symmetry

Article

Fuzzy Interpolation with Extensional Fuzzy Numbers

Michal Hol¢apek 9, Nicole Skorupova

check for

updates
Citation: Hol¢apek, M.; Skorupova,
N.; Stépniéka, M. Fuzzy Interpolation
with Extensional Fuzzy Numbers.
Symmetry 2021, 13, 170. https://
doi.org/10.3390/sym13020170

Received: 27 December 2020
Accepted: 20 January 2021
Published: 22 January 2021

Publisher’s Note: MDPI stays neu-
tral with regard to jurisdictional clai-
ms in published maps and institutio-

nal affiliations.

Copyright: ©2021 by the authors. Li-
censee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and con-
ditions of the Creative Commons At-
tribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Martin Stépnitka *

CE IT4Innovations-IRAFM, University of Ostrava, 70103 Ostrava, Czech Republic;
michal.holcapek@osu.cz (M.H.); nicole.skorupova@osu.cz (N.S)
* Correspondence: martin.stepnicka@osu.cz; Tel.: +42-0553-346-1403

Abstract: The article develops further directions stemming from the arithmetic of extensional fuzzy
numbers. It presents the existing knowledge of the relationship between the arithmetic and the
proposed orderings of extensional fuzzy numbers—so-called S-orderings—and investigates distinct
properties of such orderings. The desirable investigation of the S-orderings of extensional fuzzy
numbers is directly used in the concept of S-function—a natural extension of the notion of a function
that, in its arguments as well as results, uses extensional fuzzy numbers. One of the immediate
subsequent applications is fuzzy interpolation. The article provides readers with the basic fuzzy
interpolation method, investigation of its properties and an illustrative experimental example on real
data. The goal of the paper is, however, much deeper than presenting a single fuzzy interpolation
method. It determines direction to a wide variety of fuzzy interpolation as well as other analytical
methods stemming from the concept of S-function and from the arithmetic of extensional fuzzy
numbers in general.

Keywords: extensional fuzzy numbers; Ml-algebras; similarity; arithmetics of fuzzy numbers;
orderings; fuzzy interpolation; economic data

1. Introduction

Fuzzy interpolation is a generally well-established area with crucial results. Indeed,
it is a natural area that has a deep connection to distinct areas. We can consider, e.g., the
interpolation of fuzzy rule bases with logical motivations stemming from approximate
reasoning where the pairs of antecedent and consequent fuzzy sets of a fuzzy rule base
establish “pairs of fuzzy points” and the task is to infer an appropriate output fuzzy set
for an input fuzzy sets lying in between of the antecedents. In this logical setting, such an
interpolation task leads to the solvability of fuzzy relational equations—an area initiated
by Sanchez [1] and followed by many others, see [2-5]. The interest of the community
in this area does not seem to disappear [1] as it moves to the investigation of distinct
extensions [6-8].

Another direction of fuzzy interpolation was rather geometrically motivated although
the connection to fuzzy rule-based systems was declared too. The geometrical approaches
often stem from usual interpolations (linear [9] or spline [10]) extended to fuzzy numbers
and allow the interpolation of sparse rule bases [11,12]. Due to the importance of the
interpolation for the approximate reasoning, decision-making or optimization, we may
observe the interest of the community into this direction too [13]. For the comparison of
some fundamentals, we refer readers to [14] and we also highlight a work that up to some
degree combines both approaches and serves us one of our motivations [15].

Our work follows this attempt of joining both views. It works with pairs of fuzzy
numbers representing ague quantities [16] and interpolates even a sparse case. However,
the fuzzy numbers as well as the manipulation with them will be deeply stemming from
fuzzy relational calculus [17], similarity relations, extensional hulls and other concepts
related to the approximate reasoning [18].
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In particular, we will deal with the MI-algebra-based arithmetics based on extensional
fuzzy numbers, i.e., extensional hulls of crisp numbers constructed with respect to some
similarity relations [19]. Such arithmetic serves as an alternative to other technical ap-
proaches [20,21] allowing the formalization of the ideas of Mares [22] in a way that splits
the often time-consuming process of calculating operations on fuzzy numbers into a two-
step procedure: one calculating the standard operation on crisp points, the other one on
processing the similarity relations forming fuzzy numbers around the crisp points. Indeed,
as the extensional fuzzy numbers are nothing else but extensional hulls of crisp numbers,
we get genuine representations of vague quantities—collections of points similar to the
given crisp point. And operations on such objects, e.g., when summing up “about 3” and
“about 5”, are intuitively performed by a human brain by adding the crisp numbers 3 and 5
to a partial result 8 which is later viewed with a tolerance measure respecting that both
entries were imprecise. This tolerance measure is nothing else but a similarity relation
that is a result of the operation on similarities used in the construction of both extensional
fuzzy numbers.

The difference in the used arithmetic, of course, also changes the interpolation method
and its results. Any classical interpolation can be extended to a fuzzy interpolation method,
assuming that the used arithmetic is functional and equipped with all the necessary
operations. Apart from the arithmetical operations, also other fundamental mathematical
concepts, such as ordering of fuzzy numbers, must be developed. Thus, we adopt the
orderings of extensional fuzzy numbers introduced in [23] and studied in [24]. It is
important to note that such an ordering is tightly connected to the arithmetic itself, which
we find essential.

The structure of the article is as follows. Section 2 recalls the basic preliminaries
about the arithmetics of extensional fuzzy numbers. Section 3 recalls the approach to
the orderings of extensional fuzzy numbers and Section 4 sets up their crucial properties.
Section 5 leads the investigation towards fuzzy interpolation that is, later, in Section 6
experimentally demonstrated on an illustrative example from the real practice. Section 7
closes the article with a brief discussion.

2. Preliminaries—Arithmetical Operations on Extensional Fuzzy Numbers
2.1. Motivation and the Main Concepts

The arithmetic of extensional fuzzy numbers has been originally proposed in [25,26]
as an alternative to other functional arithmetics that are often stemming from Zadeh’s ex-
tension principle. Such arithmetics often consider the a-cut calculus and they are more tech-
nically oriented based on distinct parametric representations of fuzzy numbers [21,27,28].

The proposed alternative (detail description in [19]), was motivated from the non-
preservation of some algebraic properties by the existing approaches, especially the non-
existence of inverse elements. This is nothing surprising as the models of vague quantities
provided by fuzzy numbers are rather fuzzy intervals than fuzzy numbers, and the absence
of an inverse element is a feature of the interval calculus, see [29]. However, as pointed out
by Mares [16], instead of considering only a single crisp neutral element, we may observe
infinitely many “neutral-like” elements so, when solving equations with vague quantities,
we get the equality of both sides up to “nearly zero”. Therefore, there is no absence of
the inverse, the operations on inverses only do not lead to the genuine neutral (identity)
element but to any of the identity-like elements. This idea of Mares is then developed
in [19] and it leads to the MI-algebras (MI stands for many identities). Algebraically, it drops
the standard field structure of real numbers (R, +, -) however, it does not harm its ideas,
just incorporates them with a certain vagueness.

Above-recalled alternative approach [29] correctly stems from the fact that the lack of
the preserved algebraic properties is caused by the interval character of fuzzy numbers and
the non-preservation inherited from interval calculus, is “healed” by using the concept of
gradual numbers that are conceptually sort of inverse to the usual fuzzy numbers (intervals).
Indeed, a gradual fuzzy number 4 is a mapping from the interval (0, 1] to the real line
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and the (crisp) real number 4 is its special case such that i(«) = a for arbitrary a € (0,1].
Then the arithmetic operating on such functions preserves the algebraic properties such as
existence of an inverse to any element. Note that the concept is so general that it does not
assume any restriction on the “shape” (e.g., on monotonicity or continuity) which is, on
one hand, an advantage, on the other hand, it allows dealing with or obtaining functions
hardly interpreting any vaguely given quantity.

The arithmetic of extensional fuzzy numbers stemmed from a natural model of a
vague quantity and formalized human-style calculus with them. It models a vaguely given
quantity “about a” as an extensional hull of the crisp value (singleton) a with respect to a
given similarity relation. Thus, it has a genuine construction determining a fuzzy set of
values similar to a. On one hand, as we stated, it is a fuzzy set of elements so, it leads to a
set-like concept that will never possess the arithmetical properties of numbers however,
it was not constructed as an (fuzzy) interval and the generating crisp number 2 € R is
available for further purposes including the calculus.

The price we pay for such a restriction to extensional hulls of crisp numbers is not
high as we do not see other than technical reasons stemming from the usual arithmetics
themselves (e.g., results of limits) to consider technical definitions allowing dealing with
e.g., upper semi-continuous fuzzy sets as models of fuzzy numbers. In our opinion,
the restriction pays off in the subsequent advantages.

Let us fix the notation for a set of fuzzy sets defined on a universe X: F(X) = {A |
A: X — [0,1]}; and of the support of a fuzzy set A: Supp(A) = {x € R | A(x) > 0}. Now,
we recall the well-known fundamental definitions adopted to the universe of real numbers.

Definition 1. [30,31] Let ® be a left-continuous t-norm. A binary fuzzy relation S € F(X) is
called ®-similarity if the following holds

(i) S(x,x) =1 (reflexivity)

(i) S(x,y) =S(y,x) (symmetry)

(iii) S(x,y) ® S(y,z) < S(x,z) (®-transitive)

forallx,y,z € R.

Definition 2. [19] Let S be a @-similarity relation. It is called separable if S(x,y) = 1 implies
that x = y.

Definition 3. [19] Let S be a ®-similarity relation. It is called shift-invariant if S(x,y) =
S(x+z,x+z)forany x,y,z € R.

Convention 1. Due fo the practical importance of the separability property, we assume that all
®-similarity relations considered in this paper are separable.

Definition 4. [30] A fuzzy set A € F(R) is called extensional regarding a ®-similarity relation
S if the following holds:
Ax)®S(x,y) <A(y), xyeR.

Example 1. Binary fuzzy relations on R given by

Spley) =1 —plx—y[)v0, p>0 O]
are the shift-invariant ®-similarity relations where @ is the Lukasiewicz t-norm.
Example 2. Binary fuzzy relations on R given by

Sp(x,y) = e PVl p >0 ()

are the shift-invariant ®-similarity relations where @ is the product t-norm.
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Remark 1. The shift-invariance is a useful property for connecting similarities and arithmetics,
see Proposition 6. An example of similarity relation that is not shift-invariant can be found in
Remark 2.2 in [19].

An extensional hull of a fuzzy set A is the least fuzzy superset of A that is extensional.

Theorem 1. [31] Let S be a ®-similarity relation and let A € F (R). The extensional hull of A,
denoted by EXT(A) € F(R), is given by

EXTs(A)(x) = \/ (A(y) ® S(x,y)). 3)
yeR

If we consider a singleton representation of a real number a € R that is a fuzzy set
d € F(R) such that@(a) =1, and d(x) = 0 for any x # a we can construct an extensional
hull of a real number. Such an object is called extensional fuzzy number or a fuzzy point,
see [18,31,32].

Definition 5. [19,25] Let a € R and let S be a ®-similarity. Then ag € F(R) given as follows:
as(x) = EXTs(a)(x) €
is called extensional fuzzy number.

A correct version of Formula (4) would consider the extensional hull of the singleton
EXTs(a)(x) but as there is no danger of confusion, we will neglect the difference between
a and 4 and stick to the simpler denotation. The extensional fuzzy number may be easily
calculated by a simple substitution.

Lemma 1. [19] Let a € R and let S be a ®-similarity. Then ag(x) = S(a, x), forany y € R.

Convention 2. We restrict our choice of similarities to those ensuring that the fuzzy numbers ag
are formed by a-cuts (ag )y that are closed intervals in R.

2.2. Arithmetic of Extensional Fuzzy Numbers

The construction as well as the denotation of the extensional fuzzy number emphasizes
its semantics—number a with close numbers around it—where the closeness is determined
by similarity S. Such a restriction to a subclass of fuzzy numbers is reasonable and justified
by the most natural representation of a vague quantity reflecting the semantics already
in its construction. Furthermore, the construction allows the derivation of appropriate
models of the arithmetic [25,26]—algebraically leading to Ml-algebraic structures. We
avoid going into algebraic details and only refer interested readers to the relevant sources,
mainly to [19] and furthermore, to [33,34] for the quotient MI-groups, and to [35] for
the topological MI-groups. Here, we continue only with the computational part of the
arithmetic of extensional fuzzy numbers.

