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Abstract

:

A comprehensive study of the negative-order Kadomtsev–Petviashvili (nKP) partial differential equation by Lie group method has been presented. Initially the infinitesimal generators and symmetry reduction, which were obtained by applying the Lie group method on the negative-order Kadomtsev–Petviashvili equation, have been used for constructing the reduced equations. In particular, the traveling wave solutions for the negative-order KP equation have been derived from the reduced equations as an invariant solution. Finally, the extended improved    (   G ′  / G  )    method and the extended tanh method are described and applied in constructing new explicit expressions for the traveling wave solutions. Many new and more general exact solutions are obtained.
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1. Introduction


It is known that all physical phenomena can be described through nonlinear partial differential equations, so finding exact solutions to these equations and studying them represents the cornerstone through which we can better understand the mechanisms of the complex physical phenomena that these equations represent. They enable us also to clearly understand the dynamic processes these equations accompaniment. Moreover, those exact solutions can also help to investigate the stability of these solutions and to test numerical analysis for these nonlinear partial differential equations. In recent years, the reduction of partial differential equations (PDEs) into ordinary differential equations (ODEs) has proven a successful idea for constructing interesting exact solutions of the nonlinear differential equations. The Lie Group method is a basic and powerful tool for obtaining symmetries for differential equations, which used for reducing the differential equations and obtaining the exact solutions [1,2,3,4,5,6]. The mathematical method in the present study is the one-parameter group transformation. In the Lie group method, the infinitesimal functions which consist of independent and dependent variables have been presented for expressing the infinitesimals. Finding the infinitesimal functions is the first and basic step in the Lie group method, through these functions the auxiliary equation can be constructed and thus we get the invariant symmetries. The infinitesimal functions are calculated by solving a system of linear partial differential equations called the determining equations that arise by applying the invariance conditions to the partial differential equations and their auxiliary conditions. Therefore, the Lie group method can be used easily to solve different types of nonlinear problems. The major characteristic of Lie group method is decreasing the number of independent variables for the partial differential equations by one. Thus, the obtained symmetries were used to reduce the negative-order Kadomtsev–Petviashvili equation to an ordinary differential equation [7]. Consequently, the travelling wave solutions are obtained as invariant solutions.



Travelling waves arise naturally in many physics phenomena, typically expresses as partial differential equations. Special classes of travelling waves that have specific properties are solitary and soliton waves [8,9]. Solitary waves, as their name implies, commonly consist of one single disturbance or a train of solitary waves at the same time and in close proximity that spread over time. So, the solitary waves may be different shapes and sizes. The most important main feature of the soliton solutions is that they propagate in the shape of pulses without any change in their identity, shape, and speed, during their travel through a nonlinear dispersive domain. There are approaches for obtaining the exact travelling wave solutions, such as, the    (   G ′  / G  )    expansion method [10,11], Exp-function method [12,13,14], Extended tanh method [15,16], Jacobi elliptic function expansion methods [17,18], and F—expansion methods [19].



The KdV equation has a significant role in characterization motions of long waves in a density-stratified ocean, acoustic waves on a crystal lattice, quantum mechanics, fluid mechanics, optics and plasma physics. It is also used as a model in soliton wave theory that gives rise to soliton solutions. The KdV equation is written as


   u t  + 6    u x   u  x x   +  u  x x x   = 0 .  



(1)







Here   u ( x , t )   the dependent variable,  x  and  t  are the independent variables. Equation (1) describes how waves emerge under the effects of weak nonlinearity term    u x     u  x x     and weak dispersion term    u  x x x    . It is also extensively used for the explanation of weakly nonlinear long waves in many branches of physics and engineering [8,20,21,22,23]. Kadomtsov and Petviashivili obtained the Kadomtsev–Petviashvili equation as an extension of the KdV equation from (1 + 1) dimensions to (2 + 1) dimensions. The KP [24,25] equation is written as


     (   u t  + 6    u x   u  x x   +  u  x x x    )   x  + γ    u  y y   = 0  



(2)




with   γ = ± 1  , the choice of  γ  depends on the relevant magnitude of gravity and surface tension. The KP equation was used to describe the wave propagation along two spatial dimensions,  x  and  y , and one temporal coordinate  t . One of the popular uses of the KP equation is as a classic model for developing and testing new mathematical techniques, e.g., in studying the dynamical system methods for water waves and in studying the problems of well-posedness in non-classical function spaces.



It is important to point out that the KdV and the KP equations both are completely integrable equations. There are different techniques for constructing the nonlinear integrable system [26,27], like bi-Hamiltonian formulation, Lax pairs and hereditary symmetry operators. The main and important properties of integrable equations are that they have an infinite number of symmetries, an infinite number of conservations laws, and they have the ability to have also the multiple soliton solutions in certain directions. The KP equation can generally be used as a model for two-dimensional shallow water waves and ion sound waves in plasma physics. The recursion operator [28,29,30,31,32,33,34,35,36] plays a significant role in the study of the integrable systems; it was presented and developed firstly by Olver [31]. The recursion operator is an integrodifferential operator which can create a new symmetry generator from a known symmetry generator for the evolution equation. The hereditary symmetry   Φ ( u )   is a recursion operator [32] of the following hierarchy of evolution equations


    u t    =      Φ n     u x    ,   n = 0 ,   1 ,   2 , …   



(3)







Equation (3) gives rise to a variety of (1+1)-dimensional equations. Hence, the recursion operator   Φ ( u )   for the KdV equation in (1) is given by [4,7]


  Φ ( u ) = −  ∂ x 2  + 4 u + 2  u x   ∂ x  − 1   ,    



(4)




where    ∂ x    denotes the total derivative with respect to  x , and    ∂ x  − 1     is its integration operator.The inverse operator    ∂ x  − 1     is defined as


   (   ∂ x  − 1   f  )    ( x ) =    ∫  − ∞  x   f ( t ) d t    .    



(5)







As an extension of Oliver’s work which admitted the use of negative direction, which obtained in a sequence of equations of increasingly negative orders were presented by Verosky [35]. Therefore, from Equation (3) we have


   u t    =   Φ    u x  .  



(6)







Equation (6) can be used in the negative order hierarchy as follows


   u t    =      Φ  − 1      u x  ,  



(7)




which mean that the powers of  Φ  goes to the opposite direction [34,35,36]. Hence, the negative order equation is given by


    Φ    u t    =      u x  .  



(8)







By substituting Equation (8) in Equation (4), we get


       v t  =  w x  ,      w  x x x   + 4     v    w x  + 2    v x    w = 0    }  .  



(9)







The first equation of Equation (9), yields that


  w =  ∂ x  − 1    v t  .  



(10)







By substituting Equation (10) in the second equation of (9), we obtain


   v  x x t   + 4   v    v t  + 2    v x     ∂ x  − 1    v t  = 0 .  



(11)







Since the negative-order Kadomtsev–Petviashvili equation also extended to the negative-order KdV equation from (1+1) dimensions to (2+1) dimensions [7], hence


     (   v  x x t   + 4   v    v t  + 2    v x     ∂ x  − 1    v t   )   x  + γ    v  y y   = 0 .  



(12)







By using the potential


  v =  u x  ,  



(13)







From Equation (10), we also have


  w =  u t  .  



(14)







Equation (13) will carry out Equation (12) to the negative order KP (nKP) equation


     (   u  x x x t   + 4    u x     u  x x   +   2  u  x x      u t   )   x  + γ    u  x y y   = 0 .  



