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Abstract: In this article, we present a nonlocal Neumann boundary value problems for separate
sequential fractional symmetric Hahn integrodifference equation. The problem contains five fractional
symmetric Hahn difference operators and one fractional symmetric Hahn integral of different orders.
We employ Banach fixed point theorem and Schauder’s fixed point theorem to study the existence
results of the problem.
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1. Introduction

Quantum calculus is a study of calculus without limit that deals with a set of non-
differentiable functions. It has been used in many studies such as approximation problems,
particle physics problems, quantum mechanics, and calculus of variations. The g-calculus,
one type of quantum calculus initiated by Jackson [1-5] has been employed in several fields
of applied sciences and engineering such as physical problems, dynamical system, control
theory, electrical networks, economics and so on [6-14].

Later, the motivation of quantum calculus based on two parameters g, w was presented
in 1949. W. Hahn [15] introduced the Hahn difference operator which is a combination
of two well-known difference operators, the forward difference operator and the Jackson
g-difference operator. In 2009, Aldwoah [16,17] defined the right inverse of D, in the
terms of both the Jackson g-integral containing the right inverse of D; and Norlund sum
contaning the right inverse of A, [18]. Moreover, Fractional Hahn operators [19] was
introduced in 2017. These calculus are also employed in many research works [20-31]
including the studies of initial and boundary value problems [32—40].

For symmetry of Hahn calculus, Artur et al. [41] introduced symmetric Hahn dif-
ference operator in 2013. Recently, Patanarapeelert and Sitthiwirattham [42] introduced
fractional symmetric Hahn difference operator. However, the study of the boundary value
problems for fractional symmetric Hahn difference equation in the beginning, there exists
only one paper on this subject [43].

The main motivation for this paper is to enrich the literature on the boundary value
problems for fractional symmetric Hahn difference equations. We study the boundary
value problem involving functions F and H which separate fractional symmetric Hahn inte-
gral and fractional symmetric Hahn difference, and the boundary condition is a Neumann
boundary condition that is assigned values at two non-local points. In this paper, we aim
to employ this recent work to study solutions to a boundary value problem for fractional
symmetric Hahn integrodifference equations. Our problem is a nonlocal Neumann bound-
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ary value problems for sequential fractional symmetric Hahn integrodifference equation of
the form

De Db u(t) = /\F(t,u(t),(‘?;,wu)(t))+;¢H<t,u(t),(\~{grwu)(t)), tell,
Dogi(m)u(m) = ¢1(u), (1)
Duga(m)u(na) = ¢a(w), 2 € Iy, — {wo, T}

where I, = {qkT+w[k] tk e NoyU{wo}, a,B,7,v,601,60, € (0,1], w>0; g € (0,1);
Au € RT; F,H € C( xR xR,R) and g1,8 € C( qw,RJr) are given functions,
¢1,¢2 : C(I] ,,R) — Rare given functionals; and for ¢, ¢ € (L7, X I, [0,00)), we define
the operators

—~ 'yf]

(Fraon) (1) = (f;’,wu)(t)=~q@ [ (t=5)  oltoga ) w(ofa (o)) dyes,

Lg(7) Jeo g
—v ¢ —v—1
(Vouu) (8) = (Db ) (1) = FZ((:) /w 0 (t—s)w P(t, 05571 (s)) u(o; 71 (s)) dgos.

We first transform this nonlinear problem (1) into a fixed point problem, by in view of
a linear variant of (1). When the fixed point operator is accessible, we use the classical fixed
point theorems to find existence results. To study the solution of problem (1), we recall
some definitions and basic knowledge, and we also study some properties of fractional
symmetric Hahn integral that will be used in our main results in Section 2. In Section 3, we
present the existence and uniqueness of a solution of problem (1) by using the Banach fixed
point theorem. The existence of at least one solution of problem (1) is also investigated
by using the Schuader’s fixed point theorem. In the last section, we give an example to
illustrate our results.

2. Preliminaries
2.1. Basic Notions and Results

In this section, we introduce the definitions of fractional symmetric Hahn difference
calculus and its properties [41-45] as follows.

k
For0<g<1l,w>0,wy= and [k]; = 1172 , we define

=%
2k
mq _ 11 _‘22 = [k]qz, ke N
1, k=0,
N m[](/:_ﬁ 1 :15[1_7‘121 keN
K, = q q Y gl
1, k=0

The g, w-forward jump operator is defined by
af,‘lw(t) = qkt + w[k]q,
and the g, w-backward jump operator is defined by
t—wlklg
qk

7

Obw(t) =

where k € N.
Forn € Ny := {0,1,2,...}, and 4,b € R, the g-analogue of the power function is
defined as

(a—b)gzzl, —b)g = I:[a—bq
i=0
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the g-symmetric analogue of the power function is defined as

a— agl’jl(b)].