Consider a system of nested ®-similarities S with the bottom element L g and the set
of all fuzzy numbers that are extensional with respect to a similarity from the given system:

Fs(R)={as|aceRand S € S}
preserving the Convention 2. Then the arithmetic operations on Fs(R) are given as
as+br = (@ +b)maxs,), a5 br=(a-b)maxist), STES ©)
with the maximum operating on the set of similarities S is defined via the inclusion:

SCT if S(xy)<T(xy), x,ycR.
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The operations given by (5) are motivated by calculus performed by humans. Indeed,
when one is asked to sum up “about 20” and “about 30”, she or he ends up with “about 50”
without any technical (a-cut-based) calculus simply by summing up 20 and 30 to 50, and by
adding some neighborhood. The arithmetic (5) acts analogously, it sums up aand btoa + b
in the first phase, and, in the second phase, performs some operation on similarities to
determine what are the acceptably close numbers. This approach is very fast, and it does
not result inevitably wide fuzzy numbers after a few operations.

Remark 2. The proposed calculus that does not widen the resulting fuzzy sets may be for some
readers unusual, yet we do not view it unintuitive. Let us recall the arqumentation used in [36]
cit. “Suppose that we have two factors that affect the accuracy of a measuring instrument. One
factor leads to errors £10%—meaning that the resulting error component can take any value from
—10% to +10%. The second factor leads to errors of +0.1%. What is the overall error? From the
purely mathematical viewpoint, the largest possible error is 10.1%. However, from the common
sense viewpoint, an engineer would say: 10%.” These arquments in favor of common-sense in
summing up errors (in our case similarities) are not left only on the motivation level but elaborated
also mathematically based on the Hurwicz criterion [37], for details see [36].

The bottom element L s € S (the “narrowest” similarity) is used in the construction
of the so-called strong identity elements for the arithmetic operations, in particular:

0=0,,=15(0-), 1=1,,=_1g(1,").

Inverses are obtained using the arithmetic operations, i.e., —(ag) = (—a)s and
(as)~! = (a=1)s, where the division by “zero” must be omitted. The (non-strong) identi-
ties (pseudoidentities) are elements of Fs(R) obtained as results of operations applied to
elements and their inverses:

I§ = {as+ (—a)s | as € Fs(R)}, I§={as-(a ")s|as € Fs(R)\Ig}.

Example 3. The set S = {S, | p € [{,r]} where S, is given by (1) or (2) and is a parametric
system of nested similarities with the bottom element 1L s = Sy. The arithmetic operations are then
given as follows:

Clsp + bSP/ = (ﬂ + b)Sp// ’ ”Sp : bsp/ = (Cl ' b)Sp// ’ where p// = min{p, p,} .

Remark 3. As the classical equality “=" is a ®-similarity for arbitrary t-norm ®, we can consider
the systems of similarities from Example 3 with the parametrization p € [¢,4o0) and additionally
defined S as the crisp equality. Then by adding this element to S, we obtain a system Seo = S U Seo
allowing us to deal with crisp numbers as well. The bottom element will be then formed by the crisp
equality 1L s, = Seo.

Let us fix the denotation Se for a system containing the crisp equality and let us call
them systems of nested similarities with the crisp bottom element.

For the purposes of our work, it is sufficient to recall a single particular structure
with properties sufficient for the further studies. It is an MI-prefield (Fs(R), +,—,:, 1)
preserving: the existence of the sets of pseudoidentities I3 and I§; associativity and
commutativity of both arithmetic operations; closeness of the sets of pseudoidentitites with
respect to the arithmetic operations (e.g., as + br € I for any ag, by € 1%); existence of
inverse elements; and the distributive law:

ag - (bs +cr) = ag -bs+ag-cr.

As the MI-prefield structure possess most of the appropriate properties, though we often
do not need such a rich structure in the subsequent sections of the article, we will always
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assume we are given an MI-prefield. This assumption will help the brevity and readability
of the article.

3. Orderings of Extensional Fuzzy Numbers
3.1. Motivation

The necessity of defining the ordering (also ranking) of fuzzy numbers (or generally
even fuzzy sets) has been pointed out already by Zadeh [38] and then in many other works,
e.g., in [39-41] leading to distinct applications [42]. Moreover, the ordering is essential for
defining monotonous fuzzy rule bases [43-45] and reasoning with them which is a topic
extremely closely connected to the area of fuzzy interpolation [7,8].

The simplest yet maybe most natural example of an ordering is the ordering
of intervals

[4,b] <;ilc,d] & a<cand b<d

applied to all a-cuts of the fuzzy numbers:

In the following lemma, we show two equivalent definition of the ordering of fuzzy
numbers using the orderings of their a-cuts.

Lemma 2. Let A, B be fuzzy numbers. Then the following statements are equivalent.

(1) A<B,

(2)  foranya € (0,1] and x € Ay, there exists y € By such that x <y, and vice versa, for any
Y € By, there exists x € Ay such that x < y.

(3)  forany x € R, there exists y € R such that x < yand A(x) < B(y), and vice versa, for any
y € R, there exists x € R such that x < yand B(y) < A(x).

Proof. (1) = (2) Leta € (0,1]. Assume that x € A,. Since A, <; By, it is sufficient to put
y = max By, and we obtain that y € B, such that x < y. Similarly, if y € B,, from A, <; By,
it is sufficient to put x = min A,, and we obtain that x € A, such that x <y.

(2) = (3) Letx € R. If A(x) = 0, then it is sufficient to consider any y € R such
that x < y. Assume that A(x) = « > 0. By (2), there exists y € B, such that x < y and
A(x) < B(y) holds. Let y € R. Again, if B(y) = 0, then it is sufficient to consider any
x € Rsuch that x < y. If &« = B(y), then by (2), we find that there exists x € A, such that
x < yand B(y) < A(x) holds.

(3) = (1) Leta € (0,1], and consider A, = [a,b] and B, = [c,d]. By (3), for b € A,,
there exists y € R such thata < A(b) < B(y) and b < y. Since y € B,, we find that
b <y < d. Similarly, for ¢ € By, there exists x € R such thatx < B(c) < A(x) and x < c.
Since x € A,, we find that a < x < b. Hence, we obtain that A, <; B,. O

This approach, however, does not preserve any information about the vagueness so,
we will not apply it to extensional fuzzy numbers Fg(R). Indeed, general fuzzy sets or
technically defined fuzzy numbers A, B do not necessarily encode the information on the
position and the neighborhood unlike the extensional numbers that are generically created
from these two sources of the information.

Another flaw of the a-cut-based ordering is that it is not a total ordering and, for ex-
ample, two fuzzy numbers depicted in Figure 1 are not comparable. The totality in the
strict sense, as with the one we know from classical mathematics, is not an unavoidable
property. However, cases such as the one in Figure 1 are so intuitive that anyone would
expect that A is smaller than B. Incidentally, appropriate arithmetic confirms this intuition
as it leads to a positive result of the difference (B — A) .
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Figure 1. Fuzzy numbers modeling the vague quantity “about 3” (A), and the vague quantity “about
5" (B).

There are different approaches attempting to avoid the problem of the missing totality,
mostly they consist of determining a certain ranking index (a crisp number representing
the fuzzy number). On the other hand, this leads to a reduction of information. One of the
exceptions that we found very elegant and formally founded was defined by Bodenhofer
in [46,47]. It works with extending the original fuzzy numbers by constructing their
extensional hulls up to the situation when the extended fuzzy numbers can be already
ordered regarding their a-cuts. Naturally, this approach is very closely connected to the
arithmetic of extensional fuzzy numbers and thus, it served for us a motivation, yet our
approach comes from a bit more abstract setting and then lands to a particular type of
Bodenhofer’s ordering.

3.2. Definitions and Examples

With the goal to encode the necessary vagueness and preserve it as an essential
property over the whole computational process, we extend the standard binary order-
ing relation (between crisp numbers) to a ternary relation < operating on the Cartesian
product Fs(R) x Fs(R) x S. As there is never a danger of confusion between the order
operating on real numbers and the newly defined order operating on extensional fuzzy
sets, the difference will be always clear from the context, we will use the same symbol <.

Definition 6. Let (Fs(R),+,—,,~1) be an Ml-prefield of extensional fuzzy numbers with
respect to a system S of nested @-similarities on R. A ternary relation < on Fg(R) x Fs(R) x S
is called an S-ordering on Fg(R) provided that

(O1) 3P € S: (ag,ar, P) €<, (reflexivity)

(02) (as,br, Q) €< & (br,as,R) €<= a5 — by € 1%, (anti-symmetry)

(03) (as,b1,Q) €< & (br,cy,R) €<= IP € S : (ag, cy,P) €<, (transitivity)

holds for any a,b,c € Rand forany Q,R,S,T,U € S.

Notation 1. For the case of brevity and clarity, let us introduce the following notation (ag < br)y
denoting the fact that (ag, by, U) € <. Furthermore, let as < by denotes the fact that there exists
some U € S such that (ag < br)y. This second notation losses the information on which particular
U € S must be used to obtain a triplet (ag, by, U) €< however, in certain situations, such a
Boolean information about the order of two fuzzy numbers will be sufficient.

Using Notation 1, the axioms of the S-ordering on Fs(RR) can be rewritten to a very
convenient form:
O 3PeS: (ag<ar)p, (reflexivity)
(02) (ﬂs < bT)Q & (bT < Lls)R = ag — by € 19 , (anti-symmetry)
(08) (as < br)g & (b < cy)r = FP € S:(ag <cy)p (transitivity) .

Let us recall some examples that first appeared in a bit different formalism in [23,48].
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Example 4. Let (Fs(R),+,—,-, 1) be an MI-prefield. Then <max defined as
<max= {(as,bT,max(S, T)) | a,beR&S, T e S}
is an S-ordering on Fg(R).

The simple denotation of the fact (ag, by, max(S, T)) € <max is according to Notation 1
very convenient, in particular, we may write (a5 <max bT)max( s,T) Or in general ag <max br.

Relation <max demonstrates an S-ordering reflecting the arithmetic operations: the
width of the result of the arithmetic operations determines also the “width of the fuzzy
truth” of the proposition stating that ag is smaller or equal to br that is encoded in the
third component of the triplet (ag, br, max(S,T)). If we mirror this idea into particular
arithmetics from Example 3, we get the following ternary relation:

<max= {(asp,bsp,,min(p, )| abeR& Sp,Sy € S}

where S = {S, | p € [(,7] |} and S, is given by (1). The demonstration of such an ordering
is visualized in Figure 2.

10
08
06
04

02

Figure 2. Fuzzy numbers Xs,, and Ys, determined by the Lukasiewicz similarities from Example 3
based on values x = 4 and p’ = 0.8 (“left” solid fuzzy set), y = 5.5 and p” = 0.3 (“right” solid fuzzy
set). Fuzzy sets Xs,, and Ys, cannot be ordered by <; of a-cuts however, if we use <max, we obtain
the dashed fuzzy sets EXTSP,, (xsp,) and EXTSp,, (ysp,, ), respectively, and thus X5, <max Ys,.-

Let us present another example of an S-ordering. It assumes that set of similarities S
has the greatest element.

Example 5. Let T g be the greatest element of S, i.e., R C Tg forall R € S. Then the ternary
relation <+ ¢ given by:

<7s={(as,br, Ts) | as,br € Fs(R) & IR € S : EXTg(as) <; EXTr(br)}
is an S-ordering.

The order <+ orders two fuzzy numbers if there exists a similarity such that the
extensional hulls of both fuzzy numbers with respect to this similarity are a-cut ordered.
Here we see a direct link to the works of Bodenhofer [46,47] that will not be here commented
more detail but will turn to be very important in the subsequent sections.

Remark 4. Note that the particular similarity relation R that was used to order the extensional
hulls of two fuzzy numbers via their a-cuts is not mirrored in the information (as <tg br)T.
This feature, which is not present here, will also turn to be important in the subsequent sections. It
actually tells us that <+ ; is not that appropriate S-ordering as it does not provide meaningful all
three components of the triplet. But it is important to mention that even such structures meet the
axiomatic definition of the S-ordering.
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Let us consider, e.g., the product t-norm and
S=1{S,|pel1,5 andSy(x,y) =e PV,

The ordering <+ can be visually demonstrated by Figure 3 where one can see two
extensional fuzzy numbers 4, ; and 5.55, , (displayed by solid lines) and their extensional
hulls EXTs, (4s,5) = 4s, (left dashed fuzzy set) and EXTs,(5.55,,) = 5.55; (right dashed
fuzzy set) that due to their interval-ordering 45, <; 5.55, allow the ordering of the original
fuzzy numbers (4s,, <74 5.55,,)7-

1.0

Figure 3. Demonstration of the S-ordering <.

