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1. Introduction
We denote a set of all probability distributions by

n
Zp] = 1}.
j=1

An = {P—{pl/pZI /pi’l} | p] >0, (]:]_,2, ,n),

In this manuscript, for mathematical simplicity we remove the case p; = 0 for j =
1,2,---,n. For any p € Ay, Shannon entropy H(p), Rényi entropy R,(p) and Tsallis
entropy H,(p) are defined as [1-3]

n
H(p) :=—)_pjlogp;, Ry(p):= 10g<2 p]> Hy(p) = — Z p] Ing p;.
j=1
x1-1 -1

where In, (x) := is g-logarithmic function defined for x > 0 and g > 0 with g # 1.

1—q
It is known that ég‘r} R4(p) = ;13} H,;(p) = H(p). An interesting differential relation of the
Rényi entropy [4] is
dR 1 1 v
(P) = 5 ) vjlog ny
dq (1-92 3 pj

which is proportional to Kullback-Leibler divergence, where v; = p? / Z};l p;’.
In [5], the Fermi-Dirac-Tsallis entropy was introduced by

ijlnqp 2

1
FD
Iq —pj 1nq 1
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for p € A, and the Bose-Einstein—Tsallis entropy was given in [6] as
BE z 1 ¢ 1
I75(p) := Y pjIng o 2 (L4 pj)Ing g
j=1 ;=1

In the limit of § — 1, we have

n

lim 1,7 (p) = ”(p) = ~ ZP;IOgP] 2 (1—pj)log(1—p))
j=1
and
lim 1,%(p) = I{*(p) := ~ Zp] log pj + Z (1+p;)log(1+py),

where I[P (p) and IPE(p) are the Fermi-Dirac entropy and the Bose-Einstein entropy,
respectively. See [6] and references therein for their details.

In [7], we used the expression that describes the difference between the arithmetic
mean and the weighted geometric mean:

dy(a,b) :=pa+(1—p)b —aPb'"?, (a,b>0, p€0,1]).

It is well known that d,(a,b) > 0 as Young inequality or the weighted arithmetic—
geometric mean inequality.
Next, we consider d(a, b) for p € R. We easily find that the following properties:

dp(a,b) > 0(whenp € [0,1]),
dp(a,a) = do(a,b) =di(a,b) =0, dp(a,b) =di_,(b,a) 1)
and
11 l
dp<a,b) = —dy(b,a), dy(a,1) +dy(b,1)

a+b\F af +0bP
~ aptancof (1Y)

@

In [8] Sababheh and Choi prove that if 2 and b are positive numbers with p ¢ [0,1],
thend; (a,b) <0.

Some important results [9-11] on the studies used to estimate bounds on several
entropies have been established, recently, via the use of mathematical inequalities. We
provide some results on several entropies, applying new and improved inequalities in
this paper.

2. Bounds of d.(-, -) and Inequalities for Entropies

We first rewrite the Tsallis entropy, Rényi entropy, the Fermi-Dirac-Tsallis entropy,
and the Bose-Einstein-Tsallis entropy by the use of the notation d. (-, -).

Lemma 1. For p € A, and q > 0 with q > 1, we have

) 1 n
(i) Hy(p)=n—1- ﬂjg dq(pj 1),

y 1 n
(i) Ry(p) = _qIOg{n(l —q)+q-— ,gdq(lﬂjrl)},

1
(iii) Iér’J(})):n*l {dq pjs1) +dg(1=pj, 1)},
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(iv) I7F(p)=n~— g ,Zl{dq(ijl) —dg(1+p;1)}.

Proof. The proof can be done by the direct calculations.

(i) Simple calculations

q q q
n (PP " qpj— P, n (qpj = p;
1+ H,(p) = — ( f—p):— =n— ( +1
! ]; 1—q 7 = 1-9 ]; 1-gq
n
= n- Y dg(pj, 1)
=)

show the statement in (i).
(ii) Since we have the relation:

exp((1—q)Rq(p)) =1+ (1 —q)Hy(p),

we have

exp((1— )Ry (p)) = n(1—q) +4 idq<pj,1>
L

which implies the statement in (ii).
(iii) We can calculate as

L L (A-p)-(0—-p)
1—p;)In /
]; ! ql— ]X; 1—¢
no(1—p))T—(1—
_Z{ p])l ( p])—!—l—p]}—n—l-l
j=1 -1
n 1_ N — 1—p:
Z{ pi)T =l pf)—1}+1
j=1 1=q
n
:1—mx{4(1—Pj)+1—q—(1_Pj)q}:1—7112‘1 P]/
j
Thus, we have with the result of (i),
FD( 1
L( Z Pj h‘q Z P h‘q — b
1 n n
=n—1l-9— 2 dq(pj/1) Z —pjb)
q]':1 =1