(15)







In 2017, Wazwaz [7] introduced the specific constraints that are necessary to guarantee the existence of the multiple soliton solutions for the negative-order Kadomtsev–Petviashvili equation (nKP). These soliton solutions are the only solutions presented so far.



In our work, the Lie group method is applied to study the negative-order Kadomtsev–Petviashvili equation (nKP). Basically, the Lie group analysis relies on reducing the number of independent variables by one; consequently the traveling wave solution is the only invariant solution which obtained by reducing the partial differential equation to nonlinear ordinary differential equation. The importance of this work is, to construct new exact solutions including Hyperbolic function, periodic function and rational function solutions for the negative-order Kadomtsev–Petviashvili equation by applying the extended improved    (   G ′  / G  )    method and the extended tanh method.




2. Lie Symmetry Group Method


Consider the negative- order Kadomtsev–Petviashvili equation (nKP) as follows [7]:


   u  x x x x t   + 4  u  x x  2  + 4  u x   u  x x x   + 2    u  x x x      u t  + 2    u  x x      u  t x   + γ    u  x y y   = 0 .  



(16)







We start by determining the Lie point symmetry generators admitted by Equation (16) so that we can reduce it to ordinary differential equation [2,3,4]. Equation (16), invariant under the one—parameter Lie group of transformations generated by (   Γ ε  = exp ( ε X )  ), where  ε  is the infinitesimal parameter and  X  is the infinitesimal generator defined as


  X ≡  ξ 1   ∂  ∂ x   +  ξ 2   ∂  ∂ y   +  ξ 3   ∂  ∂ t   + η  ∂  ∂ u   ,  



(17)




where    ξ 1  ,    ξ 2  ,  ξ 3    and  η  are functions in    (  x ,   y ,   t ,   u  )   . The corresponding one-parameter group of infinitesimal transformations reads as


       x *    =     x   +   ε    ξ 1   (    x ,   y , t ,   u    )  + O (  ε 2  ) ,      y *  = y + ε    ξ 2   (    x ,   y , t ,   u    )  + O (  ε 2  ) ,      t *    =     t + ε    ξ 3   (    x ,   y , t ,   u    )  + O (  ε 2  ) ,        u *    = u + ε     η  (    x ,   y , t ,   u    )  + O (  ε 2  )    }  ,  



(18)




where  ε  is the Lie group parameter,    ξ 1  =       ∂  x    *      ∂ ε    |    ε = 0    ,    ξ 2  =       ∂  y    *      ∂ ε    |    ε = 0    ,    ξ 3  =       ∂  t    *      ∂ ε    |    ε = 0     and   η =       ∂  u    *      ∂ ε    |    ε = 0    . The infinitesimal generator  X  is said to be a Lie point symmetry generator for the negative-order KP equation if


    Pr    ( n )     (     {    16    }     )  ≡ 0 ,  



(19)




where  n  represents prolongation order for each equation according to the highest derivative. Since the negative-order KP equation has at most fifth—order derivatives, therefore, the fifth prolongation of the generator must be considered in the form


     Pr   ( 5 )    X ≡  ξ 1   ∂  ∂ x   +  ξ 2   ∂  ∂ y   +  ξ 3   ∂  ∂ t   + η  ∂  ∂ u   +  η x   ∂  ∂  u x    +  η t   ∂  ∂  u t    +  η  x x    ∂  ∂  u  x x                               +  η  x t    ∂  ∂  u  x t     +  η  x x x    ∂  ∂  u  x x x     +  η  x y y    ∂  ∂  u  x y y     +  η  x x x x t    ∂  ∂  u  x x x x t        



(20)




where


       η x  =  D x   ( η )  −  u x     D x   (   ξ 1   )  −  u y     D x   (   ξ 2   )  −  u t     D x   (   ξ 3   )  ,      η t  =  D t   ( η )  −  u x     D t   (   ξ 1   )  −  u y     D t   (   ξ 2   )  −  u t     D t   (   ξ 3   )  ,      η  x x   =  D x   (   η x   )  −  u  x x      D x   (   ξ 1   )  −  u  x y      D x   (   ξ 2   )  −  u  x t      D x   (   ξ 3   )  ,      η  x t   =  D t   (   η x   )  −  u  x x      D t   (   ξ 1   )  −  u  x y      D t   (   ξ 2   )  −  u  x t      D t   (   ξ 3   )  ,      η  x x x   =  D x   (   η  x x    )  −  u  x x x      D x   (   ξ 1   )  −  u  x x y      D x   (   ξ 2   )  −  u  x x t      D x   (   ξ 3   )  ,      η  x x x x t   =  D t   (   η  x x x x    )  −  u  x x x x x      D t   (   ξ 1   )  −  u  x x x x y      D t   (   ξ 2   )  −  u  x x x x t      D t   (   ξ 3   )  .    }  .  



(21)







The infinitesimal generator  X  given by Equation (17) is said to be a Lie point symmetry vector field for Equation (16) if


    Pr    ( 5 )    X  {     (    16    )     }  = 0 .  



(22)







The infinitesimals obtained by solving the determining equations resulted from Equation (22), hence we get


       ξ 1  = −    c 3    x +  c 4  ,      ξ 2  = − 2    c 3    y +  c 5  ,    ξ 2  = −    c 3    t +  c 6  ,     η =  F 1  ( y ) +  1 2   (  2   t   y − x   y  )     c 1  +  1 2   (  2   t − x  )     c 2  +  c 3    u    }  .  



(23)







Hence, the negative-order Kadomtsev–Petviashvili Equation (16) admits the infinite dimensional Lie symmetry algebra    β 0 ∞   , the basis generators of    β 0 ∞    are


       X 0  ≡  F 1  ( y )  ∂  ∂ u   ,    X 1  ≡ x  ∂  ∂ x   + 2   y  ∂  ∂ y   + t  ∂  ∂ t   − u  ∂  ∂ u    ,         X 2  ≡  ∂  ∂ x      ,         X 3  ≡  ∂  ∂ y      ,     X 4  ≡  ∂  ∂ t      ,       X 5  ≡ y    (  2   t   − x  )   ∂  ∂ u      ,     X 6  ≡  (  2   t − x  )   ∂  ∂ u      }  .  



(24)







It is convenient to present the commutators of Lie algebra through its commutator table in Table 1, where the entry in the i-th row and j-the column is defined as [4]:


  [    X i  ,  X j  ] =  X i     X j  −  X j     X i  .  



(25)







The commutator table is antisymmetric with its diagonal elements all zero as we have   [    X i  ,  X j  ] = − [    X j  ,  X i  ]   [4,5]. Since the commuatator must table closed under its operations, since,   [    X 3  ,  X 5  ] = y  ∂  ∂ u     and   [    X 3  ,  X 4  ] = 2      ∂  ∂ u    . So we must add two generator namely,    X 7  ≡   y      ∂  ∂ u     and    X 8  ≡  ∂  ∂ u     to Equation (24) after removing    X 0   .



The adjoint action on Lie algebras is defined by the adjoint operator given by


  A  d  exp   ( ε    X i  )   〈    X j    〉 =  e  −   ε    X i       X j     e    ε    X i    .  



(26)







In terms of Lie brackets using Campbell–Baker–Hausdorff theorem [4,5], this operator can be rewritten as


  A  d  exp   ( ε    X i  )   〈    X j    〉 =  X j  − ε    [     X i  ,  X j   ]  +    ε 2    2 !    [     X i  ,  [   X i  ,  X j   ]     ]  − ⋯  



(27)







The calculations of the adjoint action are summarized in Table 2.