Let us equip the system of similarities S with its bottom element L s. Then, as S is the
system of nested similarities, it has all infima, i.e., inf{S € C | C C S} exists for any subset
C. Then, we can define the ordering that determines the third component of the triplet (the
tolerance added to the ordering) as the “narrowest” similarity relation that is sufficient to
get ordered a-cut of extensional hulls (with respect to this similarity) of the given fuzzy
numbers. Mathematically, such a S-ordering <;,s will be given by the intersection of all
such similarities that lead to the interval-ordering of a-cuts of the extensional hulls:

<n={(as,br,E) | as,br € Fs(R) & E = N{R € § | EXTr(as) <; EXTr(br)}} .
The visualization of the ordering <n is provided in Figure 4.
10
08
0s
04

02

0 10

Figure 4. Example of <n applied to fuzzy sets from Figure 2.

Let us now come back to the properties of the S — orderings that were foreshadowed
above. In particular, we will recall the so-called pre-order compatibility [23,24] and the
real-order compatibility [24].

Definition 7. Let < be an S-ordering on an MI-prefield (Fs(R),+,—,-,~' ). Then < is called
pre-order compatible if for any as, by € Fs(R)and R € S,

(as < bp)r = EXTR(as) <; EXTg(br). 7)
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The name of the pre-order compatibility comes from the close connection to the works
of Bodenhofer where the author dealt with pre-orderings of fuzzy sets, see [46,47]. The na-
ture of the property is indeed such that it puts the given S-ordering into the perspective of
the above-mentioned pre-orderings. In other words, an S-ordering that is pre-order com-
patible reflects in the third component of the triplet the width (similarity) of the extension
that is necessary to obtain a-cut ordered extensional hulls of given fuzzy numbers.

The provided examples of S-orderings <max, <7, and <n are examples of pre-order
compatible orderings. Now, we will show how easy it is to construct S-orderings that
will meet the axioms of Definition 6 but will not be pre-order compatible. There will be
two such examples, each of them harming the pre-order compatibility from a different
perspective. The first example harms the reflection of the necessary extension.

Example 6. Let S be equipped with the bottom element Lg. Then the ternary relation <, s
given by
<i1s={(as,br, Ls) | as, by € Fs(R) & a < b}

is an S-ordering that is not pre-order compatible.

The construction of < ; focuses only on the core elements—crisp numbers 4,b € R
and ignores the widths of the extensional fuzzy numbers ag, by € Fs(R) constructed above
them. In other words, the fuzzy truth (similarity, tolerance) of the proposition ag is smaller
or equal to br is thus meaningless, it does not store any information and we get only binary
information on the mutual position of 2 and b.

The other way how the pre-order compatibility can be easily harmed is presented in
the following example that reverses the linear order on R.

Example 7. The ternary relation <}t%  defined as follows
<= {(as, br,max(S,T)) | as,br € Fs(R) &b < a}
is an S-ordering that is not pre-order compatible.

Unlike the S-ordering < | ., the construction of <[, reflects the necessary extension
and the third component of the triplet would not be meaningful; however, it reverses
the order. Thus, we get the information that “about 4” below “about 2”. Please note
that reversed order is still order so, nothing wrong in a sense that <% would harm
Definition 6.

Let us present a lemma which demonstrates the practical impact of the pre-order
compatibility as the crucial property of S-orderings.

Lemma 3. Let < be a pre-order compatible S-ordering on an MlI-prefield (Fs(R),+,—,-,~1).
Ifag < br for certain S, T € S thena < b.

Proof. Let < be pre-order compatible. Then ag < br (according to Notation 1) means that
there exists U € S such that EXTg(as) <; EXTr(br). Let us expand the formula for the
extensional hull of ag

EXTg(as)(z) = \/ as(y) @ R(y,z)
yeR

and let us determine its core, i.e., let us put it equal to 1:

1=\ as(y)@R(y,z) = \/ S(a,y) ®R(y,2) <
yeR yeR

\/ max(S,R)(a,y) ® max(S, R)(y,z) < max(S,R)(a,z),
yeR
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Due to the separability property assumed in Convention 1, we get max(S, R)(a,z) = 1 if
and only if 2 = z. Thus, the sought core (a-cut for & = 1) is EXTg(a5); = {a}. Analogously,
we get EXTr(br); = {b}. Finally, EXTg(as); < EXTg(br); can be directly rewritten as
a < b, which concludes the proof. [

Example 8. Let us demonstrate Lemma 3 on examples. Consider the case depicted in Figure 2.
For the pre-order compatible S-ordering <max, the assumptions of the lemma are met, and it can be
seen that Xs, <max Ys, well as x < y holds. For the S-ordering <}2° the assumption on the
pre-order compatibility is dropped and from Ys, <. Xs,, we cannot deduce that y < x as the
opposite is true.

However, Lemma 3 claims only one direction implication, not the equivalence, and so, it does
not exclude the possibility of a pre-order S-ordering that would preserve the implication. Indeed,
consider < | . that is defined in such a way that from Xs, <is Ys,, we can easily deduce x < y.

Naturally, one may revisit the pre-order compatibility defining Formula (7) and
consider it with the equivalence instead of the implication. However, such a condition
would be too restrictive and the only order that would in general meet such a requirement
would be <. However, we can weaken the opposite implication and require only weaken
version that ensures some dependence on the order of the real line but without reflecting
the particular similarity. The reflection of the necessarily used similarity mirrored only in
one of the implications—the one in Formula (7)—will turn to be sufficient, see Section 4.

Definition 8. Let < be an S-ordering on an MI-prefield (Fs(R), +, —, Nt ). Then < is called
real-order compatible if for any ag, by € Fs(R) and R € S the following holds

EXTgr(as) <; EXTR(br) = as < br . 8

The S-orderings <max, <7 s <n, and < | s presented above are real-order compatible
however, for example, <% is not real-order compatible. Can we construct an S-ordering
that is unlike <};7 pre-order compatible however, it is not real-order compatible? Indeed,
the following example focusing only on the left points of the supports provides such
an example.

Example 9. The ternary relation <L defined as follows
<L = {(as, by, max (S, T)) | as, by € Fs(R) & infSupp(as) < infSupp(br)}
is an S-ordering that is pre-order compatible but it is not real-order compatible.

Now, putting both compatibilities together gives us an S-ordering with properties
sufficient for proving further results.

Definition 9. If an S-ordering is pre-order compatible and real-order compatible, it is said to be
strongly compatible.

Remark 5. The S-orderings <max, <7, and <n presented above are strongly compatible.

Another crucial property is the linearity or totality of the order. Naturally, also this
property deserves to be incorporated into the context of S-orderings.

Definition 10. Consider an MI-prefield (Fs(R), +, —,, ") and an S-ordering < on Fs(R).
Then < is called total if the following holds for arbitrary ag, by € Fs(R):

ag < by or br<ag. (totality)
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Let us focus on the relationship of the real-order compatibility and the totality.

Proposition 1. Let (Fs(R),+,—,-,~ 1) be an MI-prefield and let < be an S-ordering on Fs(R).
If <'is real-order compatible then it is also total.

Proof. We prove the proposition by contradiction. Let us assume that for some ag, bt €
fS(R) it holds that ag £ by & by £ as.

The assumption as £ br means that there does not exist any R € S such that
EXTg(as) <; EXTr(br). Indeed, if it existed, the real-order compatibility would lead to
the contradiction with the assumption. As for any «, the a-cuts EXTg (a5)s and EXTg (b7 )
are of the same width and EXTg(as) £; EXTg(br) holds then necessarily EXTg (br) <;
EXTR (as) which, due to the real-order compatibility, means that by < ag. 0O

4. Properties of S-Orderings
4.1. Wang—Kerre Properties of Orderings of Fuzzy Numbers

As the orderings and rankings of fuzzy numbers attracted significant interest of
the researcher, it is not surprising that some of them aimed at their properties. Many
ordering techniques rely on comparing certain crisp numbers (indices or representative
numbers) instead of comparing the original fuzzy numbers [49]. The natural consequence
is a partiality of such orderings that is viewed as a problem by some authors. This is
sometimes heuristically overcome by using multiple indices. This article does not focus
on an exhaustive survey of all such methods and we are convinced that every single
approach has its motivation justifying its existence. However, if we intend to apply the
proposed arithmetic of extensional fuzzy numbers to the problem of fuzzy interpolation
where orderings of fuzzy numbers play a crucial role, we need to know more about it.
In particular, we should investigate under which conditions our approach preserves the
most natural properties.

We have adopted the investigations of Wang and Kerre [49,50] as the starting point.
This step is rather natural as the authors set up the most intuitive properties of orderings
of fuzzy numbers and our goal is not to mimic such works but to investigate our technique
in such a generally accepted framework.

Remark 6. No matter if using indices or not, several techniques for ordering/ranking of fuzzy
numbers operate on a finite subset of (reference) fuzzy numbers to which the ordering can be applied.
Therefore, the ordering of two fuzzy numbers compares both to the reference set first. This fact is
mirrored in the Wang—Kerre properties (axioms) recalled below. When mimicking the properties
in our formalism of extensional fuzzy numbers, the properties will need to be slightly modified to
drop the reference set(s), one of the properties will become totally redundant without considering the
reference set.

Wang—Kerre properties: Let us consider F(R) and let H, Hy, and H; be arbitrary finite
subsets of F(R) (the reference sets). Furthermore, let & € R. Then

Al: A=< A, forA € H;

A2: AXBandB<A= A~ B,forA,B¢€ H;

A3: AXBand BXC= A=C,forAB,CecH,

A4: supSupp(A) < infSupp(B) = A < B, for A,B € H;

A5: Let A,Be HHNHy. ThenA < BinH; & A < Bin Hy;

A6: Let A<BinH; ={A,B}. ThenA+C=<B+CinH,={A+C,B+C};
A7: LetO<hand A,B,h-A,h-B € H.

Then A < Bin H; = {A,B} impliesh- A <h-BinHy = {h- A, h- B}.

For the sake of brevity, when recalling the Wang—Kerre properties A1-A7, we dared
to relax the precise definitions of the used symbols < and ~ as the main motivation is to
provide the readers with the ideas that must be accommodated to a different formalism in
the framework of extensional fuzzy numbers anyhow.
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4.2. Wang—Kerre Properties for S-Orderings and Their Preservation

The implementation of the above-recalled Wang—Kerre properties to the framework
of S-orderings and extensional fuzzy numbers requires some modifications, for example,
any use of reference sets is meaningless, S-orderings of not use them to order objects from
Fs(R) at all. Consequently, axiom A5 is omitted from our consideration as whenever no
reference set is used, it is always automatically fulfilled. Otherwise, one can see that the
modification is only formal and preserving the same ideas and motivations.

Letag, br,cr € Fs(R) and let i € R. Then the modified Wang-Kerre properties are
given as follows:

Al a S S as,

A2 ag < brand by <ag = (ﬂs — bT) S Ig;
A3’ ag < br and by < cg = as < CR;

A4’ supSupp(ag) < infSupp(br) = ag < br;
A6": ag < br = as+cr < br+cg;

A7: 0 Shandas < bT = h-as Sh-bT;

The goal of the subsequent parts of the article is to investigate under which conditions
an S-ordering preserves the properties A1'-A7’.

Proposition 2. Let < be an S-ordering. Then it preserves properties A1’, A2’, and A3’.

Proof. Using the reflexivity axiom (O1) from Definition 6, for any S, T € S there must exist
P € S such that (ag < ar)p which implies ag < ar. It suffices to put S = T to complete the
proof of Al".

The anti-symmetry axiom (O2) from Definition 6 states that (a5 < br)g and (b < ar)R
implies ag — br € Ig. As it holds for any for any S, T, Q,R € S, we directly obtain the
proof of A2'.

Finally, the transitivity axiom (O3) from Definition 6 states that (as < br)g and
(br < cy)rimplies (as < cy7)p forsome P € S. Asitholds for any forany S, T,U,Q,R € S,
we directly obtain the proof of A3’. O

The preservation of A4’ is not as automatic as the preservation of A1’-A3’ that stemmed
directly from the axioms (O1)-(O3). An additional property must be assumed.

