symmetry

Article

Phragmén-Lindel6f Alternative Results for a Class of
Thermoelastic Plate

Shiguang Luo !, Jincheng Shi >* and Baiping Ouyang 2

check for

updates
Citation: Luo, S.; Shi, J.; Ouyang, B.
Phragmén-Lindelof Alternative Results
for a Class of Thermoelastic Plate.
Symmetry 2021, 13, 2256. https://
doi.org/10.3390/sym13122256

Academic Editors: Sergei D. Odintsov

and Nicusor Minculete

Received: 1 November 2021
Accepted: 23 November 2021
Published: 26 November 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Applied Mathematics, Guangdong University of Finance, Yingfu Road,

Guangzhou 510521, China; 26-047@gduf.edu.cn

School of Data Scinence, Guangzhou Huashang College, Huashang Road, Guangzhou 511300, China;
oytengfei79@gdhsc.edu.cn

*  Correspondence: shijc0818@gdhsc.edu.cn

Abstract: The spatial properties of solutions for a class of thermoelastic plate with biharmonic operator
were studied. The energy method was used. We constructed an energy expression. A differential inequality
which the energy expression was controlled by a second-order differential inequality is deduced. The
Phragmén-Lindelo f alternative results of the solutions were obtained by solving the inequality. These
results show that the Saint-Venant principle is also valid for the hyperbolic-hyperbolic coupling equations.
Our results can been seen as a version of symmetry in inequality for studying the Phragmén-Lindelo f
alternative results.

Keywords: thermoelastic plate; Phragmén-Lindelo f alternative; Saint-Venant principle; biharmonic
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1. Introduction

Saint Venant principle points out that for any equilibrium force system on an elastic
body; if its action point is limited to a given ball, the displacement and stress generated by
the equilibrium force system at any point where the distance from the load is far greater
than the radius of the ball can be ignored. This principle is widely used in engineering me-
chanics in practice. Many papers in the literature dealt with the study of the Saint-Venant
principle. For example, Horgan and Knowles [1] and Horgan [2,3] studied the Saint-Venant
principle in different equations and different situations. The traditional characteristic of
the Saint-Venant theorem is to derive the energy decay estimates of the solutions. Usually,
these decays are exponential with the spatial distance from the finite end to the infinity.
In order to have some understandings about the study of the Saint-Venant Principle, one
could refer to the papers [4-9]. In recent years, the studies of Saint-Venant principle for
hyperbolic or quasihyperbolic equations are abundant. Especially for the studies of the
spatial behavior of viscoelasticity equations, we could see papers [10-13]. When the spatial
variable tends to infinity, the solution is decreasing. In the research of solution spacial decay
estimates, people often need to add the solutions must satisfy some constraints at infinity.
Many scholars have begun to study the Phragmén-Lindeld f alternative results of solutions.
The advantage of this situation is that there is no need to add constraints on the solutions at
infinity. The classical Phragmén-Lindelo f theorem states that the solutions of the harmonic
equation must grow exponentially or decay exponentially with distance from the finite
end of the cylinder to infinity. Payne and Schaefer [14] extended the study from harmonic
equation to biharmonic equation. They obtained the Phragmén-Lindeld f alternative results
for biharmonic equation in three different regions. Literatures [15-18] studied the spatial
behaviors of biharmonic equations by various methods. In particular, we can see that Liu
and Lin [19] studied the spatial properties for time-dependent stokes equation. They trans-
formed the equation to a biharmonic equation and obtained the Phragmén-Lindelo f results
by using a second-order differential inequality. The abovementioned studies from the
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literature all consider a single equation. Recently, there some new results about the studies
of the hyperbolic equations or biharmonic Equations have been published (see [20-25]).
For studies of other equations using energy method, see [26-29].

The domain we consider in this paper is defined as follows:

Qo = {(x1,x2)|x1 > 0,0 < xp < h}, 1)
with £ is a given positive number. We now give the following notation:
L, = {(x1,x2)[x1 =2 >0,0 < xp < h}. )

In reference [30], the authors studied the coupled system of wave-plate type with
thermal effect. They obtained the results of the analytic property and the exponential
stability of the Cyp-semigroup. The equations are as follows:

p1Up — A — puAuy + AAvs. = 0,
020 1t + YA?vs. + AAu + mA0 =0, 3)
70 —kAO —mAv; = 0.

The model is used to represent the evolution process of a system which contains an
elastic membrane and plate. The plate has an elastic force and a thermal effect (see [31]).
Here u is the vertical deflection of the membrane and v is the vertical deflection of the plate.
0 is the difference of temperature. The coefficients p1, p2, 1, A, m,T, 7y, and k are nonnegative
constants. A denotes the Laplace operator, and A? denotes the biharmonic operator.

In the present paper, we consider the case when 7 = 0. In this case, Equation (3) can
be rewritten as:

01U — A — pAuy + AAvs. = 0, 4)
"2
204 + YA%0 + AAu — TAv’t =0. 5)

We give the following initial and boundary value conditions:

v(x1,0,t) = u(x1,0,t) = uy(x1,0,¢) =0,x1 > 0,t >0,
v(x1, b, t) = u(xy, ht) =up(xq,ht) =0,x0 >0,t>0,
v(0,xp,t) = g1(x2,1),0 < x < h,t >0, ©)
u(0,x2,t) = go(x2,1),0 < xp < h,t >0,
u1(0,x2,t) = g3(x2,1),0 < xp < h,t >0,
v(x1,%2,0) = u(xl,xzfo) = u,(x1,%2,0),0 < xp < h,x1 >0,
where g;(x,t),i = 1,2,3 are the given functions and meet the following compatibility
conditions:
81(0,t) = g1(h,t) = §12(0,t) = g12(h, t) =0,
$2(0,t) = g2(h,t) = £22(0,t) = g22(h,t) =0, )
$3(0,t) = g3(h,t) = g32(0,t) = g32(h,t) =0,
§1(x2,0) = g2(x2,0) = g3(x2,0) =0