Therefore, a symmetry generator represented by Equation (17) is a linear combination of Equation (24).



The auxiliary equation can be expressed as


      d x   −    c 3    x +  c 4      =   d y     − 2    c 3    y +  c 5    =   d t   −    c 3    t +  c 6           =   d u      F 1  ( y ) +  1 2   (  2   t   y − x   y  )     c 1  +  1 2   (  2   t − x  )     c 2  +  c 3    u      



(28)







Invariant Solution Generated by    X 1   


Under the invariant condition of the Lie group method, the auxiliary equation will be


    d x   −   x   =   d y   − 2     y   =   d t   −   t   =   d u     u   .  



(29)







Hence the general solution is


  u ( x , y , t ) =  1 t  φ ( ξ , δ ) ,  



(30)




where   ξ =  x t    and   δ =  y   t 2     , Substitution of Equation (30) into Equation (16), we get


    − 5  φ  ξ ξ ξ ξ   − 2 δ  φ  δ ξ ξ ξ ξ   − ξ  φ  ξ ξ ξ ξ ξ   + 4  φ  ξ ξ  2  + 4  φ ξ   φ  ξ ξ ξ   − 2 φ    φ  ξ ξ ξ               − 4  φ δ   φ  ξ ξ ξ   − 2 ξ  φ ξ   φ  ξ ξ ξ   − 4  φ ξ   φ  ξ ξ   −  4 δ   φ  δ ξ    φ  ξ ξ   − 2 ξ  φ  ξ ξ  2  + γ    φ  δ δ ξ   = 0    



(31)







Apply Lie group method again on Equation (31) and the infinitesimal generator will be:


  X ≡  ξ  11    ∂  ∂ ξ   +  ξ 2   ∂  ∂ δ   +  η  11    ∂  ∂ φ   ,  



(32)







Repeating as procedure Equations (18)–(23), we get


    ξ  11   = 0   ,    ξ 2  = 0     and    η  11   =    C  11      δ    .   



(33)







Unfortunately, the investigation of the reduced partial differential Equation (31) again by the means of Lie symmetry techniques will not add any symmetry can be used for reducing it to ordinary differential equation. Hence, the scaling symmetry generator does not seem to be very useful.





3. Travelling Wave Solution


The travelling wave solution obtained as an invariant solution generated by linear combination of    X 2  ,    X 3   , and    X 4   . Hence, the auxiliary equation will be


    d x    c 4      =   d y      c 5      =   d t    c 6      =   d u  0  .    



(34)







Solving Equation (34), leads to


      u ( x , y , t ) = φ ( ξ ) ,     ξ = α   x + β   y − C   t .    }   



(35)




where  α ,  β  and  C  are arbitrary constants.



To construct the travelling wave solutions, we assume the system dynamics in an infinite space with   φ ( + ∞ ) =  φ l    and   φ ( − ∞ ) =  φ r    thus    φ l    and    φ r    are arbitrary constants.



By substituting Equation (35) in Equation (16), we get


  − C    α 4     φ  ( v )   + 2    α 3   (  2   α − C  )      φ ″  2  + 2    α 3   (  2   α − C  )     φ ′     φ ‴  + γ   α    β 2     φ ‴  = 0 .  



(36)







Integrating Equation (36) twice and setting the constant of first integration to zero yields


  − C    α 4     φ ‴  +  α 3   (  2   α − C  )      φ ′  2  + γ   α    β 2     φ ′  + M = 0 ,    



(37)




where  M  is the constant of the second integration. Clearly, Equation (37) can be solved with respect to different values of     C  . The solutions arise if     C = 2   α   and if     C ≠ 2   α  .



If     C = 2   α  , the general solutions of Equation (37) will be


  u ( ξ ) =  {     c  11   −   2 M   γ   C    β 2      ξ +  c  12     sin  (    2     − 2   γ     β   ξ      C 2     )  +  c  13     cos  (    2     − 2   γ     β   ξ      C 2     )  ,     γ < 0 ,      c  11   −   2 M   γ   C    β 2      ξ +  c  12      e    2   2   γ     β   ξ      C 2      +  c  13      e  −       2   2   γ     β   ξ      C 2      ,                   γ > 0     ,  



(38)




where    c  11    ,    c  12    ,    c  13     are arbitrary constants and   ξ = α   x + β   y − C   t  .



In the rest of our paper, we look for the solutions of Equation (37) for     C   ≠   2   α  .



3.1. The Extended Improved    (   G ′  / G  )    Method


In this section, the extended    (   G ′  / G  )   - method is used to obtain more general exact solutions for the negative order KP equation (nKP).The first appearance of the method of expansion    (   G ′  / G  )    was in 2008 when it was presented by Wang et al. [37], to search for traveling wave solutions of nonlinear partial differential equations in mathematical physics. In this method, the traveling wave solutions are expressed as a polynomial in    (   G ′  / G  )   , where   G = G  ( ξ )    is a solution to    G ″  ( ξ ) + λ    G ′  ( ξ ) + μ   G ( ξ ) = 0  . In 2009, Zhang et al. presented the extended improved    (   G ′  / G  )    method as an extension of Wang et al.’s work. The traveling wave solutions in this case are also expressed as polynomial    (   G ′  / G  )    but with positive and negative powers [38].



Now, our main goal is to derive exact solutions for the nonlinear Equation (37) by using the improved    (   G ′  / G  )   - expansion method [39].Suppose that the solution of Equation (37) can be expressed by a polynomial in    (   G ′  / G  )    as follows:


  U ( ξ ) =   ∑  i   =   0  N      a i       (     G ′  ( ξ )   G ( ξ )    )   i    +   ∑  i   =   1  N      b i       (     G ′  ( ξ )   G ( ξ )    )    − i     ,  



(39)




where    a i    and    b i    are unknown real constants to be determined. Expansion (39) reduces to the standard    (   G ′  / G  )   -expansion method by setting    b i  = 0  . The positive integer  N  determined by balancing the highest order derivatives appearing in Equation (37)   φ ‴   with the highest order nonlinear terms     φ ′  2   . From which, we find   N = 1  .



By substituting   N = 1   in Equation (39), we get


  U ( ξ ) =  a 0    +      a 1     G ′  ( ξ )   G ( ξ )   +  b 1       (     G ′  ( ξ )   G ( ξ )    )    − 1   .  



(40)







The function   G ( ξ )   is the general solution of the auxiliary linear ordinary differential equation


   G ″  ( ξ ) + λ    G ′  ( ξ ) + μ   G ( ξ ) = 0 ,  



(41)




where  λ  and  μ  are real constants to be determined. Hence, depending on the sign of    λ 2  − 4 μ  , whether it is positive, negative, or equal to zero, the solutions of Equation (41) change from a hyperbolic function solutions, trigonometric periodic wave function solutions, or rational function solutions respectively. Then, the rational function    (   G ′  / G  )    given as follows:


     G ′  ( ξ )   G ( ξ )   =  {         λ 2  − 4 μ    2    tanh  (       λ 2  − 4 μ    2    ξ +  ξ 0   )  −  λ 2  ,      λ 2  − 4 μ > 0 ,   tanh (  ξ 0  ) =  B A  ,  |   B A   |  < 1 ,         4 μ −  λ 2     2    − A   sin  (      4 μ −  λ 2     2    ξ  )  + B   cos  (      4 μ −  λ 2     2    ξ  )    A   cos  (      4 μ −  λ 2     2    ξ  )  + B   sin  (      4 μ −  λ 2     2    ξ  )    −  λ 2  ,                  λ 2  − 4 μ < 0 ,      A  A   ξ + B     −  λ 2  ,                                          λ 2  − 4 μ = 0      