Proposition 3. Let < be a real-order compatible S-ordering. Then it preserves the property A4’

Proof. If sup Supp(as) < infSupp(br) holds, we immediately get the interval-ordering
for all a-cuts of both fuzzy numbers: ag <; br or equivalently EXTg(a) <; EXT7(b) by
Lemma 1. Put R = min(S, T). Recall that the composition of similarities U and V is defined
asUoV(x,y) = V,er U(x,2) ® V(z,y). Obviously, we have S = SoRand T = ToR,
where R = min(S, T). Indeed, assume that R = S. Then S = S o S follows immediately
from the transitivity of S. In addition, we have

ToS(x,y) =\ T(x2) ®S(z,y) > T(x,y) @S(yy) =T(x,y) ©1=T(x,y), xyeR,

zeR

therefore, T C T o S. On the other side, from S C T and the transitivity of T, we have

ToS(x,y) =\ T(x,2)®S(zy) < \/ T(x,2) ®T(z,y) = T(x,y), xyeR,
zeR zeR

therefore, T o S C T, and hence, we obtain T = T o S. Similarly, one can show the equalities
for R = T. Since EXTs(a) <; EXT7(b), using the previous equalities, we simply find that
EXTR (ﬂs) = EXTSOR(LI) = EXTs(a) <; EXTT(b) = EXTTOR(b) = EXTR(bT> which jointly
with the real-order compatibility leads to ag < by. O
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Example 10. Let us again demonstrate Proposition 3 on examples. Let us consider two (disjoint)
extensional fuzzy numbers such that sup Supp(as) < infSupp(br). For the real-order compatible
S-ordering <max, we easily obtain ag <max br. However, for the S-ordering <[ that is not
real-order compatible, we get the opposite, in particular by <%0 ag

The real-order compatibility turned to be useful in proving the preservation of A4’
however, it is not sufficient to prove the preservation of A5". As it will be shown, we
will need to use “the other direction” encoded in the pre-order compatibility and thus,
the strong compatibility will be assumed.

Proposition 4. Let < be a strongly compatible S-ordering, and let any similarity from S be
shift-invariant. Then it preserves the property A6’.

Proof. Let ag, br,ck € Fs(R) and let ag < by where < is strongly compatible. Put
U = max(S, T, R). From the reflexivity axiom (O1) we have (a;; < ag)p and (br < by)g
for certain similarities P, Q € S, i.e., ay < ag and br < by, and by the transitivity axiom
(03), we find that (a; < byy)y for a certain similarity V € S, i.e., ayy < by;. In what follows,
for simplicity, we do not mention the existence of similarities P and Q in S, and we will
directly write S-ordering. Since < is strong compatible, there exists W € S such that
EXTw (ay) <; EXTw(by). We show that EXTw ((a + ¢)y) <; EXTw ((b + ¢)y) also holds.
By Lemma 2, one can simply check that for any x € R, there exists ¥’ € R such that
x < x"and

EXTw (aur) (x — ¢) = Vyer U(a,y) @ W(y,x —¢) < Voer U(b,2) @ W(z, X' —¢) = EXTw (by) (x' —¢)  (9)
and vice versa, for any x’ € R, there exists x € R such that x < x” and
EXTyy (bu) (&' = ¢) = Voer U(b,2) @ W(z,x' = ¢) < Vyer U(a,y) @ W(y, x — ¢) = EXTyy (ay) (x — ¢). (10)

Hence, and using the shift-invariance of U and W, e.g., U(a +c,y) = U(a,y —c) or
W(y,x) = W(y — c,x —c), if x € R, then there exists x’ € R such that x < x” and (9) holds,
which implies

EXTw ((a+c)u)(x) = \/ U(a+cy) @W(y,x) = \/ U@,y —c) @W(y —c,x —¢)

yeR yeR
=EXTw (ay)(x — ¢) < EXTw (by)(x' —c) = \/ U(b,z—c) @ W(z —¢,x" —¢)
z€R
=\ U(b+cz)@W(z,x") = EXTi ((b+c)u)(x).
zeR

Similarly, if x” € R, then there exists x € R such that x < x” and (10) holds, which implies

EXTw ((b+c)u)(x') = \/ U(b+c,z) @W(z,x') = \/ U(b,z—c) @ W(z—c,x' —c)
zeR zeR
= EXTw (by)(x' — ¢) < EXTy(ay)(x —c) = \/ U(b,y—c) @ W(y —c,x —¢)
yeR
=\ U(b+cy) @ Wy, x) = EXTw ((b+ c)u) ().
yeR

By Lemma 2, we find that EXTw ((a + ¢)y) <; EXTw((b + ¢)u), and using the real-order
compatibility, we obtain (a + ¢)y < (b+ ¢)y. Using reflexivity (O1), it holds that (a +

C)max(s,R) < (a+c)y and (b +¢)u < (b+ ¢)max(T,r), and by transitivity (O3), we obtain
as+cr = (@ + ) max(s,R) < (0 + ) max(r,r) = br +cr. O
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Example 11. Let us demonstrate Proposition 4 on some examples. Let us again consider the case
depicted in Figure 2 with Xs, and Ys that are shift-invariant. Furthermore, let us consider Z5

such that z is an arbitrary number from R and Sy > max(S,, Syn) (ie., p"" < min(p’, p”) ).
If we consider a strongly compatible S-ordering <max then we have xsp, <nax Ys and

easily, we can check that also (x + z) Sm <max (¥ +2) S, holds, where the left-hand side is equal
to X5, +2s and the right-hand side is equal to Ys, + 25,

Now, let us consider the S-ordering <L and that is not strongly compatible, see Example 9.
Due to the position of the left-hand sides of the supports, the following Ys, <L s xs, holds.

However, X5, +25,, = (x + z)sp,,, and Ys, 25, = (y+2z2) 5, S0, we get two extensional

fuzzy number of the same width and as (x +y) < (y + z), also the left-hand sides of the supports
are ordered in this way. Consequently, (x + z) S <L (+z2) S m which harms the property A6'.

Aguain, note that the proposition states only one implication but the opposite implication
does not hold. Therefore, if we consider the S-ordering that reverses the order <37, we get
Ys <L .« Xs,, s well as (y + z) S, <L . (x+2) S,m and thus, A6’ is preserved even though

<o . is not strongly compatible.

The last axiom that must be checked will be preserved again under the assumption
of the strong compatibility. Additionally, the presence of the crisp bottom element in the
considered MI-pregroup will be assumed.

Proposition 5. Let < be a strongly compatible S-ordering on an MI-prefield (Fs_ (R), +,—,-, 1)
with the crisp bottom element. Then it preserves the property A7’

Proof. As S, contains the crisp bottom element | s (classical equality), we may incorporate
the representation of the scalar multiplication in Fg_ (R):

h-as = hJ_S tas = (h : a)max(S,Ls) = (h ’ u)S .

If ag < by and < is pre-order compatible, then a < b and necessarily i - a < h - b for any
h > 0. Since (EXT ((h-a)i;))a = {h-a} and (EXT  ((h-b)1;))a = {h-b} for any
a € (0,1], we find that EXT | ((h-a) ) <; EXT (h-b) ), which implies (h-a),, <
(h-b) 1 as a consequence of the real-order compatibility. Using the reflexivity axiom (O1),
we obtain (h-a)s < (h-a), and (h-b), < (h-b)r, and from the transitivity axiom (O3),
we find that (h-a)s < (h-b)7. O

Corollary 1. Let < be a strongly compatible S-ordering on an MI-prefield (Fs_(R), +,—,-,~ 1)
with the crisp bottom element. Then it simultaneously preserves axioms A1-A4" and A6’-A7.

Proof. We have to prove that A6’ remains true if the shift-invariance is omitted in Fs_ (R)
(cf. Proposition 4). Let ag, b, cg € Fs_(R). As with the proof of Proposition 5, if ag <
br and < is pre-order compatible, then a < b and necessarily a + ¢ < b+ c. Since
EXT  ((a+c)iy) <i EXT 4(b+c)ig), we find that (a+c),, < (b+c),, because
of the real-order compatibility. Using the reflexivity axiom (O1), we obtain ag + cg =
(@+ Cmaxsr) < (@+c)igand (b+c)ig < (b+ )max(r,r) = br + cr, and from the
transitivity axiom (O3), we obtain as 4+ cgr < br +cg. O

Corollary 1 directly gathers the results from Propositions 2-5 and shows an elegant
and safe way how to construct a system of similarities and an S-ordering that is safe in the
sense of meeting all the preferable properties. Indeed, the list of assumptions may seem
high, but it is not restrictive at all. As we showed above, the most natural and intuitive
S-orderings are strongly compatible and analogously, including the crisp equality as the
crisp bottom element to the system of nested similarities is more natural than starting from
a wider bottom element.
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Definition 11. Let (Fs(R), +,—,-,~!) be an Mi-prefield, and let < be an S-ordering on Fgs(R).
The structure (Fs(R), +, —, 1, <) will be called an S-ordered MI-prefield provided that
forany ag, br,cr € Fs(R)and U,V € S, it holds that

(P1) as < by =as+cy < br+by,

(P2) Oy <agandQy < bp=3IW e S: 0y <ag-br.

The following statement shows that the shift-invariance of similarities and strong
compatibility of S-ordering are sufficient conditions to get a S-ordered MI-prefield.

Proposition 6. Let (Fs(R), +,—,, ') be an MI-prefield such that any similarity from S is shift-
invariant, and let < be a strongly compatible S-ordering on Fs(R). Then (Fs(R), +,—,-, 71, <)
is an S-ordered MI-prefield.

Proof. (P1) follows from Proposition 4. Let 0y < ag and Oy < by for ag, by € Fs(R)
and U,V € S. According to reflexivity of S-ordering, we obtain 0g < 0y and 07 < Oy,
and by transitivity, we find that 0g < ag and Ot < br. Denote R = max(S, T). Then we
have Og = Og - Or and (ab)g = ag - by. We will show that Og < (ab)s. Since < is strongly
compatible, as a consequence of the real-order compatibility, it is sufficient to show that
there exists W € S such that

EXTw(0r) <; EXTw ((ab)g). (11)
By Lemma 2, we will show that for any x € R there exists x’ € R such that x < x’ and

\/ R(0,y) ® W(y,x) < \/ R(ab,z) @ W(z,x') (12)
yeR zeR

and vice versa, for any x’ € R there exists x € R such that x < x" and

\/ R(ab,z) @ W(z,x") < \/ R(0,y) @ W(y,x). (13)
zeR yeR

Let W € S be an arbitrary similarity. Since R and W are shift-invariant, for any x € R,
we obtain

\/ R(0,y) @W(y,x) = \/ R(ab,y +ab) @ W(y +ab,x +ab) = \/ R(ab,z) @ W(z,x'),
yeR yeR yeR

where we put x’ = x + ab. Since R is strongly compatible, by Lemma 3 we find that 0 < a
and 0 < b, which implies x < x + ab = x’. Similarly, for any x’ € R, we obtain

Veer R(ab,2) © W(z,¥') = V,ep R(0,z — ab) © W(z — ab, x' — ab) = e R(0,y) ® W(y, %), (14)

where we put x = x’ —ab, and thus x < x’. By Lemma 2, we obtain (11) and thus
Or < (ab)gr = as - by, which concludes the proof of (P2). [

Example 12. Let (Fs_(R),+,—,, ') be the MI-prefield with Seo = {Sp | p € (0,+00]},
where Sy, is given by (1) for any 0 < p < o0 and S is the crisp equality (see, Remark 3), which
is enriched by a strong compatible Seo-ordering <. Since any similarity from Seo is shift-invariant
(see, Example 1), by the previous proposition, (Fs,, (R),+,—,-,~1, <) is an ordered MI-prefield.

Since S-ordering on an MI-prefield Fs(R) is determined by the set S of similarities
that is referred in the index of the MI-prefield, for convenience, we will omit S in “S-
ordered MI-prefield” and write only “ordered MI-prefield”. In the following definition, we
introduce the isomorphism of ordered MI-prefields which is used in our demonstration of
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fuzzy interpolation. As with algebraic literature, for convenience, we do not distinguish the
operations and orderings of ordered MI-prefields using indexes if no confusion can appear.

Definition 12. Let (Fs, (R), +, —, 7, <)and (Fs,(R), +,—, -, 1, <) be ordered MI-prefields.

Amap h: Fgs, (R) = Fs,(R) is a homomorphism of ordered MI-prefields provided that

(H1)  h(as+br) = h(ag) + h(by), h(Ole) = Olsz and h(—as) = —h(ag) for any ag, by €
Fs, (R);

(H2)  h(as-br) = h(as) - h(br), h(lle) =1 and h((as)™1) = h=Y(as) for any as, bt €
Fs(R)\ I3/

(H3)  ag < br = h(as) < h(br) for any ag, by € Fs, (R).