We try to establish the Phragmén-Lindelo f alternative results for the solutions of the
biharmonic Equations (4) and (5) under conditions (6) and (7). We firstly define an en-
ergy expression of the solutions, then we derive that the energy expression satisfies a
second-order differential inequality, and finally we obtain the Phragmén-Lindeld f alterna-
tive results of the solutions by solving the second-order inequality. For the inequality is
symmetry, we show the application of symmetry in mathematical inequalities in practice.
Since the system is a hyperbolic-hyperbolic coupling system, how to define the appropriate
energy function will be the greatest innovation in this paper. How to control the energy
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function will be the difficulty of this paper. No similar studies have been found on the
spatial properties for the solutions of the biharmonic equations with hyperbolic-hyperbolic
coupling equations using the second-order differential inequality. In this paper, we use the
comma to represent partial differentiation. , k denotes the differentiation with respect to
the direction xy, thus u , denotes BBTL;, and u ; denotes %—'t‘. The usual summation convection

2
is employed with repeated Greek subscripts « summed from 1 to 2. Hence, uy 0 = Y, Juty

dxy
a=1
The symbol dA = dxjdx;.

2. Energy Expression ®(z, t)

In order to get the Phragmén-Lindelo f alternative results, we must define an energy
expression for the solutions. This expression plays an important role in obtaining our
results. The energy expression will be constructed by the following Lemmas.

Lemma 1. Let uand v be classical solutions of problems (4)—(7), we define the a function ¢1(z,t) as:
! t
¢1(z,t) = %/o /Lz exP(—wU)Mlzﬂdxsz + )\/O /Lz exp(—wn)uv,dxdy. )
¢1(z, t) can also be expressed as:
_wpr [ fF ,
p1(z,1) = T/o /0 /Lg exp(—wn)(z — C)u,WdAd;y
+ &1/2/ exp(—wt)(z — &)u3dA
2 Jo Jig ,
w [t [z
* 2 /O /0 /Lg exp(—wn)(z — §)uaudAdy
s | dA
- b (2 —
+ 2/0 /Lé exp(—wt)(z — &) yth 4
torz
+ H/ / / exp(—wn)(z — &)t aytt ayd Ady
0 JO JLg
ot z
+ /\/0 /o /L exp(—wn)(z — &)uuv,aydAdy ©)
¢
t prz o A
B - A
/0 /O ./Lg exp(—wn)uyuidAdy
t rz
TAw / / / exp(—wn) (Z - C)u,av,adAdT]
0 JO JLg
Z
" A/ / exp(—wt)(z = §)uav,.dA
0 JL;
t rz
A [ 7] exn(= dAd
0 Jo Ji exp(—wi)u,0,dAdy
t pz .
—i-/\w/ / / exP(—wU)uv,1dAd;7 +/\/ / exP(—wt)uv,ldA +k1(z,t),
0oJo Jig 0 i,
where

t t
ki(z,t) = z/ / exp(—wn)uyudxody + E/ / exp(—wiy)uz,idxzdiy
0 JLg 2 Jo Jig ’ (10)

t t
+zy/ / exp(—wn)uyu 1,dxady —|—A/ / exp(—wn)uv,dxdy.
0 JLo 0 JLo
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Proof. Multiplying both sides of Equation (4) by exp(—w#)(z — ¢)u,, and integrating,
we obtain

t prz
O = / / / €xp(_w77)(z - (:)u,q (plulﬂﬂ — u,DllX — ,u”,mxr]
0 JO JLg
+ Av 4 )dAdy

_wpr [ [F ,
N 7/0 /o /Lgexp(_w’?)(z—(f)uﬂdAdq
+ﬂ/z/ exp(—wt)(z — &)urdA
2 Jo Jig ,
w [t [z
+ 2 /0 /0 ~/L§ exp(—wn)(z — &)uqaudAdy
s | dA
w5 ), J ertant-
2 Jo J, exp(—wt)(z = )u il
t rz
B - dAd
/O /0 Ag exp( wﬂ)u,qu,l n
t
+Z/ / exp(—wi’])u,,]ullded;?
0 JLg
t rz
+ ‘u/ / / exP(—aHy)(z - g)u,a}’]u,ar]dAdﬂ
0Jo JLg
11)
CE T el (
2/0 L exp(—wn)uydxydy
+ E /t/ exp(—wU)uz (szd‘;7
2 Jo Ji, M
t
+Z,u/ / exp(_wﬂ)”,nu,lr;dxzdﬂ
0 JL,
t rz
+/\/ / / Exp(—wﬂ)(z - ‘:)M,rxv,mdAdq
0 Jo Jig
t rz
—I—/\w/ / / exp(—wn)(z — &)u v ,dAdy
0Jo JLg
Z ; N
—l—/\/ / exP(—wt)(Z—C)u,av,adA—FA/ / / exp(—wn)uv,dAdy
0 e 0 Jo JLg
: t
_/\/ / exp(-Wﬂ)uv,quzd77+A/ / exp(—wn)uv ,dxody
0z 0 Jig
t rz
+/\w/ / / exp(—wn)uvdAdy

v
+/\/ / exp(—wt)uv 1dA.
0 JLg

By combining Equations (8) and (11), we can get (9). The proof of Lemma 1 is finished. O

Lemma 2. We suggest u and v are the classical solutions of problems (4)—(7), and we define a
function @;(z,t) as:
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paz) = [[ [ expt-con - uadady + o [ [ [ exp(-oon)(z - 2)uu 2aAdy

z t oz
+ V/O /L,; exp(—wn)(z = ) (#,aa)*dA — o1 /0 /0 /L,; exp(—wn)(z — &)u gyu g, dAdy