,a#0,
01— (g)qaﬂ
o o 11— (%)q21+1
a—"b), =a" a#0,
( )q g 1_ (%)q2(a+z)+1 7
— — a o 11— (m)qziﬂ
x . . . N _ « a—wy
(2 =8 = (2= wo) = (b)) = (2 0) - () # .
- a—w
Particularly, af = @ = a* and (a—wp),,, = (a—wo)*if b = 0. fa = b, (0)f =

@?Z(/‘;EJ/);,M =0fora > 0.
The g-symmetric gamma and g-symmetric beta functions are defined as

1 L
) (- _ (-9 xeR\{0,-1,-2,...}

x=1
q

L) = { @~ O
[x — 1}‘7!, x eN,
~ Uyt L)
— 1 = _ L)1y
By(x,y) := /0 (q s) (1—s), dgs Pty

respectively.

Lemma 1 ([42]). Form,n € Nygand « € R,
—_~— o _ 0 &
(@) (x—0o,(x), = (x—wo)(1—g"),
—_~— o

q,w
(b) (0 (x)) = 0fo(x)), , = 4" (x — wo)* (1 —g"~™),.

Definition 1 ([41]). Forq € (0,1), w > 0, and f is a function defined on IqT, w C R, the symmetric
Hahn difference of f is defined by

5 _ floge(®) = flpgw(t))
Dq,wf(t) = quw(t) — pq,wq(t)

Dyf(wo) = f'(wo) where f is differentiable at wy.

t e Iqjjw —{wo},

Dy f is called g, w-symmetric derivative of f, and f is q, w-symmetric differentiable on I .
For N € N, Dfl‘fwf(x) = Dq,a,Dé\,’(;1 (x) where D,?,wf(x) = f(x).

Remark 1. If f and g are q, w-symmetric differentiable on I% wr
(@) Dgwlf(t) +8(1)] = Dgwf(t) + Dgwg(t),
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(6) Dywlf()8(t)] = f(pgew(t))Dgwg(t) + g(0g.0(t)) Dywf(t),
t

t

> f(t) 8(pgw(t ))Dq,wf( ) = f(pg.w(t)) Dgwg(t)

() Pre {g(t ] 8(0g0(£))8(04,0(1))  8lPae (g l8)) 70
(d) Dgw[C] =0 where C is constant.

Definition 2 ([41]). Let I be any closed interval of R containing a,band wyand f : I — Rbea
given function. The symmetric Hahn integral of f from a to b is defind by

/abf(t)ziq,wt:: /;f(t)d“q,wt—/‘;f(t),quwt,

and

o (1) :/x F(O gt == (1 g2)(x — wp) ZqZkf( 2w, el

wo

where the above series converges at x = aand x = b. For N € N, IN wf(x) = fq,wfé\fujlf(x)
where fg,wf(x) = f(x).

The following is the relation between the symmetric Hahn difference and integral.
C wiq,wf(x) = f(x) and Z],w[)q,wf(x) = f(x) = f(wo).

Remark 2 ([41]). Leta,b € I, , and f, g be symmetric Hahn integrable on IqT, w- Then,
a) [7f(t qwt =0,

b o SOyt = = Jy f(Ddgot,
Jo £
J

( f(#)

(b) J, f(t)d

(¢) f(t)d, wt—ff qwt—l—ff dgt, CGIqu,a<c<b
( (

(

=N &N & 3

d) [af(t) + Bg(t) dq,wt—zxfaf dqwt—l—ﬁfg )gwt, @, B ER,
e) fa [f(P wl(t ))Dq,wg(t)] Jq,wt = [f( )g(t )]b - fﬂb [g(aq,w( ))Dq,wf( )] Jq,wt-

Lemma 2 ([41]). [Fundamental theorem of symmetric Hahn calculus]
Let f : I — R be continuous at wy. Then,

@h

F(x) := f()qwt xel

is continuous at wo and D, ., F(x) exists for every x € g, (I) := {qt +w : t € I} where

Dq,wl:(x) = f(x).
In addition,

/b Dyf(t)dgwt = f(b) — f(a) forall a,b € 1.

Lemma 3 ([42]). Let0 < g <1, w > 0and f : I — R be continuous at wy. Then,

Pt _ _
/ £(s) wsdqwr = q f(gs + w) dy,wr dg,ws.
wp Jwo

wy Jgs+w

Definition 3 ([42]). Let a,w >0, 0 < g < 1, and f be a function defined on Ig: w- The fractional
symmetric Hahn integral is defined by

~ Q) gt el -
Zuf 0 = 2 [ =g £(0501(6) s
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l"q(zx =0 qw
(1- gD (- wo)* & x o a
- 4 1 — g2k+1 +a (g
T, Lra (1=g21), i)

and I0,f)(t) = f(t).

