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Abstract: Background: Some medical and technological tasks lead to the geometrical problem of how
to cover the unit circle as much as possible by n congruent circles of given radius r, while r varies from
the radius in the maximum packing to the radius in the minimum covering. Proven or conjectural
solutions to this partial covering problem are known only for n = 2 to 5. In the present paper,
numerical solutions are given to this problem for n = 6 and 7. Method: The method used transforms
the geometrical problem to a mechanical one, where the solution to the geometrical problem is
obtained by finding the self-stress positions of a generalised tensegrity structure. This method was
developed by the authors and was published in an earlier publication. Results: The method applied
results in locally optimal circle arrangements. The numerical data for the special circle arrangements
are presented in a tabular form, and in drawings of the arrangements. Conclusion: It was found that
the case of n = 6 is very complicated, whilst the case n = 7 is very simple. It is shown in this paper
that locally optimal arrangements may exhibit different types of symmetry, and equilibrium paths
may bifurcate.

Keywords: packing of equal circles; covering by equal circles; partial covering; tensegrity; optimiza-
tion; equilibrium paths; symmetry; maximum

1. Introduction

Let n congruent circles, that is, circles with the same radius, be given, and let r be their
radius such that r(n)max ≤ r ≤ R(n)

min, where r(n)max is the maximum radius of n congruent circles

that can be packed in the unit circle without overlap and R(n)
min is the minimum radius of n

congruent circles that can cover the unit circle without interstices. For congruent circles,
Zahn [1] posed the following partial covering problem: how to arrange n congruent circles
of radius r so that the area of the part of the unit circle covered by the congruent circles is
a maximum? An important question is connected to this: how does the maximum-area
arrangement of the congruent circles change if r varies from r(n)max to R(n)

min?
It turns out that physical realizations of partial coverings with congruent circles occur

in different practical fields. Here, the mosaicplasty surgical method for repairing circular
cartilaginous defects [2] is mentioned as one example (Figure 1).

The above problems of maximum packing, minimum covering and maximum partial
covering are problems of discrete geometry that, for different circle numbers, require
independent solutions. Even in the case of packing and covering, the optimum has been
proven for only a few values of n: for packing up to n = 14 and for 19 [3–9], for covering up
to n = 10 [10–12]. However, many papers have been published that describe numerically
determined, putatively optimal arrangements for different circle numbers, sometimes
improving on former results. The best-known packings up to n = 65 are given by Ref. [13],
and the data of the best-known coverings up to n = 35 are presented in Ref. [14]. Partial-
covering problems are much more complicated than packing or covering problems, and
results for the transition from the maximum packing to the minimum covering are known
only for fewer than six circles.
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Figure 1. Arrangements of equal grafts in the cartilage replacing surgery with mosaicplasty: (a) partial
covering with three congruent circles; (b) packing of seven congruent circles. (Photo courtesy of
László Hangody).

The proven solution for n = 2 was provided by Zahn [1] and for n = 3 by Szalkai [15].
For n = 4 [16] and n = 5 [17], conjectured numerical solutions have been presented. In the
cases of n = 6 to 10, Zahn [1] gave numerical results for some sporadic values of r. He
thoroughly investigated the case n = 6 (for r = k/16, k = 6, 7, 8, 8.5, 8.625, 8.75) that he
found particularly complicated. The maximum-area arrangements of the circles occurred
in different forms that he called ring, central, triangular and diamond, which represented
different kinds of symmetry (and sometimes broken symmetry). Because of the relatively
low accuracy of calculation, and the small number of r values considered, he could not
describe the complete transition of the maximum area arrangement of the circles from the
maximum packing to the minimum covering. In the case of n = 7, he made calculations
for r = k/16, k = 6 and 7, and found that the maximum-area arrangement of circles has
sixfold symmetry.

The aim of this paper is to provide numerical solution to this partial covering problem
in the cases of n = 6 and 7, when r varies from the maximum packing radius to the minimum
covering radius. It will be shown that this geometrical problem can be solved with tools
derived from mechanics. Point group symmetry [18,19] and catastrophe theory [20] will
also be applied.

It is worth mentioning that closely related problems arise where n congruent circles are
arranged on the spherical surface instead of the unit circle. Here, especially the maximum
packing problem, also known as Tammes problem, has a vast literature. In the case of
packing and covering, the optimum has been proven for only a few values of n: for packing
up to n = 14 and for 24 [21–26], for covering up to n = 10 and for 14 [27–30]. The best
known packings up to n = 130 are given in Ref. [31], and the best-known coverings up to
n = 130 are presented in Ref. [32]. For partial coverings, much fewer results are known.
The optimum has been proven for n = 2, 3, 4, 6, 12 [33,34], and conjectural results have been
presented for n = 5, 7, 8, 9, 10, 11, 13 [35,36].

2. Method

First, some definitions and basic statements after Ref. [37] are presented. The network
of the system of members in covering the unit circle by congruent circles is a bipartite
graph. This is owing to the fact that the members are specifically connected with two kinds
of joints. Joints of the first kind are the centres of the congruent circles. Joints of the second kind
are common points of intersection of the boundaries of three or more circles, which are not
internal points of any of the congruent circles.

A tensegrity structure is a framework that is composed of cables, struts and bars. Cables
cannot increase their length (they are able to carry only tensile forces). Struts cannot de-



Symmetry 2021, 13, 2133 3 of 23

crease their length (they are able to carry only compressive forces). Bars can neither increase
nor decrease their length (they are able to carry both tensional and compressive forces).

A generalised tensegrity constructed for partial covering is a framework built up from
cables, struts and triangular elements. A cable joins the centre of one of the congruent circles
to the centre of the unit circle, and the cable is active (a tension force appears in the cable)
if the circle and the unit circle intersect. A strut joins the centres of two congruent circles,
and the strut is active (a compression force appears in the strut) if the two congruent circles
intersect. A triangular element forms a triangle whose vertices are centres of congruent
circles, and the triangle element is active (a tension force appears at least in one edge of the
triangle) if the intersection of the three congruent circles has an area different from zero.