+p—1/t /Z/ exp(—wn)u?,dAdy — wp; /t /Z/ exp(—wn)(z — §)u gpu,ydAdy (12)
2 Jo Jo Ji; & 0 Jo Ji, PR

z t rz
—pl/ / exp(—wt)(z—g)urﬁﬁu,tdA—/\/ / / exp(—wn)(z — §)u ppvandAdy

0 Jig 0 Jo Jig
+k2(Z, t)r

@2(z, t) can also be expressed as:
o1 (! 2
¢P2(z,t) = —5/0 /L exp(—w;y)u/,?dxzdn, (13)

where
p1z (! 2 '
kz(z,t):—/ / exp(—wn)u,,]dxqu—plz/ / exp(—wn)u,yu,1,dxody.
2 Jo Ji 0 JLg

Proof. Multiplying both sides of Equation (4) by exp(—wn)(z — ¢)u gg and integrating, we
can obtain

t rz
- /0 /o /L exp(—wn)(z = O)upp(P1ttyy — taa = Pikaay + A0aa)dAdy
g
t rz
:p1/ / / exp(_wﬂ>(z—é‘)u,ﬁ”u’ﬁ”dAdn
0 Jo Jig
t rz
_P1/ / / exp(—wn)(z — &)uyu1,dAdy
0 Jo JLg
t
+P1Z/0 /L exp(—wn)u yu,1,dxody
0
t rz
+wp1/ / / exp(—wn)(z — &)u gpu,ydAdy
0Jo Jig
z
-I—P1/O /L exp(—wt)(z — §)ugpudA
' ¢
t rz
7/ / / exp(—wip)(z = §) (u0a) *d Ady
t rz
_W/ / / exp(—wip)(z = §) (u,00)*d Ady
Z
_#/ / exP(_wt)<Z_€)(u,aa>2dA
0 Jig

(14)

t oz
+ /\/ / / exp(—wn)(z — §)u ppvand Ady.
0Jo Jig

By combining Equations (12) and (14), we can get (13).
The proof of Lemma 2 is finished. O
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Lemma 3. We suggest u and v are classical solutions of problems (4)—~(7), and we define a function
@3(z,t) as:

_wpy [P [F )
4’3(2,1‘)—7/0 /0 /Lgexp(—wq)(z—é)vﬂdAd;y
&/2/ exp(—a)t)(z—é‘)vztdxzdn
2 Jo Ji; ,
m2 [tz
+T/0 /0 /Lg exp(—wn)(z — &)v,ay0v,ayd Ady
W t z
+ 77 /0 /0 /Lg exp(—wn)(z — §)v,4pv 4pd Ady
’)/ V4
t E/O /Lg exp(_Wt)U,aﬁU,aﬁdA
t rz
—A/ / / BXP(_wU)(Z—g)U,aqu,adAdq (15)
0 Jo Jig
t rz
sa [ [ epcwnundad
o Jo LgexP( wn)v U n
t rz
_27/ / /L exp(—wi)vuyv ,1dAdy
¢
Z’YKPZCU///exp —wi)v,v1dAdy
Z’YKPZ/ / exp(—wn)vv1dA

ZK/\'Y/ / / exp(—wn)u,v1,dAdy +k3(z,t).

@3(z,t) can also be expressed as:

@3(z,t) = Zk/ / exp( wry)v dx,dy
+2’y/ / exp(—wn)v1,0,1dxody
Zk)w/ / exp(—wn)uv11dxady
7/ /Zexp(—OJi])U,,X/gU,,XﬁdJQdU
2k’y / / exp(—wn)v 140 1,dx2dy

2k’y //exp —w1n)v,19,15pdx2d7,

(16)
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with
2
k3(z,t) = (1;17+kp2'y //exp w;y)v dxody
+m—z// exp(—wn)v,,v1,dxod
k2 i p 1)0,40,1,AX201]
t
—i—’yz/o /L exp(—wi ) vy 41dxody
0
t
—'yz/O/Lexp(—w;y)vﬂvllﬁfgdxzdn
0

t
+27/ / exp(—wn)v1,0,1dxody
2k)\7

/ / exp(—wn)u v 11dxody
—5 / / exp(—wi)v 40 apdxody
2k’y / / exp(—wn)v 1,40 1,dxody
2k'y / / exp(—wn)v,1v,1ppdx2dy.
Proof. Multiplying both sides of Equation (5) by exp(—wr)(z — )v,; and integrating, we

can obtain

t rz m2
0= /0 /0 /L exp(—wn)(z — &)v,y (020,45 + VU aapp + Aha — ?v,mm)dAdiy
¢

_wpy [P [F )
- T/o /0 /Lg exp(—wy)(z - &)v3,dAdy
+ %2 /OZ /Lg exp(—wt)(z — C)v?tdA
ot oz
—)\/ / / exp(_wﬂ)(z—g)yﬂxnu,“dAdﬂ
0 Jo Jig
t oz
+A/ / / exp(—wn)vyudAdy
Jo Jo Jig
s (17)
* ,Y/ / / exp(—wn)(z — é)v,qv,wﬁlgdAdq
0Jo JLg
m2 rt oz
e [ expcon - mapagaa
2t
a m7k /0 /Lz exp(—wn)v},dxadyy
m? [t .y
7k/0 /Lo exp(—wn)vydxydy

m2 ot
+ ?Z/O /Lo exp(—wn)v,v,1,dxady.
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Next, we begin to deal with the term fot IS ng exp(—wn)(z — &)v,y0 appd Adyy.

t rz
7/ / / exp(—wn)(z — &)v,y0 appd Ady
0 Jo Ji;
t
N % /0 /OZ /Lg exp(—wn)(z — &)v,p0,0pd Adyy
+ % /OZ /Lé exp(—wn)(z — C)v/aﬁz)/“ﬁdA