A homomorphism h of ordered MI-prefields is called an isomorphism provided that h is a bijec-

tive map.

In the following example we show an isomorphism using the ordered MI-prefield
Fs,, (R) from Example 12.

Example 13. Let (Fs(R),+,—, 71, <) be an ordered MI-prefield with a strong compatible
S-ordering <. Let r € R such that 0 < r. The the map h,: Fs(R) — Fs._(R) given by
he(as,) = as, , forany as, € Fs,,(R) is an isomorphism of ordered MI-prefields. It is easy to see
that h, is a bijective map, since f(p) =r - p for p € (0, 00] is a bijection from (0, o] onto (0, oo],
where we naturally define r - co = co. Let us show that h, satisfies (H1) and (H2). Since the proofs
are analogous for + and -, we verify only (H1). For any as,, ,bs, € Fs, (R), we have

)= (a+Db)s =

r-min(py,pp)

hr(ﬂs,, + bs,,z) = h‘f((a + b)max(Spl,sz) = hl’((a + b)S
(a+Db)s

min(py,pp)

(u + b)max(SrApl,SrApz) = aSr.p1 + bS,,p2 =h, (aSpl) + hr(bsz )

min(r-py,r-pp) -

For the zero element Og_ in Fgs, (R), we obtain h,(0s, ) = O, ., = Og,,, where we use r - 00 = oo.
Finally, for any as, € Fs,,(R), we have hy((as,) ") = h((a1)s,) = (a7 1)s,, = (as,,) ' =
hr(asp)’l. Now, we show that (H3) also holds. Let ag, bs, € Fs, (R) such that as, <
bs,,. Since < is strong compatible, to prove that hr(ﬂspl) < hy(bs,,), it is sufficient to show
that there exists Sy € Seo such that EXTg, (”Srpl) < EXTSq(bng); the desired inequality is a
straightforward consequence of the real-order compatibility of <. Recall that S, 0 Sy = S, whenever
Sp C S, or equivalently p > q (see the proof of Proposition 3). Since as, < bs,, and < is pre-order
compatible, we find that a < b according to Lemma 3. Put q = min(rpy, rp2). Then we obtain
EXTSq(asrpl) = ag, and EXTs, (bsrpz) = bg,. Indeed, for any y € R, we have

EXTs, (“S,pl)(y) = \/ Srp1(8,2) ® Sq(2,y) = (Srp, © Sg)(a,y) = Sq(a,y) = as, ),
ze€R

where ® is the Lukasiewicz multiplication, and similarly for the second equality. Now, for any
a € (0,1], we can simply calculate that

1—a 1—-ua 1—a 1—a
(EXTs, (as,,, ))a = |a— p ,a+ and (EXTs, (bs,, ))a = |b— b+ .

which implies that EXTs, (“Srpl) < EXTs, (bsrpz) as a consequence of a < b.
5. Application to Fuzzy Interpolation
5.1. The Concept of S-Function

We will approach fuzzy interpolation from the analytical perspective rather than from

the logical one. Therefore, we will always have in mind some function that is partially
given (in a finite number of points) and our goal is to complete it to a total mapping that
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assigns an output to an arbitrary input. Therefore, first, we must start from defining such
fundamental objects as a function operating on extensional fuzzy numbers.

Remark 7. Deliberately, we avoid the notion of a fuzzy function as it has been used by many
authors for distinct objects with distinct definitions. Usually, the ideas and motivations are similar,
but the technical aspects differ. As the natural name involving the “extensional fuzzy numbers”
might be too long, for the sake of brevity we adopt the name S-function.

Definition 13. Let < be an S-ordering on an MI-prefield (Fs(R),+,—,-,~') and let D be a
non-empty subset of Fs(R). A mapping f: D — Fs(R) is an S-function if there exists a
function g: R — R such that

Vxs € D3IS' €S f(xs) =g(x)s - (15)

Equation (15) states that each S-function is determined by a real-valued function. This
allows the introduction of fundamental properties known from mathematical analysis,
such as monotonicity, injectivity, or surjectivity of functions, in an analogous way.

For example, an S-function f: D — Fg(R) is called increasing if

Yugr,vs € D: ugr <vg = f(MR) < f(vs) . (16)

Analogously, we could define monotonically decreasing S-function and of course,
also strictly increasing and strictly decreasing S-function. Note the importance of the
choice of the S-ordering and the fact that the same ordering is used on both sides of the
definition. Indeed, for distinct choices of the S-ordering, the given S-function may be
or must not be monotonous. The generalization of the definition that would allow the
use of different ordering on the left-hand side than the one used on the right-hand side is
technically possible yet, would need to be strongly motivated by the modeled problem.

Using the concept of S-function, we can very naturally define extensions of classical
functions using the arithmetic operations, for example:

f(xs) =ar-xs+br, forar,br € Fs(R)
is a linear S-function;
f(xs) =ar, +ar -xs+---+ar,-x5, forar,...,ar, € Fs(R)

is a polynomial S-function (of the n-th order).
Moreover, we can define natural extensions of other fundamental functions, for example

el¥s) = (€nsy, log(xs) =log(x)pey, h:S—S
is an exponential (logarithm) S-function;
sin(xs) = sin(x)y(s), cos(xs) =cos(x)psy, h:S =S

is a sine (cosine) S-function.

The crucial for transferring the vagueness will be the choice and appropriateness of
the mapping h. The most trivial would be to put & equal to the identity mapping however,
such a choice would not be probably adequate for managing the uncertainty.

5.2. S-interpolation

The fuzzy interpolation task can be in general formally define as follows. Let us be
given two finite equal sized sets of fuzzy sets Ay, ..., A, and By, ..., B, on the universe
R (or its non-empty subsets). We search for a mapping F: F(R) — F(R) such that the
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condition F(A;) = B; holds for any i = 1,...,n. Let us reformulate the problem into the
formalism of S-functions.

Definition 14. Let (Fs(R), +, —, -, 1) be an MI-prefield and let < be an S-ordering on Fs(R).
Let x',y' € Rfori=1,...,nand let (xél,lel),. ., (xg’n,y%n) € fg(R)z such that xlsi < xl;:l
foranyi = 1,...,n —1. We say that an S-function f S-interpolates above-given pairs of
extensional fuzzy numbers if

Naturally, we may mimic the classical interpolation methods that are well-founded.
For example, the linear S-interpolation will be defined for an arbitrary x5 € Fs(R) such
that x5 < x5 < xgtll as follows:

- .

_ i i le;l_lei 17

flxs) =yr + (xs = x5) - 75— - (17)
Y5 T s,

Remark 8. The linear interpolation in the crisp sense can be computed by several formulas that
are equivalent. Therefore, a natural question is whether this would hold also for the case of S-
interpolations stemming from these crisp equivalent formulas. The answer is positive. Due to the
particular used arithmetic, the computation runs over the “centers” and the similarities are, in the
second phase, calculated over their maximum. Therefore, as long as we use extensions of formulas
that are equivalent in the crisp case, and the inputs are the same, the results of the extended formulas
must be equal too. However, note that if we use another type of MI-algebra with different calculus
over the similarities (see [19] for some examples), the results could differ.

We will present a short lemma that will be used in the latter. The basically states that
if an input is between two input nodes, the output obtained by Formula (17) is between the
respective output nodes.

Lemma 4. Let (Fs(R),+,—,, 1) be an Ml-prefield such that any similarity from S is shift-
invariant and let < be a strongly compatible S-ordering on Fs(R). Let x',y' € Rfori=1,...,n
and let (x§ ,yr,),..., (¥¢ ,¥f,) € Fs(R)? such that x5 < xlszll foranyi=1,...,n—1.

For xg]_ <xs < x?:l and for the S-function f given by (17) it holds that:
vr, < flxs) <yl

Proof. Using the fact that xgl <xg < xgtll and Lemma 3 we obtain x! < x < x'*1, Using
Formula (17), we obtain f(xg) = yr such that
i

. . i+1 _
]/:yl+(X—xl)'H

and T = max(S;,S;11,T;, Tiy1,S). Hence, we find that y' < y < y"*!1. We show that
EXTr(y') <; EXTr(y). Putd = y — y'. Since T is shift-invariant, for any x € R, we obtain
EXTr(y;)(x) = T(y},x) = T(y' +d,x+d) = T(y,x +d) = EXTr(y)(x +d), where x < x +
d, and vice versa, for any x’ € R, we obtain EXT7(y)(x') = T(y,x') = T(y — d,x’ — d) =
T(y,x' —d) = EXTr(y')(x' —d), where x' —d < x'. By Lemma 9, we find that EXT7(y) <;
EXT7(y). Similarly, one can show that EXT7(y) <; EXTr(y'*1). Since T; C Tand T, ;1 C T
and from the transitivity of similarities, wehave T = T;o T, T =T;;10Tand T =To T as
has been verified in the proof of Proposition 3. Hence, we have EXTr(y') = EXTr.or(y') =
EXTr(yt), EXTr(y) = EXTror(y) = EXTr(yr), and EXTr(y'*!) = EXTr, (y'*!) =
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EXTr(y5 ), which implies EXTr(y%,) <; EXTr (yT)' gll- EXTr (yijjl ), and due to the real-
T . i i+
order compatibility of <, we obtain y7. < f(xs) <y7 .

There are two important observations coming from the definition of the S-interpolation
and the formula for the linear S-interpolation.

First, the choice S-ordering is absolutely crucial as the technique assumes all fuzzy
points in the input space to be linearly ordered and moreover, every input needs to lie in
between of two neighboring fuzzy points. Thus, the totality of the S-ordering seems to be
a natural requirement of the highest importance.

Secondly, the technique may determine reliably a unique solution for an extensional

fuzzy number xg that possesses the following position xg < x5 < x;;l] however, if the

input point xg is one of the given points, say, x5 = xgi then there are two approaches
leading to two results that need not be equal. In particular, the first approach (interpolation
from the right) considers xs to lie between x; and xgtll:

i+1 i

‘ ~ Y., — Y1, ; ;
— 4! [ i+1 [ — 1t
flxs) = yr, + (xsi xsi) Al YT, F Omax(8;,5,1, T3, Ti1) Ymax(s;,5i41,T1,Ti1) 7
Sit1 Si

while the other approach (interpolation from the left) considers xs to be positioned between

i—1 i.
Xg, and X,

i i—1

_ i1 i iy I YT i i i1 i
f(xS) - yTFl + (xSi - xSH) : xiS — ?1 - yTFl + (y -y )max(S,-,l,S,-,T,,1,7",-) - ymax(s,.fl,si,TH,Ti) .
i i—1

Moreover, none of the two results is necessarily equal to ViT,- which means that the
interpolation condition would not be met. This problem is not critical at all as then word
interpolation actually assumes that it focuses on points between the given nodes so, nothing
prevents us from defining the outputs for the given nodes f (x?si) = yiTi.

However, the problem arises when the input is not equivalent to the node only due to
a different width, i.e., we considgr xg sgch that S # S;. In such a case, the interpolation
from the right would give us f(x5) = y. ( while the interpolation from the

left would lead to f(x%) = yinax(S,-,1,S,-,Ti,1,Ti,S)

adopted and both “directions” can be justified, we can choose the one that lowers the
uncertainty by picking

8i,Si41,T;, Ti1,9)
. As it is not clear which result should be

f(x’s) = yiT where T = min(max(S;,S;y1,T;, T;y1,S), max(S;_1,S;, T;-1,T;,S)) . (18)

However, we should check whether if we impose some reasonable properties, the pro-
posed approach meets them. The most natural property one would expect is the monotonic-
ity with respect to the uncertainty, i.e., less uncertain inputs cannot lead to more uncertain
outputs:

Xs, X1, Yyu,yv € fs(R) s.t.yuy = f(xs),yv = f(xT) itholdsthat: S<T =U<V. (19

It is easy to assume conditions to preserve the uncertainty monotonicity condition
(19) for any x # xl,i=1,...,nbutits preservation for x = x' must be ensured. Indeed,
Formula (18) can easily lead to T; < T although S < S;. Therefore, let us introduce a linear
S-interpolation that meets the constraint.

Definition 15. Let (Fs(R),+,—) and (Fs(R), ~,f1) be MI-pregroups and let < be an S-
ordering on Fg(R) that is strongly compatible. Let x',y' € Rfori =1,...,nand let (xél,lel), ceey

(x5, y7,) € Fs(R)? such that xgi < xg:ll foranyi=1,...,n— 1. The linear S-interpolation
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of the given pairs of extensional fuzzy numbers is an S-function f: D — Fg(R), where D C
Fs(R) such that D = {xg | x € [x1,x,] & S € S}, i.e., for any xs € Fs(R) given as follows:

(17), if xéi <xg < xéﬁl & x # Xi, Xi11,
flxs)=<(18), ifx=x&S;<S, (20)
}/iTl., lfx:xl-&SSSi.