Definition 4 ([42]). For a,w > 0, 0 < q < 1 and f defined on IqT/ w- the fractional symmetric
Hahn difference operator of Riemann-Liouville type of order « is defined by

Diuft) = DRI
(7"() b o—~— —a—1
1z —a—1 7
iy o (i (o370

D) f(t) = f(t)
where N—1<a <N, NeN,
Lemma 4 ([42]). Let a,w >0, 0 <q <Tlandf:1I], — R. Then,
I8 DE o f(8) = f(B) + C(t —wo)* ' 4+ Cot —wo)* > + -+ - + Cn(t— wo)*
forsome C; e R,i=1,2,... Nand N—1<a < N for N € N.

Lemma 5 ([46] Arzeld-Ascoli theorem). A set of function in Cla,b] with the sup norm, is
relatively compact if and only if it is uniformly bounded and equicontinuous on [a, b].

Lemma 6 ([46]). If a set is closed and relatively compact then it is compact.

Lemma 7 ([47] Schauder’s fixed point theorem). Let (D, d) be a complete metric space, U be a
closed convex subset of D, and T : D — D be the map such that the set Tu : u € U is relatively
compact in D. Then the operator T has at least one fixed point u* € U: Tu* = u*.

2.2. Auxiliary Lemmas

In this part, we establish some lemmas that are used to prove our main results.

Lemma8. Let g € (0,1),w > 0and n > 0. Then,

n

£ t N
dgws =t —wo and (s —wo)" dgws = T (t — wo)™ ™.
@o @o [n+1],

Lemma?9. Let a, >0, g € (0,1) and w > 0. Then,

(i) fcio (t—s)q’w qu,ws = M,

. el B .
(it) f(f}o (t - S)q,w (‘71?,271 (S) - wO) dq,ws = l]'xﬁ(t — wo)“+ﬁBq(ﬁ + 1,06),
a—1 B 5

a—1 &a—1 D(‘B
(iii) fj}o fgg"“ ®) (t=5)gw (ag‘,z,l (s) — r)qw Aot dpws = [‘%} (t— o) "PBy(B+1,a).
' q

NE

Lemma 10. Let «,B8,0 >0, g € (0,1) and w > 0. Then,

—~— —f—1 B—1 . )BT
@ oy = 9)gu (07871 (6) —w0)" dyus = 5By (B, -0),
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¢ szfl(x) — —0-1 —6-1 E B—1 a—1 _ -
O A N R ol (x)—s)w (ofe (s)—wo)w 0y o5y o
— e B, ) By + B, —6)
= e i By (@ B)By(a+ B, —6),
RNt e = g =
W q,w _ —u— _ —
© Lo S G = (870 - %), (o' () =)
Jq’ws jq,wx Jq’wy
_ ()Pl 5

- mEq(a + 1,‘B)Bq(0( + ,B + 1, 79)

Proof. We use the definition of g, w-symmetric analogue of the power function, Lemma 1
and Definition 2 to obtain

) —6
— (1—ad*)(t — 25 (4 _ LA+ —0-1( 2414\ p-1
(=) o) L (t-equ'®), (a7 (o7 ()~ w)

00 ) —0— p-1
= g D1 — g?)(t — wp)P? 12q2](1—q2]+1) (q 1q2;+1)

j=0

f(p—1 o-1 [ 0 1 1
= g N =) [ (129),, (719 s
0

o ’
L ) )
— P B ) [ (5870 ) T
B R,

@ [ [ Z"ﬁ’ﬂx) (o0t ) - x)q,:(az?,ﬁ; - s):wldi,,ws Tyt dyay
- [ [ [ ) (- s):;lgq,wsdq,wx] iy
el I o 5 I R

t—w 0(+ﬂ—9~ _
= MBAHW%(HBH,—@.
q

O

2.3. Lemma for Linear Variant Form

In this part, a solution of a linear variant form of the problem (1) is investigated as
shown in the following lemma.



Symmetry 2021, 13, 2303 7 of 17

Lemma 11. Let Q # 0; w > 0; g € (0,1); &, 8,601,602 € (0,1]; h € C(I],,R) and g1,82 €
C(If ., RT) be given functions; ¢1, ¢ € C(I ., R) — R be given functionals. Then the problem

g
Df;‘,wf)g,wu(t) = h(t), tel,,
Dgfwgi(ﬂi)u(ﬂi) = ¢;(u), n € I:;:w —{wy, T}, i=1,2, @)

has the unique solution

_ p—1
u(t) = (420490, ] — A1Oafn, 1] L2V
, g® ot —~—p1, 5 a1
~[B201[¢1, ]—Bloz[cpz,hnm L 9 (' (6) — o) dys @)
6+ ol 1, o (L o
q 7 B-1 e
TT@,6) /wo/ g (‘T‘W (*) _S)q,w h(o5' (5))dgwsdg .