.o (18)
2 / / / - dAd
v Léexp( W) a7 0,01d Adyy
t
—i—'yz/o /L exp(—wn)v v 1dxady
Lo
t
—'yz/ / exp(—wn)v v 15pdxody.
0 JiL,
Now let us deal with —27y fg Io fL,: exp(—wn)v,uyv ;1 dAdy.
t prz
2 / / / - dAd
0% o Lgexp( wn)vmv,m n
t rz
:27///exp(—w;y)vlmﬂvﬂdAdiy
0Jo JLg
t (19)
—Z'y/o /L exp(—wﬂ)v,mv,ldxzdﬂ
t
—|—2’y/ / exp(—wn)v1,v,1dxody.
0 JLg
Using the Equation (5), we can get
t rz dAd
21 [} Jy J,, e A
Y o Jo LgexP( WN)V,aan,1 n
torz k k k
:27///exp(—w17)(—2p20,,7,7+ Z'yv,mﬁﬁ—i- —5 Mgy )v,1dAdy
= kpz’)f/ / exp( w;y)v dxpdy + pz’Y/ / exp( wq)v dxpdy
L, Lo
+2k7‘02w///exp (—wn)v ledAdiy—i—zk'sz/ / exp(—wn)vv1dA
L
(20)

2k'y / / /Lexp wiy)vlvmﬁﬁdAdq
g

2k)\'y// /Lexp —wi) 40 1,dAdy
¢

//exp —wi)u1v,11dxody

//exp —wn)u 10 11dxody.

ZkA'y

2k)vy

Now, let us deal with the term 2k72 fo IS fL exp(—wn)v,10 4appd Adry.
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2k’y ///exp —wWN)v,10 40ppd Ady
= 2k7 / //Lexp wq)vmvaﬁﬁdAdrqui/ / exp(—wn)v1v,1ppdx2dy
¢
2k'y //exp —wn)v1v,1ppdx2d7n
o (21)

ky? [t
*—/ / exp(—w;y)vl,xlgvl,xﬁdxzdﬂ—lz/(] /L exp(—wn)v 40 opdxady
z 0
2% 2t
7 / / exp(—wi)v,140,10dx2d7 + Z /O /L exp(—wi)v,140 12dx2dy)
0
Zk 2 ot
’Y //exp —w1n)v,10,1ppdx2dn — ’)2//O/Lexp(—wn)vllv,lﬁﬁdxzdn.
0
A combination of (15) and (17)-(21), we obtain
m2 ot ) t
qo;»,(z,t)zz—k/ /L exp(—wr])vlﬂdxzd;y—l—Z'y/ /L exp(—wn)v1,v,1dxody
 2kA e
7/ /L exp( wq)ulvlldxzdiy— //exp(—wn)v,,xﬂv,,xﬂdxzdiy
2k 2k
7 //exp —wWN)V 140 14 dxody — —5— 7 //Lexp —wn)v0,1pdx2d7.

The proof of Lemma 3 is finished. O

Lemma 4. We suggest u and v are classical solutions of problems (4)—(7), and we define a function
@a(z,t) as:

t t
o1z t) = =2 [ [ exp(—womeddnady+7 [ [ exp(—ewn)oupoapdrady
- z/t/ exp(—wn)v 1,0 dxzdiy—l—z/t/ exp(—wi)vh;dxody (22)
2 Jo JL. At 2 Jo JL. A
v [ 2
_E/o /L exp(—wq)vludxzdn.

Then, @4(z,t) can also be expressed as:

t oz m2 [z
ozt == [ [ ] exp(—wn)(z = E)o,dAdy + 5 1/ () = Do
t rz t rz
+7/ / / exp(—wn)v1450,14pd Ady —pzw/ / / exp(—wn)(z —&)v10,dAdy
0Jo Jig 0o Jo Ji;
z t rz
—p2/ / exp(—wt)(z—cj)v,nv,tdA—l—/\/ / / exp(—wn)(z — §)v 114U, dAdy
0 Jig 0 Jo Jig

t prz t pz
_A/ / / exp(—wiy)vfnu,ldAdﬂ+/ / / exp(—wn)v 1202, dAdny + k4(z,t),
0Jo Jig 0 Jo Jig

(23)
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with
k(t)—_Pz t (o) drnd
4\Z, - ? 0 LO exp a]n U,r] X 17
z
_Pzz/ / exp(—cu17)z;,lﬂv,r]deCh7
0 JLg
m2 ot o
+?z/0 /Lo exp(—win)v 120 2,dxady
t
-I-’Y/O /L exp(—wi)v 1480 4pdx2dn
0
v [t e
B E_/o /LO exp(_wﬂ)v,lrxv,l,x xody
t
_’YZ/ / exp(—wn)v 1140 g1dx2dy
0 JL,
107 t
+§/o /Lo exp(—wn)vy,dxody
_ z/t/ gxp(_wn)vz dX2d]7
2 Jo Ji, 12
t
—i—’YZ/O /L exp(—wn)v1101pdx2dn
0
t
—i—)\z/ / exp(—wn)v 11u 1dxdy.
0 JLo

Proof. Multiplying both sides of Equation (5) by exp(—w#)(z — ¢)v 11 and integrating, we
can obtain

t rz
0=pa | [ explown (e Doneydady
.t z
+7/0 /0 /Lé exp(—wn)(z — §)v,110 xappd Ady
s (24)
+/\/O /0 /L’5 exp(iwﬂ)(zi(’;)’U,]]u,aadAdﬂ

m2 rt oz
ok /0 /0 /Lér EXP(—w;y)(z - §>U,llv,mx;7dAd17.

