, we have the following

y O ®) — 0, V constant functions p(x,t) =k.
%

2 &
o (k)

k() (5)") = () (2"
b H(E) (5)) = m(3) (1)

o (t')> - Cec(%)*d il
5 :&(f(“f)w(ff)):d;(xmﬁ(f;)

Definition 3. Let 0 <p < 1, and ¢ : R x (0,00) — R. Then the CST w.r.t (t) of order u is
defined by

SH(p(x,t) 1 u) = /Ooo P(x, ut)e’%tﬂfldt.

Example 2. Let @,n € Rand p € (0,1], then the CST for of specific functions is calculated by:
1.  SY(@) =@, V constant functions ¢(t) = .

2. s;‘((ﬂ)") =T(s+1)u",

3. s (ewl[ly = m @u > 1.
4. Sf(sin(%)) = mﬁ @u > 1.
5 S (cos(%”L)) m |@|u > 1.

Theorem 2. The CST of < a(f,,,ft w.r.t (t) can be calculated as

Sy(a%(x,t)) _ {9 1) ~¢(x,0) _21<aup<o> > 5)

ot un = ot

In particular,

S;t(aw(x,f)) S} (¢(x,1)) — p(x,0)

7

otH u
5;4<82”4>(x,t)> SH(¢p(x, 1) — ¢(x,0) 18”¢>(x,0>.
f o2H 1u2 u  oth

3. Analysis of (CSDM)

Herein, we demonstrate the proposed approach by considering the general form of
the nonlinear conformable fractional equation.

ay¢ _ 82A4>
W_axT/\_MH_N@)’ (6)
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with initial condition

A
o0 = (%) )
Taking the CST St of Equation (6), we have
M 92
Si‘[atﬂ =5} [a - - 54>+N<¢>)} ®
using the differentiation property of the (CST), we obtain
A ap A 92A
flo X2 BN Z (X0 n| 979
st (o(55)) =0 (50) +ust| Gt — o0+ Neo) . ©)
Transforming the inverse CST both sides of Equation (9), we get
x/\ t}l x/\ 1 V 82/\(])
¢<)\'y> <P(/\,0> +S; (uSt [axm—&p—kN((p)D. (10)

Now, Adomian solution is

() -Enl5 D)

and, we decompose the nonlinear term according to the following series of the Adomian

polynomials
N(p) =) A, (12)
=0
where,

1| d ®
Al ) = [da)] lN.Xg(wf@)H
j=

w=0

Substituting Equations (11) and (12) in (10), we get
00 Ay
xt x -1 1 62)\(2]':0%(%’7)) Xt S
Eo(0)-o(3) s [CEREED g ) 5a])
comparing both sides of (13), we get
XNt X
o (i) (%)
Xt
A 82)\ (P t Ao
(Pj"l‘l L/L :S;l us;" ( ]( )) 5¢ x t +
A i x2A ] ;4

A ),j—0,1,2,~-~. (14)

4. Convergence Analysis

In this segment, we discuss the sufficient condition that guarantees the CFN equation’s
unique solution, and we present the proposed method’s error analysis.
We follow [32,33] to introduce next theorem.
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Theorem 3. For 0 < ¢ < 1, where ¢ = (&1 + €3) (%) Equation (14) has a unique solution.

Proof. Let & = (C[0, T}, ||.||) be the Banach space of all continuous functions , we define a
mapping G : 3 — S as follows

()2 (3) 5 (a2 M0 () e

where R((])(%, %)) = (aax% - (5) (cp(x)?, t—ﬂ)) Now suppose R and N are also Lips-
chitzian with ||R¢ — RP|| < €1]|¢ — ¢, and |[N¢p — NP|| < e2||¢ — ¢||, where €1 and, €3
are Lipschitz constants ¢ and, ¢ are different functions.

Go—Ga 1 =[si ™ (ust [R (05 (5545 ) +n oy (550 ) 1) = (st [R (8550 50) ) +8 (9 (55 5) )

< max|s;" (us [R (o (5050) ) =R (8105050 )) ) s (st [N oy (50 40) ) N (8 (505 ]|
< max [er;" (ust [| (03 (55 45)) =5 (5050 ) [) veas (st [ (o (50-50) ) -9 (547
<max(er-cea) 577 (s [ (o1 (5 7)) -9y (3 )
<max(er-ven) [5; " (uf [ (o) (5 4 ) )41 (35 F)

s ()| (85 (5]

For 0 < ¢ < 1, the mapping G is a contraction. Thus, According to the Banach fixed
point theorem for contraction, (14) has a unique solution. [

In the next theorem, we discuss the convergence of the solution.

Theorem 4. The solution of (14) is convergent.

