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1. Introduction

Riemann solitons are generalized fixed points of the Riemann flow. In the context
of contact geometry, Hirica and Udriste proved [1] that if a Sasakian manifold admited a
Riemann soliton with potential vector field pointwise collinear with the structure vector
field, then it was a Sasakian space form. In [2], Blaga and Latcu studied almost Riemann
solitons and almost Ricci solitons in an (&, B)-contact metric manifold satisfying some Ricci
symmetry conditions, treating the case when the potential vector field of the soliton was
pointwise collinear with the structure vector field. Geometric flows have many physical
applications. Here we call attention to certain important applications of the Ricci flow the-
ory in the study of nonlinear sigma models [3—6], research on geometric flow evolution of
modified (non) holonomic commutative and noncommutative gravity theories [7-10], and
exact solutions for (modified) gravity and geometric flows, Ricci solitons [11-15]. In [16],
Calvaruso studied three-dimensional generalized Ricci solitons, both in Riemannian and
Lorentzian settings. He determined their homogeneous models, classifying left-invariant
generalized Ricci solitons on three-dimensional Lie groups. In [17], Batat and Onda studied
algebraic Ricci solitons of three-dimensional Lorentzian Lie groups. They got a complete
classification of algebraic Ricci solitons of three-dimensional Lorentzian Lie groups. In [18],
Calvaruso completely classify three-dimensional homogeneous manifolds equipped with
Einstein-like metrics. In [19], we classify affine Ricci solitons associated to canonical con-
nections and Kobayashi-Nomizu connections and perturbed canonical connections and
perturbed Kobayashi-Nomizu connections on three-dimensional Lorentzian Lie groups
with some product structure. In this note, we completely classify the left-invariant Riemann
solitons on three-dimensional Lorentzian Lie groups.

2. Left-Invariant Riemann Solitons of Three-Dimensional Lorentzian Lie Groups

Three-dimensional Lorentzian Lie groups have been classified in [20,21] (see Theorems
2.1 and 2.2 in [17]). Throughout this paper, we shall by {G;};_ ... 7, denote the connected,
simply connected three-dimensional Lie group equipped with a left-invariant Lorentzian
metric g and having Lie algebra {g};_ ... 7. Let V be the Levi-Civita connection of G; and
R its curvature tensor, taken with the convention:

R(X,Y)Z = VxVyZ — VyVxZ — Vixy|Z. )
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Let R(X,Y,Z,W) = —g(R(X,Y)Z,W). Riemann solitons are defined by a smooth
vector field and a real constant A which satisfy the following equation:

1 A
R+§ngAg:§g/\g, 2)

where Ly g denotes the Lie derivative of g and A is the Kulkarni-Nomizu product. Let T;
and T, be two arbitrary (0, 2)-tensors, then their Kulkarni-Nomizu product is defined by:

TiATy(X,Y,Z,W) =Ty (X, WT2(Y, Z) + To(Y, Z) To (X, W) 3)
—T\(X, Z)T(Y, W) — Ty (Y, W) T2 (X, Z),

forany X,Y,Z,W € I'(TG;), where T'(TG;) denotes the set of all vector fields on G;. By (2)
and (3), we can express the Riemann soliton as follows:

2R(X,Y,Z,W) + g(X,W)(Lvg)(Y, Z) + g(Y, Z)(Lvg) (X, W) 4)
—8(X,Z)(Lvg)(Y, W) — g(Y,W)(Lyg)(X, Z)
=2Mg(X, W)g(Y,Z) — g(X,Z)g(Y, W)].