In the calculations, the tensegrity structure is replaced by a bar-and-joint assembly
where only the active elements are replaced by bars. (The length of a stress-free bar
replacing a strut is 2r, and the length of a stress-free bar replacing a cable is 1 – r.) Here, the
gradual change of the length of the radius (i.e., of the elements) is the load. For each new
step, it must be checked whether the forces in bars have the correct sign (tensional force in
a cable and compressive force in a strut), and none of the previous passive elements has
exceeded the current valid length of the stress-free elements. If the opposite of any of these
situations occurs, then an iteration procedure should be used to determine the value of r (the
special value) at which one of the bars will just be stress-free, or a hitherto passive element
will become active. In this way, the bar-and-joint structure will change significantly.

The quantity, where the area of the part of the unit circle covered by the congruent
circles is divided by the area of the unit circle, is called coverage.

A circle in an arrangement is called a rattling circle, if it is not fixed by the neighbouring
circles, and is able to translate freely in a domain with two degrees of freedom without
changing the coverage. A rattling circle is either disconnected from the others and can
move without overlapping other circles, or is connected to its neighbours and can move
without making interstices.

Overlaps of circles define parts of the congruent circles that can be removed while the
coverage of the unit circle remains unchanged. The sum of the areas of the removed parts
is called the surplus area.

A framework is in a state of self-stress if it can have internal forces without external
forces, and the internal forces are in equilibrium at every joint, and, consequently, the
whole framework is in equilibrium.

Consider the surplus area A as the potential energy of a generalised tensegrity, which
is in a state of self-stress at a point if the gradient of A is zero at that point. The generalised
tensegrity is in a stable state of self-stress if the potential energy A has a local minimum at
that point. According to this, the equilibrium is stable at a point, if the Hessian matrix,
which in structural mechanics is called the tangent stiffness matrix (or, for short, the stiffness
matrix), is positive definite, unstable if the Hessian matrix has a negative eigenvalue, and
critical if the Hessian matrix is singular.

Csikós [38] established that the derivative of the overlapping area with respect to
the distance between the centres of two intersecting circles is equal to the length of the
chord that the two circles have in common. This simplifies the calculation of the gradient
of the covered area, which should be equal to zero in the case of the maximum partial
covering. Connelly [39] introduced a tensegrity structure analogous to the arrangement of
the congruent circles and made a stress interpretation of Csikós´s result. Connelly´s model
worked well if only double overlaps appeared, but for circle radii close to the minimum
covering radius R(n)

min some triple overlaps occurred, for which it was not clear what the
adequate model should be. In Ref. [37], we introduced a generalised tensegrity structure,
which also contained triangle elements by which it is possible to model triple overlaps. By
analogy, we transformed the geometrical problem to a problem of mechanics and worked
out a method to solve the partial covering problem numerically. It is only outlined here,
because earlier a complete paper [37] was dedicated to the description of the method,
where the interested reader can find the details.
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The main points of the method are the following. Instead of finding the maximum of
the covered area of the unit circle, we are looking for the minimum of the surplus area A.
The surplus area is considered as an internal potential energy. Since the external potential
energy is zero, condition for vanishing of the gradient of A equates to the necessary
condition for an extremum (expressing the equilibrium of forces), and the condition is
obtained in the form of a set of homogeneous linear equations, which means that the
equilibrium appears in the form of a state of self-stress of the generalised tensegrity.
Stability of the equilibrium is decided by the eigenvalues of the Hessian matrix (tangent
stiffness matrix) at the point where the generalised tensegrity is in equilibrium. In this
way, the partial covering problem can be solved by finding the self-stress positions of a
generalised tensegrity structure.

We introduce the concept of the equilibrium path, in which we plot a characteristic
of the circle arrangements for which the associated structure is in a state of self-stress as a
function of the radius of the congruent circles. Starting from an equilibrium arrangement
and slightly changing the radius of the congruent circles, we can use an iteration procedure
to determine another point of the equilibrium path using the tangent stiffness matrix. If
all eigenvalues of the tangent stiffness matrix in a state are positive, then the arrangement
is locally optimal. If the number of negative eigenvalues changes during a step, then the
equilibrium path will bifurcate. The location of the bifurcation can be specified to arbitrary
precision, via iteration by expediently changing the step size. We also try to find the points
of the equilibrium paths where the number and/or type of active elements change. (At
these points, due to the non-smoothness of the material equations, the eigenvalues can
change abruptly.)

To simplify the notation, rmax and Rmin will stand for r(6)max and R(6)
min, respectively. Ck

and Dk, k = 1, 2, . . . denote cyclic and dihedral symmetry groups in the plane (Ck consists
of k rotations; Dk of k rotations and k axial reflections) [18,19].

3. Optimal Packings of Six Circles

As known [3,4], without overlap up to six equal circles of radius rmax = 1/3 can be
packed into the unit circle. It is also true that seven of these circles can also be packed:
one in the middle of the unit circle and six evenly distributed around it. At packing of six
circles, one of these should be removed. Thus, two substantially different packings are
possible (Figure 2). If the middle circle is removed (Figure 2a), then the packing has D6
symmetry. If one of the outer circles is removed (Figure 2b–d), then the packing can be
of D1 or D5 symmetry but typically is asymmetric (C1). The location of the outer circles
can be given by a four-dimensional set. For giving the location, consider the D5 symmetry
packing (Figure 2c) and denote the angle of the gaps between the outer circles visible from
the centre of the unit circle by α. In full D5 symmetry, α = π/15. Starting from the lowest
circle, denote by ϕi (i = 0,1,...,5) the angle by which the ith circle is rotated about the origin
(centre of the unit circle) from the position that it had in the D5 symmetry configuration.
The lowest circle is supported against rotation, thus ϕ0 = ϕ5 = 0. So, a displaced position
can be defined by the coordinates ϕi (i =1,...,4). The outer circles cannot overlap, that is,
with the inequalities:

ϕi − ϕi+1 ≤ α, i = 0, 1, . . . , 4 (1)

the space R4 can be reduced to a simplex whose vertices are

(4α, 3α, 2α, α), (−α, 3α, 2α, α), (−α,−2α, 2α, α),

(−α,−2α,−3α, α), (−α,−2α,−3α,−4α).
(2)

At these points, the configurations have D1 symmetry shown in Figure 2b.
The data of the special or investigated circle arrangements (radius, locus of the centre

of the circles, and coverage) are presented in tabular form in Section 6.
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Figure 2. Optimum packing of six equal circles in the unit circle (rmax = 1/3) in symmetries: (a) D6,
(b) D1, (c) D5 and (d) C1.