Proof. Let F, = Zn 0P (XAAf ﬁ) be the nth partial sum. Using a new formulation of
Adomian polynomlal we get

Now,

|Fy — Em|| = max |F, — Fy| = max
te[0,T] te[0,T]

no xh gk
j:;H NA7

<oy ([ 2] 5 (2, )])
< max [S;1 (ust Xn; L(F,_1) — L(Fy_1) > +5;1 (us;‘L Xn; N(F, 1) N(Fm_l)D‘
j=m-+1

t€[0,T] i— 1
< max |57 (uSHL(Fy-1) = L(Fw-1)]) + ;" (S IN(Fy-1) = N(Fn1)] )|

< maﬁgé;m[s (S (IRt — Bual])]

B
= (e1+e2) (5 ) IFucs = Bl = 811 = B

Letn = m+1, we have ||F, 11 — Fu|| < 9"||F; — F||, by using the triangle inequality we
have ||Fyi1 — Ful| < (0™ 1 —1)|¢1|| butsince 0 < 8 <1, 0 < 1—9 < 1, therefore,
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) Lo e

|En+1 — Full < % rrEax llp1ll. ||F1]| is finite, thus as m — oo, ||EFy1 — Ful| — 0, hence

{Fu}, is a Cauchy sequence in the Banch speace <, thus the solution Z 20 (P]( AA t: ) is
convergent. []

Theorem 5. The maximum absolute truncation error of Equation (14) to Equation (3) can be

obtained by
XNt 2 Xt o xh
B s i\ 5 7 < S 7 15
“¢(A #) ;¢](A #)H 1= 62l ¢1(A ;4)” 19

Proof. From Theorem 4, we have ||F,;, — Fy|| < ‘9"119 n}ax llp1ll, asn — oo, F, — qb(% tﬁ),

thus
5o ) - me(e )| = el (5 )
= — 1—"13+efoT1] A ull

which proves the theorem. [
5. Numerical Examples
Example 3. Consider the following CEN of the form:

lp 9 s

YT T A (16)
with the IC

(xO)—1 1+ tanh fzﬁ (17)
Pl =51+t an))

The exact solution of Equation (16) is given by

Xt 1 V2ux + 3AtH

The Adomian polynomials for the nonlinear term —¢> can be computed as follows

A= —¢3,
A = *3¢(2]<P1,
Az = =3(P§¢2 + Pod?)
= —(3¢o¢p3 + 612 + ¢3)

Using Equation (14), we have

4>0(3i€1:> = ;<1+tanh<f4;)>
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xt
w55

xt
w5

XNt
¢<A'u>

ta nh(fz/\)) - BSeCh2<2\1[x)?) (ty)
A

5)= () (0) 1 (5) (=0(5) -2)=(5737)

o) s (s [Fa (.5)
- (usf :aﬂ(%angﬁ)) a5 4,8])
(255 (4)
()5 (s o ()]
o s o ) ]

o (25) )

In the same pattern, we compute the following terms

) (oo (55) 2 (5555

sech® (2;:5> (351nh<\@);?> - 1851nh<\2\) + 12cosh(\f> — 16) (t:>4.

Therefore, The analytical solution is obtained as follows:

x At
( )+@<A'y>+“'

2;\%) (%mh(ﬁ’f) - 18sinh<\;;/\> +12cosh(\j§)\) - 16) (’*Z)LL+ .

Example 4. Consider the following CEN of the form:

Hp 9% 3
R A (18)
subject to IC
1
¢(x,0) = —— (19)
e Vi +1

The exact solution of (18) in is given by

xA 1
(55 - — . (20)
Ap 7%(7+%)+1
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We compute the Adomian polynomials for the nonlinear term (%4)2 — ¢%) as follows

7
Ao = 46— 9%,
A = ;¢0<P1 — 3¢5¢p1,
7
A = 7 (29002 + %) — (20592 + 34847
A3 = 32003 +20192) — (3003 + 6092+ 9})

Using Equation (14), we obtain the recursive relation:
p (xA H‘) 1
o\l5 ) =—a

AH IR

A g
AN g azA(‘f’j(xT't?)) 3 [xM A;

P T) 7o | o P\ )t

Eventually, we obtain

xt 1 t
4)1 71? = 8 h XA 8 ﬁ ’

—0 COS (W) —

A g A XA M
() =i ()= () (5)

A V24 YIYANT
() = (o () -2 (37) (5)
\Aw) T 3072 V2A 2v2A

Xt 1 3x? xt tH

—,— | = ——= [ sinh| —=— ] — 11sinh .
¢3(A’u) 98304<Sl (2\@) o (2\0)) e (2\M)< )
Thus, the 5th-order approximate solution of Equation (18) is given by

o(v5) - () e ) e (G (5)
A u _ b —8cosh(x/\>—8 1 16 2V27 V2A

V2A

“ 3 (“’Sh(ﬁ) - 2) sech? (zj;;A) <t:)
)

3
1 3xt x* x* t
98304(S <2f > s mh(zﬁ)&) sech’ (2\f/\>< )

6. Results and Discussion

This segment discusses the proposed method’s precision and applicability by compar-
ing the approximate and exact solutions using graphs and tables. Figures 1 and 2, depict
the behaviors of the exact solutions of Examples 3 and 4, when # = A = 1. We can observe

that the solution ¢ (— ?> increases quickly when we increase x and t.

) k=0,1,2,---.