For G;, there exists a pseudo-orthonormal basis {ej,ep,e3} with e3 timelike. Let
V = Mer + Azex + Azes, where A1, Ay, A3 are real numbers. Let R;ji; = R(e;, ej, ek, ¢;). Then
(Gj,V,g) is a left-invariant Riemann soliton if and only if:

2R1212 — (Lyg)(ez,e2) — (Lyg) (e, e1) = =24,

2Ry312 — (Lvg)(ez,e3) =0,

2Rp312 + (Lvg)(e1,e3) =0, 5)
2Rq313 — (Lvg)(es,e3) + (Lvg)(er, e1) = 24,

2Rp313 + (Lvg)(e1,e2) =0,

2Rp33 — (Lyg)(es,e3) + (Lvg)(ez e2) = 2A

By Theorem 2.1 in [17], we have for Gj, there exists a pseudo-orthonormal basis
{e1, €2, e3} with e3 timelike such that the Lie algebra of G; satisfies:

le1,e2] = wey — Pes, [e1,e3] = —wey — Pey, [ex,e3] = Per +wer + e, « #0.  (6)

By (2.18) in [18], we have for Gi:

2 2 2
Ryp1p = —24% — %, Rizi3 = % — 242, Rozpz = %, ()
Ripi3 = 20%, Ripz = —aB, Rizps = ap.
Let,
(Lvg)(er,e1) (Lvg)(er,ea) (Lvg)(er e3)
Lyg=| (Lvg)(ez,e1) (Lvg)(ea,e2) (Lvg)(ea e3) ®)
(Lvg)(es,er) (Lvg)(es,e2) (Lvg)(es e3)
By page 7 in [16], we get for G1,
2 ()\2 — )L3) *D()\l 0()\1
Lyg = —a 203 —a(Ay+A3) . 9)
aA —Oé(/\g + /\3) 20\,

By (5), (7), and (9) and a # 0, we get that (G, V, g) is a left-invariant Riemann soliton
if and only if:
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20?2 — B _gpy = -1,
da+ Ay + A3 =0,
)\21 =2, (10)
% —202 — A3 = A,
B 2wy +2aA5 = 2A.
The first equation plusing the fourth equation in (10), we get A, + A3 +4a = 0. By
the fourth equation and the fifth equation in (10), we have A; —2A3 —2a¢ = 0. Then
Ay = A3 = —2a. By the first equation in (10), we get A = %2. So we have:

Theorem 1. (Gy,V,g) is a left-invariant Riemann soliton if and only if Ay = 2B, Ay = —2a,
Ay =—20,A =6

By Theorem 2.1 in [17], we have for G;, there exists a pseudo-orthonormal basis
{e1, €2, €3} with e3 timelike such that the Lie algebra of G, satisfies:

le1,e2] = ve2 — Bes, [e1,e3] = —Bex —ves, [ex,e3] = ey, v # 0. (11)
By page 144 in [17], we have for G;:

2 o? o? 2 2 3,
Ripip = =7 — 1 Rizi3 = 7 T Rozpz = — 7" — VG ap, (12)

Rig13 = v(2B —a), Rizz =0, Ryzs =0.

By page 8 in [16], we get for G, (we correct a misprint in [16]),

0 YAz + (e = B)As (—a+B)Ad2+ A3
Lyg=| 742+ (a—p)A3 =27\ 0 (13)
(*0& + ‘B))\z + YA3 0 —27Aq

By (5), (12) and (13), we get that (G, V, g) is a left-invariant Riemann soliton if and
only if:

=,
72 —a) =0,
(—a+B)A2+9A3 =0,
L2 b yA =4,
A2+ (x = B)As =0,
—’)/2—%0624—06[3:/\.

(14)

By the first equation and the fourth equation and v # 0 in (14), we get A; = 0 and
A= %2 + 92 By the second equation and the sixth equation in (14), we get A = — %2 — 92,
Then = 0 and this is a contradiction. So,

Theorem 2. (Gy,V, g) is not a left-invariant Riemann soliton.