4. Coverings by Six Circles

It is easy to see that the unit circle can be covered by circles of radius RD5 = sin(π/5) in
D5 symmetry (Figure 3a), and by circles of radius RD6 = 1/

√
3 in D6 symmetry (Figure 3b).

According to Figure 3a, the boundary of the unit circle can be covered by five congruent
circles, if the diameter of the circles is at least equal to the distance between the endpoints
of an arc of length 2π/5. Using circles of this size, the sixth circle abundantly covers the
area not yet covered by the five circles, so in D5 symmetry the radius of the circles required
for optimal covering is RD5 = sin (π/5).

According to Figure 3b, for a covering of symmetry D6, each circle must cover a sector
with a central angle π/3, that is, for the optimal covering, circumcircles of equilateral
triangles of side length 1 should be applied, i.e., RD6 = 1/

√
3.

At the check of optimality, it should be established that there are not more than three
bars connected to the joints of the second kind of the bar-and-joint assembly (structure)
described in Ref. [37] (since in such a case the joint should be considered as a multiple joint,
and it should be split (multiplied)); otherwise, in this position, the structure can be in a
state of self-stress produced entirely by bars in tension (which can be considered as cables).
The structures defined by the six circles can be in a state of self-stress in both configurations
(Figure 3a,b).

Although the D5 symmetric assembly associated only with the five outer circles in
Figure 3a can be in a state of self-stress, the covering is locally optimal. Because the position
of the middle circle is not fixed, it can be shifted to any position in which it covers the
central region not covered by the other five circles. The permissible range of the centre
of the middle circle is bounded by five circular arcs of radius r, the centre of which is the
point of the common part of 2–2 outer circles, closest to the origin. If the middle circle is
moved off the origin, the D5 symmetry is lost. Generally, all symmetries disappear, but if
the centre of the middle circle is fitted to one of the axes of symmetry of the arrangement
shown in Figure 3a, the arrangement will remain of D1 symmetry.
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Figure 3. Coverings of the unit circle (the subscript on R indicates the type of symmetry, if there are more types, then these are num-
bered in parentheses): (a) RD5 = 0.5877852523, (b) RD6 = 0.5773502692, (c) RD1(1) = 0.5701976646, (d) RD2(1) = 0.5600968657,
(e) RD2(2) = 0.5651977174, (f) RD1(2) = 0.5635253276, (g) RC1 = 0.5583182642, (h) RD3 = 0.5570157181, (i) RC2 = 0.5565264632
and (j) RD1(3) = Rmin = 0.5559052114.
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In the case of a covering of D6 symmetry, six bars are also connected to the joint of
the second kind in the centre, so the covering can be improved. The improvement will be
achieved in steps to get to as many covering positions (allowing states of self-stress) as
possible. (At each step, the unit circle can be covered by circles with a smaller radius than
the previous one.) In the first step, one of the six bars can be omitted or, in the case of joint
doubling, two bars lying on one of the straight lines can be doubled. In both cases, the
structure slackens and we can return to a state of self-stress with even cooling. In the first
case (Figure 3c), the covering will have D1 symmetry, and in the second case (Figure 3d),
D2 symmetry.

Neither case is optimal, since in the first case five bars run into a joint of the second
kind, while in the second case four bars run into two joints of the second kind, so the
next step is to remove one bar again. Since we do not want to remove a neighbour of the
previously removed bar, we have two substantially different options in the position shown
in Figure 3c: one with D2 symmetry (Figure 3e) and the other D1 symmetry (Figure 3f). In
the case of the covering shown in Figure 3d, there can be only one case due to symmetries
(it is not possible to remove the previously doubled bars because among the remaining
three bars one would have an angle of more than 180 degrees); also, according to Figure 3g,
the covering has no symmetry. The three coverings thus obtained are not optimal since, at
all the three ones, four bars meet at a joint of the second kind.

In the arrangement shown in Figure 3e, the middle joint and the bars along one of the
straight lines must be doubled to obtain the covering of C2 symmetry shown in Figure 3i.
In the covering shown in Figure 3f, a bar can be removed to obtain an arrangement of
symmetry D3 as shown in Figure 3h, or the middle joint and the vertical cables can be
doubled to obtain a covering of symmetry D1 (Figure 3j). Note that arrangements presented
in Figure 3i,j, are obtained even if the corresponding bar of the arrangement of symmetry
C1 shown in Figure 3g is removed. The coverings shown in Figure 3h–j meet the conditions
for a local optimum.

So, we found a total of four coverings to be locally optimal. Of these, the circles in the
covering shown in Figure 3j have the smallest radius, which represents the global optimum.
The optimality of this covering has already been proven by Bezdek [10].

5. Equilibrium Paths in the Case of Six Circles

The position of the unit circle and the six congruent circles is determined by a to-
tal of 14 coordinates. Of these, three coordinates were prescribed to avoid rigid body
displacement, so the order of the stiffness matrix is 11.

We have shown in Figure 2 that there are two substantially different optimal packings,
which cannot be brought into coincidence by keeping the rules of packing and contin-
uously changing the position of the circles. At first, we start with these packings and
follow the equilibrium paths that start from them. Then, when we decide that we cannot
reach the optimal covering in this way; we also determine the equilibrium path starting
from this covering.

5.1. Equilibrium Path Starting from the Packing of D6 Symmetry

The relationship between the different branches of the equilibrium path starting
from the D6 symmetry packing is illustrated in Figure 4. Above each branch we give the
number of branches of that type and the symmetry of the circle arrangements. The type of
line illustrates the number of negative eigenvalues of the stiffness matrix of the structure
associated with the arrangement (0—solid, 1—dashed, 2—result and 3—dotted). For clarity,
we drew only one of each type at the branches; the others are indicated only at their start.
The symbols of the circle radii belonging to the special equilibrium positions are also given
in Figure 4.
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Figure 4. Equilibrium path starting from the packing of symmetry D6.