(42)




where  A  and  B  are arbitrary constants. These results can be further be written in some more easy forms depending upon the conditions on the ratio of  A  and  B  as


     G ′  ( ξ )   G ( ξ )   =  {         λ 2  − 4 μ    2    tanh  (       λ 2  − 4 μ    2    ξ +  ξ 0   )  −  λ 2  ,      λ 2  − 4 μ > 0 ,   tanh (  ξ 0  ) =  B A  ,  |   B A   |  < 1 ,          λ 2  − 4 μ    2    coth  (       λ 2  − 4 μ    2    ξ +  ξ 0   )  −  λ 2  ,      λ 2  − 4 μ > 0 ,   coth (  ξ 0  ) =  B A  ,  |   B A   |  > 1 ,         4 μ −  λ 2     2  cot  (      4 μ −  λ 2     2    ξ +  ξ 0   )  −  λ 2  ,        λ 2  − 4 μ < 0 ,   cot (  ξ 0  ) =  B A  ,      A  A   ξ + B     −  λ 2  ,                        λ 2  − 4 μ = 0     .    



(43)







By substituting Equations (40) and (41) in Equation (37) yields polynomials in      (   G ′  / G  )   m    and      (   G ′  / G  )    − m    , (  m = 0 ,     1 , … ,   4  ). By summing together the coefficients of polynomials which have the same degree and then setting those coefficients to zero, we obtain a set of algebraic equations for    a 1   ,    b 1   ,  μ ,  λ  and  C . By solving these algebraic equations, we obtain four sets of constraints:



3.1.1. Case




    a 1  =   6   α     C   C − 2   α     ,    b 1  = 0   ,   M = 0     and   μ =    λ 2   4  −   γ      β 2    4   C    α 3    ,   



(44)




where  γ ,  C ,  α ,  β  and  λ  are free parameters. Hence,    λ 2  − 4 μ =   γ      β 2    C    α 3     .



By substituting Equation (44) in Equation (40), we get


  U ( ξ ) =  a 0    +       6   α   C   C − 2   α          G ′  ( ξ )   G ( ξ )   .  



(45)







Hyperbolic function solutions: When     γ      β 2    C    α 3    > 0  , we obtain


  U ( ξ ) =    a 0    +       6   α   C   C − 2   α      (   1 2        γ    β 2    C    α 3        A   sinh    (   1 2        γ    β 2    C    α 3        ξ  )  + B   cosh    (   1 2        γ    β 2    C    α 3        ξ  )    A   cosh    (   1 2        γ    β 2    C    α 3        ξ  )  + B   sinh    (   1 2        γ    β 2    C    α 3        ξ  )    −  λ 2   )  .    



(46)




where   ξ = α     x + β   y − C   t  .



Trigonometric function solutions: When     γ      β 2    C    α 3    < 0  , we obtain


  U ( ξ ) =      a 0    +       6   α     C   C − 2   α      (   1 2    −   γ      β 2    C    α 3        − A   sin  (   1 2    −   γ      β 2    C    α 3        ξ  )  + B   cos  (   1 2    −   γ      β 2    C    α 3        ξ  )    A   cos  (   1 2    −   γ      β 2    C    α 3        ξ  )  + B   sin  (   1 2    −   γ      β 2    C    α 3        ξ  )    −  λ 2   )  .    



(47)




where   ξ = α     x + β   y − C   t  .



Rational function solutions: When     γ      β 2    C    α 3    = 0  , we obtain


  U ( ξ ) =      a 0    +       6   α   C   C − 2   α      (   A  A   ξ + B     −  λ 2   )  .  



(48)




where   ξ = α   x − C   t  .




3.1.2. Case




    a 1  =   6   α   C   C − 2   α     ,    b 1  =  1  2  α 2      γ    β 2      C − 2   α     ,   M = −  1  4 α        γ 2     β 4      C − 2   α     ,   μ = 0     and   λ = 0 ,   



(49)




where  γ ,  C ,  α  and  β  are free parameters. From Equation (49)    λ 2  − 4   μ = 0  , hence, the rational function solution is the only solution exists in this case. By substituting Equation (49) in Equation (40), we get


  U ( ξ ) =  a 0    +       6   α   C   C − 2   α        A  A   ξ + B     +  1  2    α 2      γ    β 2      C − 2   α          (   A  A   ξ + B      )    − 1   .  



(50)




where   ξ = α     x + β   y − C   t  .




3.1.3. Case




    a 1  = 0   ,    b 1  =  3  2  α 2      γ    β 2  −  λ 2     α 3    C     C − 2   α     ,   M = 0     and   μ =    λ 2   4  −   γ    β 2    4   C    α 3      



(51)




where  γ ,  C ,  α ,  β  and  λ  are free parameters. Hence,    λ 2  − 4   μ =   γ    β 2    C    α 3     .



By substituting Equation (51) in Equation (40), we get


  U ( ξ ) =  a 0    +  3  2  α 2      γ    β 2      C − 2   α        (     G ′  ( ξ )   G ( ξ )    )    − 1   .  



(52)







Hyperbolic function solutions: When     γ    β 2    C    α 3    > 0  , we obtain


  U ( ξ ) =      a 0    +    3  2  α 2      γ    β 2  −  λ 2     α 3    C     C − 2   α        (   1 2        γ    β 2    C    α 3        A   sinh  (   1 2        γ    β 2    C    α 3        ξ  )  + B   cosh  (   1 2        γ    β 2    C    α 3        ξ  )    A   cosh  (   1 2        γ    β 2    C    α 3        ξ  )  + B   sinh  (   1 2        γ    β 2    C    α 3        ξ  )    −  λ 2   )    − 1    



(53)




where   η = α     x + β   y − C   t  .



Trigonometric function solutions: When     γ    β 2    C    α 3    < 0  , we obtain


  U ( ξ ) =    a 0    +  3  2  α 2      γ    β 2  −  λ 2     α 3    C     C − 2   α        (   1 2      −   γ    β 2    C    α 3        − A   sin  (   1 2      −   γ    β 2    C    α 3        ξ  )  + B   cos  (   1 2      −   γ    β 2    C    α 3        ξ  )    A   cos  (   1 2      −   γ    β 2    C    α 3        ξ  )  + B   sin  (   1 2      −   γ    β 2    C    α 3        ξ  )    −  λ 2   )    − 1    



(54)




where   η = α     x + β   y − C   t  .



Rational function solutions: When     γ    β 2    C    α 3    = 0  , yields   β = 0  , we obtain


  U ( ξ ) =    a 0    −  3  2  α 2       λ 2     α 3    C     C − 2   α        (   A  A   ξ + B     −  λ 2   )    − 1    



(55)




where   ξ = α   x − C   t  .




3.1.4. Case




    a 1  =   6   α     C   C − 2   α     ,    b 1  =  3  8    α 2      γ    β 2      C − 2   α     ,   M = 0   ,   λ = 0     and   μ = −   γ    β 2    16   C    α 3    ,   



(56)




where  γ ,  C ,  α  and  β  are free parameters. Hence,    λ 2  − 4   μ =   γ    β 2    4   C    α 3     .