By Theorem 2.1 in [17], we have for Gz, there exists a pseudo-orthonormal basis
{e1, 2, €3} with e3 timelike such that the Lie algebra of G3 satisfies:

le1,e2] = —7es, [e1,e3] = —Pea, [e2, €3] = ey (15)
By page 146 in [17], we have for Gj:

Rip1p = —(a1a2 + ya3), Riziz = ara3 + Baz, Rozps = —(apaz + aay), (16)
R1213 =0, Ri23 =0, Riz3 =0,



Symmetry 2021, 13, 218

40f9

where . . ,
m =& —B—7), a2 = 5w pr), a3 =St p—). 7)
By page 9 in [16], we get for G3,
0 (@ =P)As (v —a)hy
Lyg=| (a—p)As 0 (B=7)M | (18)
(v —a)A2 (B—7)A 0

By (5), (16) and (18), we get that (G3, V, g) is a left-invariant Riemann soliton if and
only if:

ayap + yaz = )\,

(ﬁ - 7)/\1 = 0/

(x —7)A2 =0,

(a— B)As =0, 19
ajaz + Baz = A,

araz +wap = —A.

Theorem 3. (Gs,V, g) is a left-invariant Riemann soliton if and only if:
(i) B=va#yA=A3=0a=0A=0,

(i) a=p=7A=1d2

(i) By, a=pBAM=A=07=0A=0
(iv) B#v,a=7A=A3=0,B=0A=0.

Proof. By the first equation and the fifth equation in (19), we get a1 (ay — a3) + yaz — fay =
0. By (17), then we get (« — B — ) (B — ) = 0. By the fifth equation and the sixth equation
in (19), we get (¢ + B —7) (e« — B) = O and:

(:B_’Y))\l =0,

Ea—7;A2= ,

a—pB)Az =0,

(2 —p—1)(p—7) =0, 20)
(a+p—7)(a—p)=0,

A = ayay + yas.

Case (1) B # v, « # v, « # B. Then by the fourth equation and the fifth equation in
(20), we get & = <. This is a contradiction and there are no solutions.

Case (2) B = v, @ # 7. Solving (20), we get the case (i).

Case (3) « = B = 7. Solving (20), we get the case (ii).

Case (4) B # v, « = B. Solving (20), we get the case (iii).

Case (5) B # 7, & = 7. Solving (20), we get the case (iv). O

By Theorem 2.1 in [17], we have for G4, there exists a pseudo-orthonormal basis
{e1, 2, e3} with e3 timelike such that the Lie algebra of G, satisfies:

[e1,e2] = —ea+ (27— Bles, n=1or—1, [e,e3] = —Pea+e3, [e2, €3] = wey. (21)

By (2.32) in [18], we have for G4:

Rip1p = (27 — B)bs — biby — 1, Ryziz = bib3 4 Bbr + 1, Rozoz = —(bobz +aby +1), (22)
Rip13 =2 — B+ b1 + by, Ripz3 =0, Ryzp3 =0,

where N N x
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By page 11 in [16], we get for Gy,

0 Mt (a—B)As (B—a—2n)Ar— A3
Lyg = —Ag + (a— ﬁ))&3 2M 21 . (24)
(B—a—2n)Ay — A3 2nAq 2M

By (5), (22) and (24), we get that (G4, V, g) is a left-invariant Riemann soliton if and
only if:

(Zﬂ*ﬁ)b;;*blbz*l*/\l = *)\,
2 —B+by+by—nA =0,
(/3—06—217))\2—/\320,
b1b3+‘3b2+1—/\1:/\,
—)\z-l-(l’é—ﬁ))tg, =0,

—(bobs +aby +1) = A

(25)

Theorem 4. (Gy,V, g) is a left-invariant Riemann soliton if and only if:
() BAna=0A=2-28A =13 =0,1=0,
(i) a=Ptn=0Ar=—nhs, A1 =1-yp A ="

Proof. The fourth equation minusing the first equation in (25), we get b1bs + b, +1 —
(27 — B)bs + b1by + 1 = 2A. By the sixth equation in (25), we get a(a — f+ 1) = 0.