where the functionals O1[¢1, ], Oz[¢o, h] are defined by

9

)+ 2! Oq Pl x) —~— —6,-1
. q f] q
Oulgn ] i=g1(u) = b ( S / (1 =Y %

— ﬁ
—61—1 - ‘B—l —601—1
Ogw —x Ohw () —s T X
(") =) (ohe' @) )W a1 (o w)
h(U’;Z,l (s)) dgwsdy, wxdq wls 4)

( 2)+ 2 ) o u) - 0’ w0 x) —~—— —6—1
Os ¢, h] := (1) — F (q / /q /q (m=¥)gw *
q

—_~—

/S 1
—02—1 BT, —6,—1
05w — X 0w (X)) —S 0w X
(') =), ( fo' (x) )W ACra)

and the constants A1, Az, By, Bo and Q) are defined by

1 m —— =6-1, g 1 a—1
A= s [T oo (e — ) (7)) s ©
q 0
1 2 ——~— 01, _p 9 a1 -
A ::f( 92)/ (12 =8)40 (‘Tﬂf“’z (S)fwo) 82 (0‘4‘?’2 (s ))dqws @)
’1
+ g ‘qu7 —— =6, -1 61 -1
:: / / )qw (Uqw (x) _s>qw X
Uq]g,l 1(s) wo)qwg (0;31 (x ))Jq,wsch,WX, 8)
Uqw —92—1 _ ﬂfl
/ L, g (@) —s)
a—1 - - ~
(aqf} l(s) —wo)q/wg (aqf} Y(x ))dq,deq,wx, )
Q) = AB; — AB,. (10)

Proof. From (2), we take a fractional symmetric Hahn integral of order « and find that

(g) t —~—ua—1 -
) a— q n—
Dg,wu(t) =Co(t —wo)* 1+ Fy() /wo (t=$)gw h(a,wl (s)) dg,wS- (11)
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Taking fractional symmetric Hahn integral of order 8 for (11), we obtain

B
B Cogd) ft ——p-1, ,_ a—1_
u(t) =Cy(t —wo)P~1 + ~0q / (t=8)gw (Uqﬁlwl(s) —wo) dg,ws
wo

I4(B)
G+ o) B-1, s AL o
e [ g (0 =) (081 9)) dyesd 12
e AN G R I C R LR 12
Next, we take fractional symmetric Hahn difference of order 6;, i = 1,2 for (12). Thus,
we have
()t —~— 1 -1 G+3
~6; _ G2 / gt —o-10y_ ., \Pg Cog 2™ 2
Difant) = £y o = o (77O =) dpas + g
U'qw 79,~71 9/—\_/ B-1 1 a—1 _ -
/w / e (aqw M) —s) (o ()~ w0)” dpasden
( Uqw O’qw x) —_—~— 79,‘71 _G:\/ E
T, /m/ / (=90 (a0 %),
((7’5:(\3;)/—5) h(o® ) (s))dy wsdy wd, (13)
qw g quSlqwXigwy-

Substituting i = 1,2 into (13) and employing the condition of (2), we have

A1Co + B1Cy = Oq[¢y,h], (14)
ArCo+ BCp = 02[472,}1]. (15)

Solving the system of Equations (14) and (15), we get

B0y [¢, h] — B,O1[¢1, H] and Cp = ApO1[¢1,h] — A10; (¢, ]

Co = 0 0

where O1[¢1, h], Oz[¢2, h], A1, Az, By, B; and Q) are defined as (4)—(10), respectively. Substi-
tuting C;, C; into (12), we obtain the solution (3). The converse can be proved by direct
computation. The proof is complete. [

3. Existence and Uniqueness of Solution of the Problem (1)

To consider the existence and uniqueness of solution to the problem (1), we use Banach
fixed point theorem.

LetC =C (IqT wr R) be a Banach space of all function 1 with the norm defined by
lulle = lull + Dl

where |Ju|| = max {|u(t)|} and HDg,wa = max ||(D;,wﬂ)(t)“' An operator A:C — Cis
te qw t Iq,w

defined by

(Au)(t)

= (A0 [pr, Fu + Hy] — A1O3 (2, Fu + HJ)

_[BZOT [471/1:14 + Hu] - Blo§[¢2/Fu + Hu” g

G+6) Bl

it L [ o (e s)”[AF( o) u (o2t 9)),
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¥ (082(5)) ) + pH (0851 (5), 1 (0851 (5) ), Voo (a;,;l(s)))] 05y o (16)
where the functionals O} [¢;, F, + Hy|, i = 1,2 are given by

O} s Fu+ Hi
(rw (Tw X) —~—— —0;— -1
T - / [ 1(0,;5f-1<y>—x) )

+uH (0251(5),u (0851 (5) ), Voo (082 (s )))]ch,wsdq,wxchlwy, (17)

and the constants A1, Ay, By, By, () are given in Lemma 11.