1 n
j=1
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(iv) We can calculate as

1+P] q*(1+P])
—q

n n
Z 1+p] lnq1+ :Z

T

=1
¢ (1+Pj)q_(1+ ]) AR
_];{ - +1+p]} 1
o A+p)T —q(+p)
‘§{ 1—gq 1} !

]

1 n
=—1-— T Y d,(1+4pj1).
93

Thus, we have

n 1 n
1BE(p) = Y pjIn, o Z(l—f—p])lnq T
j=1 ] j=1
n n
_n—1—1—qu(p],1)+1+1—2dq(1+p],1)
j=1 1j=1
1 n
=n—1— Z;{dq(p]-,l) dg(1+pj, 1)}
]:

O

We give relations on d. (-, -).

Lemma 2. Let a,b > 0. If p € R, then the following equalities hold:

dpla,b) = p(va— \/E)2 +dap (Vab,b)

and

dy(a,b) = (1—p) (f - \/5)2 +dyp <a, \/%)

2-2 2
Proof. We note that a?b!~# = (ab)' ?a* ' = (V/ab) Pazv-1 = (Vab) Ppi-2p.
(i) Then,
2
dy(a,b) = pa+ (1—p)b— (\/ﬂb) Pp1-2p
2
=pa+ (1—p)b—2pVab— (1—-2p)b+2pVab+ (1—2p)b— (\/ab) Ppi-2p
2
= p(Va—b) +dyp(Vab,b)

(i) We also have
dy(a,b) = pa+(1—p)b— (\/%)H” 201
= pa+(1—p)b—2(1—p)\/%— (2p—1)a
+2(1— p)Vab+ (2p — 1)a — (\/%)zfzpazpfl
~p)(Va~VB) +dzy 1 (a, Vab).
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In several papers [7,12-14], we find estimations of the bounds of dp(a, b). For this
purpose, we use the following inequalities from (a) to (d).

(a) Kittaneh and Manasrah gave in [12]:

r(p) (VA - VB) < dyab) < R(p) (Va— VB)’ ®

wherea,b > 0,0 < p < 1and r(p) = min{p,1 — p}, R(p) = max{p,1— p}, whose
notations are used throughout this paper without mention.
(b) Cartwright and Field proved the inequality (see, e.g., [14]):

2
Zp( B p)rrEZx{f)b} < dplab) < %p(l B p>min{u,b} @)

fora,b >0and 0 < p <1.
(c) Alzer, da Fonseca, and Kovacec obtained the following inequalities (see, e.g., [13]):

%p(l— p) min{a, b}log E<d (a,b) < 1p(l— )max{a,b}logzg (5)
and
pl P} {p 1—P}
min dg(a,b) < dp(a,b) < maxq =, d;(a,b), 6
{21280 <0t <max{ 2 12 a0, @

fora,b >0and 0 < p,qg < 1.

Taking into account (1), (2) and taking b = 1 and changing p by g in the above
inequalities given in (a)—(c), we obtain the following.

(a1)
r(g)(Va—1)* <dg(a,1) < R(g)(va—1)° @)
wherea >0and 0 < g < 1.
(b1) ,
1 1 -1
M- -17 <dyla1) < g9 ®
for0<a<land0<g <1
(c1)
%q(l —q)alog®a < dg(a,1) < %q(l —¢)log’a )

and . .
- fq —q} {q —q}
min<{ —, dy(a,1) <d;(a,1) < maxs —, dy(a,1
{4122 00) < dyta1) L =2 ay(a)

for0<a<land0<p,gq<1.

If we take a = p; < 1, forall j € {1,...,n}, in the above inequalities (a1)—(c1) and
passing to the sum from 1 to n, we deduce the following inequalities (a2)—(cz) on d.(-, -).

(a2)

where 0 < g < 1.
(b2)

for0<g<1.
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(c2)
1
qu— Zp;log P]<qupy < 59(1—q) Y log’p;

and

for0 < p,g<1.

