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Abstract: Symmetry plays an important role in solving practical problems of applied science, espe-
cially in algorithm innovation. In this paper, we propose what we call the self-adaptive inertial-like
proximal point algorithms for solving the split common null point problem, which use a new iner-
tial structure to avoid the traditional convergence condition in general inertial methods and avoid
computing the norm of the difference between x, and x,_; before choosing the inertial parame-
ter. In addition, the selection of the step-sizes in the inertial-like proximal point algorithms does
not need prior knowledge of operator norms. Numerical experiments are presented to illustrate
the performance of the algorithms. The proposed algorithms provide enlightenment for the fur-
ther development of applied science in order to dig deep into symmetry under the background of
technological innovation.

Keywords: split common null point problem; inertial-like proximal point algorithm; resolvent
operator; strong convergence

1. Introduction

We are concerned with the following split common null point problem (SCNPP):

find x* € H; tosolve 0 € A(x*) (1)
and
y* = Tx* € Hp tosolve0 € B(y*), ()

where H; and H, are Hilbert spaces, A : H; — 21 and B : H, — 2M2 are set-valued
mappings, and T : H; — Hj is a nonzero bounded linear operator.

The SCNPP (1) and (2), which covers the convex feasibility problem (CFP) (Censor
and Elfving [1]), variational inequalities (VIs) ( Moudafi [2]), and many constrained opti-
mization problems as special cases, has attracted important attention both theoretically
and practically (see Byrne [3], Moudafi and Thukur [4]).

The main idea to solve SCNPP comes from symmetry, that is, invariance. Therefore,
fixed point theory plays a key role here. =~ We recall the resolvent operator
JA = (I+rA)~L,r > 0, which plays an essential role in the approximation theory for
zero points of maximal monotone operators as well as in solving (1) and (2) and has the
following key facts.

Fact1: The resolvent is not only always single-valued but also firmly monotone:

(JAx =iy, x —y) = |IJx = TRy~ 3)

Fact 2: Using the resolvent operator, the problem (1) and (2) can be written as a fixed point
problem:

X = JI =T (1= J3)T)x*, A > 0,7 > 0.
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Fact 2 transforms the problem (1) and (2) into a fixed-point problem, and the research
of the latter reflects the invariance in transformation, which is the essence of symmetry.
Based on Fact 2, Byrne, et al. [5] proposed the following forward-backward algorithm:

X1 = T3 (xn — YT (1= JB) Txy) )

and obtained weak convergence, where T* is the adjoint of T, the stepsize y € (0, %) with
L= |TT]|.

At the same time, the inertial method originating from the heavy ball with fric-
tion system has attracted increasing attention thanks to its convergence properties in the
field of continuous optimization. Therefore, many scholars have combined the forward-
backward method (4) with the inertial algorithm to study the SCNPP and proposed
some iterates. For related works, one can consult Alvarez and Attouch [6], Alvarez [7],
Attouch et al. [8-10], Akgiil [11], Hasan et al. [12], Khdhr et al. [13], Ochs et al. [14,15],
Dang et al. [16], Soleymani and Akgiil [17], Suantai et al. [18,19], Dong et al. [20], Sitthithak-
erngkiet et al. [21], Kazmi and Rizvi [22], Promluang and Kumman [23], Eslamian et al. [24],
and references therein.

Although these algorithms improved the numerical solution of the split common null
point problem, there exist two common drawbacks: one is that the step size depends on
the norm of the linear operator T, which means there is a high computation cost, because
the norm of the linear operator must be estimated before selecting the step size; another
drawback is that the following condition is required:

o

Y anllxn — xp_1]|* < oo, (5)

n=1

which means that one not only needs to calculate the norm of the difference between x;
and x,_1 in advance at each step but also check if «;, satisfies (5).
So it is natural to ask the following questions:

Question 1.1 Can we construct the iterate for SCNPP whose step size does not depend on
the norm of the linear operator 17

Question 1.2 Can condition (5) be removed from the inertial method and still ensure
the convergence of the sequence? Namely, can we construct a new inertial
algorithm to solve SCNPP (1) and (2) without prior computation of the norm
of the difference between x,, and x,,_1?

The purpose of this paper is to present a new self-adaptive inertial-like technique to
give an affirmative answer to the above questions. Importantly, the innovative algorithms
provide an idea of how to use symmetry to solve real-world problems in applied science.

2. Preliminaries

Let (-,-) and || - || be the inner product and the induced norm in a Hilbert space H,
respectively. For a sequence {x,} in H, denote x, — x and x, — x by the strong and
weak convergence to x of {x, }, respectively. Moreover, the symbol wy,(x,) represents the
w-weak limit set of {x,}, that is,

ww(xn) = {x € H: xy; — x for some subsequence {x,;} of {x}}.
The identity below is useful:

llax + By + vzl|* = al|x||*> + Blly|I* + 7=
— aBllx —ylI* — Bylly — zlI* — yallx — z|)? (6)
forallx,y,z€e Randa + 5+ =1.
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Definition 1. A multivalued mapping A : H — 2H with domain D(A) = {x € H,
Ax # @} is monotone if

(x —y,x" —y*) >0, 7)

forall x,y € D(A), x* € A(x), and y* € A(y). A monotone operator A is referred to be maximal
if its graph is not properly contained in the graph of any other monotone operator.

Definition 2. Let H be a real Hilbert space and let h : H — H be a mapping.

(i) his called Lipschitz with constant k > 0 if ||h(x) — h(y)|| < x||x — y|| forall x,y € H.
(i) his called nonexpansive if ||h(x) — h(y)|| < ||x —y|| forall x,y € H.

From Fact 1, we can conclude that [/ is a nonexpansive operator if A is a maximal
monotone mapping. Moreover, due to the work of Aoyama et al. [25], we have the
following property:

(Ji'x —y,x = J'x) > 0,y € A7(0), ®)
where A1(0) = {z€ H: 0 € Az}.

Definition 3. Let C be a nonempty closed convex subset of H. We use Pc to denote the projection
from H onto C; namely,

Pex = argmin{||x —y|:y € C}, x€H.