5.1.1. The Branch of D6 Symmetry

Starting from the configuration shown in Figure 2a and then increasing the radius
in small steps, the tensegrity structure consists of six active cables and six struts in the
interval (rmax, r1 = 0.4472135955), and the stiffness matrix is positive definite. At radius
r1 (Figure 5a), the stiffness matrix has one zero eigenvalue. This point is a standard
cusp catastrophe, where the equilibrium path has a stable symmetric bifurcation. The
eigenvector corresponding to the zero eigenvalue shows that the “buckled” shape has
D3 symmetry.

Figure 5. Arrangements in symmetry D6, (a) r1 = 0.4472135955 one zero eigenvalue, and (b) r2 =

0.4827200179 one negative and two zero eigenvalues.
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If r ∈ (r1, r2 = 0.4827200179), then the stiffness matrix has one negative eigenvalue.
If the magnitude of the radius is exactly r2 (Figure 5b), then in addition to one negative
eigenvalue, there will also be two zero eigenvalues. Since the number and type of the
active elements do not change, the function describing the surplus area of congruent circles
in a small neighbourhood of this point is smooth, so the elementary catastrophe theory
can be applied. Similarly to the statement made in Ref. [17] for the five secondary paths
(branches) for five congruent circles, we can say that in a suitable coordinate system the
third truncation of the active part of the function describing the surplus area A can be
transformed into the form

j3 A = −1
2

λu2 − 1
3

u3 cos(3ϕ) (3)

where λ = r− r2. Examining this form, we can conclude that there is an elliptic umbilic
catastrophe, that is, three secondary paths intersect the primary equilibrium path, and
each secondary path increases the number of negative eigenvalues by one compared to the
previous ones, i.e., there will be two negative eigenvalues. The three secondary equilibrium
paths lie in the vertical planes ϕi = iπ/3 (i = 0, 1, 2), and λ = (−1)iu gives their shape.
The buckled shapes have D2 symmetry. On the ascending branches, the circle centres
fitting to axes of symmetry approach each other (pumpkin shape), while on the descending
branches they move away from each other (rugby ball shape).

If r ∈ (r2, RD6), then the stiffness matrix has three negative eigenvalues throughout.
Of course, in the meantime we also reach states where triple overlaps occur, but here the
common part of two circles is completely enclosed by a third circle, so the forces generated
in the newly formed struts are just equilibrated by the edge force of the triangle element,
so these two elements can be ignored together. If the radius of the circles tends to RD6, two
positive eigenvalues tend to zero, but when complete covering is reached (Figure 3b), three
new struts appear.

5.1.2. The Branch of D3 Symmetry

In Section 5.1.1, we found that the D6 equilibrium path bifurcates at point r1. We are
now examining this branch. If r ∈ (r1, r3 = 0.4681235977), then the structure consists of six
cables and six active struts. At point r3, the three inner circles pairwise just touch each other
(Figure 6a), and thus three new struts become active. At r4 = 0.4810601304, the common
parts of the inner circles reach the outer circles (Figure 6b), so three triangle elements also
appear. This model remains up to the radius RD3, at which the unit circle is just covered by
the six congruent circles (Figure 3h). The stiffness matrix is positive definite on the whole
branch D3. Approaching the covering arrangement, five eigenvalues also tend to zero.

Figure 6. Arrangements in D3 symmetry: (a) r3 = 0.4681235977 three new struts appear, (b) r4 =

0.4810601304 three triangle elements appear.
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5.1.3. The Branch of D2 (Pumpkin) Symmetry

In Section 5.1.1, we found that the D6 primary equilibrium path is obliquely intersected
by three secondary equilibrium paths at point r2. We are now examining the ascending
branch of these paths. The six circles form an arrangement with D2 symmetry, whose
convex hull resembles a pumpkin. If r ∈ (r2, r5 = 0.5089334763), then the structure consists
of six cables and six active struts. At point r5, the two circles fitting the axis of symmetry just
touch each other (Figure 7a), and thus a strut becomes active. At point r6 = 0.5349571702,
four circular contacts are formed, and by maintaining the D2 symmetry, four new active
struts and four triangle elements appear (Figure 7b), but these again quench the effect
of each other. No significant change occurs until the covering shown in Figure 3d. The
stiffness matrix has two negative eigenvalues over the entire pumpkin branch, so the
arrangement is not even locally optimal. Approaching the covering configuration, five
eigenvalues tend to zero.

Figure 7. Arrangements in D2 (pumpkin) symmetry: (a) r5 = 0.5089334763 appearance of a new strut,
(b) r6 = 0.5349571702 appearance of four struts and four triangle elements equilibrating each other.

5.1.4. The Branch of D2 (Rugby Ball) Symmetry

We now consider the descending branch of the three secondary equilibrium paths
intersecting equilibrium path D6 at point r2. Here, too, the six circles form a D2 symmetry
arrangement; their convex hull is reminiscent of a rugby ball. If r ∈ (r2, r7 = 0.4771231753),
then the tensegrity structure consists of six cables and six active struts. At r7 (Figure 8a), one
of the two negative eigenvalues of the stiffness matrix of the structure becomes zero, and
at a limit point (fold catastrophe) the equilibrium path begins to rise (the active topology of
the structure does not change). At the point r8 = 0.4777166212 (Figure 8b), two new struts
become active. Thus, the stiffness matrix changes abruptly, and all its eigenvalues become
positive. (Since the smallest eigenvalue changes sign at the jump, the equilibrium path
may bifurcate. The side branches are analysed in Section 5.1.5).

In the interval (r8, r9 = 0.4932700700) the structure consists of six cables and eight
active struts. At the point r9 (Figure 8c), two triangle elements become active, but the
stiffness matrix remains positive definite. This state lasts to the point r10 = 0.5039429803
(Figure 8d), at which the stiffness matrix has a zero eigenvalue, so bifurcation occurs. The
two side branches remain stable; the stiffness matrix at the points of the D2 (rugby ball)
branch will have a negative eigenvalue in the following. So, at point r10 there is a standard
cusp catastrophe (stable symmetric bifurcation). There is no significant change along this
branch until the covering

(
RD2(2) = 0.5651977174

)
shown in Figure 3e.