Using the point (i) from Lemma 2 and inequalities (a2)—(c;), we deduce a series of
inequalities for the Tsallis entropy H,(p) in the following (A)—(C) as the theorem.

Theorem 1. Let 0 < p,q < 1. Then we have the following (A)—(C).

(A)
R(q) v 2 r(q) v %
_1_1_(1];(\/5],_1) qu(p)gn—l—l_q]§<ﬁj 1) (o
(B)
2
n _1 n
n—1—ZZ(P’ ‘) <Hy(p) <n—1-1% (p—1)2 (1)
j=1 P j=1
(C)
nfl—ﬂiloz < Hy( )<n717ﬂi log? p; (12)
2.1gp]_ g\P) = zjlp]gp]
= =
and
- pl-p 1—9¢ pl-p
1—p .{q 1—q}> 1—p .{q 1—4}
<(n—1)({1—- —-ming —, + min¢ —, —— »H
( )< 1-¢ pl-p 1-¢ p T=p (P
pr<q,thenwehavem1n{q 1—‘7} zl_qandmax{q,l_q} 1 then we
pl-p 1- pl-p p
obtain

p—q _ q1-p)
n—1 + Hy(p) < Hy(p) < Hy(p),
I TC R ’
which implies that H,(p) is decreasing related to g.
In the limit of g — 1, we find some bounds for Shannon entropy as a corollary of the
above theorem.

Corollary 1. We have the inequalities for Shannon entropy H(p).

n 2 n
Hp)<n-1-Y (vp-1) =2 (vp-1), (13)
j=1 j=1
1o (p—1)° .
-1-= <H 14
n 2]; P; (p) < 2};( (14)
n—l—%Zlog pj <H(p) <n %Zplog pj (15)
j=1 =

and
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Using the points (ii) and (iii) from Lemma 2 and inequalities (a2)—(cz), we deduce
several inequalities for Rényi entropy R, (p) and for the Fermi-Dirac-Tsallis entropy I 5 D(p)
in the following:

Theorem 2. Let 0 < q < 1. Then we have

(A1)

L 1oB{n(1 - 0) £ RO+ =23 V5) < Ry(p)

p=

< g loglnll —q) 49— r@)n +1-21 7))

=
(B1)

1 1 n
g0l -0 +g-2q(—g(-2n+), )} <R
1iqlog{n(1q)+q;q(lq)(n%jép?)}

(Cy)
7 - g lostn(l—a)+q- %q(l —4q) iIng pi} < Rq(p)
=
1q10g{n(1—q)+q 5q(1 ijlog pit
(A2)
R n
1t “20 TR < )
r(q) -
—117{3n—2];<ﬁ]-+\/1—p,->},
(B2)
gy 1 9
(Ca)
n—gi(log pj +log (1—P])) <L"(p) <
p=
n— gi(mlog pj+ (1_10]')1082(1—?7]'))-
=

In the limit of g — 1, we find some bounds for the Fermi-Dirac-Tsallis entropy as a
corollary of the above theorem.
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Corollary 2. We have the following inequalities for the Fermi-Dirac entropy IfP (p):
n
HP(p) <2Y (VB +1/1—p— 1),

;<5n—f1_,> < IfP(p) <

<n+2—22p}?‘>
=1

=

NI~

and

n

1
n=3 L (log?pj +1og*(1 =) < HP(p) <

—.

1
n—s Z(Pj log? pj + (1 = pj) log?(1 — Pj))-
j=1

Theorem 3. Let 0 < q < 1. Then,

(Az)
20+ 1rlg) (- DR() + 2R() L V7~ 20(0) L1
= =
< (1-9) (175 (p) —n)
< 21+ 1)R(g) — (n+ 1)r(q) +2¢(q) ilﬁj ~2R(g) 21 St
j= j=
(B3)
n g n— ; 1 BE n Q —n
+2< ,gpj(rfﬁl)) Sl st a 2o
(C3)

n

Y. <log2(pj +1) — log? pj)

=1
2/ BE

SHURORD)
- 2 2

< Z((pﬁ—l)log (pj+1) —pjlog pj).
=1

Proof. From inequality (7), we find

o) (v 1) < dy(p 1) < R@)(vp, 1)

and

r@)(\fp+1-1) <dy(p+1,0) < R@)(y/p+1-1)

(16)

(17)

(18)

(19)

(20)