Using the divergence theorem, the first term on the right of Equation (22) can be
rewritten as

t rz
o2 [ [ ] exp(-wn)(z —&)omo,,dady
0 Jo Jig
t rz 02 £ 2
= p2/0 /0 /Lg exp(—wn)(z —&)v1,0,1,dAdy — ?/0 /Lz exp(—wi)v,dxody
t t
+2 / / exp(—wi)vy,dxady + paz / / exp(—wi)v,1y,ydxady )
2 Jo Jig ! 0 JLo
t rz
s [ [ [ expl-wn)(z - oo dady
0Jo Jig

.
T /0 /L exp(—wt)(z — §)vvdA.
: ¢
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Similarly, the second term on the right of Equation (22) can be rewritten as
t oz
7/ / / exp(—wn)(z — §)v110,0appd Ady
0 Jo Jig
t rz t
= —’Y/O /0 /L exP(—w’?)U,laﬁU,mﬁdAd’?+’Y/O /L exp(—w1n)v 1050 4pdx2dr
¢ 2
t t
—’y/ / exp(—w;y)vlmﬁ;v,,xﬁdxzdiy—%/ / exp(—wn)v 1,0 1,dx2dy
0 JLo 0 JL,
t t
+7 / / exp(—wi)v,1a0,1adx2dn + 72 / / exp(—wi)o 110, dxady (26)
2 Jo Jiy 0 JLg
—O—I/t/ exp(—wn)v? dxzdiy—z/t/ exp(—wn)vidxady
2 Jo Lo, 11 2 Jo Ji, 11
—I/t/ exp(—wn)v5 dxzdiy—O—z/t/ exp(—wn)v3,dxady
2 Jo L. 12 2 Jo Lo 12
t
—'yz/ / exp(—wn)v110,15pdx2d7.
0 JLo
The third term on the right of Equation (22) can be rewritten as
t rz
A exp(-wn)(z - Do aedAdy
0 Jo Ji;
t oz
=-A / / / exp(=wi)(z = §)v1att,ed Adyy
0 Jo Jig
- (27)
A [ ] (= dAd
0 Jo )i, exp(—wn)vaiu dAdy
t
—)tz/ / exp(—wn)v 11u 1dxady.
0 JL

The fourth term on the right of Equation (22) can be rewritten as
I dAd
ok - - A
T /O /0 /L; exp(—wn)(z — €)0110,00yd Adyy

mZ z
= exp(—wt)(z — §)v 1,0 1,dA
2k /0 /Lg (28)

m2 ot
I [ exp-wn)(e - om0 2yduady
0 JL,

t rz
- - dAdn.
/o/o/LgexP( w’?)v,uv,zq 17

A combination of (24)—(28) gives (23). The proof of Lemma 4 is finished. [
Lemma 5. We define new energy expressions ¢(z,t) and ®(z, t) as follows:
¢o(z,t) = p1(z,t) + k1ga(z,t) + @3(z, 1) + kopa(z, t), (29)
and
D(z,t) = /Ot ¢(z,s)ds. (30)
The following second-order partial differential inequality holds

Po(z,t) (31)

<
Dz 1) < kT2,
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where k1 ko and ks are positive constance to be defined later.

Proof. From (9), we can get

az P1 (Z/ t)

0z2

From (12), we can get

az(pz(z,t)

0z2

From (15), we can get

_ wh t/ _ 2
== /0 Lzexp( wn)uy,dxody

P1
5 )

t
+%/0 /Lz exp(—wn)uqu odxpdy

exp(—wt)ufdx,

1
+§ Lzexp(—wt)u,au,,xdxz
t
—)\/ / exp(—wn)u 1,udxody
0 JL
't
—A/ / exp(—wn)u yu 11dxody
Jo JL.
t
—l—)\/o /L exp(—wn)u 11v,,dxody
t
+A/ / exp(—wn)u 1v,1,dxody
0 tLZ (32)
+Aa}/ / exp(—wn)u v 1dxdy
Jo JL.
t
—l—)\w/ / exp(—wn)uv11dxdy
0 JL
t
—I—y/o /L exp(—wn )uaptt aydxody
t
+)\/0 /L exp(—wi)u o aydxody
—l—)\/ exp(—wt)uqv1dx;
L,

+A | exp(—wt)uvi1dxy
L,

t
+Aw/0 /L exp(—wn)u,v dxody

+)\/ exp(—wt)u 40 odx;.
L,

-/ t | exp(—eon Pty

+ pw /Ot /Lz exp(—wn) (1 gq)*dxody

tu /L exp(—wn) () doxz (33)
— 01 ./ot /Lz exp(—w;y)u,ﬁﬂu,}quxzdn

t
+p1/0 /L exp(fwn)u,mulldxzdry.
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7824)5;;’ H _ Y2 /Ot /Lz exp(—w;y)vgﬂdedn + %2 /Lz exp(—wt)vlztdxz
+ mTz /Ot /Lz exp(—wi )0y aydxody + % /Ot /Lz exp(—w;y)v,aﬁvl,xﬁdxzdn
+ % /Lz exp(—wt)v g0 4pdxs — /\/Ot /LZ exp(—wn)v,ayitedxody
+)\/t/ exp(—w;y)v,wu,ldxzdiy+)\/t/ exp(—wn)vyu1dxody (34)
+ Z’Yszw / / exp(—wn)v,1,01dx2dny + 27Kp2 / / exp(—wn)v v 11dxody

+2;an2/ exp(—wt)v 140 1dxp + 27K Pz/ exp(—wt)v v 11dx
L L

//Lexp — W)U,V 11,dx2d.

2K/\’)/ ZK/\’)/

//Lexp —wi) 140 10dxpdy —

From (23), we can get

*pa(z,t) f 2 m?
= _pz/o '/Lz exp(—w;y)vrmdxzdn + % /Lz exp(—wt)v 140 1,dx2

A /ot /Lz exp(—w)v,14p010pd¥2d1) — 200 /Ot /Lz exp(—wn)v110,ydxody
+ 02 /L exp(—wn)v110,4dxy + A /Of /L exp(—wn)v 114U,odxody (35)
_ )\/Of /LZ exp(—wn)v 111 1dxody — /\/Ot /LZ exp(—wn)v 11U 11dxady
+ /Ot /Lz exp(—wip)v,1120,2ydx2dn + /Ot /Lz exp(—wi)v 120 12,dx2d7.
A combination of (8), (13), (21), (22) and (29) leads to
¢(z,t) _ K / / exp( w;y)u dxpdy +)\/ / exp(—wn)uv,dxdy
2 /0 /LZ exp(—wn)uﬂdxzdn B k2§ /0 /Lz exp(—wn)vpdxady
m? [t t
+ ﬁ/ / exp(—wiy)v%?dxzdiy—i-Z'y/ /Lz exp(—wn)v 1,v,1dxody
2k)t’r / /LZ exp(—wn)uv1dxody — 22 /Of /LZ exp(—wn)v 450 4pdx2dy (36)
Zk,y / / exp(—wn),140,10dx2d1 — ’;2 /Ot /Lz exp(—wn)vv,1ppdx2dy
E/o '/Lz exp(*wﬂ)vl,?dedﬂ + koy ./0 ~/Lz exp(—wq)v,laﬁvllxﬁdxzdﬂ

t t
—kzg/o /L exp(—w1n)v,140,14dx2dy +kz%/0 /L exp(—wi)vi;dxadyy.