By substituting Equation (56) in Equation (40), we get


  U ( ξ ) =  a 0    +       6   α   C   C − 2   α      G ′  ( ξ )   G ( ξ )   +  3  8    α 2      γ    β 2      C − 2   α          (     G ′  ( ξ )   G ( ξ )    )    − 1   .  



(57)







Hyperbolic function solutions: When     γ    β 2    4   C    α 3    > 0  , we obtain


    U ( ξ ) =    a 0    +       6   α   C   C − 2   α        (   1 2        γ    β 2    4   c    α 3          A   sinh  (   1 2        γ    β 2    4   c    α 3        ξ  )  + B   cosh  (   1 2        γ    β 2    4   c    α 3        ξ  )    A   cosh  (   1 2        γ    β 2    4   c    α 3        ξ  )  + B   sinh  (   1 2        γ    β 2    4   c    α 3        ξ  )     )                +  3  8    α 2      γ    β 2      c − 2   α         (   1 2        γ    β 2    4   c    α 3          A   sinh  (   1 2        γ    β 2    4   c    α 3        ξ  )  + B   cosh  (   1 2        γ    β 2    4   c    α 3        ξ  )    A   cosh  (   1 2        γ    β 2    4   c    α 3        ξ  )  + B   sinh  (   1 2        γ    β 2    4   c    α 3        ξ  )     )   − 1      



(58)




where   ξ = α     x + β   y − C   t  .



Trigonometric function solutions: When     γ    β 2    4   C    α 3    < 0  , we obtain


    U ( ξ ) =      a 0    +       6   α   c   C − 2   α      (   1 2      −   γ    β 2    4   C    α 3        − A   sin  (   1 2      −   γ    β 2    4   C    α 3        ξ  )  + B   cos  (   1 2      −   γ    β 2    4   C    α 3        ξ  )    A   cos  (   1 2      −   γ    β 2    4   C    α 3        ξ  )  + B   sin  (   1 2      −   γ    β 2    4   C    α 3        ξ  )     )              +  3  8    α 2      γ    β 2      C − 2   α         (   1 2      −   A    β 2    4   C    α 3        − A   sin  (   1 2      −   γ    β 2    4   C    α 3        ξ  )  + B   cos  (   1 2      −   γ    β 2    4   C    α 3        ξ  )    A   cos  (   1 2      −   γ    β 2    4   C    α 3        ξ  )  + B   sin  (   1 2      −   γ    β 2    4   C    α 3        ξ  )     )   − 1      



(59)




where   ξ = α     x +   β   y − C   t  .



Rational function solutions: When     γ    β 2    4   C    α 3    = 0  , yields   β = 0  , we get


  U ( ξ ) =    a 0    +       6   α   C   C − 2   α      (   A  A   ξ + B      )   



(60)




where   ξ = α     x − C   t  .





3.2. The Modified Extended Tanh Method with Riccati Equation


In this section, we applied the modified extended tanh method for constructing the exact solutions for the nonlinear Equation (37). The extended modified tanh method with Riccati equation mainly depends on converting non-linear ordinary differential equations into a system of algebraic equations as pervious in the extended improved    (   G ′  / G  )    method. Hence, the exact solutions are obtained by solving this algebraic system. Details can be found in [15].



In this method, we suppose that Equation (37) admits a solution of the infinite expansion


  U ( ξ ) =   ∑  i   =   0  N      A i       (  Φ ( ξ )  )   i    +   ∑  i   =   1  N      B i       (  Φ ( ξ )  )    − i     ,    



(61)




where  N  is a positive integer. The positive integer  N  determined by balancing the highest order derivatives with the highest order nonlinear terms in Equation (37). As we did before. Hence,   N = 1   and Equation (61) becomes


  U ( ξ ) =  A 0  +  A 1    Φ ( ξ ) +  B 1       (  Φ ( ξ )  )    − 1   ,  



(62)







The function   Φ ( ξ )   is the general solution of the linear ordinary differential equation.


   Φ ′  ( ξ ) = K +  Φ 2  ( ξ ) ,    



(63)




where  K  is real constant to be determined. The Riccati Equation (63) has general solutions


  Φ ( ξ ) =  {        −   − K   tanh  (    − K      (  ξ +  ξ 0   )   )      −   − K   coth  (    − K      (  ξ +  ξ 0   )   )     }  ,     K < 0 ,          K  tan  (   K     (  ξ +  ξ 0   )   )      −  K  cot  (   K     (  ξ +  ξ 0   )   )     }  ,         K > 0 ,     −  1    ξ +  ξ 0      ,                         K = 0 .      



(64)




where    ξ 0    is arbitrary constant. Therefore, the shape of the exact solution will be related to  K  sign.



By substituting Equations (18) and (19) in Equation (20) yields polynomials in      (  Φ  ( ξ )   )   m   , (  m = 0 ,   1 ,   2 ,   …  ). By summing together the coefficients of polynomials which have the same degree and then setting those coefficients to zero, we obtain a set of algebraic equations for    A 1   ,    B 1    and  K . By solving these algebraic equations, we obtain four groups of constants:



3.2.1. Case




    A 1  = −   6   α     C   C − 2   α     ,    B 1  = 0   ,   K = −   γ    β 2    4      α 3    C       and   M = 0 ,   



(65)




where  γ ,  C ,  α  and  β  are free parameters. By substituting Equation (65) in Equations (62) and (64), we get


  U ( ξ ) =  {     A 0  +   6   α     C   C − 2   α       − K   tanh  (    − K      (  ξ +  ξ 0   )   )  ,       K < 0 ,      A 0  −   6   α     C   C − 2   α    K  tan  (   K     (  ξ +  ξ 0   )   )  ,                   K > 0 ,      A 0  +   6   α     C   C − 2   α    1     (  ξ +  ξ 0   )      ,                       K = 0 .      



(66)




where   ξ = α     x + β   y − C   t .  




3.2.2. Case




    A 1  = −   6   α   C   C − 2   α     ,    B 1  = −  1  2  α 2      γ    β 2      C − 2   α     ,   K = 0     and   M = −  1  4 α        γ 2     β 4      C − 2   α       or   M = 0 ,   



(67)




where  γ ,  C ,  α  and  β  are free parameters. By substituting Equation (67) in Equations (62) and (64), we get


  U ( ξ ) =  A 0    +       6   α   C   C − 2   α        1   (  ξ +  ξ 0   )      +  1  2    α 2      γ    β 2      C − 2   α          (   1  ξ +  ξ 0       )    − 1   .  



(68)




where   ξ = α     x + β   y − C   t .  




3.2.3. Case




    A 1  = 0   ,    B 1  = −  3  2    α 2      γ    β 2      C − 2   α     ,   K = −   γ    β 2    4      α 3    C       and   M = 0 ,   



(69)




where  γ ,  C ,  α  and  β  are free parameters. By substituting Equation (69) in Equations (62) and (64), we get


  U ( ξ ) =  {     A 0  +  3  2    α 2      A    β 2      C − 2   α     (    − K   tanh  (    − K      (  ξ +  ξ 0   )   )   )   − 1   ,     K < 0 ,      A 0  −  3  2    α 2      A    β 2      C − 2   α     (   K  tan  (   K     (  ξ +  ξ 0   )   )   )   − 1   ,             K > 0 ,      A 0  ,             K = β = 0 .      



(70)




where   ξ = α     x + β   y − C   t .  