Using inequalities (19), (20) and the definition of the Bose-Einstein-Tsallis entropy

I‘EE (p), given above, we find

n n

0+ 1;} (r(q) Y (Jrr1-1) —r@) ¥ (V5 - 1)2> < 1% (p)

j=1 j=1
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<n+1iq<R(q)i (,/p,»+1—1)2—r(q)f (\/ﬁj—l)2>,

j=1 j=1

which implies inequality (16). From inequality (8), we have:

L= <411 < Lt — g2
210~y g = AP ) = 10 T R
and )
1 2 1 pi—1)
501 =a)(pj—1)" < dg(pj,1) < 59(1 - q)(’%-
Pj
Summing from 1 to 1, we deduce inequality (17).
We apply inequality (9) in the following way:
1 1
Eq(l —q) logz(pj +1) <dg(pj +1,1) < Eq(l —q)(pj+1) logz(pj +1)
and

1 1
50(1—q)p;log® p; < dy(pj, 1) < 54(1— q)pjlog’ pj.

Summing from 1 to n, we deduce inequality (18). O

Corollary 3. We have the following inequalities for the BoseEinstein entropy IPE (p):

n

371—2 :

___~ <« »9JBE <
Loiip) <21PE(p) <n+1

and

n

(10g%(pj+1) —log? p;) <2(1FE(p) =) < Y ((pj+1)1og2(p; +1) — pjlog’ py)-
j=1 j=1

™=

3. New Characterizations of Young's Inequality

The inequality of Young is given by:
pa+ (1—p)b>aPb*"F, (a,b>0, pel0,1]),

which means d),(a,b) > 0.
In this section, we give further bounds on d. (-, -).

Lemma 3. Let a and b be positive real numbers, and let p € R. Then,
n k—1 2 n
dy(ab) = p ) 21T V(W - 2(‘/5) + dony (Va2 1, b) (21)
k=1
and

n k-1 2 "
dp(a,b) = (1—-p) }_ 2! Ry aZk_lfl(sz— 2%) + don(p—1)41 (4, Va?'-1b).  (22)

k=1

Proof. Using Lemma 2 for p € R, then

dp(arb) = p(\/af \/5)2 erz;,(\/%,b).
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We replace p by 2p and a by v/ab, then we get
dop(Vab, b) = 2p(Vab — Vb)? + dy, (Vab3,b).

If we inductively repeat the above substitutions, for k > 1, then we have

k—1 k
ey (Va1 ) = 2T p(Vab? - VB 4+ dye (Vab? b,

Therefore, summarizing the above relations for k € {1, ..., n}, we obtain the relation of
the statement. Applying equality (21) and taking into account that dy(a,b) = d1_(b,a),
we deduce equality (22). O

Remark 1. From [8], if a,b > 0 and p ¢ [0,1], we have dy_,(a,b) < 0, so, we deduce
dony ( 2\H/Lzbzy'*l,l7) <0, forp & [0, 5] and dyn(p—1)41(a, VaZTp b) <0, forp & [1— 5,1

Using the above equalities, we deduce the inequalities:

dy(a,b) <p 2 k=12 /211 ( X/ 2(‘/5)2 (23)

k=1
1
when p & |0, o and

n k—1 2
dy(ab) < (1—p) }, 217 Va1 (Va - %) . (24)
k=1
when p ¢ [1 - 2111, 1} . These inequalities are given by Furuichi et al. in ([15], Theorem 3). We also
find that inequality (23) when p < 0 and inequality (24) when p > 1 are given by Sababheh—Choi
in ([8], Theorem 2.9) and by Sababheh—Moslehian ([16], Theorem 2.2).

Proposition 1. Let a and b be positive real numbers. We then have the following bounds on d. (-, -).

(i) Forpe {0 } we have

"on

) (VAT ) e B VR (Y- 38) < o)

R(Z”p)(zw\l/akﬂi"l—\/g) +pk§1 Z—W(%_ 2%)2-

where r(-) and R(-) are defined above,

(ii) Forp € {0, 1} , we have

271

on 2
abzn_lfb) no k-1 X 2
21y =27 ( . + V1 (R - V) <dy(ab
p( ”>max{zwzn—l,b} pk; v ( ) < dpla,b)

21 n_ 2
) B R TR

27171 1— 2" .
pl p)min{ &Y, ab?"-1,b} =1
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1
(iii) Forp € {0, 2"} , we have

p . on T 24
i1 (1—-2"p)min{ Vab*'~1,b}log 5
no k-1 2
-r) ’ \/b2k71*1<2\k/5— 2%)
k=1
p . on T 2 a
< TS (1—2"p)min{ Vab?'~1,b}log b

Proof. We use the inequalities from (a) to (c), where we replace p by 2"p and a by Vab? T,
1
Fora,b >0and p € [0, 2"] , we have the following (a3)—(c3).