Remark 9. Let us note that as the basis for the above-introduced S-interpolation, we have chosen
the simplest crisp interpolation—the linear one. However, the concept of S-function allows much
more, basically, any standard interpolation method can be extended in this way, for example,
Lagrange polynomial interpolation or Newton polynomial interpolation. On the other hand, one
must take into account that such interpolations do not consider only neighboring points but basically
all nodes which, using the arithmetic, causes inevitable widening of the results, which is exactly the
problem that was aimed when introducing the arithmetic of extensional fuzzy numbers.

Indeed, when calculating with two extensional fuzzy numbers, the result does not get wider
than the widest one which is a positive aspect compared to arithmetics using Zadeh'’s extension
principle. On the other hand, if we consider all nodes, the result will always be as wide as the widest
one, which is a positive result when the used similarities are more or less of the same widths. But it is
not very positive when we deal with significantly different values (e.g., daily COVID-19 increases in
a particular country ranging from individuals to thousands per day) and the interpolation between
two vaguely defined small (and thus also narrow) quantities would result into something as wide as
the width of the highest values in the set of nodes. Such cases must be treated by special similarity
transformation techniques or by using “relative” similarities flexibly changing the widths of the
fuzzy numbers.

5.3. Properties
Proposition 7. The linear S-interpolation:

(a)  S-interpolates the given pairs of extensional fuzzy numbers;
(b)  preserves uncertainty monotonicity condition (19) .

Proof. The proof is constructed directly. Let x5 = ng then (20) directly assigns yiTi which
meets the interpolation conditions and thus, a) holds.

Let us consider xs and xg such that S < R and let us split the situation. First, let
x = x;. If both S and R are narrower than S; then the result is y/. and the monotonicity
condition is preserved. If S < S; and S; < R then according to (18)1:

f(xr) = yiT where T = min(max(S;,S;1,T;, Tiy1, R), max(S;_1,S;, T;_1, T;, R))

and clearly, T; < T which again preserves the monotonicity.

Let x # x; then Formula (17) applies to f(xs) and f(xr) leads t0 Ymax(s,,s. 1T, T;11,5)
and Ymax(s; 5,17, T;1,R)- Tespectively, with iy € R being the solution of the crisp linear
interpolation problem. As S < R and all the other similarities are present in both solutions,
the uncertainty monotonicity condition (19) is preserved and thus, (a) holds. O

Finally, we investigate another important property of the interpolating S-function
that is, the preservation of the monotonicity with respect to the inputs. This property,
naturally, makes sense only if the described dependency that is being modeled is assumed
to be monotone. This assumption, though might be viewed as too restrictive, belongs to
crucial and very usual properties. In the context of the approximate reasoning, the first
studies on monotonicity of fuzzy rule bases were introduced by Van Broekhoven and
De Baets [44,51,52]. Later, the original studies focusing mainly (not exclusively) on Mam-
dani-Assilian type of fuzzy rules, were followed by works aiming at the preservation
of the monotonicity of implicative fuzzy rules [45,53,54]. Such research starts always by
assuming that the given fuzzy rule base is monotone, i.e., abstracting from the mathe-
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matical formalism, considering any two antecedents, the bigger one is connected to a
bigger consequent. Interestingly, the resulting function after applying the defuzzification
is not always preserving the monotonicity, see [43]. Therefore, the other works aimed at
determining the conditions under which the monotonicity is preserved.

Other two approximate reasoning tasks related to the above-given monotonicity
problem are: preservation of the interpolation condition and monotonicity regarding
fuzzy inputs.

The very first one became a natural consequence of the works [7,8] that, in order to
preserve the monotonicity of the resulting function, modifies the original fuzzy rule base
by specific at-least and at-most modifiers [55,56]. Then naturally, one must ask whether
an input equivalent with one of the original antecedents still leads to the derived output
equivalent to the original consequent, although the fuzzy rule base used for the inference
contains already modified antecedents as well as consequents. The solution presented
in [7,8] investigated the conditions under which the interpolativity remains preserved.

The other problem arises whenever we do not intend to involve a defuzzification
and the inputs are fuzzy as well. Then the monotonicity preservation is investigated on a
higher layer, in particular, assuming that we are given a partial mapping from fuzzy sets to
fuzzy sets, e.g., by a fuzzy rule base, such that for any two fuzzy inputs (antecedents) that
are ordered, the respective fuzzy outputs (consequents) reflect the order. Moreover, as in
the above cases, the fuzzy inputs (are supposed to be ordered) and thus, the monotonic
description is provided, although in a discrete form. Now, the task is to complete this
partial mapping from fuzzy sets to fuzzy sets to a total one, but preserving the monotonicity.
Therefore, if two order fuzzy inputs are processed, the generated fuzzy outputs must
preserve the same order. Following the previous works, the whole description of the
monotonicity is provided for the increasing case as the decreasing case is directly obtained
by inverse steps.

This naturally leads to the investigation of the monotonicity of the S-interpolation.
Let us assume that the nodes are ordered xél_ < xgﬁl and the respective consequents are
reflecting the order, i.e., let ]/iT,- < ylill, foranyi=1,...,n — 1. Let us apply the linear S-
interpolation. Do we obtain a monotone S-function f? The following proposition provides
us with the answer.

Proposition 8. Let (Fs(R),+,—,, ') be an MI-prefield such that any similarity from S is shift-
invariant and let < be a strongly compatible S-ordering on Fg(R). Let (xél, le1 )rewo (X5 Y1) €

Fs(R)? such that xgl_ < xg:l and yiTi < yiT‘;f] foranyi=1,...,n—1and let f be given by the

linear S-interpolation of the given pairs of extensional fuzzy numbers. Then f is increasing.

Proof. As the S-order is strongly compatible, it is also total and thus, the problem is
correctly defined. Let us consider inputs ug,vs € Fs(R) such that ug < vg. The situation
splits into several cases.

First, let us assume that both inputs are indistinguishable from the nodes up to a
certain similarity, i.e., ug — xgi S Ig and vg — xgjffk IS Ig for some i and some k such that
i +k < n. Then necessarily u = x' and v = x'*¥ and the respective outputs f(ug) =
yiyand f(vs) = yﬁk for some M, N € S. Due to the assumption of the theorem, we
know that yi < y”k . Put U = max(M,N). Since M C U and N C U, we obtain
U= MoUand U = N oU as has been verified in the proof of Proposition 3. As with
the proof of Lemma 4, from the shift-invariance of U, we simply obtain EXTy;(y') <;
EXTu(y'*!), and hence, EXTax(u,) (V) = EXTiou(y') = EXTu(y') <i EXTu(y™") =
EXTnou(y*) = EXTpmax(m,N) (yﬁk). Due to the real-order compatibility we get i, < yf{ k
thatis f(ug) < f(vs).

Second, let us consider ug, vs such that they lie in different “intervals”, i.e., let xgi <

ug < ¥ and let 5K < vg < xEHH for some i,k such thatk > 1andi+k < n—1.
Sx+1 Sl+k Sz+k+l
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Then using Formula (20) for the S-interpolation and Lemma 4 we obtain f(ug) < yiTJ:l
i+k

and yp " < f (vs) which, using the transitivity axiom (O3), proves that f(ug) < f(vs).
Finally, we assume that both inputs belong to the same “interval”, i.e., xg < ug <

i+1 . . : . _
vg < Xg, - Using an analogous technique, we used in the second case, we obtain f(ug) =

w} and f(vs) = w?; such that w! < w?. Then, we proceed analogously to the first case
and we obtain EXTy, M,N)(w}w) <i EXTpax( M,N)(wzz\]) that jointly with the pre-order
compatibility leads to the desirable conclusion that f(ug) < f(vg). O

Proposition 7 jointly with Proposition 8 provides us with the crucial answers. In par-
ticular, they confirm that the proposed linear S-interpolation interpolates the given pairs of
extensional fuzzy numbers and moreover, it is monotone in “both directions”, with respect
to the uncertainty as well as with respect to the ordering of vague quantities. Especially
the latter has a strong impact on modeling the approximate reasoning in distinct schemes,
namely when fuzzy interpolating a sparse fuzzy rule base.

6. Experimental Demonstration

The purpose of this experiment is not to demonstrate an exhaustive comparison of
the suggested approach with the existing ones. First, such a comparison would need to
have given a justified cost function on which we could evaluate some fair score. And the
fairness of such a cost function would be a nutshell from the objectivity point of view.
Indeed, for any interpolation function, there might be a cost function on which the par-
ticular method is optimal; however, this only creates biased information that we want to
avoid deliberately. Secondly, the aim of this article is not centrally focused on the fuzzy
interpolation problem. It provides a very general concept coming from the arithmetics of
extensional fuzzy numbers and allowing the construction of concepts such as S-ordering,
S-function, and/or S-interpolation that can be either directly used or further extended
to additional concepts known from the classical mathematical analysis. It is clear that a
particular comparison would rather give information on the particular setting. Not only
parametric but mainly conceptual, see Section 7.

However, for the sake of clarity, comprehensibility, and mainly for demonstrative
purposes, we find the experimental example as a crucial part of the work. Below, we
provide one such example that comes from the real-world problem, in particular, from our
long-term grant supported co-operation with economists.

6.1. Ice-Cream Sales Modeling

The world ice-cream market is dominated by several well-established players who
saturate a large market share. Their products are very similar and often differ only in
marketing and seasonal innovations. The market basically consists of three types of
products, namely artisanal ice-cream, pulse ice-cream, and take-home ice-cream, where
the latter dominates the global market, with hypermarkets and supermarkets being the
leading distribution channel. The largest market in terms of revenues is the US market,
although the highest growth rate is currently observed in Asia—Pacific market.

The experimental demonstration is focused on the Czech Republic with the average
per capital consumption close to 5 kg with low but stable annual growth of about 2% over
the last decade and the high sensitivity to weather conditions leading to large differences
between summer and winter sales, which is a feature observed in all countries outside the
(sub)tropics. Analysis of ice-cream market data (see e.g., www.statista.com) shows that
atypical weather conditions in seasons such as warm winter and early spring or colder
summer can cause a drop in the ice-cream market revenue growth. Therefore, it is desirable
to model the relationship between weather conditions in individual seasons and ice-cream
sales, which will be used to predict the ice-cream market revenue growth when weather
conditions are estimated.

For this purpose, we use dataset that consists of adjusted and normalized quarterly
sales in the Ice category (various kinds of, mostly, take-home ice-cream) of one of the largest
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market players over 2008-2014, i.e., 28 observations are available, in the Czech Republic.
It should be noted that only quarterly sales data are available; however, the production
process cannot be rescheduled every day and the product has a relatively long use, allowing
it to be stored relatively long in shops and households; therefore, the quarterly sales
prediction appears to be sufficient to optimize the production process. To illustrate the
S-interpolation also for quarterly ice-cream sales that are inaccurate for some reason, we
extend the crisp sales to extensional fuzzy numbers by adding a randomly determined
standard deviation to each sale (see, Table 1). The quarterly sale expressed as an extension
fuzzy number is then determined by the parameters (s, 05 ) and described as a fuzzy number
st : R — [0, 1], where the similarity of the relation T on R is given (1) in Example 1, i.e.,

T(x,y):1—|xa;y|vo, %y €R, (21)
S

and st(x) = T(s, x). Unlike the quarterly ice-cream sale s expressed by a crisp number,
the extensional fuzzy number st models the fact that the quarterly sale is “about s”; for
example, we have “about 1.53” in spring 2010 as could be seen in Figure 5a.

Table 1. Quarterly sales of ice-cream rounded to two decimals and standard deviations rounded to three decimals over
2008-2014 (Q; = winter, Q» = spring, Q3 = summer, Q, = fall).