Case (1) « — B+ 1 # 0. Then o = 0, solving (25), we get case (i).

Case (2) « — B+ 1 = 0. Solving (25), we get case (ii). O

By Theorem 2.2 in [17], we have for Gs, there exists a pseudo-orthonormal basis
{e1, €2, e3} with e3 timelike such that the Lie algebra of Gs satisfies:

le1,e2] =0, [e1,e3] = weq + Pey, [e2,e3] = yeg +dex, o+ #0, ay+ps=0. (26)

By (2.36) in [18], we have for Gs:

+ 2 + 2 _ 2
Rip12 = ad — (Chuidn , Riziz = —a? — Pty B , (27)
4 2 4
i 2 .2
Rosos = —6% — V(ﬁz ”) + & 1 T , R1213 =0, Riop3 =0, Ryzp3 =0.

By page 13 in [16], we get for Gs,

203 (B+7)A3  —ar; — Ay
Lyg= (B4 7)A3 26)3 —BA1 — A2 (28)
—aA — YAy —BAL — Ay 0
By (5), (27), and (28), we get that (Gs, V, g) is a left-invariant Riemann soliton if and
only if:
aé—M—JM—W\s =—A,
ﬁ)\l + 5)\2 - 0/
DC/\l + 7/\2 = O/
2.2 (29)
_az_w_ﬁ%_“mg:)\,
(B+7)A3 =0, _
4 _
_52_M+ﬁ%+5)\3:/\.

Theorem 5. (Gs,V, g) is a left-invariant Riemann soliton if and only if:
(i) B+v=0,B#0,a=038a#0,A =A =A3=01=—a?
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(i) B=7=0a=65a#0,A =A=A3=0,1=—a’

Proof. Case (1) B + v # 0. Then A3z = 0. By the fourth equation and the sixth equation in
(29), we get a? — 6% + B2 — 42 = 0. By the first equation and the fourth equation in (29), we
geta? + % + By — ad = 0.

Case (1-a) By —ad = 0. We geta = f = v = 6 = 0. This is a contradiction.

Case (1-b) By — ad # 0. By the second equation and the third equation in (29), we get
A=A =0.

Case (1-b-1)a = 0. Then § # 0and B = 0, then 6 = y = 0 by a? — 6> + g2 — 92 = 0.
This is a contradiction.

Case (1-b-2) « # 0. Then v = —%. Thenf#0anda #éby B+ v #0.Bya+J #0,

thena? # 6. By a®> — 6> + B> — 4> = 0, we get 1 + 5—; = 0. This is a contradiction.
Case (2) B + v = 0. By (29), we have:

ad — (5)\3 - CK/\3 = —A,

BA1 4642 =0,
aAi + YA =0, (30)
—az + 0(/\3 = )\,
—6%+6A3 = A

By ay + 6 = 0, we have B(a — 6) = 0.

Case (2-a) B # 0. Then & = 4. Solving (30), we get the case (i).

Case (2-b) B =0. Theny = 0. So dA; =0, aA; = 0.

Case (2-b-1) & # 0, 6 # 0. Then Ay = Ay = 0. Solving (30), we get the case (ii).
Case (2-b-2) « = 0, 6 # 0. Solving (30), we get 6 = 0. This is a contradiction.
Case (2-b-3) « # 0, 6 = 0. Solving (30), we get « = 0. This is a contradiction. [

By Theorem 2.2 in [17], we have for G, there exists a pseudo-orthonormal basis
{e1, €2, e3} with e3 timelike such that the Lie algebra of Gg satisfies:

le1,e2] = wep + Pes, [e1,e3] = yea +des, [er,e3] =0, a+6#0, ay—p5=0. (31)
By (2.40) in [18], we have for Gg:

. 2 .2

Rippp = —a® + /5(/32 SO st

n
(B—17)?
4

‘BZ_,YZ

, Riziz =06+ T

+ (32)

n ’Y(ﬂz— 7)

Rozo3 = ad + ; R1213 =0, Ri3 =0, Ryz3 =0.