(a3)
2
r(2"p) ( ? N ab? T \/E> < dyny(Vab? 1, b)
R(2"p )(2”+ ab?' 1 — Vb ) (26)
(b3)
2
ab?" —b) .
2lp(1-2" ( < dyry(Vab? 1, b
P P)max{ e p( )
2
» | ( \/W—b) )
<2" 1-2" n . 27
= p P min{ Zm,b}
(c3)
2np+1 (1—2"p) min{ ZW,b}logz 2< dznp( Aab?" 1, b)
< g (1= 2p) max( Vel T, b}log : 2s)

Using equality (21) and inequalities (26)—(28), we deduce the inequalities from the
statement. [

4. The Connection between d. (-, -) and Different Types of Convexity

In the following, we use the inequality by Kittaneh-Manasrah as noted in (3). We
prepare some lemmas to state our results.

Lemmad4. If f : | — R, where | is an interval of R, is a concave function, then

f((Atr)x—ry) < (1+7)f(x) —rf(y) (29)
forallx,y € Jand all r > O with (14 r)x —ry € J. If f is a convex function, then the reversed
inequality above holds.

Proof. If f is concave, then we have

1

1—_Hf((1+r)x—ry) +

£ < 5 (3= 0t ) = F0)

r
1+7r
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The following result is given in ([15], Corollary 1). This is the supplemental to the first
inequality of (3).

Lemma 5. Let a and b be positive real numbers and let p ¢ (0,1). Then,

2
7

dp(a,b) < r(p)(Va— V) (30)

where r(p) := min{p,1 — p}.

Proof. We set the function f(t) := t# —2pt1/2 — (1 —2p) fort > 0and p ¢ (0,1/2). From
() = pif’l/z(t‘p’l/2 - 1),We find that f/(t) =0t =1, f/(t) <0for0 < t < 1and
f'(t) > 0 for t > 1. Thus, we have f(t) > f(1) = 0. Putting t := a/b and multiplying
b > 0 to both sides in the inequality f(t) > 0, we have

aPbl P > 2pvab + (1 —2p)b,
which is equivalent to
pa+(1—p)b— P(f* ﬁ)z <a’b'r, p¢(0,1/2) (31)
We similarly have
pa+(1-pb—(1-p)(Va- \/5)2 <a’b'"F, p ¢ (1/2,1). (32)

From (31) and (32), we have (30). O

Note that the supplemental to the second inequality of (3), never generally holds:

R(p)(vVa-VB) <dyab), ab>0 pe(01).

To state the following result, we review the log-convexity/log-concavity. For the
function f : I — (0,00), where I C R, x,y € Tand A € [0,1], if f(1—A)x+Ay) <
F12(x) fA(y), then f is often called log-convex function. If the reversed inequality holds,
then f is called log-concave function.

In the following two lemmas, we deal with the symmetric function on § (i.e., f(f) =
f(1—t), for every t € [0,1]). The results are applied to the concrete symmetric function
related to entropy, in the end of this section.

Lemma 6. Let f : [0,1] — (0,00) be a convex function such that f(t) = f(1 —t) for every
€ [0,1]. Then

2R(1)f(1/2) + (1 =2R(£)) f(0) < f(#) <2r(1)f(1/2) + (1 = 2r(£))f(0),  (33)
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where r(£) := min{t, 1 — t} and R(£) := max{t, 1 — t}. If in addition, f is log-convex, then
2R(1)f(1/2) + (1 —2R(t))£(0)
< 2R()f(1/2) + (1 — 2R(£))£(0) — (1 — 2R(¢ <\/f (1/2) — \/f(O))2
< f(1/2)%K0 f(0)' 2RO

< fh) (34)
< f(l/z)Zr(t)f(O)lfzr(t)
< 2(D)£(1/2) + (1 — 20(£))£(0) — r(2r(t (\/f (1/2) - \/f(0)>2

<2r(#)f(1/2) + (1 =2r(¢)) £ (0).

