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1. Significance Statement

In 1887, Mathias Lerch [1] published the Hurwitz-Lerch zeta function. Series represen-
tations of Hurwitz-Lerch zeta function were researched in [1-3]. Our purpose in this paper
is to add to the existing literature on special functions [4-7], in particular the Hurwitz-Lerch
zeta function series representations, by offering a formal derivation of the Hurwitz-Lerch
zeta function defined in terms of the infinite sum of the incomplete gamma function. We
believe that researchers will find this new formula valuable in their present and future
research activities. All the results in this work are new.

2. Introduction

In this present work, we derive a new expression for the Hurwitz-Lerch zeta function
in terms of the infinite sum of the incomplete gamma function given by:

i %(—1)” (k(ilog(a))’k logh(a)a="=2"~1(im — 2n — 1) F 1T (k, (—=m — 2in — i) log(a))
n =0

+e'F ka2 (i — 2 — 1)FI0(k, (—m + 2in + i) log(a))

~ Gy 172 108@) logh @i — 21 — 1) log(e)(—m — 2in — ) (mlogia) + km +2in+9) (1)
T ons12 i 2 % (—im — 2n — 1) (log(a)(—m + 2in + i)~ (im2 log(a) + ik + 2kn + k)>
= in <logk(a) — 275 @ <—e’””, —k, loi(a) + %))

where the variables k, a,m are general complex numbers. The derivations follow the
method used by us in [8]. This method involves using a form of the generalized Cauchy’s
integral formula given by:
k w
v __1 / e
The1) - 27 Jo bt @

where y,w € C, and C is in general an open contour in the complex plane where the
bilinear concomitant [8] has the same value at the end points of the contour.
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The Incomplete Gamma Function

The multivalued incomplete gamma functions [9], ¥(s, z) and I'(s, z), are defined by:

z
(s, z) = / Fle
0
and:
e}
T(s,2) = / £l at,
z
where Re(s) > 0. The incomplete gamma function has a recurrence relation given by:
V(s,2) +1(s,2) = I'(s),
where a # 0, —1, —2, ... The incomplete gamma function is continued analytically by:
2m7ti) — eania,y(al Z)

Y(a, ze

and: ' ' ‘
T(S, Zeme) — eanlsl—'(S, Z) + (1 _ 827'(17115)1"(5),

where m € Z. When z # 0, I'(s, z) is an entire function of s and (s, z) is meromorphic with

simple poles ats = —n forn =0,1,2,..
Section 8.2 (i) and (ii) in [9].

3. The Hurwitz-Lerch Zeta Function

We use Equation (1.11.3) in [10], where ®(z, s, v) is the Hurwitz-Lerch zeta function,
which is a generalization of the Hurwitz zeta {(s, v) and polylogarithm functions Li,(z).
The Hurwitz-Lerch zeta function has a series representation given by:

[e9)

D(z,5,0)= ) _(v+n)"°2" 3)

n=0

where |z|< 1,0 #0,—1, -2, -3, ..., and is continued analytically by its integral representa-
tion given by:

1 0o 45 16 00 $5— 16 (v—1)t
()] = — —_— —dt 4
@ 5,0) I'(s) /o 1-— ze—f F(s) / @

where Re(v) > 0 and either |z|]< 1,z #1,Re(s) > 0orz =1, Re(s) > 1.

4. Hurwitz-Lerch Zeta Function in Terms of the Contour Integral

We use the method in [8]. The cut and contour are in the first quadrant of the complex
w-plane with 0 < Re(w +m) < 1. Using a generalization of Cauchy’s integral formula, we
first replace y — log(a) + 4 7(2y + 1), then multiply both sides by %n(—l)ye%”m(zy“) and
take the infinite sum over y € [0, c0) to obtain:

k+1eTq) < mrc’ 7k, log(a) + %)

7T

2k! Y

Z/ Sm(—=1)Ya® w k13 Ty m+w) 7,
2

27_”/ Z 7.[( 1)ya w —k— 1ezn(2y+l)(m+w)dw (5)

1
_ - w, —k=1 -
= 5 /C 47m w sech (27'[(711 + w)) dw

from Equation (1.232.2) in [11], where Im(w + m) > 0, in order for the sum to converge.
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Additional Contour Integral
Using Equation (2), we replace y — log(a) and multiply both sides by —7 to obtain:

7T10g (a) / k-1
i =55 47m w dw (6)

5. Incomplete Gamma Function in Terms of the Contour Integral

Using Equation (2), we replace y — iy + log(a), multiply both sides by e¥(+2"+1) and
take the definite integral over y € [0, c0) to obtain:

(—im — 2n — 1)~ k= 1p2i(Tk+log@Qim+4ns DL (ke 1 1, —(m — i(2n + 1)) log(a))
I'k+1) ?)