3.2.4. Case




    A 1  = −   6   α     C   C − 2   α     ,    B 1  = −  3  8    α 2      A    β 2      C − 2   α     ,   K = −   A  β 2    16      α 3    C       and   M = 0 ,   



(71)




where  γ ,  C ,  α  and  β  are free parameters. By substituting Equation (71) in Equations (62) and (64), we get


  U ( ξ ) =  {     A 0  +   6   α     C   C − 2   α       − K   tanh  (    − K      (  ξ +  ξ 0   )   )  +  3  8    α 2      A    β 2      C − 2   α     (    − K   tanh  (    − K      (  ξ +  ξ 0   )   )   )   − 1   ,   K < 0 ,      A 0  −   6   α     C   C − 2   α      K  tan  (   K     (  ξ +  ξ 0   )   )  −  3  8    α 2      A    β 2      C − 2   α     (   K  tan  (   K     (  ξ +  ξ 0   )   )   )   − 1   ,             K > 0 ,      A 0  +   6   α     C   C − 2   α    1     (  ξ +  ξ 0   )      ,                             K = β = 0      



(72)




where   ξ = α     x + β   y − C   t .  





3.3. Connection between the Extended Tanh Method and Extended Improved    (   G ′  / G  )    Method


All solutions obtained by the extended improved    (   G ′  / G  )    can be obtained by the extended tanh method with Riccati equation using the following relations:


  U ( ξ ) =   ∑  i   =   0  N      a i       (     G ′  ( ξ )   G ( ξ )    )   i    +   ∑  i   =   1  N      b i       (     G ′  ( ξ )   G ( ξ )    )    − i   =     ∑  i   =   0  N      A i       (  Φ ( ξ )  )   i    +   ∑  i   =   1  N      B i       (  Φ ( ξ )  )    − i     .  



(73)




where    A i    and    B i    are unknown real constants to be determined in term of    a i    and    b i   .



To proof Equation (73), first divide Equation (41) by   G ( ξ )   and after some simplification, we get


       (     G ′  ( ξ )   G ( ξ )    )   ′  +      (     G ′  ( ξ )   G ( ξ )    )   2  + λ      G ′  ( ξ )   G ( ξ )   + μ = 0 ,    



(74)







Equation (74) can be written as follows:


       (     G ′  ( ξ )   G ( ξ )    )   ′  +      (     G ′  ( ξ )   G ( ξ )   +  λ 2   )   2  +   4 μ − λ    2   4  = 0 ,    



(75)







Equation (75) is completely equal to Equation (63) by considering


      K =   4 μ − λ    2   4  ,     Φ ( ξ ) = −      G ′  ( ξ )   G ( ξ )   −    λ 2  .    }   



(76)







By substituting Equation (76) in Equation (73), yields


  U ( ξ ) =   ∑  i   =   0  N      a i       (  − Φ ( ξ ) −  λ 2   )   i    +   ∑  i   =   1  N      b i       (  − Φ ( ξ ) −  λ 2   )    − i   =     ∑  i   =   0  N      A i       (  Φ ( ξ )  )   i    +   ∑  i   =   1  N      B i       (  Φ ( ξ )  )    − i     .    



(77)







Hence    A i    and    B i    can easily determined by comparing the coefficients.



For example, in Section 3.1.1, in the extended improved    (   G ′  / G  )    method: We have     4 μ −  λ 2   4  = −   γ      β 2    4   C    α 3      and   M = 0   by using Equations (76) and (77), yields   K = −   γ      β 2    4   C    α 3     ,    A 1  = −  a i    and    B 1  = −    b i  = 0   which are identical to the obtained in Equation (65).





4. Results and Discussion


The graphical representation is an essential tool to introduce the problems and clarify properly the solutions of phenomena. So, in this section, the physical explanations and graphical representations for the obtained traveling wave solutions in Section 3.1.1 are presented in Figure 1, Figure 2 and Figure 3. While the graphical representations for the other cases that presented in Section 3 are omitted for convenience. Also, we have checked all the obtained solutions in Section 3 by substituting back into the original Equation (16) and found correct.



When     γ    β 2     α 3    C   > 0  , for simplicity, consider   λ = 0   in Equation (46) yields the following traveling wave solution:


  u ( x , y , t ) =    a 0    +       3   α   C   C − 2   α         γ    β 2    C    α 3        A   sinh    (   1 2        γ    β 2    C    α 3         (  α     x + β   y − C   t  )   )  + B   cosh    (   1 2        γ    β 2    C    α 3         (  α     x + β   y − C   t    )   )    A   cosh    (   1 2        γ    β 2    C    α 3           (  α     x + β   y − C   t    )   )  + B   sinh    (   1 2        γ    β 2    C    α 3           (  α     x + β   y − C   t    )   )      .    



(78)







If we set specific values of  A  and  B , various known solutions can be rediscovered.



Soliton solutions: Setting   A ≠ 0   but   B = 0   in Equation (78), we obtain


  u ( x , y , t ) =  a 0  +  1 2    6   α     C   C − 2   α         γ    β 2     α 3    C     tanh  (   1 2      γ    β 2     α 3    C          (  α     x + β   y − C   t  )   )  ,  



(79)







Substituting by Equation (79) in Equation (13) yield the potential


  v ( x , y , t ) =  u x  =   3     γ    β 2    2   α       1       C − 2   α     sec  h 2   (   1 2      γ    β 2     α 3    C          (  α     x + β   y − C   t  )   )  .    



(80)







Solution in Equation (80) represents the exact bell-shaped soliton solutions, which appeared also as a soliton solution for the KdV, KP, and Kdv–KP equations [19]. Hence, our exact solution agrees with the physical phenomenon.



Singular soliton solutions: Setting   A = 0   but   B ≠ 0   in Equation (78), we obtain


  v ( x , y , t ) =  u x  =   3     γ    β 2    2   α       1       C − 2   α     cos e c  h 2   (   1 2      γ    β 2     α 3    C          (  α     x + β   y − C   t  )   )  .    



(81)







Solution (81) is the singular soliton solution. Singular soliton solutions are another kind of solitary waves that appear with a singularity, usually infinite discontinuity. This solution has spike and therefore it can probably provide an explanation to the formation of Rogue waves.



Periodic solutions



When     γ    β 2     α 3    C   < 0  , for simplicity, consider   λ = 0   in Equation (47) yields the following traveling wave solution:


  u ( x , y , t ) =      a 0    +       3   α     C   C − 2   α         −   γ      β 2    C    α 3          − A   sin  (   1 2    −   γ      β 2    C    α 3         (  α     x + β   y − C   t  )   )  + B   cos  (   1 2    −   γ      β 2    C    α 3         (  α     x + β   y − C   t  )   )    A   cos  (   1 2    −   γ      β 2    C    α 3         (  α     x + β   y − C   t  )   )  + B   sin  (   1 2    −   γ      β 2    C    α 3         (  α     x + β   y − C   t  )   )    .  



(82)







Setting   A ≠ 0   but   B = 0   in Equation (82), we obtain


  u ( x , y , t ) =  a 0  −     3   α     C   C − 2   α       −   γ    β 2     α 3    C     tan  (   1 2    −   γ    β 2     α 3    C          (  α     x + β   y − C   t  )   )  ,    



(83)







Substituting by Equation (83) in Equation (13) yield the potential


  v ( x , y , t ) =  u x  = −  1 4     |        γ    β 2       α 3  C    |      6   α   C       C − 2     α       sec  2   (   1 2    −   γ    β 2     α 3    C          (  α     x + β   y − C   t  )   )  .    



(84)







Periodic traveling waves play an important role in numerous physical phenomena, including reaction–diffusion–advection systems, and self-reinforcing systems. Mathematical modeling of many intricate physical events, for instance biology, chemistry, physics, mathematical physics, and many more phenomena look like periodic traveling wave solutions.