By page 14 in [16], we get for G,
0 ady +yAz —PAy — A3
Lyg= | arz+7As —2a) B-—1M |- (33)
—BAy—=dA3 (B—71)M 200\

By (5), (32), and (33), we get that (Gg, V, g) is a left-invariant Riemann soliton if and
only if:

2+ ﬁ(ﬁ;v) + @ +ar = —A,
B—7)M =0,
‘B/\2+5/\3 =0,

34
5z+w(ﬁ;v)+@_(m1:/\, (34
D()\2+')’)\3 :0/
0((54-@—5/\1_“)\1 = A

Theorem 6. (Gg,V, g) is a left-invariant Riemann soliton if and only if:
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i) B#YM=0a=B=0A=2 13=00 =12
(Zl) ‘B#’Y’)\l:0’0‘#0’“2:,82/5:%//\: (ﬁt}’}l)zl/\z
(lll) ﬁ:y,ﬁ#o,a:&,a#ol/\l:A2:A3:0/)\:“2,
(IU) /\3#O’Az:7%)%’:/“#O/ﬁ#olﬁ:’%a:é‘,ﬂézzﬁz,Al:0,/\:1)(2,
W B=7=0a#00#0,A=A=2A3=0a=057A=a%

=—1As,

Proof. Case (1) p — v # 0. Then A; = 0. So by the first, the fourth, and sixth equations in
(34), we get:
P a4+ B —9*=0, a> — B2+ py—ad=0. (35)

Case (1-a) By — a6 = 0. So a®> = p% and 6> = 9 by (35).

Case (1-a-1) « = 0. Solving (34), we get the case (i).

Case (1-a-2) & # 0. Then ¢ = %7 Solving (34), we get the case (ii).

Case (1-b) By —ad #0.So Ay = A3 =0.

Case (1-b-1) « = 0. So 6 # 0 and § = 0. This is a contradiction with By — ad # 0.

Case (1-b-2) & # 0. We get v = % and a? = B2 by (35). Then By — ad = 0. This is
a contradiction.

Case (2) B — v = 0. Then B(a — §) = 0. By (34), we have:

—062 + Dé)tl = —)\,

BAy +6A3 =0,
32— A=A, (36)
aAy +yA3 =0,

nd — 5/\1 — 06)\1 = A

Case (2-a) B # 0. Thena = §and A, = —%/\3 = —1I;.

Case (2-a-1) A3 = 0. Then we get the case (iii).

Case (2-a-2) A3 # 0. Then we get the case (iv).

Case (2-b) p = 0. Then vy = 0and 6A3 = 0, aAp = 0.

Case (2-b-1) & # 0, 5 # 0. Then Ay = A3 = 0. Solving (36), we get the case (v).
Case (2-b-2) « = 0, § # 0. Solving (36), we get 6 = 0. This is a contradiction.
Case (2-b-3) & # 0, 6 = 0. Solving (36), we get &« = 0. This is a contradiction. [

By Theorem 4.2 in [17], we have for Gy, there exists a pseudo-orthonormal basis
{e1, 2, €3} with e3 timelike such that the Lie algebra of Gy satisfies:

[e1,e2] = —wey — Pex — Bes, [eq,e3] = aey + Bex + Bes, [ea,e3] = yeq + dex + des,, a4+ #0, ay =0. (37)
By (2.44) in [18], we have for Gy:
2 ’72 2 ’Yz
Ripppp = ad — _’87_Z’ Riziz =ad —a —,B’Y‘i‘zl (38)
3
Rozo3 = —1’72, Ripi3 = &> — a8+ By, Rizz =0, Ryzps = 0.