To prove the existence results to the problem (1), we first convert the given nonlin-
ear problem (1) into a fixed point problem. If the operator 4 has fixed point, then the
problem (1) has the solution.

Theorem 1. Assume that F,H : I%w xRxR — R, and g1, : IqT,w — R are continuous,
and ¢, : I}, x Iy, — [0,00) are continuous with ¢y = max {¢(t,s)} : (t,s) and o =
max {(t,s) }. Suppose that the following conditions hold:

(Hy) There exist positive constants M; such that for each t € I,{w and u;,v; €R, i=1,2,

‘F[t,ul,uz] — F[t,vl,v2]‘ < M |ug — o1 |+ My |uz — 03]
(Hy) There exist positive constants N; such that for each t € I,{w and u;,v; €R, i1 =1,2,
‘H[t,ul,uz} — H[t,vl,vz]‘ < Ny |ug — v1| 4+ Na|up — v3].
(H3) There exist positive constants w; such that for each u;,v; € C, i = 1,2,
[91(1) = 91(2)| < wrllu—ollc and |go(u) — 92(0)| < wallu —llc.
(Hy)Foreacht € I;w, Qi < gi(t) < G, i=1,2

(H5)E = Lx + w10} + w307 < 1,
where

— @ (T —wo)”
L: )\|:M1+M2§00q2 (’)f—l—l)

@) (T—wo)** P wepvy (T —awp) P

|+ 1[Nt + Nayoq 2 (;zlafl_)] (18)

x:=q'2 m q et p—v+l) + G19105 + G, P, 07 (19)

o, ::q(ﬁf;ef) ~(771‘ —wp)* P =172 (20)
Lyla+p—0;+1)

Q) =01 + 0, (21)

@ =0, + O, (22)

gD (@) (T — wp)* -

0, :=(T— p-1 Aq| + _
1= (T = wg) " ma |4 e

max | By | (23)
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Fq(ﬁ
. T (IX) atp—v—1y_ (.
T — wonatpv—1___a\%) )—(a—1) B 24
+ (T — wo) F((x+ﬁ—v)q 2 max | By | (24)
q
O H@DBE () (T — wa)a+B-1
Oy := (T — wp)P ' max | Ay | + T lj(<0‘::—( B) “) max |By| (25)
_ r -
1= (T 0 P g 300 max
(T — gty L) e ey (26)
Fyla+p—v)

Then, the problem (1) has a unique solution in I‘% w-

Proof. Foreacht € IEZ »and u,v € C, we find that

v gV (I)Oq@) f /:/7 ! y—-1 _ -1 7
‘{’q’wu ‘I’q,wvlg e /w (t s)qw ’u(aq,w (s)) U(Uq,w (s))’d%ws

rq('Y)
gollu —ollg? /T Tl
< - e T— d
- La() wo( S)q'w o
_ g T —wo)” 27
Poq'2 L7+ 1) (27)
Similary,
-n (T — w )_V
0 ou— Yo = pogt ) L) 28
ot = Vo] = o0d D5 28)

we obtain

0791, B+ Hu] — OF [, Fu + Fl

< Ipyfu) - <>|+fq(‘7(z ol /”“’ Y
s 1<y>—x)fj(a$w1<x>—s)% si(omd 7 ) ¢
[A}'|u — 9 (ag‘,;l (s)) + uH|u — o ((T;,; (s))} dgwSdywxdy,wy
< willu ol
( {Ml\u—v|+M2|‘quu ‘T’g,wvﬂ+y[N1|u—v|+N2|Ygrwu—Ygrwv|D><

a+p—0;

Gig' 2 (i —wo)* P
To(a+p—6;+1)

(T — wp)” (T — o)™
(oo s B v ) )

IN
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(Hg K ) (771 — wo) +,3_91

Gid_ lu—vllc

Tyla+B—06i+1)

Gig" " ") (s — wo) B

Ty(a+p—0,+1)

— (w;+£)51 = llc, (29)

for i = 1,2. Therefore,

(Au) () — (Ao) (1)

(T —wp)P!