Singular rational soliton: When     γ    β 2     α 3    C   = 0  , for simplicity, consider   λ = 0   in Equation (48) yields the following traveling wave solution:


  u ( x , y , t ) =  a 0  +   6   α     C   C − 2     α        1  x −   C   t   .  



(85)







Substituting by Equation (85) in Equation (13) yield the potential


  v ( x , y , t ) =  u x  = −   6   α     C   C − 2   α        1     (  x −   C   t  )   2    .    



(86)







Many partial differential equations do not have exact solutions, and thus require the use of numerical methods to solve for approximate solutions. Since the Lie group method failed to reduce Equation (31) into an ordinary differential equation. As an extension to this work, we may investigate Equation (31) by any suitable numerical method, Such as finite element method.




5. Conclusions


The negative-order Kadomtsev–Petviashvili (nKP) equation investigated. By Lie group method, first, we analyze the symmetry of (nKP) equation including its point Lie symmetries and its Lie algebra. Consequently, the obtained symmetries have been used for reducing the (nKP) equation to an ordinary differential equation; the new exact traveling solutions were obtained via the extended improved    (   G ′  / G  )    method and the extended tanh method. The soliton, singular soliton, periodic singular soliton and singular solutions are obtained as special cases from our traveling wave solutions. Moreover, we proved that the extended improved    (   G ′  / G  )    method is completely equivalent to the extended tanh and both methods are reliable and effective and they give new exact solutions. It is important to point out that the obtained solutions in Section 3 are new exact solutions and not considered before. All the obtained solutions were verified that they satisfy the negative-order Kadomtsev–Petviashvili.







Author Contributions


G.L., M.M. and A.M.A. conceived and designed the experiments; G.L., M.M. and A.M.A. performed the experiments; G.L., M.M. and A.M.A. analyzed the data; G.L., M.M. and A.M.A. contributed reagents/materials/analysis tools; G.L., M.M. and A.M.A. wrote the paper. All authors have read and agreed to the published version of the manuscript.




Funding


This research received no external funding.




Institutional Review Board Statement


Not applicable.




Informed Consent Statement


Not applicable.




Data Availability Statement


Not applicable.




Acknowledgments


The authors would like to thank Mina B. Abd-el-Malek for his invaluable discussions and precious support. Ghaylen Laouini would like to thank the submitted encouragement and support of the College of Engineering and Technology, American University of the Middle East, Kuwait. Amr M. Amin and Mohamed Moustafa acknowledge the continuous support from the American University in Cairo, Egypt.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Clarkson, P.A.; Priestley, T.J. Symmetries of a Generalized Boussinesq Equation. IMS Technical Report, UKC/IMS/. 1996. Available online: https://www.researchgate.net/profile/Peter_Clarkson/publication/2292287_Symmetries_of_a_Generalised_Boussinesq_Equation/links/0046351778cecccac9000000/Symmetries-of-a-Generalised-Boussinesq-Equation.pdf (accessed on 12 November 2020).

	



Bluman, G.W.; Kumei, S. Symmetries and Differential Equations; Springer: New York, NY, USA, 1989. [Google Scholar]

	



Bluman, G.W.; Anco, S.C. Symmetry and Integration Methods for Differential Equations; Applied Mathematical Sciences; Springer: New York, NY, USA, 2002. [Google Scholar]

	



Olver, P.J. Applications of Lie Groups to Differential Equations; Springer: New York, NY, USA, 1986. [Google Scholar]

	



Ovsiannikov, L.V. Group Analysis of Differential Equations; Academic: New York, NY, USA, 1982. [Google Scholar]

	



Polyanin, A.D.; Zaitsev, V.F.; Valentin, F. Handbook of Exact Solutions for Ordinary Differential Equations; Chapman & Hall_CRC: New York, NY, USA, 2003. [Google Scholar]

	



Wazwaz, A.M. Negative-Order KdV and Negative-Order KP Equations: Multiple Soliton Solutions. Proc. Natl. Acad. Sci. India Sect. A Phys. Sci. 2017, 87, 291–296. [Google Scholar] [CrossRef]

	



Wazwaz, A.M. Partial Differential Equations and Solitary Waves Theorem; Springer: Berlin, Germany, 2009. [Google Scholar]

	



Ablowitz, M.J.; Clarkson, P.A. Solitons, Nonlinear Evolution Equations and Inverse Scattering Transform; Cambridge University Press: Cambridge, UK, 1991. [Google Scholar]

	



Neirameh, A.; Ebrahimi, M.; Mahmeiani, A.G. The    (   G ′  / G  )    expansion method for (2+1)—dimensional Kadomtsev—Petviashvili equation. J. King Saud. Univ. Sci. 2011, 23, 179–181. [Google Scholar] [CrossRef]

	



Ebadi, G.; Biswas, A. Application of the    (   G ′  / G  )    expansion method for nonlinear diffusion equations with nonlinear source. J. Franklin Inst. 2010, 347, 1391–1398. [Google Scholar] [CrossRef]

	



Borhanifar, A.; Kabir, M.M. New periodic and soliton solutions by application of Exp—Function method for nonlinear evolution equations. J. Comput. Appl. Math. 2009, 229, 158–167. [Google Scholar] [CrossRef]

	



Assas, L.M.B. New exact solutions for the Kawahra equation using Exp function method. J. Comput. Appl. Math. 2009, 233, 97–102. [Google Scholar] [CrossRef]

	



Raslan, K.R. The application of He’s Exp—function method for MKdV and Burgers’ equations with variable coefficients. Int. J. Nonlinear Sci. 2009, 7, 174–181. [Google Scholar]

	



Fan, E. Extended tanh—Function method and its applications to nonlinear equations. Phys. Lett. A 2000, 277, 212–218. [Google Scholar] [CrossRef]

	



Jawad, A.J.M. Extended tan–cot method for the solutions to the (3+1)-dimensional Kadomtsev—Petviashvili equation. Int. J. Math. Anal. Appl. 2014, 1, 9–19. [Google Scholar]

	



Chen, Q.; Chen, Y.; Zhang, H. An extended Jacobi elliptic function rational expansion method and its application (2+1)—dimensional dispersive long wave equation. Phys. Lett. A 2005, 340, 411–426. [Google Scholar]

	



Xiang, C. Jacobi elliptic function solutions for (2+1) dimensional boussinesq and Kadomtsev–Petviashvili equation. Appl. Math. 2011, 2, 1313–1316. [Google Scholar] [CrossRef]

	



Abd-el-Malek, M.B.; Amin, A.M. New exact solutions for solving the initial–value –problem of the KdV–KP equation via the Lie group method. Appl. Math. Comput. 2015, 261, 408–418. [Google Scholar] [CrossRef]

	



Grimshaw, R. The solitary wave in water of variable depth. part 1. J. Fluid Mech. 1970, 42, 639–656. [Google Scholar] [CrossRef]

	



Grimshaw, R. The solitary wave in water of variable depth. part 2. J. Fluid Mech. 1971, 46, 611–622. [Google Scholar] [CrossRef]

	



Johnson, R.S. Water waves and Korteweg-de Vries equations. J. Fluid Mech. 1980, 97, 701–719. [Google Scholar] [CrossRef]

	



Demiray, H. Weakly nonlinear waves in water of variable depth: Variable-coefficient Korteweg-de Vries equation. Comput. Math. with Appl. 2010, 60, 1747–1755. [Google Scholar]