Combining (32)-(36), we have
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p(z,t)  wpy [t 2 1 2
= T/0 /Lz exp(—wn)uydxpdy + > /Lz exp(—wt)udx;

ot
+ %/0 /Lz exp(—wn)uqut odxpdny + % /Lz exp(—wt)u g1 odxy
t t
—}—u/O /L exp(—w;y)u,mu/andxzdn—l—)wu/o /L exp(—wn)u v dxody
t
+A ’ exp(—wt)u 4 odxy + (p1k1 —/\)/0 /L exp(—wn)u 1,udxody
ot ot
—/\/ / exp(—wiy)u,ﬂurndxzdﬂJrZ/\/ / exp(—wn)u11v,,dxody
Jo JL, Jo JL,
t t
—0—2)\/ / exp(—wiy)u,lv,wdxzdiy—l—)\w/ / exp(—wn)u v 1dxdy
0 JL, 0 JL;
t
+/\w/ / exp(—wry)uv,ndxzdiy—i—)\/ exp(—wt)u v 1dxy
0 JL, L,
t
+A/L exp(—wt)uv17dxy + (1+yw)k1/0 /L exp(—wn) (g )>dxody
t
+yk1/L exp(—wt)(ulm)dez—plkl/o /L exp(—wq)u,ﬁ,]urﬁﬂdxzdiy
paw " 2 P1 Z 2 7
+ T/o /Lz exp(—wn)vs,dxady + 03 /Lz exp(—wt)vidxy

mZ t dond wy ¢ o
k - - —wt
+ k /O /Lz exp(—wn)v,ay0,aydxadi + > /O/Lz exp(—wt)v 450 apdxady

t
/O/Lexp(—wq)vrlﬂv,ldxzdiy

2vkp>
2

t
/O/exp(—wn)ulmvlmdxzdn

2vkprw
m2

+ % /Lz exp(—wt)vl,xﬁv,aﬁdxg +
29kpyw
m2

27k
+( :;2 + p2k2) /L exp(—wt)v,v11dxy —

2kAy
m2

+

t
—pzwkz)/o /L exp(—wn)v v 11dxodny +

2kAy
m2

/ exp(—wt)v 1,0 1dxy
L,

+ (M —

t t
)/0 / exp(—w;y)u,avllmdxzdiy—p2k2/0 /L exp(—wn)v?lvdxzdn
"2 t
—O—Z—kkz/L exp(—wt)v,lav,ladxz—i-’ykz/() /L exp(—wi)v 1450, 14pdx2d1
t t
—/\kz/o /L exp(—wn)v 1111 1dxdy —/'\kz/o /L exp(—wn)v 111 11dxody
t t
+k2/0 /L exp(—wn)vfnzvlz,]dxzdiy+k2/0 /L exp(—w;y)v/lzu,uﬂdxzdiy.
Using the results (3.1)—(3.3) in [19], we have
t t
/0 /L exp(—wn)v 40 4dxpdy < Cl/o /L exp(—w;y)v,,xlgv,,xﬁdxqu, (38)
/L exp(—wt)v v 4dxy < Cl/L exp(—wt)v 450 4pdx2, (39)

t t
/ / exp(—wiy)uzdxzdiy < cz/ / exp(—wn)u gatt godxpdy, (40)
0 JL, 0 JL;

/ exp(—wt)u?dxy < 62/ exp(—wt)u gt gadxy, (41)
L

Z Z
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/L exp(—wt)v1v1dxy < 03/L exp(—wt)v 140 1,dxody, (42)

with ¢y, ¢p, and c3 are positive constants .
Using the Schwarz inequality, and combining (37)—(42), we obtain

??¢(z,t) wpr A ! 2 P1 2
P [ ] exp(—wﬂ)u, sy + 2 [ exp(-wnidan

0z2
w  Aw plkl - Aw k/\'y 2kAy | €16
— —— — — Aegg — —¢e7 — — (Aky — —
+[2 5 €l 2€3 €6~ 5 &7~ 515 (Aka ;] ) 5
Ak A

t 1 A
] / /L exp(—wn)uqu pdxody + (f - 582 - 589)/L exp(—wt)uqu odxy

k
+[p— 9112 €3 — p1ki] / / exp(—wi )i uy it aydxody

1 Awces k)\'y Ako 2
+ [(14 pw)ky e Aes 5 €8 3l E/O/Lzexp( wi ) (u,ay)"dxody

A
+ (pkq — %810)/ exp(—wt) (14e ) 2dxz

2817

t
2
+ [ 5 — g — E(T _PZ(UkZ)ng] /0 /Lz exp(_wﬁ)v,rdeZdW
p2 1 Z”Ykpz @)
[5 = 5(= 2~ +pk)ens] /L exp(—wt)vidxs
m*> A ykoow ko t
+1 kK e m2 €11 — 2t szz]/o /LZ exp(—=wi)vu 0,y dxady
wy Awa  Awe  Aw  ykpower 1 2vkpaw 1 _ kM1
+ [ 2 281 287 288 m2€11 2( m2 PZCUkZ)Su m2 €14
/\k2 Acy
— 2 / / exp(—win)v a0 apdxadn + [— — f]/L exp(—wt)v 450 4pdxa
m2 Acs A 1 2vkps
+ [ﬁkz T 26 2019 %( 2 + p2k2)] /Lz exp(—wt)v 1,0 1.dx2
Y g, FAy 1 e ke /t/ _
+ [vk2 m2e1s (Ako 2 )2516 5 G175 €19] o i exp(—=wn)v,14p7,10pdx2d7

2
2 / exp(—wt)v 150 1pdxp + /exp(—wt)vlltvlldxz,
L

z
where ¢;, (i = 1,2,- - - ,20) are arbitrary positive constants .