< T{’Az“(ﬁ [¢1, Fu + Hy) — O7[¢1, Fo + Hy] + \A1|‘O§ [¢2, Fy + Hy]

q 2 ﬂfl ~
} T8 Jup T S (909 — 0 s
{|Bz|\ot #1,Fu + Ha] = OF[1, Fo+ Ho] + B1]| O3 (2, Fu + Hu) = O3[go, Fu + Ho)

2)7L 2) Uqw (x> B—1 a—1
Fy(a) + T4(B) /wo/ g (' () _S>q,w 8
[mu —0|(0821(5)) + pH|u — 0] (055" () | dyosdyx

_1 B _0
Lq®+B+ap (T = wo) ™ | (T= w0l 1 oy + £Gy ™ = wp)*HP—b
Tya+p-1) Q] et p—0,+1)

9™ TVPE (0) (T — )P
Q@ +p)

}””_UHC

oo )t

- 03 [‘PZ/ Fy + Hv]

j

IN

gy (1 = )P0
+|A + LGy 2 )
| 1'(“’2 2 Tt p—0,11)

L — a+p—0
|B2| w1 + Equ( +52 91) ~(771 CUQ) B—61
Ty(a+p—6+1)

gy (= )P0
+|B + LGyl 2 )
| 1(“’2 2 T (atp—6+1)

_ gl (M@ (T —w)f !
Ly +B+1) Q|

B _1)B+ _
bl Gog ) (2 )P N g O, () (T — o) P
Lja+p—64+1) 1O (x4 B)
B0 — wy)¥TB—6 wtp—o — wy)¥ B0
|B2|G1q( +2 1)1:(;71 C(JO) + |B1|G2q( +2 2) ~(;72 (U(])
gla+p—01+1) Igla+p—02+1)
B -
t— wp)P1 O+@=DBT (4 (T — wp)e 1
+ Em 0y wnlag ) + ] 1T = 0 Bal 4+ walBi]) b x
1O Q[T (a + B)
q
|u—2llc
— B
_ 38y (T —wo)*™F _
{ﬁ [q 2 fq(zx n IB n 1) + G190, + G2q>2®1} + w107 + wyb ||Ll Z)Hc. (30)

Take fractional Hahn difference of order v for (16). Then, we have
(Dj o Au)(t)

)
= [A20i[p1, Fu + Hy] + A105[n, Fy + Hy) | —0—— x
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(D

<

T
{efet AL e

P~ 1 B-1_
—v-1
/wo (t=5)gw ((TWZ (s) — wo) dg S
B,O*[¢1,F, + H,| + B;O% ¢, F, + H. g
_[ 2 1 [4)1/ u + u] + 1 2[4)2/ (Y + UH qu(ﬁ)fq(—v) X

X) /—\_/ —v-=1 13_1 1 a—1 _
-1 P2
/wo/w g (0'[7’(1/} (x) —s)q’w (U'qﬂ,w (s) —wo) dqwsdqwx

“()2)+((2))+(() )/t/ () /(:w](x) (t/—\;);:z;l(aﬂfl(}/)_xy;
1

+qu(
(o)

{/\F[U“ (5), w(@21), (¥t (1)

+puH[og (s), u(ag ), (Y wu)( gwl)]}jq,wsjq,wqu,w]/'

Similary,
0.0 Au) (t) — (D, Av) (1))

{142]105 [¢1, Fu + H] — O[g1, Fo + Holl + |411|03 19, Fu + Hu] — O3[¢2, Fo + Ho) |} x

(EV) T —~———~ —v—1 o B
i L T (76 =) s

+{|Bz||0ﬂ¢1,a + H] - 01‘[4>1,Fv+Hv]| + |B1[|03[¢2, Fu + Hu] — O3[¢2, Fo + Ho] | | x

o T (o) )
|Q\1‘q /wo/w qw ((qu (x) _S)q,w (‘Tq,w (s) _w0> danquwx
Al 1, (B 1

+rq( /wO /w / (T=Y)gw ((qu (y) —x)w (aq,w (x) _S)W

AF|u— v| (a (s)) + uH|u — vl (0,7,«, (s))]tfq,wsrfq,wxzfq,wy
{ [ R woft P (T Talf) (F)-v(p-1)

r,,a+/3—u+1) Q)] f,(B—v)"

ety (= o)

atp— _ x+p—6,
|A2/Gag' Ay Gag B L2 )P
Tya+p—06,+1) Lj(a+p—6,4+1)
(T o) tp—v—1 Ly(w) ()~ (1) o
IO\ Ty(a+p—v)
a+p— _ a+p—0 B _ a+B—6
|By|Giq' " 91)f(131 +C;O) Gﬁ—i— 1) +[B1]Gag' B 92)f(’zz +(;0) 9/:_ i))
q\& ! q\& — v
(T—wo)ﬁ*‘/*l fq(‘B) () —v(B=1) (T_wo)ﬂbl*ﬁ*l/*l
LT e L

f (s —V—
@) e ]><“1><w1|Bz|+wz|Bl|>}||u—v|c

= G190, + G 2,0 [¢] Oy ¢llu —olle.
F(uc+[3—v+1)+ 19102 + P2 1}+w1 2+ w2 1}||u vlle