5.1.5. The Branch of D1 Symmetry

In the previous section, we found that, on the rugby ball branch, at radius r8, 2–2 circles
just touch each other. In the touching position, the respective strut can be considered both
active and passive. The stiffness of the strut jumps at this point, so the type of bifurcation
cannot be determined on the basis of catastrophe theory since it deals only with smooth
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functions. A similar case occurred in Ref. [17], where two asymmetric branches ran into a
point of a branch of D1 symmetry. Here, too, only one strut will be active on each of the two
side branches, so the degree of symmetry decreases here as well; the arrangements on the
rugby ball branch have D2 symmetry and on the side branches have D1 symmetry. From
the point of bifurcation, these branches ascend, but the stiffness matrix of the structure
containing six cables and seven active struts still has a negative eigenvalue.

Figure 8. Arrangements in D2 (rugby ball) symmetry (a) r7 = 0.4771231753 limit point, (b) r8 =

0.4777166212 appearance of two new struts, (c) r9 = 0.4932700700 appearance of two triangle
elements and (d) r10 = 0.5039429803 one zero eigenvalue.

At radius r11 = 0.48744564 (Figure 9a), a triangle element becomes active, and then
at radius r12 = 0.4990334240 (Figure 9b) the stiffness matrix also has a zero eigenvalue.
Here, the energy function is smooth, and the classification of the catastrophe theory can
be used: a standard cusp catastrophe (stable symmetric bifurcation) occurs. One negative
eigenvalue remains on the side branches; however, in the rest of the branch D1, the stiffness
matrix already has two negative eigenvalues. On this branch, the arrangement is essentially
unchanged (the new struts and the triangle elements equilibrate each other) all the way to
radius RD1(1) = 0.5701976646, covering the unit circle (Figure 3c), when five small circles
intersect each other at the same point.

5.1.6. The Branch of C2 Symmetry

In Section 5.1.4, we found that the rugby ball branch has a stable symmetric bifurcation
point at radius r10. The arrangements belonging to the side branches have C2 symmetry,
and the stiffness matrix is positive definite, i.e., the arrangements are locally optimal. In the
interval (r10, r13 = 0.5116675879), the structure consists of six cables, eight active struts and
two triangle elements. At radius r13 (Figure 10), a third triangle also becomes active, but the
branch remains stable until covering that occurs at radius RC2 = 0.5565264632 (Figure 3i).
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Figure 9. Arrangements in D1 symmetry: (a) r11 = 0.48744564 appearance of a triangle element,
(b) r12 = 0.4990334240 one zero eigenvalue.

Figure 10. Appearance of one new strut in C2 symmetry, r13 = 0.5116675879.

5.1.7. The Branch of C1 Symmetry

In Section 5.1.5, we found that branch D1 has a stable symmetric bifurcation point at
radius r12. With buckling, the symmetry decreases, so the side branch has asymmetrical
(C1 symmetry) arrangements. Branch D1 has a passive negative eigenvalue at this point, so
there will also be a negative eigenvalue on the side branch. At the radius r14 = 0.5105307,
two circles touch each other (Figure 11) and a new strut becomes active. The resulting
structure composed of six cables, eight struts and one triangle element all the way to
the covering (Figure 3g) is a suitable model, because the two struts that still appear are
equilibrated by the new triangle elements.

Figure 11. Appearance of a new strut in C1 symmetry, r14 = 0.5105307.

5.2. Equilibrium Path Starting from the Packing of D5 Symmetry

The relationship between the different equilibrium paths starting from the D5 symme-
try packing is illustrated in Figure 12a. Above the branches, we give how many of that type
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of branch there are and what the symmetry of the arrangements is. The solid line indicates
the locally optimal arrangements, and the line marked with short horizontal segments
means that an equilibrium surface starts from each of its points.

Figure 12. (a) Equilibrium paths starting from the packing of D5 symmetry, (b) shape of the cross-
sections of the part associated with the interval (r16, RD5).

5.2.1. The Branch of D5 Symmetry

If the radius of the congruent circles is chosen to be slightly larger than rmax and we
start from the packing of D5 symmetry shown in Figure 2c, the structure will have five
active cables and five struts, but the stiffness matrix will have two negative and two zero
eigenvalues. Zero eigenvalues indicate that there is a bifurcation at every point (of this
segment) of the equilibrium path.

This strongly degenerate state lasts all the way to the radius r15 = 0.3837971570, at
which the five outer circles touch their neighbour (Figure 13a) and five new struts become
active. The stiffness matrix of the structure changes abruptly, and all its eigenvalues will be
positive, so the structure consisting of five cables and 10 active struts, from the radius r15,
belongs to stable arrangements of D5 symmetry.

Figure 13. Arrangements in D5 symmetry: (a) r15 = 0.3837971570 the outer circles touch the neighbour,
(b) r16 = 0.4653411272 appearance of five triangle elements.

This stable equilibrium path lasts up to the radius r16 = 0.4653411272, at which the
common part of the outer circles reaches the boundary of the inner circle, so that five
triangle elements become active (Figure 13b). The eigenvalues of the stiffness matrix
change abruptly again, and two zero eigenvalues also appear. The D5 symmetry structure
consists of five cables, 10 struts and five triangle elements; the stiffness matrix is singular
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until the radius RD5 is reached, that is, there is a bifurcation at every point of this segment
as well. The D5 symmetry arrangement for the radius RD5 is shown in Figure 3a.