The following significant characterization of the projection Pc should be recalled:
givenx € Handy € C,

Pex=z <= (x—zy—2)<0, yeC. 9)

Lemma 1. (Xu [26], Maingé [27]) Assume that {ay} is a sequence of nonnegative real numbers
such that

Ay < (1 - 'Ynan)an + ')/n5n +cn, n2>0,

where {7y, } is a sequence in (0,1) and {5, } is a sequence in R such that

(1) Xiqvn =09
(2) limsup, . sup, . 0n < 00r Y5 ynlds| < oo;
@ Lz on <o

Then limy, 00 a,;, = 0.

Lemma 2. (see e.g., Opial [28]) Let H be a real Hilbert space and {x,, } be a bounded sequence in
H. Assume there exists a nonempty subset S C H satisfying the properties:

(i) limy e ||y — z|| exists for every z € S,
(i)  ww(xy) C S.
Then, there exists & € S such that {x, } converges weakly to .

Lemma 3. (Maingé [29]) Let {T',,} be a sequence of real numbers that does not decrease at the
infinity in the sense that there exists a subsequence {T'n;} of {I'n} such that I'y; < Ty, 41 for all

j > 0. Also consider the sequence of integers {o (1) },>n, defined by

o(n) =max{k <n:Ty <Tr1}
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Then,{c(n)}n>n, is a nondecreasing sequence verifying limy, . 0(n) = oo and, for all
n = o,

max{Ly (), Fn} < To(ny41-

3. Main Results
3.1. Variant of Discretization

Inspired by the discretization of the second order dynamic system ‘;;ZT;‘ + A(t) % +
Ax = 0, we consider the following iterative sequence

X1 — Xp—1 — Oy (xn - xn—l) + 'YnA(xn+l) >0, (10)

where x(, x; are two arbitrary initial points, and <, is a real nonnegative number. This
recursion can be rewritten as

Xnt1 = ]f;‘n (-1 4 Ou(xn — x4-1)),

which proves that the sequence {x,} satisfying (10) always exists for any choice of the
sequences {7, } and {6, }, provided that v, > 0.

To distinguish from Alvarez and Attouch’s Inertial-Prox algorithm ([6]), we call it
inertial-like proximal point algorithm. Combining the inertial-like proximal point algorithm
and the forward-backward method, we propose the following self adaptive inertial-like
proximal algorithms.

3.2. Some Assumptions

Assumption 1. Throughout the rest of this paper, we assume that Hy and Hy are Hilbert spaces.
We study the split common null point problem (SCNPP) as (1) and (2), where A : Hy — 2H and
B : Hy — 2H2 are set-valued maximal monotone mappings, respectively, and T : H; — Hy is a
bounded linear operator, T* means the adjoint of T.

Assumption 2. The functions are defined as:

F) = 1= T @) = (-, 7> 0;

and

$() = S0~ TP, G =TI~ )T, >0,

Assumption 3. Denote by ) the solution set of the SCNPP (1) and (2); namely,
Q={x"€H:0€ A(x*)and 0 € B(Tx") },
and we always assume Q) # Q.

3.3. Inertial-like Proximal Point Algorithms

Remark 1. It is not hard to find that if ||F(y,)||? + ||G(yx)||? = O for some n > 0, then x, is a
solution of the SCNPP (1) and (2), and the iteration process is terminated in finite iterations. In
addition, if 6, = 1 and step size T, depends on the norm of linear operator T, Algorithm 1 recovers
Byrne et al. [5].

Remark 2. In the subsequent convergence analysis, we will always assume that the two algorithms
generate an infinite sequence, namely, the algorithms are not terminated in finite iterations. In
addition, in the simulation experiments, we will give a stop criterion to end the iteration for practice.
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Algorithm 1 Self adaptive inertial-like algorithm

Initialization: Choose a sequence {6,} C [0,1] satisfying one of the three cases:
(L) 0, € (0,1) such that lim,, ,.6,(1—6,) > 0; IL.) §, = 0; or (IIL.) #,, = 1. Select ar-
bitrary initial points xg, x;.

Iterative Step: After constructing the nth-iterate x,, compute

Yn = Xp—1 + gn(xn - xnfl)r (11)
and define the (n + 1)th iterate by
o1 = JA (T =TT (1 - JE)T)W/ (12)

where T, is defined as

8(yn) : 2 2
5 = 4 TEGzeEe: i 1E@) P+ 16" #0
0, otherwise.

3.4. Convergence Analysis of Algorithms

Theorem 1. If the assumptions (A1)-(A3) are satisfied, then the sequence {x,} generated by
Algorithm 1 converges weakly to a point z € Q).

Proof. To this end, the following three situations will be discussed: (I). 6, € (0,1),
lim,_,..0,(1—6,) > 0; D). 8, = 0; and (III). 6, = 1.
(I). First, we consider the case of 0, € (0,1), lim,,_,,,0,(1 — 6,) > 0.

Without loss of generality, we take z € (), and then we have z = ];42, Tz=] 5 Tz and
JA(I — 1, T (1 — ]}f)T)z = z from Fact 2. It turns out from (11) and (7) that

lyn =212 = llxn—1 + 6 (n — x0-1) — 2|
= Oullxn — 2] + (1= 6n) | xn—1 — 2l* = (1 — ) 2w — 3 [%. (13)

Since J/ is nonexpansive, it follows from (12) that

ITAT = % T (1= ) T)yn — 2|

(I =T T*(I = J2)T)yn — 2l

[yn = 2|1* = 2T (yn — 2, T* (1 — IE)TW> + 1 || T*(1 - IE)T%HZ

[yn = 2l1* = 22 (Tyn — Tz, (I = ;) Tyn) + T 1G (ya) 1> (14)

I IA

It follows from the property (8) of resolvent operator that
(JiTyn — Tz, (I —]3)Tya) > 0,Tz € B~(0),
and then from the definition of g(x), we have that
(Tyn — Tz, (1= J}}) Tyn)
= (Tyn = I3 Ty, (1= Ji) Tyn) + (U Tyn — Tz, (1= J;1) Tyu)

= ||]5T]/n — Tyull* + UﬁTJ/H —Tz,(I- ]5>Tyn>
2¢(yn)-

Y

Notice the definition of T,,, we obtain
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21— 2> < lyn —2° = 48 (yn) + TG (ya) |17
Onll 2w — zlI* + (1= 6) 1 20—1 — 2[1* — 02 (1 = 6,) || — X511
—47,8(yn) + T2 | G (yn) |17
< Oullxn —zlP 4+ (1= 0n) lxp—1 — zl* = 04 (1 — 6,) [l — X1 |
3 2

EWa) 211G ()2

which means that

Onllxn — zl|* + (1 = 64) | X1 — z||?