	



Kadomtsev, B.B.; Petviashvili, V.I. On the stability of solitary waves in weakly dispersive media. Sov. Phys. Dokl. 1970, 15, 539–541. [Google Scholar]

	



Estévez, P.G.; Kuru, S.; Negro, J.; Nieto, L.M. Travelling wave solutions of two dimensional Korteweg—deVrie s–Burgers and Kadomtsev–Petviashvili equations. J. Phys. A Math. Gen. 2006, 39, 11441–11452. [Google Scholar] [CrossRef]

	



Hirota, R. The Direct Method in Soliton Theory; Cambridge University Press: Cambridge, UK, 2005. [Google Scholar]

	



Wazwaz, M.A. The tanh and the sine-cosine methods for the complex modified KdV and the generalized KdV equations. Comput. Math. Appl. 2005, 49, 1101–1112. [Google Scholar] [CrossRef]

	



Baldwin, D.E.; Hereman, W. A symbolic algorithm for computing recursion operators of nonlinear partial differential equations. Int. J. Comput. Math. 2010, 87, 1094–1119. [Google Scholar] [CrossRef]

	



Fokas, A.S. Symmetries and integrability. Stud. Appl. Math. 1987, 77, 253–299. [Google Scholar]

	



Sanders, J.A.; Wang, J.P. Integrable systems and their recursion operators. Nonlinear Anal. 2001, 47, 5213–5240. [Google Scholar] [CrossRef]

	



Olver, P.J. Evolution equations possessing infinitely many symmetries. J. Math. Phys. 1977, 18, 1212–1215. [Google Scholar] [CrossRef]

	



Senyue, S. Higher dimensional integrable models with a common recursion operator. Commun. Theor. Phys. 1997, 28, 41–50. [Google Scholar] [CrossRef]

	



Magri, F. Lectures Notes in Physics; Springer: Berlin, Germany, 1980. [Google Scholar]

	



Zhang, D.; Ji, J.; Zhao, S. Soliton scattering with amplitude changes of a negative order AKNS equation. Phys. D 2009, 238, 2361–2367. [Google Scholar] [CrossRef]

	



Verosky, J.M. Negative powers of Olver recursion operators. J. Math. Phys. 1991, 32, 1733–1736. [Google Scholar] [CrossRef]

	



Qiao, Z.; Fan, E. Negative-order Korteweg-de Vries equation. Phys. Rev. E 2012, 86, 016601. [Google Scholar]

	



Wang, M.L.; Li, X.Z.; Zhang, J.L. The (G’/G)-expansion method and travelling wave solutions of nonlinear evolution equations in mathematical physics. Phys. Lett. A 2008, 372, 417–423. [Google Scholar] [CrossRef]

	



Zhang, S.; Tong, J.L.; Wang, W. A generalized    (   G ′  / G  )   -expansion method and its application to the (2 + 1)-dimensional Broer-Kaup equations. Appl. Math. Comput. 2009, 209, 399–404. [Google Scholar] [CrossRef]

	



Zhu, S. The extended    (   G ′  / G  )   -expansion method and traveling wave solutions of nonlinear evolution equations. Math. Comput. Appl. 2010, 15, 924–929. [Google Scholar]








[image: Symmetry 13 00224 g001 550] 





Figure 1. (a) Represents   v ( x , 0 , t )   in (80) for   γ = 1  ,   β = 3  ,   C = 4   and   α = 1  , and (b) represents   v ( x , 0 , t )   in Equation (80) for   γ = 1  ,   β = 3  ,   C = 4   and   α = 1   and   t = 0 ,   1 ,   2 .   
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Figure 2. (a) Represents   v ( x , 0 , t )   in Equation (84) for   γ = − 1  ,   β = 3  ,   C = 0.25   and   α = 1  , and (b) represents   v ( x , 0 , t )   in Equation (84) for   γ = − 1  ,   β = 3  ,   C = 0.25  ,   α = 1  , and   t = 0 ,   1 ,   2 .   
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Figure 3. (a) Represents   v ( x , 0 , t )   in Equation (86) for   β = 0  ,   C = 0.25  ,   α = 1  , and (b) represents   v ( x , 0 , t )   in Equation (86) for   γ = − 1  ,   β = 3  ,   C = 0.25  ,   α = 1   and   t = 0 ,   1 ,   2 .   
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Table 1. Table of commutators of the basis operators.
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	    X 1    
	    X 2    
	    X 3    
	    X 4    
	    X 5    
	    X 6    
	    X 7    
	    X 8    



	    X 1    
	0
	   −  X 2    
	   − 2  X 3    
	   −  X 4    
	   4  X 5    
	   2  X 6    
	   3  X 7    
	    X 8    



	    X 2    
	    X 2    
	0
	0
	0
	   −  X 7    
	   −  X 8    
	0
	0



	    X 3    
	   2  X 3    
	0
	0
	0
	    X 6    
	0
	    X 8    
	0



	    X 4    
	    X 4    
	0
	0
	0
	   2  X 7    
	   2    X 8    
	0
	0



	    X 5    
	   − 4  X 5    
	    X 7    
	   −  X 6    
	   − 2  X 7    
	0
	0
	0
	0



	    X 6    
	   − 2  X 6    
	    X 8    
	0
	   − 2  X 8    
	0
	0
	0
	0



	    X 7    
	   − 3  X 7    
	0
	   −  X 8    
	0
	0
	0
	0
	0



	    X 8    
	   −  X 8    
	0
	0
	0
	0
	0
	0
	0
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Table 2. Table of adjoint representations.
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	Ad
	    X 1    
	    X 2    
	    X 3    
	    X 4    
	    X 5    
	    X 6    
	    X 7    
	    X 8    



	    X 1    
	    X 1    
	    X 2     e    ε     
	    X 3     e  2   ε     
	    X 4     e ε    
	    X 5     e    −   4   ε     
	    X 6     e  −   2     ε     
	    X 3     e  −   3     ε     
	    X 8     e  − ε     



	    X 2    
	    X 1  − ε      X 2    
	    X 2    
	    X 3    
	    X 4    
	    X 5  + ε      X 7    
	    X 6  + ε  X 8    
	    X 7    
	    X 8    



	    X 3    
	    X 1  − 2 ε    X 3    
	    X 2    
	    X 3    
	    X 4    
	    X 5  − ε  X 6    
	    X 6    
	    X 7  − ε  X 8    
	    X 8    



	    X 4    
	    X 1  − ε    X 4    
	    X 2    
	    X 3    
	    X 4    
	    X 5  − 2 ε  X 7    
	    X 6  − 2 ε    X 8    
	    X 7    
	    X 8    



	    X 5    
	    X 1  + 4 ε    X 5    
	    X 2  − ε    X 7    
	    X 3  + ε    X 6    
	    X 4  + 2 ε    X 7    
	    X 5    
	    X 6    
	    X 7    
	    X 8    



	..
	    X 1  + 2 ε    X 6    
	    X 2  − ε    X 8    
	    X 3    
	    X 4  + 2 ε    X 8    
	    X 5    
	    X 6    
	    X 7    
	    X 8    



	    X 7    
	    X 1  + 3 ε    X 7    
	    X 2    
	    X 3  + ε    X 8    
	    X 4    
	    X 5    
	    X 6    
	    X 7    
	    X 8    



	    X 8    
	    X 1  + ε    X 8    
	    X 2    
	    X 3    
	    X 4    
	    X 5    
	    X 6    
	    X 7    
	    X 8    
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