1 iaw k1
2mi Jem = 2in+w — 1
from Equation (8.350.2) in [11]. Again using Equation (2), we replace y — —iy +log(a),
multiply both sides by e¥(~+21+1) and take the definite integral over y € [0, %) to obtain:

(ilog(a)) ¥ log"(a)a=™"=2"~i(im — 2n — 1) "F~1T(k + 1, —(m + 2in + i) log(a))
I'k+1) (8)

1 ialw k-1
2mi Jcm+2in+w+1i

from Equation (8.350.2) in [11]. Next, we add Equations (7) and (8) to obtain:

(- ((i log(a)) ¥ log"(a)a" 2"~ (im — 2n — 1) ¥ (k + 1, (—m — 2in — i) log(a))

2k!
+(—im — 21 — 1)k~ Le2ilk+log@Qim+4ne2) Pk 11 (—py + 2in + i) log(a))) )
1 / (—=1)"@2n + 1)a%w 1
27w Je (m+w)?+(2n+1)2
. . o . 2
Finally, we form three equations by multiplying Equation (9) by (2:_’“)2 , (2n11)2 ,and (2n+1)2
add take the infinite sum over n € [0, c0) and simplify to obtain:
i 1 (71)nu—m—2in—i 7”172 (E“z‘kﬂ4m+21( im—2n—1)" k-1
= 22n+1)2 k!
T'(k+1,(—m+2in +i)log(a)) + (ilog(a))’k logk(a)(im —2n— 1) Tk + 1, (—m — 2in — i) log(u)))
+ % (ef”f(k b ( u4""+2") (—im — 2n — 1)"¥T(k, (—m + 2in + i) log(a)) — i(ilog(a)) ™ logk(a)(im — 2n — 1) "¥T(k, (—m — 2in — i) 1og(a)))
Zk 4in+2i
+ Tilj( im —2n — DIKT(k — 1, (—m + 2in + ) log(a)) + (ilog(a)) ™ logX(a)(im — 2n — 1Tk — 1, (—m — 2in — i) log(a))> (10)
1 & (=1)"a%w* 1 (m + w)?
T omi Z::/ @n+1) ((m +w)? + 2n +1)2) @

dw

B L . 00 (71)nuww—k—l(m + w)2
T 2mi /c = @n+1) ((m+w)? +(@2n +1)2)

L[ gy 1 (T L (L
= Zm,/ca (m +w) i 47'(sech 27'((2111+—w) dw

from Equation (5.1.26.11) in [12] where Re(w + m) > 0.

Theorem 1. Forall k,a,m € C,
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=]

Y %(—1)“ (k(ilog(a))’k logk(a)a="=2"~1(im — 2n — 1) * 1T (k, (—m — 2in — i) log(a))
n =0

+e'F ka2 — 2 — 1)L (k, (—m + 2in + i) log(a))

- sy 1+ 2 (108(@) ™ log™ @)(im — 21— 1)~ Gog(@)(—m — 2in — )} (2 log(a) +k(m-+2in+1))  (11)

1 ik o 1k - . k=1 [:.2 .
+ 7(2)1 " 1)2(3T( im — 2n — 1) " (log(a)(—m + 2in + 1)) (1m log(a) + ikm + 2kn + k)
_ 1 keoy ok, 5 _mr log(a) 1
—47T<10g(11) 27Te2<1>(e ,—k, p- +2

Proof. Observe that the sum of the right-hand side of Equations (5) and (6) is equal to the
right-hand side of (10), so we can equate the left-hand sides to yield the stated result. [J

6. Special Cases

In the proceeding section, we evaluate Equation (11) and simplify using the follow-
ing functions and fundamental constants: Catalan’s constant C, Glaisher’s constant A,
Apréy’s constant {(3), exponential integral function E,(z), Riemann zeta function {(s),
polylogarithm function Li,(z), Hurwitz zeta function {(s, a), digamma function ¢(z), and
hypergeometric function > F; (a,b; c; z).

Example 1. The degenerate case.