[%n41 =2l <
< max{||xn — z|? ||xn_1 — z|I*},

and, hence, the sequence {||x, — z||} is bounded, and so in turn is {y, }.

It may be assumed that the sequence {||x, — z||} is not decreasing at the infinity in
the sense that there exists a subsequence {o(n)} of positive integers such that there exists a
nondecreasing sequence o(n) for n > Nj (for some Nj large enough) such that o(n) — oo
asn — oo and

thf(n) - ZH < ||x17(n)+1 - ZH/
foreachn > 0.
Notice that (15) holds for each o (1), so from (15) with n replaced by (1), we have

||x¢7(n)+1 - Z”z < 90(11) ”xa(n) - Z||2 + (1 - 90(11))Hx¢7(n)71 - Z||2

3g2(y17(n))
—0 1—-0 x — X _ 2 _
o) (1= o) %ot = Zotn 1™ = 150 S ICGaa P

< Ga(n) ”xa(n) - ZHZ + (1 - 60(11))Hx0(n)—1 - ZHZI

which means that

%o (41 = 2117 = %) — 217 < (1= 6500)) (X0 ()1 — 211> = [1Xo(ny — 2I7),

observe the relation [|x,(,) — z|| < ||xs(4)41 — 2| for each n > 0, the above inequality
concludes a contradiction.

Therefore, there exists an integer Ny > 0 such that ||x, 11 — z|| < ||x, —z|| foralln >
Np. Then, we have the limit of the sequence {||x, — z||?}, denoted by I = lim,,_, || x, — z||?,
and so

tim ((lxn — 2l ~ 02 —2IP) = 0.

In addition, we have
- 2 2 2 2
nZ:o(Hx"H =zl = llxn = 2[1%) = lim ([ 11 = 2|7 = [lx0 = 2[|%) < co.

It turns out from (15) that

382(%)
[F(yn)l12 + |G (yn)?
Oullxn — z|I* + (1 = 0n) | xp—1 — z[|* — [|x041 — 2|2

= lan =zl = llxnr1 = 21+ (1= 0n) ([l xn—1 = 2II* = [ln — 2[|?)

0,(1—60,)|xn — xp1|> +

IN
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and so

limen(1—9n>||xn_x 1”2:0 gz(yn) _)0
= " ©TEGIE+ G2

as n — oo, furthermore, we can conclude that ¢(y,) — 0 since F and G are Lipschitz
continuous (see Censor et al. [30]), and so 7, — 0. Therefore, we have

(I = J;2) Tyul* — . (16)
Now, it remains to show that
wy(xy) C Q.

Since the sequence {x, } is bounded, let ¥ € wy (x,) and {x;, } be a subsequence of
{x,} weakly converging to x. This suffices to verify that ¥ € A~1(0) and Tx € B~1(0).

Notice lim,—, 8, (1 — 6,)||xy — x,,_1]|*> = 0 and the assumption lim,,_,,6,(1 —8,) > 0,
we have lim,,_, ||x, — x,_1]|?> = 0, which implies that

lyn — xnll = (1 = 6n) - |lxn — x4—1]] = 0.

Therefore, there exists a subsequence {y,x} of {y,}, which converges weakly to . It
follows from the lower semicontinuity of (I — | 5 )T and (16) that

1= T = Jiminf | (T = ) Ty |* =0,

which means that Tx € B~1(0).
On the other hand, according to (11) and (12), we have

Ixsr =yl = llxusr =z = yu + 2|2

= Nyn — 2l + w1 =2l +2{z = yn, X011 — 2)
= |lyn— ZHZ = llxps1 — ZH2 +2(Xp41 = Yn, Xnt1 — 2)
= Onllxn —2[* + (1= 6,) 1xn—1 — 2I1* = 61— 6,) | X0 — x>
—l%n41 = 2lI? + 2(xn 11 = Y, Xnp1 — 2)
= lan =2l = llxnsn — 2l + (1= ) (a1 — 2| = |xu — 2[1?)
—0n (1 —0p)|[xn — xnlez +2(Xp41 — Yn, Xny1 — 2)- (17)

Using again the property (8), we have
20 — 20, J{zn —2) <0,z € A7Y(0).
If we take z, = (I — 7, T*(I — ]ﬁ)T)yn in the above inequality, then we have
(tnp1 — (I =TT (I = J)T)yn, xnp1 —2) <0,z € A71(0),

which yields

IN

Tn<T*(]£ = DTyn, Xp1 —2)
Wl T = DTyal - Ixnr1 — 2] = 0. (18)

(Xn41 = Yn, Xny1 — 2)

IN

Thus, it follows from (17) and (18) that

%1 = yull = 0.
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Since the sequence (12) can be rewritten as
Yn — Xpp1 — T TH(I — jﬁ)Tyn € rAx,41;
therefore, we have
1 * B
;(]/n — Xpy1 — T T (1 — ]‘u)Tyﬂ) € Axpyi1. (19)

In addition, it turns out from 7, — 0 that

lyn = xne1 = T (L= T)Tyull - < llyn = X |+ Tl (1= J7) Tyl
= lyn = xupall + wl Gyn) | = 0.

Note that the graph of the maximal monotone operator A is weakly—strongly closed;
by passing to the limit in (19), we obtain 0 € A%, namely, £ € A~1(0). Consequently,
¥ e

Since the choice of ¥ is arbitrary,we conclude that wy(x,) C Q. Hence, it follows
Lemma 1 that the result holds.

(IT). Secondly, we consider the case of 8,, = 0. In this case, ¥, = x,,—1. Similar to the proof
of (15), we have that

Isr = 2| < flan-1 = 2]~ ,
" ! IF ) lI> + 1G(yn) 12

and then

3gz<xn—1) 2 )
< -1 =207 = g — 201% 21
e DIEtca I = =2 =l ==l 1)

It may be assumed that the sequence {||x, — z||} is not decreasing at the infinity in
the sense that there exists a subsequence {c (1)} of positive integers such that there exists a
nondecreasing sequence ¢ (1) for n > Nj (for some Nj large enough) such that o(n) — co
asn — oo and

1%a(n) = 2l < Ixo(m)+1 — 2ll,
for eachn > 0.
Notice that (20) holds for each o (1), so from (20) with n replaced by ¢ (1), we have

o 3g2(ya(n))
IE Yo m)IIP + 11G (Yo(m)II?

oy =27 < o1 —2II?