5.2.2. The Segment (rmax, r15)

It has already been pointed out in Section 3 that, in the packings shown in Figure 2b–d,
the permissible positions of the four outer circles can be given by a four-dimensional
simplex. If the radius is increased, the angle α introduced in Section 3 decreases:

α =
2π
5
− 2arcsin

√
2r2

1− r2 . (4)

However, not each point of the simplex corresponds to an equilibrium position. This
is because if the radius is greater than rmax, then equal forces are generated in the active
struts, which are kept in equilibrium by the cable forces at the outer circles, but the middle
circle is only in equilibrium if the following conditions are met:

4

∑
i=0

cos
(

2iπ
5

+ ϕi

)
= 0,

4

∑
i=0

sin
(

2iπ
5

+ ϕi

)
= 0. (5)

Conditions (5) define a zero-measure part of the four-dimensional simplex. i.e., a
part of a two-dimensional surface, which can be parametrised, for example, also with the
coordinates ϕ1, ϕ2. Assigned the planar shape defined above to each point of the segment
(rmax, r15), a tree-trunk-like space is obtained (at point r15 the cross-section shrinks to a
point), the points of which define equilibrium positions. The “heart- and sapwood” of a
tree trunk belong to arrangements in D5 symmetry. In the “bark” of a tree trunk, at least
one of the inequalities (1) is fulfilled in the form of an equality, i.e., two circles touch each
other, that is, one strut becomes active and changes the stiffness matrix though with zero
strut force but with infinitely large stiffness. At all points of a cross-section of a tree trunk,
the coverage of the unit circle is the same.

5.2.3. The Segment (r16, RD5)

The phenomenon at r16 is similar to the reverse of the phenomenon at r15. Equilibrium
positions here also form a “tree trunk”; the “heart- and sapwood” are the equilibrium path
of arrangements of D5 symmetry. The cross-section of the trunk is illustrated by the shaded
plane shape in Figure 12b, and its explanation (the middle circle is “rattling”) is given in
Section 4. The points of the “bark” indicate the positions in which the line of the inner
circle just passes through the point of the common domain of two outer circles closest
to the centre of the unit circle. Then, the area of one triangle element, and thus its edge
forces, will be zero, even its stiffness will be zero. Because of this, the stiffness matrix of
the structure also changes; one of its zero eigenvalues becomes positive, since the centre of
the middle circle can no longer move inside the tree trunk, i.e., in a plane in all directions
but only on the bark. Five edges are also formed on the bark from the intersections of the
circles. In the case of the structures associated with the edges, two triangle elements are
also passive, and the corresponding arrangements are stable.

Note that during the iteration there are serious difficulties caused by the singularity.
If we prescribe an upper bound for the norm of the vector of unequilibrated forces as a
stopping condition, the inner circle may not completely cover the area that is not covered
by the outer five circles, so the number of active triangle elements is unreliable.

5.2.4. The Branch of D1 Symmetry

In Section 5.2.2, we determined the arrangements on the segment (rmax, r15) where
the structure is in equilibrium. But what happens if we rotate the five outer circles about
the origin so that the middle circle is not in equilibrium? The middle circle moves out from
its position, and begins to widen one slot and closes the others. The coverage is improved,
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and we get to a locally optimal arrangement. This arrangement can also be reached by
starting directly from the arrangement shown in Figure 2b; by moving the middle circle
slightly upwards, five active cables and nine active struts are formed, and the stiffness
matrix becomes positive definite.

In Figure 14, for the sake of comparability, we show the arrangements of different
symmetries for the radius r = 0.364:

Figure 14. Arrangements corresponding to the radius r = 0.364 in (a) D5 symmetry, (b) D1 symmetry and (c) D6 symmetry.

(a) D5 symmetry discussed in Section 5.2.1 (there is not even a local optimum, coverage:
0.7643588212),

(b) D1 symmetry (local optimum, coverage: 0.7651570086),
(c) D6 symmetry discussed in Section 5.1.1 (local optimum, coverage: 0.7582353854).

It can be stated that the arrangement of D1 symmetry is optimal. If we increase the
radius, starting from the value of rmax, then

(i) In the arrangement shown in Figure 14b, the gap visible at the top gradually decreases,
(ii) The displacement of the middle circle increases, then begins to decrease, and finally it

becomes zero at the radius r15, that is, the arrangement of D1 symmetry passes into
an arrangement of D5 symmetry.

This means that if the arrangements are characterised by the coordinates of the centre
of the middle circle, then the tree trunks discussed in Section 5.2.2 will shrink to a straight
line lying on the r axis. The D1 branches just discussed (of which there are of course five
different branches, since the initial gap between the outer circles can be considered between
any two outer circles at start-up) show the shape of the wires of an old-fashioned whisk (or of
air roots penetrating into the ground at the trunk) in the interval (rmax, r15), (Figure 12a).

5.3. Equilibrium Path Starting from the Optimal Covering

The equilibrium path starting from the optimal covering is illustrated in Figure 15.
There are six such paths since any of the six circles can be considered as closest to the
origin. Each point of the equilibrium path corresponds to an arrangement of D1 symmetry.
The solid line indicates the locally optimal arrangements, and the stiffness matrix of the
structure corresponding to the points of the dashed line has a negative eigenvalue.

Figure 15. Equilibrium path starting from the optimal covering.
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Starting from the optimal covering shown in Figure 3j and reducing the radius, the
generalised tensegrity structure consists of six cables, nine struts and two triangle elements.
The equilibrium path is stable. However, at radius r17 = 0.513200, the vertical strut will be
passive (Figure 16a). The equilibrium path remains stable.

Figure 16. Arrangements on the branch starting from the optimal covering (a) r17 = 0.513200 zero force in the vertical strut,
(b) r18 = 0.5116307327 one zero eigenvalue and (c) r19 = 0.5204159380 zero force in a horizontal strut.

In the interval (r17, r18 = 0.5116307327) the structure consists of six cables, eight
struts and two triangle elements. The equilibrium path is stable. However, at the radius
r18, the smallest eigenvalue will be zero (Figure 16b), and the equilibrium path (at fold
catastrophe) has a limit point loss of stability (minimum point).

There is a negative eigenvalue on the unstable branch, and until radius r19 = 0.5204159380
the eight struts remain, but then, according to Figure 16c, two circles in the second row
from above touch; consequently, a new strut enters the generalised tensegrity structure.
With nine struts, there is an unstable branch up to the covering, but close to the covering
(with smaller radius than the covering radius) other covering arrangements can occur.
The top of the branch maintaining D1 symmetry is given by the arrangement, shown in
Figure 3f, corresponding to radius RD1(2) = 0.5635253276.