© m2(—1)" 1 m
ZQn+1) (mi+ @n+1p) 4 (70— 7sech (557)) (12)

Proof. Use Equation (11), and set k = 0 and simplify using entry (2) in [13]. O

Lemmal. Forallk,m € C,

3 PPN S S, s
LoD < v "

n =0
((2im —dn — 2y K — 2in — i< (nm2 + 2k(m + 2in + i)) — ™ (2im — 4n — 2) K (—m + 2in + i) (nmz +2k(m — 2in — i))) 13
+ ket 2n ) gy 0y q)=k=1p (k, 7%(111 —in+ 1))7r>

N o mm k
+ ke_%’”(k"”’*z”*l)(im —2n—1)7%1r <k, 7%(111 +2in + i)n)) = in <2nke_TLi,k (—e™) + (%) )

Proof. Use Equation (11), and set a = ¢/2 and simplify using Equation (64:12:1)in [13]. [
Lemma 2. Forallk € C,

i b ayre dimlee et gy gy (—2nkef”” ((—i(Zn + 1)k — e (i2n + 1))k)
n =0

27 (2n + 1)2
—m2*@n+1) (r <k, —%i(Znn + n)) — mke2mp (k, %i(Zrm + n)) )) (14)
- i”kﬂ <<2k+2 _ 2) 2=k + sz)

Proof. Use Equation (13), and set m = 0 and simplify using entry (4) in the table below
(25:12:5) in [13]. O

Lemma 3. Forallk,a € C,
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ngh
N =

=
I
o

(=1)" (ka-2f"—f (—2n — 1)"*(ilog(a)) *logh (@) (k, (—2in — i)log(a))

+eF ka?mi(—2n — 1)K 1T (k, 2in + i) log(a))

_ kQin +i)(—2n — 1)F1(ilog(a))* log"~1(a)((—2in — i) log(a))k
(2n +1)2

. e (2kn + k)(—2n — 1) %((2in + 1) log(a))k_1 >

(15)

(2n +1)?

Ao o (1)) (1 (5. 3))

Proof. Use Equation (11), and set m = 0 and simplify using entry (4) in the table below
(64:12:7) in [13]. O

Example 2. An example in terms of Catalan’s constant C,

[0 9)

n;(—l)”(zn +1)(T(=2, —i(2n + 1)) + T(—2, i@2n + 1)) = Si;

(16)

Proof. Use Equation (11), take the first partial derivative with respect to k, and set m =0,
k= =2, a = ¢™ and simplify using Equation (7) in [14]. O

Example 3. An example in terms of Glaisher’s constant A,

o T (0, —ti@mn+ 77)) +T (O, ti@mn + n)) , PE
D Qn+ 12 =7 log ( 27/12&/;) (17)

Proof. Use Equation (11), take the first partial derivative with respect to k, and set m = 0,
k = —2,a = ¢’/? and simplify using Equation (8) in [14]. O

n =0

Example 4. An example in terms of Apery’s constant {(3),

. i 1 B 1;
2 i <E1 ( 51(27tn +(7;)l)+ 1)51 (21(27111 + 7'())) ) 33%3 - 77.CT€(3) as)

n =0
Proof. Use Equation (11), take the first partial derivative with respect to k, and set m =
0,k =2,a = ¢™/? and simplify using Equation (9) in [14]. O

Example 5. An example in terms of Catalan’s constant C,

00 L 16ie*™E3 (1i(4n +3)m) 1
ng)(—1)"+ze—m” (- n2(£n 3 ) —i(4n+1)T (—2, —41(4n+1)7r)
1, 1, (19)
+ (4n + 3)T (2, —11(411 + 3)7'[) —(@n+1r (2, 11(47‘[11 + 7'())
i (n* —48C)
2427
%0 . 16ie*™E3 (1i(4n +3)7) 1
71Z:‘b(—l)"ﬁe_””‘ (— 772(571 3) ) —i(4n+1)r (—2, —41(4n+1)7‘()
(20)

+@n+3)r (—2, —%i(4n + 3)7'[) —@n+ 1)l <—2, %i(47‘cn + 7'()>

_i(m* —48C)
2421
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Proof. Use Equation (13), and set k = —2,m = i/2 and simplify using Equation (2.2.1.2.7)
in [15] and Equation (8.19.1) in [9]. O

Example 6. An example in terms of the fundamental constant log(2),

i (F <—1, —%i(Zrm + 7T)> +T (—1, %i(Znn + 7T)>) =log(2) — 1 (21)

n =0

Proof. Use Equation (14), and apply I'Hopital’s rule as k — —1 and simplify. O

Example 7. An example in terms of 7,

i i2n+1) (r (—2, —%i(Znn + 7r)> T (—2, %i(27m + n))) - % — 21 22)

n =0

=~

Proof. Use Equation (14), and set k = —2 and simplify. O

Example 8. An example in terms of Apery’s constant (3),

é(zn +1)? (r (—3, —%i(Zﬂn + 7r)> + T (—3, %i(Zmz + n))) = 161_27%(3) (23)