IN

Hxa(n)fl 7ZH21

which means that

||x0(n)+l - Z||2 - Hxa(n) - Z||2 < ”xo(n)fl - ZHZ - ”xa(n) - ZHZI

observe the relation [|x,(,) — z|| < |[Xy(s)41 — 2| for each n > Nj, the above inequality
concludes a contradiction.

So there exists an integer Ny > 0 such that ||x,.1 — z|| < ||x, —z|| for all n > Np.
Then, we have the limit of the sequence {||x, — z||?*}, denoted by I = lim,,_, ||x, — z||?, and
SO

(o)
Tim ([lxn — 21 = [lxs1 = 2)12) = 0, Y (llan — 2| = [|xwr1 — 2[1%) < 0.
n=1
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Now, it remains to show that
wy(xy) C Q.

Since the sequence {x; } is bounded, let ¥ € wy(x,) and {x;, } be a subsequence of {x;}
weakly converging to %. It suffices to verify that ¥ € A~1(0) and Tx € B~1(0).

Next, we show that ||x, — x,,_1|| — 0. Indeed, it follows from the relation between
the norm and inner product that

lrw = xaal? =l =z 4z = 212

= Jxn =zl + 2 = xua |+ 2000 — 2,2 = 251)
lxn = 2l1? + llz = 2p—1 1% + 2000 — 2,2 = 20 + 20 = 25-1)
-1 = 22 = llxn = 21 + 2/l — 2| - |20 = 21l
-1 = 2l? = llxn — 2|1 +2(M + m) - [ln = xu-1]l,

<
<

where M is a constant such that M > ||x, — z|| for all n and m > 0 is a given constant,
which means that

I = xnal|? = 2(M +m) - flatn = g1 || < [lxn = 2l = [lxn — 2],

and then
Y lllxn — xuall = 2(M +m)] - Jlxw — X1 ll < Y (1 — 2l = Jxn — 2]|?) < oo,
n=0 n=0

which implies [||x, — x,,—1|| —2(M 4+ m)] - ||xy — x_1|| = 0as n — oo.
Since ||xy — xu_1]] < ||xn — z|| + ||xn-1 — z|| < 2M, we have ||x, — x,1]] — O

and then
%41 — xp—1l| = 0.

It follows from (21) that g?(x,_1) — 0 and then
(I = J32) Txp—q > = 0.
By using the lower semicontinuity of (I — ]ﬁ )T, we have

(1= I8 TSI = Jim inf | (1 = J£) Ty = 0,

which means that Tx € B~1(0).
Notice again that the sequence (12) can be rewritten as

B
Xp—1 = Xp41 — T (I = J}))Txn—1 € rAXy41;

therefore, we have

1
—(tn1 = X1 =TT (1= ) Ton1) € Axngr. (22)

In addition, it turns out from 7,, — 0 that

11 = %1 = T L= Tl < %01 = o[l + Tl T (= J5) Txs |
= [xn-1 = xuall + Tl G(xa-1) | — 0.
Note that the graph of the maximal monotone operator A is weakly—strongly closed,

by passing to the limit in (22), we obtain 0 € A%, namely, ¥ € A~!(0). Consequently,
x e Q.
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Since the choice of ¥ is arbitrary, we conclude that wy,(x,) C Q. Hence, it follows
Lemma 1 that the result holds.

(III). Finally, we consider the case of ,, = 1. Indeed, we just need to replace x,_; with x,
in the proof of (II) and then the desired result is obtained.
O

Next, we prove the strong convergence of Algorithm 2.

Algorithm 2 Update of self adaptive inertial-like algorithm

Initialization: Choose a sequence {6,} C [0,1] satisfying one of the three cases:
(I) 6, € (0,1) such that lim,,_,..6,(1 —6,) > 0; (IL.) 6, = 0; or (IIL) 6, = 1. Choose
{ay} and {4} in (0,1) such that

n—oo

lim Tn = O, r;}’)/” =00, nlgrolo(]_ — Uy — ')/n)an > 0.

Select arbitrary initial points xg, x1.
Iterative Step: Given the iterate x,, compute

Yn = Xp—1+ O (xn - xnfl)/
and define the (n + 1)th iterate by
Xpg1 = (1=t — Y)Y + anJ (I = T (1= J)T)yn, (23)

where

8(Yn) ; 2 2
T, = { NE ) 121G (yn) 27 if ||F(}/n)|| + HG(yﬂ)H 7&0

0, otherwise.

Theorem 2. If the assumptions (A1)-(A3) are satisfied, then the sequence {x,} generated by
Algorithm 2 converges in norm to z = Pq(0) (i.e., the minimum-norm element of the solution
set ).

Proof. Similar to the weak convergence, we consider the following three situations:

(.6, € (0,1) and lim,,_,..6,(1 — 6,) > 0; (I1). 6, = 0; and (III). 6, = 1.

(I). We first consider the strong convergence under the situation of 8, € (0,1) and
lim, ,..6,(1—6,) > 0.

Let us begin by showing the boundedness of the sequence {x; }. To see this, we denote
zn = JA(I — 1, T*(1 — ]E )Ty, and use the projection z := P (0) to obtain in a similar way
to the proof of (13)—(15) of Theorem 1 that

lyn =zl = Oullxn =zl + (1 = 0n)[|x01 — 2|

max{|[xn = 2|, [[xn—1 = z[l},

12 3g2(]/n) . 24
lyn =2 = TE P TeTmIP @

IN

lzn 2| <

hence, one can see ||z, — z|| < [|yn — z||-
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It turns out from (23) that

[xnt1 =zl = (1 —an = Yn)yn + anza — 2|

(X = an = yn)(Yn — 2) + an(zn — 2) + 1 (=2)|

(1 —an — yu)llyn — 2|l + anllzn — zl| + vallz[l

(T =7n) Onllxn — 2|l + (1 = 0n)[|xn—1 — 2[]) + 7allz]
max{|[xn — z|, |51 — 2|, [|z[}

ININIAIA A

max{||xo — z|, [|x1 — 2|, [[2[|},

which implies that the sequence {x, } is bounded, and so are the sequences {y, }, {zx}.
Applying the identity (7), we deduce that