From (30) and (32), we find that

[ (Au)(t) — (Ao) ()l

X

(31)

(32)
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< {g[ (“iﬁ)m (B (T — wp)* A~
Ha+p+1) ! Fa+p—v+1

+@1(8; +82) + wa (@1 + Bn) |u — vllc

+ G (0, + ©y) + Gy, (04 +@1)}

= [LXx + w10; + w07][lu —2]¢
= &fu—vfc. 9

From (H3), we can conclude that A is a contraction. Hence, from Banach fixed point
theorem, A has a fixed point which is a unique solution of problem (1) on IqT, w4

4. Existence of at Least One Solution of Problem (1)

In this section, we further consider the existence of at least one solution of (1) by using
the Schauder’s fixed point theorem as follows.

Theorem 2. Suppose that (Hy),(Hy),(Hy) and (Hs) defined in Theorem 1 hold. Then, problem (1)
has at least one solution on I%w.

Proof. We split the proof into several steps.
Step L. Verify .A map bounded sets into bounded sets in Bg. Let Bg := {u € C(I,% e
lulle < R}, max |F(¢,0,0)] = F, max |H(t,0,0)| = H, sup|¢i(u)] = P; and choose
tell, tell,

ueC
a constant . .
1-Lyx
Denote that
| F(t,u,0)| = ‘F[t,u(t),(‘?;,wu)(t)] —F[t,0,0]‘ + |F[t,0,0]],
|H(t,u,0)| = ‘H[t,u(t), (Yo i) (1)] —H[t,0,0]‘ + [H[t,0,0]].
Consider that
‘O? i, Fu + Hy
(%)+(§)+(7;") i -(Tff]"fl(y) b x) —~— —8—1 0 Bt
q i q, 4, i —0.—1
< P+ = = = / / / P — Oy —x X
l Fq(“)rq(ﬁ) q(*Gi) wqy Jwo wp (171 y)q,w ( e (y) )q/w
o
-1 — 6, _ _ .. .
(Uff,w (x) — s)qw Qi ((T,W 1(y)) {M}"(Ug‘wl(s),u, 0) | + y|7—[((7,‘7",w1(s),u,0) |}dq,wsdq,wxdq,wy
a+p—0;
(1. — con)at+B—0i
< P . v v q° 2 (i — wo)
< Pyt Gi [A(Maful + Ma[¥] | + F) + i (Nufu] + No|Ye ol + H) | PR
(a+ﬁ—9i) o 0(+/579-
q (17; — wo) '
< P+ G;|AF+uH+ L = , 35
< Pt G[AF o pH o+ Ll | T AT s (3)

wherei =1i,2, and

T-w 1 * *
(A < T=e0 |Qf|J) {14105 (1, Fu + Hul | + |A41|03[go, Fu + Hul | |
) T —~— p-1 a1

_1r o (P (s) -
+ QIT,(B) Joo (T —s) (Uq,w (s) wo) dg,wS %

q,w
{1B21|01 g1, Fu + Hu]| + [B1]|O3[gn, . + Hi |}
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g1 — a—1

G+E) T et ) a=1
qi/ /q’ T— p-1 —
TE T B) o Sy L P (o' (@) S)W X

[A]]—"(U“;‘,Zjl(s), u,O) |+ u|H ((7,‘7",;1(5), u,O) |1y c05dq0xdy,wy

aﬁ(T—wo)"‘*ﬁ
< AF+uH+L (LY T L G B0, 4 G20 | + PO, + PO 36
< [AF+uH+ Hqu[q F(a+ﬁ+1)+112+221}+12+21 (36)
Next,
~ at+p—v T—w)a+ﬁ_v — —
DY Nl < (AF+uH+ £ (5 _ 0 G1 D10, + G, ,0
|(DyAu) (5] < AF 4+ pH + ||M|C][q Fatp vy G100+ GOy
+ P©®; + P,0;. (37)

From (36) and (37), we have

[ (Au)(8)|| < [AF 4 uH+ L|ullc]x + P1O5 + P07

R. (38)

IN A

Step II. Since F and H are continuous, the operator A is the continuous on Bg.
Step III. Examine that A is equicontinuous on Bg.
For any t,tp € IqT/w with £, > f1, we obtain

| (Au)(t2) — (Au)(t1))|

a+p

q 2

‘(tz —wo)P = (- wo)ﬁ_l‘

[e]

g&)~@=DBT, (a)
QT (a + B)

{1B2103 (g1, Fu+ Hu) + |B1| O3 [z, Fu + Hu } (39)

(tr — wo)* P — (1 — wo)”’g‘

+

{14210 (1, Fu + Hu) + | 41|03 (g, Fu+ Hul |

‘(tz — wo) TP — (4 — wo)“ﬁ*llx

and

(Dyon) (12) = (D) 1)
g
Tya+p—v+1)