Proof. By convexity of f, we have for t € [0,1/2],

£(t) = f<2t- S (121 -o> < zth) +(1-26)£(0).
Thus, we have
2t(f(1/2) = f(0)) = f(t) = f(0).
For t € [1/2,1], by exchanging t with 1 — t in the above inequality, we have
2(1=H)(f(1/2) = f(0)) = f(t) = f(0).
Therefore, we have
2r(t)(f(1/2) = £(0)) = f(#) = £(0),

which implies the second inequality in (33). By Lemma 4 with r := 2t —1 > 0 (i.e,
t € [1/2,1].), we have

2
(14 1) f(1/2) = rf(0) = 2t£(1/2) + (1 - 26)(0).

Thus, we have for t € [1/2,1]
2t(f(1/2) = f(0)) < f(t) = f(0).
For t € [0,1/2], by exchanging t with 1 — ¢ in the above inequality, we have

2(1=1)(f(1/2) = f(0)) < f(#) = f(0).

Therefore, we have

i = f(2té+(1—2t)-0) —f<(1+r)-l—r-0>

Y

2R(1)(f(1/2) = f(0)) = f(t) = £(0),
which implies the first inequality in (33).

By log-convexity of f, log f is convex so that we have f(t) < f(1 /2)27(t)f(0)1_2’(t)
which is the forth inequality of (34). The third inequality is from (33) and the second one is
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obtained by the Young inequality. The last inequality of (34) is trivial. Since 0 < r(t) < %,
we have 0 < 2r(t) < 1. So we can use the first inequality of (3) as

Fa/2 0 f(0) >0
<20 (1) f(1/2) + (1 — 2r(£)) f(0) — r(2r(t <\/f (1/2) - \/f(O))z,

which is the fifth inequality of (34). Finally, we prove the first inequality of (34). Since
% < R(t) <1, wehavel < 2R(t) < 2and —3 < 1—2R(t) < —1. Namely, we have
1—2R(t) < 2R(t). By using (30), we have

F(1/2)2R0) £()1-2R()
2
> 2R(£)£(1/2) + (1 — 2R(£))£(0) — (1 — 2R(t <\/f (1/2) — \/f(o)) .

O

It is notable that the right inequalities in (33) and (34) are also found in ([17], Lemma
1.1). The following lemma is a counterpart by concavity. However, it does not completely
corresponded to the above lemma. (See Remark 2 below).

Lemma 7. Let f : [0,1] — (0, 00) be a concave function with f(t) = f(1 —t) for every t € [0,1].
Then

2r(0)f(1/2) + (1 =2r())f(0) < f(£) <2R(1)f(1/2) + (1 - 2R(£))f(0).  (35)

If in addition, f is log-concave, then

2
2r(Df(1/2) + (1= 211 £(0) = RCzr(e) (/7172 = 7(0))

S f(l/Z)zr(t)f(O)lizr(t)

<2r(t)f(1/2) + (1 —2r(t))£(0)

0 36
<2R(#)f(1/2) + (1 —2R(t))f(0)

< f(l/z)ZR(t)f(O)l—ZR(t)

Proof. By concavity of f, we have for t € [0,1/2],

f(t) :f(2t~;+ (1-2t) '0> >2tf(1/2) + (1 —2t)£(0),

which implies
2t(f(0) = £(1/2)) = £(0) = f(1).
For the case of t € [1/2,1], by exchanging t with 1 — ¢, then we have from the above
inequality
2(1 =1)(f(0) = f(1/2)) = £(0) = fF(1 = ) = £(0) = f(¥).

Thus, we have for t € [0,1] and r(t) := min{t,1 — ¢},

2r(£)(f(0) = £(1/2)) = £(0) = f(#),
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which implies the first inequality of (35). For the proof of the second inequality of (35), we
use Lemma 4. Putting r := 2t —1 > 01in (29), we have

) = f(ZtéJr(l2t)«0)zf<(1+r)-;r»0>§(1+r)f(1/2)rf(0)
= 2tf(1/2) + (1 -2t)f(0),

which means
2t(f(0) = f(1/2)) < £(0) = f(8), t € [1/2,1].
For the case of t € [0,1/2], by exchanging t with 1 — ¢, we have from the above
inequality

2(1=1)(f(0) = f(1/2)) < f(0) = f(1 = 1), t € [0,1/2].