[[xn+1 — Z||2 = (1 —an = Yn)yn + anzn — Z”z
(X —an =) (Yn —2) + an(zn —2) + 7n(_z)|‘2
< (= an = 7)llyn — 201> + anllzn — 201> + 7ul 2]
—(1—an _’)’n)‘anZn_ynHz- (25)

Substituting (13) and (24) into (25) and after some manipulations, we obtain

382(%1) )
[F(yn) 1>+ 1G(ya) >

I =z < (1—lxn—%)Hyn—Z||2+fxn(||}/n—2||2—|

+ynllzl? = (1 — an — va)anllza — yall?
= (= v)llyn = 2lP +vallzl® = (1 = &n = va)anl|zn — yul?
_ 30ng*(yn)
IE(yn) 12+ [1G(yn) |2

xnsr =zl < (U= 2[00 — 2l + (1= 60) 201 = 2] = 04 (1 = 6) [0 — 241 ]|*]
30,8°
M R Al A T Crm
n
< Onllxn — Z”Z + (1= 6n)[[xn—1 — Z||2 + ’Yn”Z”2 — (= an — vn)an||zn *yn”z

(16— 1] 30, g% () 26
(1= 2)8u (1 = On)llxn = xa1 "~ Fr S G T “

Next we distinguish two cases.

Case 1. The sequence {||x, — z|| } is nonincreasing at the infinity in the sense that there
exists ng > 0 such that for each n > ny, ||x,11 — z|| < ||x, — z||. This particularly implies
that lim,, e || X, — z|| exists and thus,

o)

: 2 2y _ 2 2
Jim (flxn = 2" = [lxp—1 = 2[]) =0, ;(IIxn—ZII = lxn-1 = 2[7) < co.

For all n > ny, it follows from (26) that

B0ng* (Yn)
IF(yn)lI> + G (yu) |12
Onllxn — 2[|* = (2041 — 2[* + (1 = 62) (|31 — 2I1* = [|20 — 2[1?) + 712l
2n = 2[I* = 2041 = 2[1> + (1 = 62) (21 = 2I* = [|x0 = 2[1?) + 71 2[|*

(1= an — yn)anlzn — yul* + (1 = 71)0n (1 — 0n) |xn — x> +

INIA
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Now, due to the assumptions on a,, B, and 7, and the boundedness of {x,} and

{yn}, we have
nlglgo zn = yull = 0; (27)
1m (1= 7)6 (1 = 6) 0 — 21| = 0; (28)
2
lim 3atng” (yn) — 0. (29)

n=eo [ F(ya) |12+ 1G(yn) 1>

It turns out from (29) that g(y,) — 0 since F and G are Lipschitz continuous and
s0 limy, 0 Ty = 0, and from (27) that lim, e ||X» — X,—1|| = 0, which in turn implies
from (11) that

tim [l =l < Jim (g = e ]+ o2 = 30

= lim (1+9n)‘|xn71_xn” =0.
n—oo

Observing ||x,;,+1 — Ynll < &nllzn — yull + ¥nllynl| = 0, we obtain
41 = xnll < [lxn1 = yall + lyn — xull = 0.

This proves the asymptotic regularity of {x;,}.

By repeating the relevant part of the proof of Theorem 1, we obtain wy, (x,) C Q.

It is now at the position to prove the strong convergence of {x,}. Rewriting
Xp+1 = (1= Yn)0n + Yuttn(zn — yn), where v, = (1 — ay)yn + anzy, and making use
of the inequality ||u + v||> < |lu||?> + 2(v, u + v), which holds for all u, v in Hilbert spaces,
we obtain

s =2l = (1= 7n) (00 = 2) + yn(@n(z0 = yn) = 2)|1?
(1= 1u)llon = 2)1* + 290 (@n (20 — yn) = 2, %41 — 2).-

IN

It follows from (7) that
[[on — ZH2 = (1 —an)|lyn — ZHZ + anllzn — Z”2 —an(1—an)l|zn _]/nHZI
and then

lxnp1 —zlI> < (1= 7)* (1= @) lyn — zlI* + anllzn — 21> — €0 (1 — an) 120 — yal?)
F29n(0n (20 — Yn) — 2, Xp41 — 2).

It turns out from (24) that ||z, — z||? < ||y» — z||?; hence, we obtain

lra =zl < (0= pu)llyn — 2l* — an (1 — @) (1= 70)?[l20 = yu®
F27n(@n (20 — Yn) = 2, Xn41 — 2)
Submitting (13) into the above inequality, we have
e =zl < (1= yu) Oullxn — 2|2 + (1= 0u) 2041 — 2|
—0n (1= 0)[lxn — x5 1[*) — an (1 = @) (1 = 70)? |20 — yu1?
+2w<wn(zn —Yn) = Z Xn41 fZ>, (30)
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which means that

tne1 =22 < (1= ym)llxn — 2l + (L= 70) (1= 6) (| xn—1 — 2> = 2 — 2[|?)
=6, (1= 6,) (1 = ) [0 — X1 1* = a0 (1 = @) (1 = )| 20 — vl ®
+2'Yn<"‘n(zn —Yn) — Z,Xp41 — Z>
(1= va)llxn — 2]+ (1= ) (1 = 6u) (-1 — 2| = 20 —2[*)
+2’Yn<06n(zn —Yn) =2, Xn1 — Z>~

IA

For simplicity, we denote by
pp1 < (1 - ')/n)an + Yudn + cn, (31)

where a, = ||x, —z|?>, o = 2an{zy — Yn, Xp+1 — 2) + (—2z,x,41 — z), and
cn = (1 —=9u)(1=0n)([lxp—1 — ZHZ — [Jxn — Z||2)~
(x

Since wy(x,) C Q and z = P (0), which implies (—z,4 —z) < 0 forall g € Q), we
deduce that
limsup(—z,x,41 —2z) = max (—z,9—2z) <0. (32)
n—oo qEww (xn)

Combining (28) and (32) implies that

limsup d,, = limsup{a,(zy — Yn, Xp11 —2) + (—2,xy41 — 2) }
n—o0 n—o0

= limsup(—z,x,41 —z) <0.
n—oo

In addition, by the assumptions on 6, and -y, we have

Yo=Y (1=7)(1=6a)(l|xn1 —z[* = xn —2[1?) < co.
n=1 n=1

These enable us to apply Lemma 1 to (31) to obtain that a, — 0. Namely, x;, — z in
norm, and the proof of Case 1 is complete.