In(43),ifwechoose£1 = &) =&y =& = ﬁ,ﬁg = 2,84 = %,85 = %,86 = )\,88 = 1,
€10 = %18 11 = €12 = 7,813 = 2( szz +P2k2)71P1,€14 = %1515 = %7,816 = 2;‘,817 2)»/
f18 = w,€19 = ¥,k = 2%(% +A),ky = %,'m > max{\/;g‘[Z)\zCe, + é\;ff + 7(27@2;‘]27(2)2],

1,87k, \/Zk(l + v2kpow + % + 4%)},w > max{2kjp; + 16A% + 8k2/\272, 1hp >

5% + o102 + 4p1Ac1 + 801kAy%, v > max{16A%c; + 10A + 4kpycy + 4koy + 4kA, 1}, we
can get
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824)(2, £)
072

Vv

t
%/ / exp(—wn)u? dxzd;7+%/ exp(—wt)uidx,
0 / ’
t
+%/0 / exp(—wn)uu, adxzdn+4/ exp(—wt)u g1 odxy
t wk
+%/0 / exp(—wn )uaptt aydxody + K 1/ / exp(—wn) (1 gq)2dxody
—Q—VTkl/L exp(—wt) (U gy ) de2+ // exp(—wn) v ydxady
L (44)
Z exp(—wt)vrztdxz—&—ﬁ/o /Lz exp(—wn)v,uy,aydxady
v v
—/ / exp(—wn)v,,xlgv,,xﬁdxzdiy+—/ exp(—wt)v,,xlgv,a/gdxz

4kk2/ exp(— wt)vmvmdszr// exp(—wn)v 1450 14pdx2dn

kz 2
+ 2 ) exp(—wt)v 100 10dxo + ,,Yﬂzp /Lz exp(—wt)v 140 1dxy

= E(z,1).

We now define a new function F(z, t) as
t
F(z,t) = / E(z,s)ds. (45)
J0

We get

_wpr [P 2 p1 [* 2
F(z,t) = 4 ./0 /0 /Zexp(—a)fy)u,,]dxzdndsnL E/o /Lz exp(—ws)u’ydxpds
w drsdnds + 1 [/ dxpd
—|—§/0 /0 /Zexp(—wiy)u,,xu,“ xody S+Z/0 /Lz exp(—ws)u qu ndxods
t s k t s
+E/ / / exp(—wn)umumdxzdnds—i—%/ / / exp(—wn) (1 )2dxodyds
ykl/ / exp(—ws) (U xa) dxzds+p2 / / / exp( a)iy)v dx,dnds
Z/o / exp(—ws)v/ztdxzds—kﬁ/o /0 /L exp(—wn )v uy,aydxodnds (46)
wy [t[s ot
+T/o /0 /Lz exp(—wr])v,“ﬁv,aﬁdxzdiyds—i—Z/O /Lz exp(—ws)v,aﬁv,aﬁdxzds
m2 t t s
—|—@k2/0 /Lz exp(—ws)v,l,xv,l,xdxzds—i-/o /o /Lz exp(—wn)v 1460 1apdx2d1ds
t t
Q/ / exp(—ws)vzlzdmds—l—wjnipz/ / exp(—ws)vi dxods
L. ’ 0 JL. ’

—|—w/ exp(—wt)vydx;.
L. ’
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We can easily get
F(z,t) > 0. 47)
Following the same procedures as (37)—(44), we obtain
Po(zt) _3
<= . 48
52 5 E(z,t) (48)
Inserting (30) into (48), we have
0’°d(z,t) 3
i AR . 49
52 < 2F (z,1) (49)
We can also get
’°P(z,t)
Combining (47) and (50), we obtain
2 2 (t
PO _ 3 Joosds 6D
022 022 -

Combining (36), (44) and (51), using the Schwarz’s inequality, we can obtain

where k3 is a computable positive constant. The proof of Lemma 5 is finished. 0O

3. Phragmén-Lindeldf Alternative Results

Based on Lemmas 1-5, we can get the following Lemmas:

Lemma 6. We suggest u and v are classical solutions of problems (4)—(7) in the semi-infinite strip

O defined by (1), if there exists a zy > 0 such that E)CD(ZO, ) >0, then the following inequality holds:
: 7](42
zh_)n(}oe G(z,t) > c1(1), (52)

where ¢1(t) = %[%@(21, £) + ky®(z1, t) e 5471, G(z, t)will be defined in (61).

Proof. Since M > 0 forall z > 0, we can get acp(z ) > 0forallz > 20.
We know the fact ®(z,t) > P(zo,t) + %(z —z¢) for all z > z.
If we let z — 400, we can obtain ®(z, t) > 0.
So, wo have the following results:
There exists a z; > zp such that ad)(zl’ ) > 0and D(z1,t) > 0.
From (31), we can get

0°P(z,t)

e Kid(z,t) >0, (53)

with ks = ,/,}3.
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Equation (53) can be rewritten as

d( [0
3 (e L)Zd)(z,t) + k4d>(z,t)}) >0,

or
% (ek4z L?ZCD(Z, £ — ks ®(z, t)}) > 0.
Integrating (54) and (55), we obtain
2cI>(z B+ ky®(z,t) > [icb(z t) + ky®(z t)]ek4(2721)
oz 4@z 1) = 572z, 4P(z1, ,
or