By the symmetric property of f in t = 1/2, we obtain

2R(£)(f(0) = f(1/2)) < £(0) = f(¥),

which gives the right hand side in the inequalities (35).

If f is log-concave, then we have from the first inequality of (35) with concave function
log f, f(1 /Z)ZR(t)f(O)l’zR(t) > f(t), which show the forth inequality in (36). The third
inequality is just from (35). The second and last inequalities in (36) are obtained by the
Young inequality.

Since we have 0 < r(f) < 1/2 < R(t) < 1 generally, we have 0 < 2r(t) < 1 for
t € [0,1]. Then we apply the second inequality of (3), we have

£/ O F0) 20 2 20(0)f(1/2) + (1= 20 £0) — REr() (1 F1/2) - \/f(0)>2
which shows the first inequality in (36). O
Remark 2. In general, we have the supplement to the Young inequality:
b >va+ (1—v)b, v¢(0,1), ab>0.
Thus, we have
F(1/2)RW£(0)' 2R > 2R (1) £(1/2) + (1 = 2R(£)) £ (0).

Therefore, it seems difficult to bound f(1/2)*R() £(0)1=2R(1) in (36) from the above by the use
of the two terms 2R(t) f(1/2) + (1 — 2R(¢)) £(0) and (\/f(l/Z) — \/f(O))2 as a simple form.

We have some bounds on f(1/2)2R(*) £(0)1-2R() by applying (3)~(6). We here show
one result by the use of (3). However, we omit the other cases.

Lemma 8. Let a and b be positive real numbers and let p € [1,2]. Then,
pa-+ (1 p)b+min{A,,B,}(va—5)
< aPpl? (37)
< pa+ (1—p)b+max{A, By} (\/E— \/5)2,

where Ay := (p—1) (1 + 2\/%) and B, := (2p—3)4 + (p—1) (1 + 2\/%)

Proof. Since p — 1 € [0,1], we can use (3) as
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r(p—1)(Va—VB) <dyaab) <R(p—1)(va-V5)" 38)
Here we have the relation:
b-dy(a,b)—a-dy_1(a,b) = (1—p)(a—b)?, (a,b>0, peR). (39)

Combining (39) with (38), we obtain

r(p—1a(Va—VB) +(1-p)(a—b7<b-dyab)
<R(p—1a(va—VB) + (1 p)a—b)
Elementary calculations imply
pa+(1—p)b+;{(p—1)(\/a+¢5)2—1z(p—1)a}(f—JE)Z

< aPpl-?

< pa+(1—p)b+;{(p—1)(\/ﬁ+ \/E)Z—r(p—l)a}<\f—\/g)2.

Considering the cases max{p — 1,2 — p} and min{p — 1,2 — p}, we obtain the inequal-
ities (37). O

As for the bounds on f(1/2)2R(*) £(0)1-2R(*), we have the following result.

Proposition 2. Let t € [0,1] and a function f : [0,1] — (0, 00). Then we have

2
2R(0)£(1/2) + (1 = 2R()0) + min{ s, 51} (/7(1/2) = /£(0))
< f(l/z)ZR(t)f(O)lfﬂi(t)

2
< 2R(H)f(1/2) + (1 —2R(t)) f(0) + max{A;, B;} (\/f(l/Z) — \/f(0)> ,

)

f(1/2)
f( + (2R(t) — 1)<1+2 10 )

Proof. Since 1 < 2R(t) <2,wesetp:=2R(t),a:= f(1/2) and b := f(0) in Lemma 8. [

where

At 2: —1

B := (4R(f) —

Example 1. The so-called binary entropy (e.g., [18], example 2.1.1) defined by
hpin(t) := —tlogt— (1 —t)log(1—1t) >0, (0<t<1)
with convention 0log 0 =: 0, satisfies the conditions in Lemma 7, since

Phyin(t) -1

2 t(1—t) <0

and

d2 Iy (1) — £(1 = £){log t — log(1 — £)}?
ﬁ(loghbin(t» = b t(l — t;thi(t)z 8 }

<0
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The standard convention 0log 0 =: 0 is in information theory, since we have lifg xlogx =0
X

and log x is undefined for x < 0. In information theory, we use 2 as the base of the loga-
rithmic function, but we here use e for mathematical simplicity. Its selection is not essential
in mathematics. Applying (35) to function hy;, () with convention hy;,(0) =: 0, we have
2(log, 2)r(t) < hpiy(t) < 2(log,2)R(t), which is equivalent to