6. Summary of the Results Concerning Six Circles

In the previous three sections, we have shown that in the case of six circles there
are two significantly different types of optimal packing, and D1, D2, D3, D5, D6, C1, C2
symmetry coverings are easily constructed (more can be constructed in some of these
symmetries), so the equilibrium paths are much more complicated than the equilibrium
paths for smaller number of circles.

Table 1 summarises the most important data for optimal packings and different types
of coverings: the radii of the congruent circles and the coordinates of their centres; the
magnitude of the coverage of the unit circle; and in the last column, the symbol (number)
of the figure showing the respective circle arrangement. At covering, the radius is denoted
by capital letters, with their subscript indicating the type of symmetry; if there is more than
one type, it is numbered in parentheses.

Table 1. Data for circle packings and coverings (radius r, serial number i of a circle, coordinates xi, yi of the centre of circle i,
coverage, and sign of figure).

r i xi yi Coverage Figure Number

rmax (D6) 0.3333333333
1,6 0 ±0.6666666667

0.6666666667 2a
2–5 ±0.5773502692 ±0.3333333333

rmax (D1) 0.3333333333

1 0 0

0.6666666667 2b2–5 ±0.5773502692 ±0.3333333333

6 0 −0.6666666667
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Table 1. Cont.

r i xi yi Coverage Figure Number

RD5 0.5877852523

1 0 0

1 3a
2,3 ±0.4755285518 0.6545089014

4,5 ±0.7694213635 −0.2500001557

6 0 −0.8090171626

RD6 0.5773502692
1,6 0 ±0.5773502691

1 3b
2–5 ±0.5 ±0.2886751345

RD1(1)
0.5701976646

1 0 0.6127107125

1 3c
2,4 ±0.5151767615 0.2868862895

3,5 ±0.4847337508 −0.2577511152

6 0 −0.8215075308

RD2(1) 0.5600968657
1,6 0 ±0.5331709364

1 3d
2–5 ±0.5857864376 ±0.3770087846

RD2(2) 0.5651977174
1,6 0 ±0.8249554777

1 3e
2–5 ±0.5 ±0.2635307567

RD1(2) 0.5635253276

1 0 0.6026560414

1 3f
2,4 ±0.4974006067 0.3039956419

3,5 ±0.7035513014 −0.4329604734

6 0 −0.5243946138

RC1 0.5583182642

1 0.0213089294 0.6939095997

1 3g

2 0.6222895494 0.2706667445

3 0.4460901879 −0.2827044247

4 −0.4535669631 0.3037046943

5 −0.6229495950 −0.2750620915

6 0 −0.8296268534

RD3 0.5570157181

1 0 0.8305019505

1 3h
2,3 ±0.4823897622 0.2785078591

4,5 ±0.7192357870 −0.4152509752

6 0 −0.5570157181

RC2 0.5565264632

1,6 0 ±0.8308298838

1 3i2,5 ±0.6031630184 ±0.2762609196

3,4 ±0.4600218720 ±0.2827344832

RD1(3)
Rmin 0.5559052114

1 0 0.5617874316

1 3j
2,3 ±0.5725482556 0.3549534480

4,5 ±0.6907587242 −0.4624086729

6 0 −0.5200412247

Table 2 shows similar data for partial coverings. We gave a subscript to a radius
when something special happens in its respective circle arrangement: the stiffness matrix
becomes singular, or some element of the tensegrity structure is at the boundary between
the active and passive range. We also selected a radius at which the arrangements of
different symmetry were comparable.
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Table 2. Data of special and investigated points (types of data as in Table 1).

r i xi yi Coverage Figure Number

r1 0.4472135955
1,6 0 ±0.6324555320

0.9144982941 5a
2–5 ±0.5477225575 ±0.3162277660

r2 0.4827200179
1,6 0 ±0.6192662531

0.9551984579 5b
2–5 ±0.5363003069 ±0.3096331265

r3 0.4681235977

1 0 0.8004294056

0.9452009602 6a
2,3 ±0.4681235977 0.2702712851

4,5 ±0.6931921992 −0.4002147028

6 0 −0.5405425703

r4 0.4810603043

1 0 0.8176825088

0.9621897743 6b
2,3 ±0.4771598040 0.2754883414

4,5 ±0.7081338249 −0.4088412544

6 0 −0.5509766826

r5 0.5089334763
1,6 0 ±0.5089334763

0.9791020416 7a
2–5 ±0.5860490667 ±0.3721826799

r6 0.5349571702
1,6 0 ±0.5233712202

0.9952931802 7b
2–5 ±0.5840892239 ±0.3730418956

r7 0.4771231753
1,6 0 ±0.7568326369

0.9495539652 8a
2–5 ±0.4952596676 ±0.2945440486

r8 0,4777166212
1,6 0 ±0,8196347452

0.9502891973 8b
2–5 ±0,4777166212 ±0,2987485232

r9 0.4932700700
1,6 0 ±0.8248914501

0.9676505985 8c
2–5 ±0.4911006728 ±0.2854100068

r10 0.5039429803
1,6 0 ±0.8242468715

0.9769519459 8d
2–5 ±0.4957014235 ±0.2799112855

r11 0.48744564

1 0 0.7142214866

0.9612059828 9a
2,3 ±0.5129878451 0.2883233530

4,5 ±0.4850429130 −0.2903674287

6 0 −0.8261517093

r12 0.4990334240

1 0 0.6785170299

0.9717499000 9b
2,3 ±0.5228790959 0.2905235730

4,5 ±0.4884398843 −0.2816791405

6 0 −0.8241558231

r13 0.5116675879

1,6 0 ±0.8214382601

0.9831869003 102,5 ±0.5822443882 ±0.2762544436

3,4 ±0.4298786085 ±0.2775033377

r14 0.5105307

1 0.0190552071 0.7035456085

0.9814345627 11
2 0.6265976941 0.2759739046

3 0.4227509152 −0.2764024202

4 −0.4286600184 0.2871521918
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Table 2. Cont.