J 9 —kg(z—z
5Pz 1) —ka®(z, 1) > [5- (21, ) — ks (2, 1)]e 42,

forall z > z;.
Combining (56) and (57), we have

J 9 eka(z=21) 4 o—ka(z—21)
— >
8zq>(z't) = ach(zl't) 2
ek4(zle) — e*k4(Zle)
+ k4CD(Zl, t) 5

Integrating (49) from z; to z, we obtain

[ 29500 <3 [ e i

072

Inserting (59) into (58), we have

> [ F@nde > Lo, [

2 Jz

eka(z=z1) 4 p—ka(z—21) 1]
5 _

eka(z—z1) _ p—ka(z—21)
2

+ kg ®(z1,t)
If we define

Gzt = [ F@ 0z,

1

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)
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Combining (46) and (61), we have
_wpr [P 7 s
Clzt) = T,/O /0 ,/21 _/Lg exp(—wn)u5, dAdyds
t rz
w5 /Zl /L@, exp(—ws)utdAds

w [t s oz
L [ nonmaans

1tz
* Z/0 /21 /LC exp(—ws)uaudAds

Btz

t s z
+&kl/ / / / exp(—wn) (#,00)*d Adyds
zZ1 Ltr

ykl/ / / exp(—ws) (uua)*d Ads

z1 L,:

P2 B
R
+5 / t / Z / exp(—ws)vidAds ©2)

4 0 Jzg Lg ’

m2 t s gz
A

SILL) dAdpd
+T%) /0 ‘/Zl -/Lg exp(_wr/)v,aﬁvlaﬁ nds

Y [tF
Ty /0 /Z 1 /Lé exp(—ws)v 450 4pd Ads

m? torz
* Ekz/o /zl /LZ exp(—ws)v,140,1,dAds

ot s z
+/ / / / exp(—wi)v 1450 10pd Adrds
JO JO Jzy JLg

t oz
@///exp(fws)v’zlszds
21 /g
kapz// / exp( ws)vldAds

’ykpz/ / exp( wt)vldA
21
we obtain

: 7k4Z
}Ln;oe G(z,t) > c1(t),

with Cl(t) %[a@d)(zl, t) +k4q>(21,t)]€_k4zl. O

Lemma 7. We suggest u and v are classical solutions of problems (4)—(7) in the semi-infinite strip
Oy defined by (1). If aq;(f’t) < 0forall z > 0, then the following inequality holds:

H(z,t) < cp(t)e k7, (63)

where cy(t) = — 2 &(0,t) + kg ®(0,1)], H(z, t)will be defined in (66).

Proof. If we suggest there exists a zy > 0, such that ®(zg,t) < 0. Since aq)a(zz’t) <0
for all z > 0, we can get ®(z,t) < P(zp,t) < 0 for all z > z;. From (31), we have
aq)a(zz’t) acpgzzo f = & q;(f’)(z—zo) > —lcb(é‘ t)(z—zo) with zg < ¢ < z. letz — oo,

we have acba(j ) > 0. Which gives a contradiction to a(zz t) < 0 forallz > 0. So we can

conclude ®(z,t) > 0 forall z > 0.
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Integrating (53) from 0 to z, we obtain

_0P(z,t)

o T ha®(z 1) < oo(t)e (64)

with oo (t) = —2D(0, ) + ks ®(0, t)].
Since ®(z,t) > 0 for for all z > 0, we have

—% < cp(t)e k2, (65)

From (64), we can get the results ®(z, t) and — (7) tend to 0 as z — oo. We thus have

0D(z,t) [ PD(E 1)
oz _/z 072 46

> [T F(E 0
= H(z,t).

(66)

Combining (46) and (66), we have

_wpl t ps poo 2
_T/O/O./z '/Léexp(fw;y)ul”dAdnds
of o0
+%1/0/z Agexp(—ws)uﬁdAds
w [t s foo
+§./0 /0 /Z ./Lgexp(—wiy)u,au,“dAdiyds
1 pt poo dod
+1/0/Z /Léexp(fws)u,au,,x xpds
7 t ps roo
_,_7/// /exp(—wr])u,mulwdAd;yds
Ilw,{l/// /exp —wip) (1 ue ) >d Adyds
Vkl// /exp( ws) (140 )>d Ads
paw
+T/O ./0 /Z /Lgexp(—wiy)vl”dAdnds
t roo
+%/0/z /Lgexp(fws)vrztdAds (67)
m2 t ps poo
+E/O./O/z /Lgexp(—wq)v,,wv,m,d/ldiyds
wy [t [ exp(-
+ /O/O/Z ‘Lgexp( wW1)0 450 pd Adnds
v dAd
+Z/0/z /LCEXP(*WS)U,aﬁU,aﬁ s
mZ ot oo
+Ek2/0/z /Lgexp(—ws)v,mvlmdAds
t ps poo
- : dAdnd
+/0/O/Z /Lgexp( (U?])U,laﬁv,la,s nds
k2 t poo >
—// /exp(—ws)ledAds
L ’

w'ykpz// /Lexp —ws)vidAds
¢

’Ykpz/ /exp wtvldA
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References

Inserting (66) into (65), we obtain

O

Based on Lemmas 6 and 7, we can get the following theorem.

Theorem 1. We suggest u and v are classical solutions of problems (4)—(7) in the semi-infinite
strip Qg defined by (1), then either inequality
lim e %%G(z,1) > ¢1(t)

Z— 00

holds or
H(z,t) < cp(t)e™M?
holds.

Theorem 1 shows that either the energy expression G(z, t) grows exponentially or the
energy expression H(z, t) decays exponentially.

4. Conclusions

In this paper, we studied the spatial properties of solutions for a class of thermoelastic
plate with biharmonic operator in a semi-infinite cylinder in R?. The Phragmén-Lindelo f
alternative results were obtained based on a second-order inequality. Our method is also
valid for the hyperbolic—parabolic coupling equations. We can only deal with the linear
equations. For the case of nonlinear equations, it is difficult to study the spatial properties.
The results of these future studies will be of great interest to researchers in our field.
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