Case 2. The sequence {||x, — z|| } is not nonincreasing at the infinity in the sense that
there exists a subsequence {o(n)} of positive integers such that o(1n) — oo (as n — o0) and
with the properties:

%oy = 2l < xomy+1 =2l max{{xo) =2, [lxn = 2]} < [[xe(m)+1 =zl

Notice the boundedness of the sequence {||x, — z||}, which implies that there exists
the limit of the sequence {||x,(,) — z[|} and, hence, we conclude that

T ([l 11— 217 = %) — 21%) = 0.

Observe that (26) holds for all o(n), so replacing n with ¢(n) in (26) and transposing,
we obtain
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(1 = @(n) = Yo () %) 1Zom) = Yo I* + (1= Vo) 0o(n) (1 = Ou(n)) |1 Xo(n) = Xo(my—11I>
Bt (8 Yo(n))
HF(]/(T(VI )”2 + HG Yo(n ||2

< (1_70(11))( err(n) _Z||2 1_6 )”x -1 _ZH ) ”xa(n)-i-l_ZH2+’)/17(11)”Z||2
< Ga(n) thr(n) - Z||2 (1 - Ga(n))Hxa(n)—l - Z||2 + ||xa(n) - ZH2 - ||xa(n) - ZHZ
~Mxomys1 = 2l + Yom Izl
= (1= 0(m) (o (my—1 = 217 = 1xo(m) = 2I*) + 1oy = 217 = %o (1 = 2l + Yoy 1212
Now, taking the limit by letting n — oo yields
Jim ([zg () = Yo | = O; (33)
nlgrolo g(yzr(n)) =0; (34)
nlgrolo Hxa(n) — Xo(n)-1 ”2 =0. (35)
Note that we still have [|x, ()41 — X,(»)|| = 0and that the relations (33)~(35) are sufficient
to guarantee that wy (xy(,)) C Q.
Next, we prove x,,) — z.
As a matter of fact, observe that (30) holds for each o(n). So replacing n with o(n)
in (30) and using the relation ||x,(,) — z[[* < [|%(4)41 — 2||?, we obtain
||xa(n)+1 - Z||2 = (1 - ’)’U(n))(ga(n) ”xo(n) - Z”z + (1 - 9(7(71)) on(n)fl - Z||2

0 (1 = 05 )Xo () — Xo(m)—111%)
—g(n) (1= ag(n) (1 — 7 n)) ||Z ) = Yol
+2Y o (n) <%(n) (Zo(n) = Yo(n)) = 2 Xo(n)+1 — Z >
< (=Y ) %) — 217 + 2o <%(n) (Zo(n) = Yo(n)) — 2 Xo(n)+1 — Z>;
therefore, we have
%oy = 217 < %) — 207 = I xo(my11 — 2l + 2’Ya(n)<%(n) (Zo(n) = Yo(n)) = 2 Xo(n)+1 — Z>,

Notice again the relation ||x,(,) — z||* < [y (n)41 — 2|, we obtain

2<D‘0(n) (Za(n) - ya(n)) —Z, Xg(n)+1 Z>

”xa(n) _ZHZ <
< MHZU(H) ~Yo(n) || + 2<—Z, Xo(n)+1 — Z>' (36)

[Here M is a constant such that M > 2||x,, — z|| for all n.]
Now, since [|Xg(4)11 = Xo(m) || = 0,z = Pa(0) and w(x,(,)) C Q, we have

limsup(—z, Xg(y)41 — 2) = limsup(—z, Xy, — 2)
n—oo n—oo

= max (—z,g9—2z)<0.
qE€EWw (X (n))

Consequently, the relation (36) and ||z, () — Yo ()| — 0 assure that x,(,) — z, which
follows from Lemma 3 that

10 = zll < Ixo(m)+1 = 2l < |¥o(m)+1 = Yol + [¥o(m) — 2] = 0.
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Namely, x, — z in norm, and the proof of Case 2 is complete.

(IT). Now, we consider the case of 0, = 0. In this case, we have y, = x,_1 and
Xpe1 = (1 — an — yn)xuq + anJA (I — 7, T*(I — IE)T)xn_1. Denote by
zp1 = JA(I = tT*(I — J})T)x, 1, similar to the proof of (24)-(26), we obtain that
the sequence {x,} is bounded and

lxnr1 —z1* < (A= y)llxn—1 — 2> + vallzl® = (1 — a0 — ) anl|zu—1 — 2y |?
B 30‘n82(xn71)
IF(xn-1) 1> + |G (xn-1)[1*

which implies that

3ang? (Xn-1)
IF(xn-1)[I> + 1 G (xn-1)I2

— i1 —z|)?

(1 — Ny — ')’n)‘xn”anl — Xp—1 ”2 +

< (U= y)llxn1 =2l + a2

(an—1 = 2lI? = l[xn1 = 2l1%) + yu (1 = 11 — 2[1%). (37)

Next, we distinguish two cases.

Case 1. There exists 19 > 0 such that for each n > ny, ||x,11 — z|| < ||x, — z||, which
implies that lim,, . ||x, — z|| exists, and thus

[e9)
ﬁ@wﬁ—ﬂLW%q—ﬂ5=Q7EWM—ﬂLWm4—ﬂ%<w

Since v, — 0 and lim,, (1 — ay — yn)a, > 0, it follows from (37) that

30‘ng2<xn71)

— 0,
IF(xu-1) 12 + G (xn—1) [I?

zn-1— xn_1]* = 0;

which means that g(x,_1) — 0 since F and G are Lipschitz continuous and so 7, — 0.
Similar to the proof of ||x, — x,_1|| — 0 in the weak convergence Theorem 1, we still have
the asymptotic regularity of {x, } and wq (x,) C Q.

Similar to the proof of (30), we have

Ixurr =zl < (=) lxn1 =z = an (1= @) (1= y0)?[|z0-1 — 201
+2'Yn<0‘n(zn71 = Xn-1) = Z,Xp41 — Z>
= (L—yw)llxn =2l + (1= 7n) (601 — 2[* = 0 — 2[|)
—an (1= o) (1= 0)?(|20-1 — xu | + 27n<04n(zn71 = Xp—1) =2, Xp41 — Z>
< (=g llxn =zl + (=) (lxn-1 —2[1> = [lxn — 2]1%)
+2'yn<zxn(zn_1 — Xp—1) — 2, Xpq1 — Z>
= (1= n)an +vndn +cn,
where a, = |x, —z||? 60 = 2an(zp_1 — xn_1) — ZXpp1 —2z) and ¢, = (1 —79,)

(11 —zl1> = [[xn — 2[?).
Obviously, v,, 6, and ¢, are satisfying the conditions in Lemma 1, so we can conclude
that x, — z.