r i xi yi Coverage Figure Number

5 −0.5860540509 −0.2749466326

6 0 −0.8202119048

r15 0.3837971570

1 0 0

0.8178222872 13a
2,3 ±0.3837971570 0.5282514680

4,5 ±0.6209968448 0.2017741062

6 0 −0.6529547237

r16 0.4653411272

1 0 0

0.9462006578 13b
2,3 ±0.4425657113 0.6091394437

4,5 ±0.7160863632 −0.2326705636

6 0 −0.7529377602

r17 0.513195

1 0 0.5259359971

0.9847480884 16a
2,3 ±0.5603956677 0.3365815092

4,5 ±0.6812086064 −0.4588734340

6 0 −0.5004540025

r18 0.5116307327

1 0 0.5469003509

0.9835433930 16b
2,3 ±0.5459633733 0.3230435978

4,5 ±0.6860433004 −0.4538634867

6 0 −0.5088782360

r19 0.5204159380

1 0 0.5853323769

0.9889108239 16c
2,3 ±0.5204159380 0.3091280150

4,5 ±0.6957416227 −0.4416518797

6 0 −0.5213170621

0.364
(D5)

1 0 0

0.7643588212 14a
2,3 ±0.3871144925 0.5328173887

4,5 ±0.6263644065 −0.2035181327

6 0 −0.6585985120

0.364
(D1)

1 0 0.04099387715

0.7651570086 14b
2,3 ±0.4794149450 0.4638173612

4,5 ±0.6073750810 −0.2525873740

6 0 −0.6521125625

0.364
(D6)

1,6 0 ±0.6585985120
0.7582353854 14c

2–5 ±0.5703630423 ±0.3292992560

Based on the results obtained, we highlight that

i. The equilibrium paths form three different systems that are unconnected to each
other (systems starting from the packings of D6 and D5 symmetries and the
optimal covering);

ii. For the branches associated with the equilibrium path of the D6 symmetry arrange-
ment, the product of the number of cycles and the number of branches, if there is
an axis of symmetry (type D), then six, otherwise (type C), 12;

iii. The equilibrium path corresponding to the D5 symmetry arrangement has two
strongly degenerate segments, at each point of which the equilibrium path bi-
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furcates in an infinite number of directions, i.e., in the neighbourhood of these
segments the equilibrium positions form a three-dimensional set.

The examinations in Section 5 show that, in contrast to the case n = 3, 4, 5, there
were several (essentially different) locally optimal arrangements for each value of r. To
determine the global optimum, the values of the coverage for the local optima must be
compared. (An example of this is shown in Section 5.2.4.) The global optimum is given:

in the interval (rmax, r15) by the arrangement corresponding to D1,
in the interval (r15, 0.47449) by the arrangement corresponding to D5,
in the interval (0.47449, 0.54715) by the arrangement corresponding to D3,
in the interval (0.54715, Rmin) by the arrangement corresponding to D1

symmetry branches (in the last interval, to the branch that starts from the optimum covering).
The optimal coverage is shown in Figure 17 as a function of radius.

Figure 17. The optimal coverage by six circles as a function of the radius.

7. Optimal Arrangements of 7 Circles

For n = 7, the problem is simple. An early publication where the picture of the
maximum packing configuration appeared in a mathematical context was Pacioli´s [40]
Summa de Arithmetica. In the case of seven congruent circles, the radius of the largest
circle that can still be packed is r(7)max = 1/3, and the smallest radius at which the unit circle
can already be covered is R(7)

min = 1/2. Both arrangements have D6 symmetry, and even
the optimal arrangements between these two radii show this symmetry everywhere. If
1/3 < r < 1/2, then the centre of six circles is at a distance

t =
1
3

√
21r2 − 3 + 6

√
13r4 − 5r2 + 1 (6)

from the centre of the unit circle, all strut forces are equal; their absolute value is just half of
the cable forces. The packing, covering and an intermediate optimal arrangement of seven
circles are illustrated in Figure 18.
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Figure 18. In the case of seven circles, the optimal (a) packing, r(7)max = 0.3333333333; (b) partial covering for r = 0.36; and

(c) covering, R(7)
min = 0.5.

The optimal coverage is shown in Figure 19 as a function of radius.

Figure 19. For n = 7, the optimal coverage as a function of radius.

8. Conclusions

In Ref. [37], we have shown how to determine the position of n congruent circles by
the tools of mechanics so that they cover the maximum area within the unit circle. In the
present paper, we extended the range of n up to 7 to obtain results in this way.

We did not deal with the case of n = 1 since, trivially, the packing and covering
are identical and there is no active element, and so we cannot define an equilibrium
path (point).

We did not investigate the case n = 2, because it was solved already by Zahn [1], but it
was easy to see that, between r(2)max = 0.5 and R(2)

min = 1, to the arrangement of D2 symmetry,
there corresponds a stable structure consisting of two cables and one strut all along.

In the case n = 3 [15], the types of optimal packing and optimal covering are identical,
and even in the transition segment, the arrangement of D3 symmetry is optimal.

In the case n = 4 [16], the types of optimal packing and optimal covering are identical,
but the arrangement of D4 symmetry is optimal only on the part of the transition segment.
The equilibrium path bifurcates at a critical point, and afterwards the optimal arrangement
is of D2 symmetry.

In the case n = 5 [17], we found that the equilibrium path is very diversified; there
was a degenerate double cusp catastrophe, a standard cusp catastrophe, and a degenerate
bifurcation point at which the studied function was not smooth, so the elementary catastro-
phe theory could not be used. We have shown that only one substantially different stable
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equilibrium configuration corresponds to each radius, so that locally optimal arrangements
are always globally optimal.

For n = 6, the situation is even more complicated. Two essentially different arrange-
ments were obtained for optimal packing, and their types of symmetry (D5 and D6) differ
from the type of optimal covering (D1). We have shown that the equilibrium paths starting
from these three arrangements

• Are not connected to each other;
• At each path, there is a branch corresponding to a locally optimal arrangement;
• The arrangements corresponding to the global optimum are divided between these

three independent paths;
• Here, too, the bifurcation types experienced for n = 5 occur, in fact;
• Here were segments where the stiffness matrix was singular at each point of certain

segments of the equilibrium path, so that the equilibrium path degenerated into
equilibrium body.

In the case n = 7, we obtained an even simpler path than in the case of n = 3, which
also consists of a stable branch, but here the active elements of the tensegrity structure did
not change either.

Examining partial coverings by greater than seven circles may reveal further interest-
ing cases.
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