<|AIF| + plH]

‘(fz — wp)* PV — (t — wp) TP
MESRIUEI)
QT (B —v
(142107 (1, Fiu + Hi] + 141103 (g, Fu+ Hul |
q(”ﬁgvfl)*(afl)fq(a)
QT (a+p—v)
{1B2103 g1, Fu + Hu] + |B1|O3 (g2, Fu + Hul }. (40)

+

gﬁ) ‘(tz —wo)P = (t - wo)ﬁ_l‘ X

+

’(tg _ wO)a—i-/S—v—l _ (tl _ wO)a+ﬁ—v—l %

We find that the right-hand side of (40) tends to be zero when |t; — 1| — 0. Hence, A
is relatively compact on Bg. Therefore, the set A (Bg) is an equicontinuous set. From Steps
I to III and the Arzeld-Ascoli theorem, A : C — C is completely continuous. By Schauder
fixed point theorem, our problem (1) has at least one solution. [



Symmetry 2021, 13, 2303 15 0f 17

5. Example
In this section, we provide an example to show our results. We leta = 3, p =
%,Y 21/:4/91*3/92:3/q*%/wzglw(]:%/T:lo//\:e_LL/,u:
e =0t ,(10) = B, 1 = 63, (10) = B, (1) = (r+sint?, ga(t) = (e-+cost),
1
o 7[sin2(2m‘)} [u(t)|+e™ ™ <‘I€ %u> ) _
[ —
Fltu(t), (¥lou) (1)] = & —rs o and H[t,u(t), (Yg/wu)(t)] -
xlf 1
ef[cosz(szrn)] [u(t)|+e™ 2 Y;%u (t)

which are satisfied with the conditions of the problem (1).

) T+ [u(®)]
Therefore the problem (1) is represented by

1
L ] )+ )
D%szzu(ﬂ = 2 : =
33 23 100 + ecos*(27) 1+ |u(t)]
7l~1
cleotzmen] 0]+ e E [T o)
+ — = tel
(t+ ) 1+ fu(t)] 25
1 . (15\\? [15 u(t;
D%(”*“(s>)”<s) = i st € @5 (10)
-2 77\\°> (77 |u(t;)|
3 o o — 1 2 i
D%% (e+cos<48>) u<48> 1000,2 <8 |Tu(t;)], t; € o1, %(10) (41)
—[t—s|
where ¢(t,s) = (t+e Tor " and P(t,s) = (Et+7'[)3'

To investigate the values of My, M, N1, Np, w1, w3, 81,82, G1, Go, £, D1, P2, 01, ©2, OF,
03, x and B, we employ the assumptions (H;)—-(Hs) to get the results as follows.
Forallt € I'9, and u, v € R, we find that

273
_ - 1
|F[t,u, (¥ wu)] — Flt, v, (Fhou)]| < ﬁ|u -]+ T01e n|‘{’qwu Y
_ . 1 1 .
‘H[t, u, (Y4,u)] — Hlt, o, (Yg,wo)]] < vl [Fn - ¥ ’
(g + n) <§ + n) ez

Thus, (H;) and (Hz) hold with M; = 0.0099, M, = 0.000428, N; = 0.01116 and N, =
0.00232.
For all u, v € C, we obtain

[p1(1) = ¢1(0)]] < gl = 0lles 2 (1) = p2(0)]] < gga0 |1 — 2l

Then, (H3) holds with w; = 0.0001353, w, = 0.0001013.
The condition (Hy) holds with g1 = 4.5864, g, = 2.9525, G = 17.1528, G, = 13.8256.
We next find that

@o = 0.01504, 1y = 0.01116, |A;| < 8.6795, |Ay| < 1.83867,
|B1| < 41.5268, |By| < 11.7567 and |Q)| > 1.4668,
and,
£ = 0.000665, ®; = 0.69789, ®, = 4.29227 13, @; = 45.7791, ©, = 12.8606,

O = 164749, ©, = 4.65093, O] = 62.2540, @; = 17.5115 and x = 253.8093.

So, (Hs) hold with E = 0.17746 < 1.
Therefore, by Theorem 1 problem (41) has a unique solution.
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6. Conclusions

We present the new problem involving five fractional symmetric Hahn difference
operators and one fractional symmetric Hahn integral of different orders where the new
concepts of fractional symmetric Hanh calculus were used. By using the Schauder and
Banach fixed point theorems we found conditions under which this problem, respectively,
has a solution and has a unique solution. In addition, some properties of symmetric Hahn
integral are also studied. The results of this article are new and enrich the field of boundary
value problems for fractional symmetric Hahn integrodifference equations. In the future,
we may expand this work by considering a new boundary value problem.
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