Proof. Use Equation (14), and set k = —3 and simplify. O

Example 9. An example in terms of 1/,

né 2i(2n +1)3 (r (4, —%i(ZTm + n)) -T (4’ %i(ZTm + 7_[)>) _ 11%0 B % o1

Proof. Use Equation (14), and set k = —4 and simplify. O

Example 10. An example in terms of m,

:X;‘b(Zn +1)* <F (—5, —%i(znn + n)) +T <—5, %i(Zrm + n))) = 15&&35(;7”—4256 (25)

Proof. Use Equation (14), and set k = —5 and simplify. O
Example 11. An example in terms of 7,

o i(T(6,-1i@mn+m)) —T (6,L1iQ2an+m) 7
L il (2n)+1)7< 2 ) - 78 (26)

Proof. Use Equation (14), and set k = 6 and simplify. O

Example 12. An example in terms of the Polylogarithm function Lix(x),
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1 [ (-9
=02 \/_271_(1—é)\/21n+(é+i)(2n+1)2
(_1)3/4\/% (% — z) — 2in (% +4 (Zm — (% - z)))
+ 3/2
(—Zn - (1+§ ) @n + 12
(14 %*1)*21%(%,% ((3 i) ~2n)n) @
. 2(~2n - (1+§))3/2
%n(21n+(%+i>)+%r (%,% (2171 + (% + l)) 7'[)
(o ()"
- %n (2@”/6ﬁLi_% (—e*”/3) + \/§>
Proof. Use Equation (11), and set k = 1/2,a = ¢"/2,m = —1/3 and simplify using
O

Equation (25.14.2) in [9].
Example 13. An example in terms of the Hurwitz-Lerch zeta function ®(s, u, v),

V=1 (%((1 — 2i) — 2in) — zm) o RV (—n + 2 g)
71 n _
O( ) 32/ =2n — 2 + i)v/(1 — 2i) — 2in(2n + 1) i 3/2(1 + 2in)3/2(2n + 1)2
V/Tem(@-20)-2in)p (—%, (1 —2i) — 2in)7r> e (1+2im— T (—%, Qin + 1)n>
a a 2v/—2n+i

2v/—2n— 2+10)

) (28)

ngk

n

Proof. Use Equation (11), and setk = —1/2,a = ¢”,m = —1 +i and simplify. O

Example 14. An example in terms of the hyperbolic functions.
(29)

—IT(T(=1,((1 — i) — 2in)) — T(—1, 2imtn + (1 + i) 7))

[eo)

e
n =0
=——ie " (—46”/2 +4e cot™! (e”/2> + sech (—))

Proof. Use Equation (11), and setk = —1,a = ¢’*, m = —1 and simplify using entry (3) in
O

the table below (64:12:7) in [13].
Example 15. An example in terms of the exponential function,

oo ‘ 1 | |

HZZO W(l +(1+i)n)E_, (2((1 — i) — 21n)7r>
_ ezin"((l +in+i)E_» (ircn + (; + ;) 71)

‘ )(e”(5+7e”(e”_5))_1)7r

(l_i
_ \% 79
(1+e”)4

(30)
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Proof. Use Equation (11), and set k = 3,4 = ¢™/2,m = —1 and simplify using entry (4) in
the table below (64:12:7) in [13] and Equation (8.19.1) in [9]. O

Example 16. An example in terms of the Polylogarithm function Lix(x),

/ 2i i1
3( 4 _4”+T-;_2(_”+Ln_i) 2V/2Q27tn + 77 + 2i)

=D 2n +1)2(1 +im(2n + 1))3/2 * w3220+ 1)2/—n@2n+ 1) — iy/T — in@n + 1)

e
N —

=
I}
o

+

jerHmnT (—%,%i(2nn+7f—i)) ﬁg%*im‘F (—%,—%i(Zn’n+7‘(+i)> (31)
+ -
m —-nm@2n+1)—i

= Verli, <71> /2
2 e 2

Proof. Use Equation (11), and set k = —1/2,a = ¢™/2,m = —1/7 and simplify using
Equation (64:12:2) in [13]. O

Example 17. An example in terms of the trigamma function (D (x),

o

e T2 (0 4 1) (F(—Z, (=2n — 1)) + Y2 (=2, 27tn + 7'())
"= . | (32)
2490 (1+3) — 90 (3+3)
- 8

Proof. Use Equation (15), and set k = —2,4 = —1 and simplify using Equation (64:4:1)
in[13]. O