2min{t,1 —t} < —tlog,t — (1 —t)log,(1 —t) < 2max{t, 1 —t}. (40)

The above inequalities are equivalent to

1= [1-2p| < Hy(p) <1+ 1-2p|, (0<p<1), (41)

where Hy,(p) := —plog, p — (1 — p) log, (1 — p) is the usual binary entropy, whose base is 2.
If we do not adopt the standard convention 0log 0 =: 0 in information theory, then we assume
f(0) :=lim f(t) =: € precisely. Applying the inequalities in (36):

t—0

f(1/2)2’(t)f( )1 —2r(t <f( ) <f(1/2)2R(t)f(0)1—2R(t),

we obtain
(log, 2)* el =2r(t) < £(t) < (log,2)?R(el 72RW),

which implies the following result.

e 1-2r(p) e 1-2R(p)
< < <p<I1).

The Fermi-Dirac entropy is defined above by
n
LP(p) = Z pilogp; — } (1 - pj)log(1—p)).
j=1

From the bounds of the binary entropy given in (40) and (41), we obtain the interesting
bounds on the Fermi-Dirac entropy as

n n
2Y min{p;,1-p;} <I{°(p) <2 ) max{p;,1-p;}
j=1 j=1
or
n D n
=Y lt-2p < 0P(p) <m+ ) [1-2p).
j=1 j=1
5. Concluding Remarks
We close this paper by providing some remarks on the log-convex function.

Lemma9. Fora,b,c,d > 0and A € [0,1], we have

aAbl—A+CAd1—A S (ﬁ—f-C)/\(b—Fd)l_/\. (42)

Proof. Since function f(t) = t! is concave for A € [0, 1], we use the Jensen inequality for

positive real numbers x and y as

bf(x)+df(y) bx + dy
b+d _f< b+d >
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If we take x := a and y := -, then we obtain

b
A
rra(s) +ira() < (55a)

Syl

S

which implies (42). O

Theorem 4. If f, g : I — (0,00) are log-convex functions, then function uf + vg is log-convex,
where I C Rand y,v > 0.

Proof. Since f, g are log-convex functions, we have for A € [0,1],

(uf +vg)(Ax+ (1= A)y) = pf(Ax + (1= A)y) +vg(Ax N (1=A)y)
< @) vt 02 ) = () (mf )+ (vg () (vey)
< (uf(x) +vg () (uf () +vsW)' ™,
where we used Lemma 9 in the last inequality. Therefore, yf 4- vg is log-convex. [
Let M, be the set of all n x n complex matrices, and let M} be the set of all positive

semi-definite matrices in M,,.

Corollary 4. For A,B € M}, X € Ml,, t € [0,1] and ||| - ||| is the unitarily invariant norm, the
following functions are log-convex:

gu(t) = |||A'XB[|| +||A*"XB" |,

ga(t) = |||A'XB" ||| + ||| AT XB ],

ga(t) = [IIAT[I] + [ AT,

Qu(t) == tr(AtXBl’tX* + Al’tXBtX*).
Proof. In [19], it was shown that functions f1(t) := |||A'XB!|||, f2(t) := |||A'XB'"]||,
f3(t) :==|||A!]|| and fa(t) := tr(A'XB'"!X*) are log-convex on [0, 1]. Thus, we have the

corollary from Theorem 4. O

Since the functions g; are log-convex and g;(t) = g;(1 — t), we can apply Lemma 6 for
the symmetric function g; on an axis t = . Therefore, we obtain the chain of inequalities
for the functions g in the following, for example. We can obtain the similar inequalities for
the other functions ¢, g3 and g4. However, we omit them. For A, B € M}, X € M, and
t € 0,1}, we have

AR(1) 1| AY2XBY2|| + (1 — 2R(8)) (111 + ]| AXB]l
2
~(1-2R() (¢z|||Al/2XBl/2|||¢|||X|||+|||AXB|||)

1-2R
< (2lar2xB2))) " ) + L ax )y 2RO
< [[|A'XBY|[| + ]| A" XB" ]|

2r(t) _
< (2l14M2xBY2)11) il + llaxs( )
< 4r(1)]||AY2XB |||+ (1 = 20 (1)) (1 X][| + ||| AXB|])

2
—r(ar(t) (201a2xBV 20 = X+ Axel )
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