By page 16 in [16], we get for G7,

—20(A2 — A3) ad — Ay + (B+7)A3  —ady + (B—7)A2 — BAs
Lyg = &y — BAy + (,B + ’)/)/\3 2BA1 +20A3 —2BA1 — Ay — OA3 (39)
—aA + (B—7)A2 —BAs —2BA1 — Ay — A3 2BA1 + 207,

By (5), (38), and (39), we get that (Gy, V, g) is a left-invariant Riemann soliton if and
only if:
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08— — By — L — (BAy +0A3) +a(Ay — Ag) = —A,
2(0&2 — b+ ,B’)/) +2BA1 +06A2+ A3 =0,
—aA + (B — ’)’))\22 —BA3 =0, (40)
wb—a? — By + I — A — Ay —a(Ar— A3) = A,
ar — BAr+ (B+7)A3 =0,
—392 — Ay +0M3 = A
Theorem 7. (Gy,V,g) is a left-invariant Riemann soliton if and only if:
(i) a=00#0,B=7=0A=A3=A=0,
(i) a=0,0#0,9=0p#0A=2A=01= -5,
(i) a#0,7y=0a=0A =A=A3=A=0.
Proof. Case (1) « = 0. Then ¢ # 0. By (40), we have:
2
=By =T — (BA1+0A3) = =1,
2By +2BA1 + Ay +0A3 =0,
(.B - ’7))\2 —PA3 =0, (41)

B+ — B — A2 = A,
—Pr2+ (B+7)A3 =0,
392 —0Ay + 03 = A.

Case (1-a) v # 0. Then A, = A3 = 0 by the third equation and the fifth equation in
(41). By (41), we have:

2
—By =T — B =—A,
By + ﬁ)\lz =0,

(42)

Case (1-a-1) B = 0. By (42), we get v = 0. This is a contradiction.
Case (1-a-2) B # 0. By (42), we get A; = —vy and y = 0. This is a contradiction.
Case (1-b) v = 0. By (41), we have:

BAL+ 03 = A,

2BA1 +06A2 +0A3 =0,

B(A2 —A3) =0, (43)
B — Ay = A,

—0Ay +0A3 = A.

Case (1-b-1) B = 0. Solving (43), we get the case (i).
Case (1-b-2) B # 0. Solving (43), we get the case (ii).
Case (2) & # 0. Then ¢y = 0. By (40), we get:

ad —a® — (,B/\l +0A3) +a(Ay — A3) = —A,

2(a? — ad) +2BA1 +0Ay + 643 =0,

—aA + PAr — A3 =0, (44)
wd — 0(2 — ‘B)q — 5/\2 — IX()\Z — )\3) = /\,

Ay + A5 = A

By the third equation in (44), we have Ay = g(/\z — A3). By the first, the second, and
the fourth equations in (44), we get « =  and 21 + 6Ay + 6A3 = 0. By the fourth and the
fifth equations in (44), we get BA; + 6A; = 0 and A = A3. Then by the fifth equation in
(44), we get A = 0. So A = Ay = A3 = 0. This is the case (iii). O
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3. Conclusions

During the last years, geometric evolution equations have been used to study geometric
questions like isoperimetric inequalities, the Poincare conjecture, and Thurston’s geometriza-
tion conjecture. In particular, the geometric flow enjoys rapid growth. The Riemann flow is
an important geometric flow. Riemann solitons are generalized fix points of the Riemann
flow. Thus it is interesting to study Riemann solitons. In this note, a classification of Rie-
mann solitons on three dimensional Lorentzian Lie group was given. In particular, (G, V, g)
was not a left-invariant Riemann soliton, while (G;, V, g) fori = 1,3,4,5,6, and 7, were left
invariant Riemann solitons if and only if the parameters satisfied particular conditions.

Our classified theorems are proven by some algebraic calculations. In fact, by (5),
we needed to compute the geometric objects R;jx; and Ly (e;, ¢j). Moreover our classified
theorems will have some geometric applications.
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