Example 18. An example in terms of 7,

Y (12 (r(—l, —i@2n +1)7) — e4TT(—1,i2n + 1)7r)> . —%i(n ~3) (33
=0

n
Proof. Use Equation (15), and apply 'Hopital’s rule as k — —1 and simplify using Equa-
tion (64:9:2) in [13], then set a = ™ and simplify. [J
Example 19. An example in terms of log(x) and 7,

[e°]

) <E1 (é(—6in —(1+ 3i))n> +E; (2(61'11 —(1- 3i))7‘c>) = —log (1 + e”/3) (34)

n =0

Proof. Use Equation (11), and set a = ¢™/2,k = —1,m = 1/3 and simplify using entry (3) in
the table below (64:12:7) in [13] and Equation (8.19.1) in [9]. O

Example 20. An example in terms of the Hurwitz-Lerch zeta function ®(s, u, v),
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i(—l)” —*en/zn_“i (—Zn - (1 + i)>_1_i ((1 - i) - 2in>i
= 9(2n +1)2 3 3

(—18n+ T — (9 + 3i))

jo /214 (—Zn _ (1 - %))71’ <2in + (% + i))ilﬂ' (181 + 7T + (9 — 3i))

" 92n +1)2
. N 1 (35)
— iem(5-2im) (—211 - (1 + 3)) T (i, <<3 —~ i) - 2in> 7'()
y : i\ 1
+ies MO {0y — (11— I (i (2in+(5+i))n
3 3
_ 1 1+i _n,—7/6 _ 3 §
= 271 (1 2e b e ,—1, >
Proof. Use Equation (11), and seta = e”,k = i,m = —1/3 and simplify. [J
Example 21. An example in terms of the Polylogarithm function Lii(x),
o T apm il (3 Y
nzz:o(fl) (12(2’“_1)21@ 125 <(12n — @4 -3i))7! <6m + (E +21)>
((144 + 144i)n + (12 + 5i) 77 + (84 + 12i)) + ™ (—12n — (8 + 3i)) "1 ~* ((% - 41') - 6in)
(12 + 5i)r — (12 + 12i)(12n + (8 + 3i)))
> (36)

S\ O\ —2—i
+ (1 — i)~ 12im(120+(8+90) <—2n - (% + %)) r (1 +i, —11—21'(1211 +(8+ 31‘))7'[)

. o .
o LinQone@sdi)y (o, (21 - 1.1
(1 —1i)eiz <2n (3 3 T({1+iinmn+ 4+3 T
= L (277 =41 i (—(-1i)

4

Proof. Use Equation (11), and set a = ek =1+i,m=—1/2+i/3 and simplify using
Equation (25.14.3) in [9]. O

Example 22. An example in terms of the Hurwitz-Lerch zeta function ®(s, u,v),

o ([ —32+ 6408 (802 1 6n +1) Es (fidn + 3
L 3@+ 1)

= (2n+1)(4n +3)
) 37
+ 6e—sinémDE, (—;i(4n+1)7r>) (37)
8+ (-1 (5,2, 3)
B 27
Proof. Use Equation (11), and set a = e/ 4k = —2,m = —i /2 and simplify using

Equation (8.19.1)in [9]. O

Example 23. An example in terms of the Hypergeometric function,
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= 4

nZ::o t(4n + 1)(4n + 3)

(—1)te—simn+D) ((4n +3)E» (—;i(4n + 1)n)
+iel™(4n + 1)E, (;i(éln + 3)7r>) (38)

= %\fz <3 (1 —1),5 (i,1;i;i))

Proof. Use Equation (11), and set a = ¢™/*k = —1,m = —i/2 and simplify using
Equation (9.559) in [11] and Equation (8.19.1) in [9]. O

Example 24. An example in terms of the log-gamma function log(I'(x)),

i (—1)te—3im@n+D) (r (o, —Lli@n+ 1)77:) } 5 in+20y (o, Li@n + 1)n))
= 202n + 1)
- . (39)
1 ver (‘ﬁ)
= ~mlog -
2 7T (—1)

Proof. Use Equation (15), take the first partial derivative with respect to k, and set k = 0,
a = ¢’/3 and simplify using Equation (25.11.18) in [9]. [

7. Discussion

The authors constructed an expression for the Hurwitz-Lerch zeta function ®(k, a, m)
in terms of the infinite sum of the incomplete gamma function I'(k, {a, m}), where the
parameter constraints are wide. The derivations used fundamental constants and special
functions, and the infinite sum allowed for a wide range of the parameters. We checked
the outcome numerically using Wolfram Mathematica.
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