Case 2. The sequence {||x,, — z||} is not nonincreasing at the infinity in the sense that
there exists a subsequence {c (1)} of positive integers such that (1) — oo (as n — o0) and
with the properties:

%oy = 2l < xomy+1 = 2l max{{lxon) =2l [lxn = 2[1} < [[xg(n)+1 = 2.
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Since the sequence {||x, — z||} is bounded, there exists the limit of the sequence
{lxe(n) — zl|} and, hence, we conclude that

lim ([ %oy 11— 2l = 1o — 21%) = 0.

Notice (37) holds for all ¢'(n), so replacing n with o(n) in (37) and using the relation
err(n) - Z” < thr(n)—&-l - Z||, we have

Baa(n)gz( o(n)— 1)
IF (o (m)-0) I? + 16 (xo ()1 17

(1= &) = Yo(n) %o (m | Zo(n) -1 = Xo(m)—1 1> +

< o1 = 202 = Ixo(nys1 = 21 + Vo) (1211 = %) 1 = 2I1%)
= (o1 =2l = %o = 21%) + (o) = 202 = oty s1 = 217 + Vo) (12117 = %oy -1 = 2I1%)
< %(n)(HZHZ*IIx 1*Z|I)

Since V() — 0 and lim,, oo (1 — @5 (4) = Vo (n)) % (n) > 0, we obtain

B0t (11)8% (Xr(m)-1)
HF Xo(n)— 1)||2+HG( (n)— 1)”2

Similarly, we still have the asymptotic regularity of {x,(,)} and ww (x,(,)) C Q.

— 0.

Hztr(n)—l - x(r(n)—lHZ —0;

In addition, similar to the inequality above (31), we obtain the following
||x(7(n)+l - ZH2 < (1 - r)/a(n))Hxa(n) - Z||2 + (1 - ’)/(7(”))(”9%(”),1 - Z||2 - Hxa(n) - ZHZ)
+270(n) <“a(n) (Zo(n)fl - xa(n)fl) —Z Xg(n)4+1 — Z>/
which means that
'Y(r(n))”xa(n) - Z||2 < ||x(7(n) - ZHZ ||x(7(n +1 ZHZ 1 ~ Yo(n) )(”xo(n)—l - ZHZ - ||x0(n) - ZHZ)
+2'7L7(n) <D‘U(n) (Za(n)fl - xcr(n)fl) —Z Xg(n)+1 Z>r
notice again the relation ||xy(,) — z||2 < X ()11 — z||? for all ¢(n), we have

”xa(n) - Z||2 < 2<“¢7(n)(za(n)fl - xa(n)71> —Z Xg(n)+1 Z>
= MHZO'(H)—l - xa(n)—l” + 2<_Z/ Xon)+1 — Z>' (38)

A

[Here M is a constant such that M > 2||x, — z|| for all n.]
Again, since ||Xg(y)41 — Xo(n) | = 0,2 = Pa(0) and w(x,(,)) C Q, we have

lim sup(—z, Xo(n)+1 — z) = lim sup(—z, Xo(n) — z)
n—00 n—o0

= max (—zq—z)<O0.
qEWw (Xg(n))

Consequently, the inequality (38) and ||z, (;)—1 — Xg(n)—1]| — 0 assure that x,(,) — z,
which follows from Lemma 3 that

120 = zll < Ixo(m)+1 = 2l < 1¥o(m)+1 = Xom I + [¥o(m) — 2] = 0.

Namely, x, — z in norm, and the proof of the second situation (II) is complete.

(IIL.) Finally, we consider the case of 6, = 1. Indeed, we just need to replace x,,_; with x;
in the proof of (II), and then the desired result is obtained.
O
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4. Numerical Examples and Experiments

Example 1. We consider the numerical Let Hy = Hp = L2[0,1]. Define the mappings A, B,
and T by Tx(t) := x(t), Ax(t) := @ and B(x)(t) := 2"T(t)for all x(t) € L2[0,1]. Then
it can be shown that A and B are monotone operators, respectively, and the adjoint T* of T is
T*x(t) := x(t). For simplicity, we choose &, = =3, v, = ;3 in Algorithm 2 for all n > 1. We
consider different choices of initial functions xo(t), x1(t) and 6, = 0.5+ (anU; 0; 1. Inaddition,
| 2p51 — xn|| < 10710 is used as stopping criterion.

Casel: «xo(t) =t,x(t) =28
Casell: x((t) = e, x1(t) = 2sin(5t);
Caselll: x((t) =e !, x1(t) = 2¢.

It is clear that our algorithm is fast, efficient, stable, and simple to implement. All
the numerical results are presented in Figures 1-3 under different initial functions, and
the number of iterations and CPU run time remain almost consistent, which are shown
in Table 1.

—o—Algorithm 3.1 —o—Algorithm 3.1
—6—Algorithm 3.2 —6—Algorithm 3.2

1
0.8
E0.6
hy
=" 0.4
0.2
0 5

Number of Iteration(n)

1
—o—Algorithm 3.1
—6—Algorithm 3.2 1 0.8
2
: x 0.4
0.2
o o 0 o o 0 o o
10 0 5

15 0 5 10 15
Number of Iteration(n)

10 15
Number of Iteration(n)

Figure 1. Three initial cases for 6, =0.5+1/(n +1).

1 1
—6—Algorithm 3.1 —6—Algorithm 3.1 —6—Algorithm 3.1
0.8 —o—Algorithm 3.2 1 —o—Algorithm 3.2 0.8 —o—Algorithm 3.2
SF06 = F08
T T T
=04 =05 =04
0.2 0.2
0 o o 0 o o 0 o o
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10

Number of Iteration(n)

Number of Iteration(n) Number of Iteration(n)

Figure 2. Three initial cases for 8, = 1.