_|_
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Figure 2. Exact solution graph of 4)(%, %), of Example 4, when yp = A = 1.

In Figures 3 and 4 we show the behaviors of approximate solutions of Examples 3
and 4.
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-\--""*-.l___ | __.l":lII
:
10 0.0

Figure 3. Approximate solution graph of gb(%, %) , of Example 3, for 5th-order approximations,
whenpy=A =1

- ——
P T T
e | T—

Figure 4. Approximate solution graph of 4)(%, %) , of Example 4, for 5th-order approximations,

whenpy=A=1

Figures 5 and 6 , the represent the absolute error between the exact and absolute
solution when y = A = 1 and x, t belong to [0,1]. These figures reveal that the approx-
imate solutions obtained by CSDM are almost similar to the exact solutions. In both
Figures 7 and 8, we present various fractional-order solutions, of Examples 3 and 4, re-
spectively, in two-dimensional space; we observe that the numerical solution becomes
close to the exact solution when the fractional values j;, A — 1. Tables 1 and 2 provide the
comparison of exact and approximate solutions in term of absolute error at y = A =1, at
time t = 0.02,0.07 in Example 3, and t = 0.01,0.05 for Example 4, as x increases. In this
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it
7
—~—

III.*IEf
Abs. Errar0.10

b

005t

0.00 &g
oo e

Figure 6. Absolute error when y = A = 1 for Example 4.
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Table 1. Absolute Error for Example 3 when A = p = 1.

t x Approximate Solution Exact Solution Absolute Error
0.05 0.516332 0.516333 0.00000111929
0.10 0.525155 0.525156 0.00000111497
0.02 0.15 0.533963 0.533964 0.00000110789
0.20 0.54275 0.542751 0.00000109809
0.25 0.55151 0.551511 0.00000108563
0.05 0.534984 0.535031 0.0000475469
0.10 0.543768 0.543815 0.0000473493
0.07 0.15 0.552524 0.552571 0.0000470361
‘ 0.20 0.561249 0.561295 0.0000466091
0.25 0.569936 0.569982 0.0000460706
0.30 0.57858 0.578625 0.0000454232

Table 2. Absolute Error for Example 4 when A = u = 1.

t X Approximate Solution Exact Solution Absolute Error
0.05 0.505714 0.513255 0.00748392
0.10 0.514549 0.522083 0.0075053
0.01 0.15 0.523374 0.530897 0.00752205
0.20 0.532186 0.539691 0.00753415
0.25 0.540977 0.548461 0.00754156
0.05 0.505714 0.513255 0.00748392
0.10 0.514549 0.522083 0.0075053
0.05 0.15 0.523374 0.530897 0.00752205
0.20 0.532186 0.539691 0.00753415
0.25 0.540977 0.548461 0.00754156

[=—-E-— Exact
0,75 ~ —m— Approx.
Lambda =0.99,Mu=0.95|
—m— Lambda =0.95,Mu=0.90| 1
- m— Lambda =0.9,Mu=0.99 ATy
0.70 = Lambda =0.80,Mu=0.95 e o
! |—m— Lambda =0.80,Mu=0.80) AT ]
I/.
]
0,65
0,60
0,55
0:50 N T T T d T T T T T T i 1
00 01 02 03 04 05 06 07 08 09 10

Figure 7. Exact and approximate solutions of 4)(%, %), for Example 3, for diverse values of

fractional orders y, and A when t = {55-

2
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jll== Ex act
—m— Approx
Lambda =0.99,Mu=0.85
0,70 —m— Lambda =0.95,Mu=0.90 P |
m  Lambda =0.9,Mu=0.99 lfl
—m— Lambda =0.80,Mu=0.95 W g
—m— Lambda =0.80,Mu=0.80 ;l/ n
0,65
0,60
0,55 -
0,50 -
T T

T T T T T T T T T T
0.0 01 02 03 04 05 06 07 08 08 A0 44 12

X

Figure 8. Exact and approximate solutions of 4;(%, %), for Example 4, for diverse values of

fractional orders p, and A when t = %.

7. Conclusions

This study has efficiently implemented the conformable Summdu transform and
Adomian decomposition method to obtain an approximate solution of the conformable
fractional Fitzhugh-Nagumo model. The CSDM gives us a solution in an infinite series with
small error and high convergence. Furthermore, the convergence and the error analysis
of the proposed method were stated and proven. Two examples were employed in order
to illustrate the preciseness and effectiveness of the employed method. To provide better
understanding of the characteristics of the solutions, the solution graphs were plotted in

Figures 1-8, by considering different values of parameters, x, and ¢ within the interval [0, 1].
Moreover, we have discussed the behavior of the solution ¢ (%, %) when (A =v =1)
and approximate solutions when A and v taking different fractional values. The obtained
solutions were in full agreement as compared with exact solutions. Finally, the exact
solutions and approximate solutions were plotted, and we can see the agreement among
the solutions. The results lead us to say that the proposed method is reliable, accurate, and
much understandable compared to other methods. Hence, it is concluded that this method
can also be applied to solve other fractional non-linear differential equations involving

conformable fractional derivatives.
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