2008 2009 2010 2011 2012 2013 2014

Q1 (0.23,0.029) (0.24, 0.053) (0.25, 0.030) (0.24, 0.048) (0.27,0.032) (0.19, 0.047) (0.31,0.18)

Q2 (1.54,0.091) (1.77,0.094) (1.53,0.072) (1.72,0.082) (1.66, 0.101) (1.51,0.118) (1.60, 0.073)

Qs (2.53,0.171) (3.25, 0.299) (2.59, 0.260) (2.62,0.433) (2.57,0.204) (2.50, 0.399) (2.22,0.244)

Q4 (0.32,0.072) (0.17, 0.106) (0.35,0.042) (0.35, 0.075) (0.22, 0.087) (0.36, 0.064) (0.27, 0.079)

To express weather conditions, for demonstration purposes, we will use the daily
average temperatures (in degree Celsius) at Vaclav Havel Airport in Prague. Because each
quarter contains approximately 90 records of temperature, and similarly to ice-cream sales,
we summarize the temperature into an extensional fuzzy number determined by two
parameters, namely the average temperature and the standard deviation in the quarter
(see Table 2), which contains more information than only average temperature. Please note
that the standard modeling of the relationship between temperatures and ice-cream sales
(e.g., based on the interpolation or regression) use the average temperature in the quarters,
while the random fluctuation of temperatures in the quarters expressed by the standard
deviation is not considered (cf. [57]).
Table 2. Quarterly temperatures and standard deviations rounded to two decimals over 2008-2014.
2008 2009 2010 2011 2012 2013 2014

Q1 (3.11, 3.55) (0.09, 4.44) (—0.75, 5.63) (0.94, 5.30) (1.16, 6.95) (—0.97,4.04) (3.44, 4.16)

Q2 (13.37,5.09)  (14.09, 3.22) (12.70, 4.74) (14.46,4.37)  (13.94,5.95) (12.32,5.59) (13.19, 4.34)

Q3 (16.53,4.60)  (18.12,2.96) (17.02, 4.85) (17.05,3.26)  (17.40,3.99) (17.02, 4.64) (17.05, 3.60)

Qu (4.75, 4.68) (4.53, 8.81) (2.13, 6.67) (4.84,4.54) (3.96, 4.80) (4.96, 4.53) (6.35,5.01)

An extensional fuzzy number expressing the temperature in a quarter and determined
by parameters (t,0) is the fuzzy set ts: R — [0,1], which is defined in the same way
as the similarity R for the quarterly sales. An example of the extensional fuzzy number
expressing the temperature “about 12.7” in spring 2010, which is determined by parameters
(12.70,4.74) in Table 2, is displayed in Figure 5b.
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(b) Extensional fuzzy number determined
by (12.70,4.74)

Figure 5. Extensional fuzzy numbers expressing the ice-cream sale “about 1.53” and temperature “about 12.70” in

spring 2010.

In the following subsection we will describe the procedure how to S-interpolate
extensional fuzzy numbers expressing temperatures and ice-cream sales in quarters in the
years 2008-2014.

6.2. General Description of S-Interpolation Procedure

Let (x%l , lel ) eens (xgn, y’%n ) be pairs of extensional fuzzy numbers such that xiSi < xgltll
foranyi =1,...,n. We call these pairs of extensional fuzzy numbers as extensional fuzzy
data. In contrast to the interpolation of real data, we must be more careful in the direct use
of Formula (20) for extensional fuzzy data. The reason is that the fuzziness of extensional
fuzzy numbers on input, which is expressed by a similarity relationship, is distributed
through Formula (20) to another fuzziness specifying the similarity relation of extensional
fuzzy number on the output of S-interpolation. Since the input and output of extensional
fuzzy data are in practice obtained by the measurement on different scales, the meanings
of fuzziness are different for input and output fuzzy data, which leads to incorrect results
by direct application of (20). In other words, unless the same measurement scale is used
to determine the input and output fuzzy data, we cannot assume that extensional fuzzy
data can be handled in one ordered MI-prefield, and the S-interpolation introduced in
Definition 14 cannot be applied for them. This problem can be overcome by a normalization
procedure, which ensures that the normalized extensional fuzzy numbers will belong to
the same ordered MI-prefield.

In what follows, we assume that extensional fuzzy data generally belong to Fg, (R) x
Fs,(R), where Fg, (R) and Fgs, (R) are ordered Ml-prefields with a strongly compatible
S-ordering <; and a strongly compatible Sp-ordering <p. respectively. We use I and
O in the indexes to refer to the input and output, respectively. Let Fs(R) be an ordered
MlI-prefield with a strongly compatible S-orderings <, and let N;: 5, (R) — Fs(R)
and No: Fs,(R) — Fs(R) be isomorphisms of ordered MI-prefields. We say that a
pair (N}, Np) of isomorphisms is a normalization of extensional fuzzy numbers if the
composition N, 1o Np and Ngy 1o N; introduce natural correspondences between the
ordered MI-prefields Fg, (R) and Fg,(R), i.e., N; ! o Ny(xs) is a natural image of xg in
Fs,(R) and vice versa N 1o Ny(yr) is a natural image of yr in F, (R). Please note that the
decision if the compositions N, 16 Nyand N 3 15 Nj are natural correspondences between
the ordered MI-prefields F5, (R) and Fs, (R) depends on the user. If F5 (R) = Fs,(R),
ie., S| = Sp = S, the pair (N}, Np) given by N; = id = Np, where id is the identity map
on Fs(R), defines the trivial normalization of extensional fuzzy numbers, nevertheless,
the user must agree that extensional fuzzy data are determined by the measurement on the
same scale and thus can be processed in the same ordered MI-prefield Fs(R). Now, we
can introduce the procedure of S-interpolation of extensional fuzzy data.
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Let (xgl,le1 )s--, (x§ ,y' ) be extensional fuzzy data, and let Nj: Fg, (R) — Fs(R)
and No: Fs,(R) = Fs(R) define a normalization of extensional fuzzy numbers. We put

xs = Nj(xs) and similarly yTO = No(yr). The procedure of linear S-interpolation of
extensional fuzzy data with respect to the normalization given by (N, Np) is as follows:

Input:  extensional fuzzy number xg from Fg, (R)

Step1: normalize xg with respect to Nj to get xé\h

Step2: find xZN’ xZSHN’ such that xlN’ < < xngNz
i+

iN; . iNp i+1N; _i+1Np

Step 3:  compute zg from (x5, yr. ) and (xs o YT, ) by Formula (20)

Step4: compute yr = NOl (zr) (a denormalization procedure)
Output: extensional fuzzy number yr from Fgs_ (R)

It is easy to see that if 75, (R) = Fs, (R) and the input and output extensional fuzzy
numbers were determined by the measurement on the same scale, one can set (Nj, Np)
as the trivial normalization, and the output extensional fuzzy number coincides with the
extensional fuzzy number obtained directly by Formula (20).

6.3. Experimental Results
Our extensional fuzzy data consist of 32 pairs (téi, siTi ), where we put i = 1 for winter
2008, i = 2 for spring 2008, etc. Recall that each input extensional fuzzy number tgi is

determined by parameters (t, o}) displayed in Table 2, where t; is the average temperature,
o; the standard deviation in the i-th quarter and S; is given by (21). For the output values,
we will consider two situations:

(a) the ice-cream sales are crisp fuzzy numbers, i.e., extensional fuzzy numbers s7.,
1

where T; is the equality relation and only the first parameter in each pair (s',of) is
considered in Table 1;

(b) the ice-cream sales are “true” fuzzy numbers, i.e., extensional fuzzy numbers siTi,
where the similarity T; is given by (21) and both parameters in each pair (s, ¢%) are
considered in Table 1.

The first situation is very common in practice and occurs when output data (ice-cream sales)
are available as real numbers, and we have no further information. The second situation
requires additional information, for example, quarterly sales are average ice-cream sales
that are calculated from weekly sales in quarters, where the standard deviation provides
additional information, or the expert expresses an inaccuracy in the total sale in the quarter.

Let Fs,_(R) be the ordered MI—preﬁeld introduced in Example 12. Obviously, our
extensional fuzzy data belong to Fs,, (R)?, where p; is the inverse element to the standard
deviation ¢j, i.e., p; = -, but the input and output extensional fuzzy numbers cannot be
reasonably processed i 1n th1s ordered MI-prefield without normalization. Indeed, the scale
for measuring temperature is different from the scale used for sales of ice-cream, and even
scales within different quarters are different as could be seen from Table 3, where we
display the standard deviations for the temperatures and ice-cream sales.

Table 3. Data for normalization computed in quarters 2008-2017.

Quarters  Temperature st. Deviation (0;;)  Ice-Cream Sale st. Deviation (0 ;)

0 8.110 0.036
Q> 8.063 0.010
Qs 8.161 0.313
Q4 8.034 0.072

In contrast to the standard deviations of temperature in quarters (the standard devia-
tion for all temperatures in 20082014 is 8.17), which are almost the same, there are large



Symmetry 2021, 13, 170

27 of 35

differences between the standard deviations of ice-cream sales in quarters (the standard
deviation for all sales in 2008-2014 is 1.02). The variability of the standard deviations of
ice-cream sales forces us to model the relationship between temperature and ice-cream sales
in each quarter separately, otherwise the resulting sales uncertainty may be affected by
inaccurate normalization. This would certainly happen if we applied overall normalization
to all sales. Therefore, before we use the linear S-interpolation procedure introduced in the
previous subsection, we normalize the standard deviations with respect to the standard de-
viations of the temperatures and the sales in the respective quarters of the years 20082014,
see Table 3. Please note that the normalized values (i.e., standard deviations) are measured
in the unit of the standard deviation.

For any extensional fuzzy number fg, expressing a temperature in a quarter Q; (j =
1,...,4), we define N [,]'(tsp) = i’sp/ with p’ = p - 0, ;, where 0; ; is the standard deviation
of temperatures in Q]'. Similarly, for any extensional fuzzy number ST, expressing an
ice-cream sale in a quarter Q;, we define No,j(STq) =T, withg =g- 05, where 0y ; is the
standard deviation of sales in Q;. For p = g = oo, weput p’ = ¢’ = 00-0} = 0005 = 00,
hence, Ny (ts,,) = ts,, and Np(st,,) = st Please note that p’ = p - 0}; (and similarly
g =a- 0,j) is derived from the following formula

where % represents a standard deviation for p and % a standard deviation for p’, and thus

the standard deviation % is a normalization of the standard deviation % with respect to

0,j. According to Example 13, the maps Nj; and Np; are isomorphisms from Fs_ (R)
onto Fg, (R). In addition, we agree that these isomorphisms are appropriately selected for
normalization, where we do not measure in the original units, which are clearly different,
but in the units of standard deviations in quarters, which are abstract and the same for
input and output.

Unlike the standard linear interpolation, we cannot display the linear S-interpolation
in a clear way, because we have infinitely many extensional fuzzy numbers for any real
number. On Figure 6, we illustrate the linear S-interpolation on extensional fuzzy data
observed in summer that are crisp and fuzzy, and we show separately the use of each rule of
Formula (20) from Definition 15, where the computational algorithm is designed according
to the procedure established in the previous subsection. In Figure 6a-left, the temperature
measured as “about 17.7” and expressed by the extensional fuzzy number tg, with t = 17.7
and p = 1/4 (or 0 = 4) gives the estimation of ice-cream sale ST, with s = 2.857 and
q =1/0.153 (or o5 = 0.153). Since the sales of ice-cream in output data are crisp numbers,
the uncertainty of the estimated sale is only affected by the uncertainty of the input data
temperatures and the uncertainty of the temperature for which the sale is estimated.
The standard deviation ¢; 3 = 8.161 for normalization and o5 3 = 0.313 for denormalization
are used in our procedure to get an appropriate estimation of the uncertainty of the ice-
cream sale. In Figure 6a-right, we consider the same input data as above, but the sales of
ice-cream in output data are “true” extensional fuzzy numbers. It can be seen that in both
situations the same estimate of ice-cream sales is obtained, which indicates a dominant
similarity among the used temperatures. In other words, the uncertainty present in the
sales nodes is lower than the uncertainty present in a used temperature. In Figure 6b-left,
the input temperature determined as “about 17.4” and expressed by tg, with f = 17.4 and
p =1/3 (or oy = 3) gives the estimation of ice-cream sale that coincides with the crisp sale
output 2.57 for the temperature node tglg with 119 = 17.4 and p19 = 1/3.99 (or g0 = 3.99).