15
—o—Algorithm 3.1 —6—Algorithm 3.1 —6—Algorithm 3.1
1 —6—Algorithm 3.2 —6—Algorithm 3.2 1 —6—Algorithm 3.2
pr— pr— 1 pr—
=4 =4 =4
X x x
¥ ¥ ¥
%= 0.5 <= <= 0.5
0 - o 0 o 0 F=X O
0 5 10 15 20 0 5 10 15 20 25 0 5 10 15 20

Number of Iteration(n)

Number of Iteration(n) Number of Iteration(n)

Figure 3. Three initial cases for 8, = 0.
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Table 1. Time and iterations of Algorithms 1 and 2 in Ex.1.

. Case I Case II Case III

Algorithm (sec.)/(n) (sec.)/(n) (sec.)/(n)

0,=0 Algorithm 1 4.26/16 4.75/18 4.78/18

Algorithm 2 4.80/18 9.35/20 1.67/22

6n =05+ iy Algorithm 1 419/12 4.96/12 427/12

Algorithm 2 4.23/16 16.37/18 10.69/18

0, =1/(n) Algorithm 1 2.56/10 2.63/10 2.60/10

Algorithm 2 3.17/12 3.25/12 3.25/12

Example 2. We consider an examplewhich is from the realm of compressed sensing. More specifi-
cally, we try to recover the K-sparse original signal x( from the observed signal b.

Here, matrix T € R™*", m << n would be involved and created by standard Gaussian
distribution. The observed signal b = Tx + €, where € is noise. For more details on signal
recovery, one can consult Nguyen and Shin [31].

Conveniently, solving the above sparse signal recovery problem is usually equivalent
to solving the following LASSO problem (see Gibali et al. [32] and Moudafi et al. [33]):

mingcs | Tx — b
st ||lx]|1 < ¢,

where t is a given positive constant. If we define

Al) = | (s <=y u) <0}, ify € RY,
D, otherwise,

{Rm, if x=b,

@, otherwise,

then one can see that the LASSO problem coincides with the problem of finding x* € R"
such that
0€ A(x*) and 0 € B(Tx").

During the operation, T € R™*" is generated randomly with m = 215,27, n = 216,28
xo € R" is K-spikes (K = 100,50) with amplitude +1 distributed throughout the re-
gion randomly. In addition, the signal to noise ratio (SNR) is chosen as SNR = 40,
ay, = 0.5+1/(10n + 2) in two algorithms and 7, = 1/#n in Algorithm 2. The recovery
simulation results are illustrated in Figure 4.

Moreover, we also compare our algorithms with the results of Sitthithakerngkiet et al. [21],
Kazimi and Riviz. [22], Byrne et al. [5] which have no inertial item and Tang [34] with a
general inertial method.

For simplicity, for Algorithm 3.1 in Sitthithakerngkiet et al. [21], the nonexpansive
mappings S, are defined as S, = I, D = I, { = 0.5, and u = 0.1, the parameters
Xy = %H and B, = 05— ﬁ. For Algorithm 3.1 in Sitthithakerngkiet et al. [21],
Kazimi and Riviz [22], and Algorithm 3.1 in Byrne et al. [5], the step size ¥ = %, where
L = ||T*T||. For Algorithms 3.1 and 3.2 in Tang [34], the step size is self-adaptive, and
oy =0.541/(10n 4 2), v, = 1/n. The experiment results are illustrated in Figure 5 and
Table 2.
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Figure 4. Numerical results for m = 2'°,m = 2'°, and K = 100.
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157 157
—o True —o True

16 @®¢ |— Algo.3.1-Tang 1799 ¢ Q —o Algo.3.2-Tang
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Figure 5. Numerical results for m = 27, m =29, and K = 50.

Table 2. Comparisons of Algorithm 3.1, Algorithm 3.2, and Algorithm 3.1 in Sitthithakerngkiet [21],
Algorithm 3.1 in Byrne [5], Algorithm 3.1 in Kazimi and Riviz [22], and Algorithms 3.1 and 3.2 in
Tang [34].

DOL Method Iter (n) CPU Time (s)
104 Algorithm 1 3 0.019
Algorithm 2 65 0.19
Algorithm 3.1-Tang [34] 3 0.14
Algorithm 3.2-Tang [34] 35 2.26
Sitthithakerngkiet [21] 78 0.12
Byrne et al. [5] 2 0.01
Kazimi and Riviz [22] 48 0.08
10-° Algorithm 1 3 0.017
Algorithm 2 102 0.24
Algorithm 3.1-Tang [34] 8 2.37
Algorithm 3.2-Tang [34] 76 2.78
Sitthithakerngkiet [21] 1272 3.03
Byrne et al. [5] 3 0.013
Kazimi and Riviz [22] 503 0.74

From Table 2, we can see that our Algorithms 1 and 2 seem to have some competi-
tive advantages.

Compared with the general inertial methods, the main advantage of our
Algorithms 1 and 2 in this paper, as mentioned in the previous sections, is that they
have no constraint on the norm of the difference between x,, and x,_; in advance, and
no assumption on the inertial parameter 6, so it is extremely natural, attractive, and
user friendly.

Moreover, when we test Algorithm 3.1 of Sitthithakerngkiet et al. [21], Algorithm 3.1
of Byrne et al. [5], and Kazimi and Riviz [22], we find that the convergence rate depends
strongly on the step size 7, which depends on the norm of linear operator T, so another
advantage of our Algorithms 1 and 2 in this paper is the self-adaptive step size.

5. Conclusions

We proposed two new self-adaptive inertial-like proximal point algorithms
(Algorithms 1 and 2) for the split common null point problem (SCNPP). Under more
general conditions, the weak and strong convergences to a solution of SCNPP are obtained.
The new inertial-like proximal point algorithms listed are novel in the following ways:
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(1) Different from the average inertia technique, the convergence of the proposed algo-
rithms remain even if without the term below:

(9]
Onl|xn — xnlez < 0.
n=1

They do not need to calculate the values of ||x, — x,_1]| in advance if one chooses the
coefficients 6, which means that the algorithms are easy to use.

(2) The inertial factors 6, can be chosen in [0,1], which means that 6, is a possible
equivalent to 1 and opens a wider path for parameter selection.

(3) The step sizes of our inertial proximal algorithms are self-adaptive and are inde-
pendent of the cocoercive coefficients, which means that they do not use any prior
knowledge of the operator norms.

In addition, two numerical examples involving comparison results have been ex-
pressed to show the efficiency and reliability of the listed algorithms.
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