The reason is that t = #! and simultaneously S, < S,,, (ie., p = 1/3 > 1/3.99 = pyo),
and due to the uncertainty monotonicity condition (19), the uncertainty of ice-cream
sale corresponding to temperature fg, cannot be higher than the uncertainty of output
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t19

corresponding to temperature node tg’ . Similarly, in Figure 6b-right, the estimation of

ice-cream sale coincides with the sale output slTZw with s1 = 2.57 and g9 = 1/0.204 (or
0,9 = 0.204). On the other side, in Figure 6¢-left, the input temperature determined as
“about 17.4” and expressed by tg, with t = 17.4 and p = 1/4.3 (or 0} = 4.3) gives the
estimation of ice-cream sale s7, with s = s = 257 and g = 1/0.165 (or oy = 0.165).
The reason is that t = 1 and simultaneously S, > S,,, and therefore, the uncertainty of
ice-cream sale output corresponding to temperature tg, can be higher than the uncertain of
output corresponding to temperature node tézl (i.e, p1o = 1/3.99 > 1/4.3 = p), which
results in the application of Formula (18). In I%igure 6c-right, we display the resulting
estimation of ice-cream sale in the situation when the input data are the same as above
and the ice-cream sales in the output data are expressed by extensional fuzzy numbers.
One can see that the estimation is the same as for sales expressed in real numbers, which
indicates a dominant similarity among the used temperatures similarly as in Figure 6a.

v v

(a) An input temperature that differs from temperature nodes-applied Formula (17)
34 34
32 32
3.0 3.0
- 28 < 26
2.4 2.4
13 14 15 16 17 18 20 21 22 14 15 16 17 18 19 20 21

(b) An input temperature that differs from a temperature node up to similarity with lower similarity-applied the
third rule of Formula (20)

34 34
- a2 32
30 30
28 28
< 26 26
24 24
‘13 1 15 1 17 18 20 21 2 ‘13 1 15 1 17 18 1o 20 21

(c) An input temperature that differs from a temperature node up to similarity with higher similarity-applied
Formula (18)

Figure 6. Estimation of ice-cream sales based on the linear S-interpolation for selected temperatures in summer, where sale
data are crisp (left) and fuzzy (right); temperature and ice-cream sale nodes are colored red, the selected (input) temperature
and estimated (output) sale blue.
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In Figure 7, we illustrate the linear S-interpolation between three pairs of temperatures
and ice-cream sales observed in winter, where sales are expressed by extensional fuzzy
numbers, and show the estimation of ice-cream sales for three selected temperatures. Two
of them, namely “about 1.7” (03, = 3) and “about 3.3” (¢7, = 4.5), lie between temperature
nodes and “about 1.16” (03, = 7.35) coincides with the first node up to similarity with a
higher similarity. The estimation of ice-cream sales is “about 0.257” (05, = 0.032), “about
0.277” (05, = 0.029) and “about 0.266” (s, = 0.033).

0.34 4

0.32 1

Figure 7. Estimation of ice-cream sales based on the linear S-interpolation for selected temperatures
in winter.

It should be noted that in practice it is very difficult to predict the average temperature
in the coming quarter as a single number and it is more appropriate to use a confidence
interval or an extensional fuzzy number as in our case. The linear S-interpolation can be
then used to predict ice-cream sales in the coming quarter, providing important information
for production planning.

6.4. Comparing with Other Approaches—Discussion

As stated in the Introduction, fuzzy interpolation is a rather old problem with many
well-developed techniques, no matter we talk about the geometrically motivated or rather
logically motivated approaches. Thus, the formal apparatus designed in this article should
naturally face some comparison with them. In data sciences (e.g., in pattern recognition or
classification), we usually encounter an exhaustive experimental comparison with some ob-
jective evaluation on a given cost function. However, up to our best knowledge, there is no
generally accepted quality criterion determining for fuzzy interpolation tasks. Indeed, there
is always a way to define such a criterion, but it would be purely subjectively designed.

In such a case, we opt for a demonstrative comparison on the above-presented ice-
cream sales data with two prototypical representatives of existing methods employing
different paradigms. The first one that stems from the geometric motivation is the well-
known Kéczy-Hirota (abbr. KH) methods introduced in [9]. Although this method is
rather old and several improvements have been employed soon after its publication, it is a
fundamental basis for many other geometrically oriented techniques, see [58]. Moreover,
this method possesses the advantage of low computational costs and it is driven by the
same crisp technique—the classical linear interpolation. For observing the differences, we
find this choice very appropriate.

The second method stems from the logical (approximate reasoning) motivation and it
is the standard fuzzy relational inference. Such method models the existing rules by a fuzzy
relation that is either conjunctive (often called Mamdani-Assilian [59]) or implicative [60]
and connects the fuzzy relation to a composition-based inference, i.e., to an appropriate
image of a fuzzy set under the fuzzy relation. For more details on the distinct types of rules,
their properties and the connection to the compositions/images as inference mechanisms,
we refer to [61,62]. Briefly, the appropriate combinations are: (1) the implicative fuzzy
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rule base (antecedents and consequents are connected via a residated implication, rules are
aggregated with help of the minimum) together with the basic composition, which is the
well-known Compositional Rule of Inference (CRI); and (2) the conjunctive fuzzy rule base
(antecedents and consequents are connected via a t-norm, rules are aggregated with help of
the maximum) together with the Bandler—-Kohout subproduct. The opposite combinations
may cause complications, see [63].

Remark 10. Many articles use the combination of the (Mamdani-Assilian) conjunctive fuzzy
rules base and the CRI. This is often totally correct as the vast majority of cases deals with crisp
inputs while the danger appears in the case of fuzzy inputs. Indeed, in the case of crisp inputs, no
matter we deal with CRI or the Bandler—Kohout subproduct, the inference degenerates into a simple
substitution of the crisp input into the given fuzzy relation so, we even cannot distinguish between
these two compositional inferences, they coincide. But for the fuzzy interpolation task with fuzzy
inputs, the choice of the combination is essential.

Now, let us focus on several examples from the above elaborated ice-cream sales
dataset. The first example considers “the simplest” case when the antecedents as well as
consequents are ordered with respect to the interval-ordering of a-cuts and the fuzzy input
lies “between” the antecedents, and the antecedents as well as consequents are overlapping.
This case is demonstrated on a part of the autumn data from the ice-cream sales problem,
see Figure 8. As we can see, the KH method and the proposed S-interpolation method
provides very comparable results. The proposed method generated a bit narrower output
however, this advantage is caused by a well-chosen relativization determined by the
standard deviation transformation caused and indeed, it could be easily lost. Therefore, we
do not dare to claim it as a generally valid principle. The third method determined by fuzzy
relational inference determined something that is logically correct however, not meeting
the expectations of the analytical interpolation that is used under the implicit assumption
of the satisfaction of the functionality axiom. Please note that the choice of the algebra has
no significant influence, for example, using the Lukasiewicz implications would lead to a
higher output fuzzy set but still reaching values around 0.6 at maximum and moreover,
with an unlimited support. Here, we would like to emphasize that this is nothing against
fuzzy relational inference. The problem lies in the fact that the antecedents are closer to
each other than the consequents and thus, the fuzzy rule base is not coherent [64] which is a
sort of consistency (non-conflictness) of the fuzzy rules. In other words, this means nothing
wrong about fuzzy relational inference but rather about its non-applicability on such
interpolative setting. Finally, the use of the other preferred combination (Mamdani-Assilian
rules with Bandler-Kohout subproduct) would lead to a subnormal and non-convex output
fuzzy set—again not meeting the implicit functionality axiom.

Now, let us consider the cases depicted on the right-hand side of Figure 6a. There,
the antecedents are not ordered with respect to the interval-ordering of a-cuts which
makes impossible to use the KH method (at least in its original form) while the proposed
S-interpolation works well due to the robustness of the S-ordering. The fuzzy relational
inference here can easily infer the outputs too as the ordering of antecedents does not
play any role. However, the consequent part makes the inferred outputs inappropriate,
in particular, the disjointness of the consequents is an extreme version of the incoherence
and thus, the implicative rules would infer a fuzzy set equal to zero on the whole universe.
For the completeness, let us mention that the Mamdani-Assilian rules would result again
subnormal and non-convex outputs without any functional meaning.
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(a) Linear S-interpolation

(b) KH linear interpolation method

(c) Fuzzy relational inference—implicative rules with the CRI inference,
the Godel implication used.

Figure 8. Comparison of our method with two fundamental interpolation techniques on particular
part of autumn ice-cream sales.

Another similar example is depicted on the right-hand side of Figure 6b. It is the same
situation as in the previous case with the only difference that the fuzzy input is located in
one of the nodes for the antecedents; however, the input is narrower than the antecedent.
The figure shows how the proposed S-interpolation generates the outputs while up to our
best knowledge, KH method would not be applicable. But again, after some adjustments,
KH method would deal with this input too and infer some reasonable output. The fuzzy
relational inference would lead to the same as in the previous case.

The last case we consider is the situation of a sparse rule base where fuzzy relational
inference would not again meet the expectations imposed by the assumed functionality
axiom. In particular, if we were given two disjoint antecedents and the fuzzy input would
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be placed in between of them in such a way it would be disjoint with both, the inferred
output would be equal to 1 on the whole output universe (or to 0, in the case of the
Mamdani-Assilian rules with the Bandler-Kohout subproduct). Here, we would like to
again emphasize that this not wrong at all from the logical perspective. If the rules are
logical constraints stating that the consequent should be inferred under the assumption
that the antecedent holds, and none of the antecedent is met by the input, we may deduce
nothing, which is mirrored by the outputs 1 or 0, depending on the semantics of the rules.
This is only again a case where, without further improvement like the one proposed in [15],
relational inference is not appropriate for approximate reasoning schemes of this type of
sparse cases. Here, the KH method performs a practical advantage as it is deliberately
designed for the sparse rule bases. This case is not demonstrated on the real data as such a
case has not occurred in the ice-cream sales dataset at all. However, from the principal point
of view, the results obtained from the KH method and from the proposed S-interpolation
would be very comparable—mimicking the cases depicted in Figure 8.

7. Conclusions and Future Work

The presented approach stemmed from the particular fuzzy arithmetic, namely from
the arithmetic of extensional fuzzy numbers [19,25]. The first steps from the arithmetic
towards the ordering were published in [23,24] with the aim to construct metrics of fuzzy
numbers [48]. The original motivation came from the need for modeling the triangle
inequality in the metric-like structures. However, it is clear that the importance of S-
orderings is much only higher and mainly more general. Apart from the clear directions
coming from the mathematical analysis based on the extensional fuzzy numbers (fuzzy
approximation, mathematical analysis, construction of limits, convergences), already [24]
mentioned approximate reasoning as one of the related areas where this research can have
an importance.

Indeed, the fuzzy interpolation is one of the crucial problems in approximate reasoning
and it is not possible to study it from the analytical point of view if we cannot order the
used fuzzy sets (fuzzy numbers) in such a way to be able to state that an input lies “between
two given fuzzy nodes”. This article copes with this topic and incorporates the technique
of the S-interpolation generically from the formal roots (arithmetic, ordering, S-functions)
to the problem formalization (S-interpolation, uncertainty monotonicity, and standard
monotonicity) towards the practical implementation and the demonstrative example. It
is clear that the proposed calculation is just one of the rich pool of possibilities and as
mentioned in Remark 9 other techniques can be introduced analogously. The remark also
contains a discussion pointing the potential drawbacks of more sophisticated approaches
as well as the direction towards their elimination.

One can view the proposed approach as a single instance of more general classes of
S-interpolations not only form the linear, polynomial or other basis point of view, but also
form the point of view of processing the vagueness. Indeed, following the arithmetic
of extensional fuzzy numbers, also the S-interpolation is a sort of two-step procedure.
In the first one, the “crisp” part of the task is solved using the standard technique. In the
second one, the resulting vagueness (uncertainty, tolerance, etc.) is calculated as a result
of the computation with the similarities entering the interpolation problem. And as one
can modify the first step of the procedure and consider, e.g., polynomial interpolations,
the second step can be modified as well, and the resulting similarity may be deduced
differently. So far, the procedure coming from the arithmetic of extensional numbers was
naturally inherited as the linear S-interpolation is derived from the arithmetic operations.
However, considering the definition of the S-function that is more general and the above-
introduced examples (exponential, logarithmic, trigonometric), we are equipped with tools
that allow modeling of the spreading of the vagueness in distinct ways according to the
application or theoretical needs.

In our future research we plan to continue in the development of S-interpolation for
other types of functions and using metrics introduced in [48] we want to design more
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advanced interpolation approaches. For example, motivated by the Gaussian process
regression (kriging) that has become popular in Machine Learning [65], where the interpo-
lated values are modeled by Gaussian processes and are basically obtained as weighted
averages of known neighbor nodes (see, e.g., [66]). In addition, it is a very challenging
task to design an interpolation (regression) model that together admits probability and
fuzziness of the data. The proposed theory seems to provide promising tools for successful
solutions of this task.
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