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Abstract: By employing Shauder fixed-point theorem, this work tries to obtain the existence results
for the solution of a nonlinear Langevin coupled system of fractional order whose nonlinear terms
depend on Caputo fractional derivatives. We study this system subject to Stieltjes integral boundary
conditions. A numerical example explaining our result is attached.
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1. Introduction

The property of a mathematical object to remain unchanged after an operation or a
transformation is called invariance. Symmetry is a type of invariance. Invariants usually
reflect intrinsic properties of the object of study [1]. The reflection principle is invariably
presented as a consequence of the strong Markov property. The reflection principle is
one of the most important properties of Brownian motion. Brownian motion sample
paths satisfy the Markov property, symmetry, reflection principle, invariance scaling, time
inversion [2,3], and new symmetry nominated as the quasi-time-reversal invariance [4].
It turned out to be of the Brownian motion is the clef to confirm the period symmetry for
diffusion operations on the circle.

It is noteworthy that the Brownian motion is closely depicted through the Langevin
equation when the force of random fluctuation is proposed to be white noise. If the
force of random fluctuation is not white noise, the particle motion is portrayed by the
generalized Langevin equation [5]. In a fractal medium, varied popularizations of the
Langevin equation have been suggested to depict dynamical operations. In general, the
differential equations of integer order can not accurately characterize the experiential and
area measurement data, as a different approach, differential equation models of fractional
order are now being used [6]. Based on the fractional Langevin equation, Mainradi and
Pironi [7] had reintroduced Brownian motion. Analytical expressions of the correlation
functions were obtained using the two fluctuation-dissipation theorems and fractional
calculus approaches. The fractional Langevin equation has been received the attention of
many scientists due to its extremely useful applications in different fields of science and
has been dealt with under different conditions (see [8-14]).

Undoubtedly, the close connection between Langevin equations, Brownian motion,
and the symmetry principles, observed through the previous discussion, encourages any
author to study these equations, their solutions, and the properties of their solutions in
various fields. Therefore, in this investigation, we address the fraction Langevin coupled
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system of fractional Caputo type. We aim to establish sufficient conditions the existence
results to the next system

“DPI(*D% + Ai)oi(t) = gi(t, v;(t),S DVivi(1)),  t€[0,1),i# ] 1)
subjected to the specific boundary conditions
v;(0) =0, ‘D%v;(0) +° D%v;(1) =0,

(1) = [ or(s)ax(s) + [ oa(s)dyls). &)

where for i = 1,2, v;(t) are the displacements of two particles in the unit interval [0, 1],
¢DPi and D% are the fractional derivatives in the sense of Caputo, 0 < a; < 1,1 < B; <
2,0 <1v; <wj, A; € Rand the integrals implied by the conditions are the Stieltjes integral
with respect to the functions x;(s),y;(s) : [0,1] - R,i=1,2and g; : [0,]] x RxR — R
which are continuous and might include an extrinsic force field, a position-dependent
phenomenological fluid friction coefficient, the strength of the stochastic force, or random
fluctuation force (may be white noise term or not).

The Riemann-Stieltjes integrals are beneficial and valuable mathematical tools when
acting with random and discrete variables synchronously. They have several applications
in statistics and physics but are restricted in their applications with Stochastic processes.

The existence theorem is a method that allows us to determine whether a solution to a
differential equation exists that fulfills specified initial or boundary conditions. Indeed, it
is too hard to give an exact solution to the differential equation in its general form. Thus,
contributors consider the existence, uniqueness, numerical algorithms, etc., to discuss the
solution and its properties. In the past few decades, interest has greatly increased in the
study of the existence theory of solution to differential equations, especially to fractional
ones, see [15-18] and the references cited therein.

Fractional differential equations have recently received a lot of attention because of
their wide range of applications in engineering, physics, chemistry, biology, and other
domains. In the last few decades, researchers have been interested in differential equations
of fractional order. It arises from fractional-order derivatives offering powerful tools for
the description of memory and inherited properties of different materials and processes in
different fields of science and engineering [19-22].

The coupled system of differential equations with fractional order is considered an
important and valuable point to study because of its many applications [23,24]. It is notable
that the nonlinear term in (1) is dependent on the fractional derivative of the unknown
function. As far as we know, this paper seems to be the first work to deal with this case on
a fractional Langevin coupled system of Caputo type under the conditions described in (2).

Our action plan is in the following manner: In the second section, we introduce some
lemmas needed in our main results. In the third section, the existence results by using
Schauder fixed point theorem are proven. An example showing our results is attached in
the final section.

2. Preliminaries and Relevant Lemmas

Here, we begin by introducing various notations, fundamental facts, and definitions
that will be used in the next sections. For more details see [25,26].

Definition 1. Suppose that u : [0,00) — R is a continuous function, the R-L integral with order
o > 0 is presented as

t _ c—1
I"u(t)z/o (Ifr(?)u(r)dr
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assuming the integral’s right-hand side exists, and T' (o) is the Euler gamma function known as
I'(o) = / 7 e dr, a > 0.
0

Definition 2. The Caputo derivative of order o > 0 to the function u : [0,00) — Ris introduced as

‘Du(t) = 1"(;711—(7) /Ot(t — 7)== 1y(m (1) dr

where m —1 < 0 < mand m € N, on the assumption that the R-H-S exists and is finite.
Remember that the value of Caputo derivative is zero for any constant.

Lemma 1. Let a and B be positive reals. Then,
I*1Pu(t) = 1**Pu(t)
where u is a continuous function.
Lemma 2. Assume that m € Nand m — 1 < « < m. Then,
I* D% (t) = v(t) +ag + art + - - + a1 t" !
where v is a continuous function.

Definition 3. Let plc,d] = {c = to,t1, -, tn = d} be a partition of the interval [c,d]. Define
V,(h) as
P

h(tr) = h(tr—1)|-

..

Then, we state that the function h : [c,d] = R is of bounded variation (h €BV|c, d]) if the set
{Vy(h) : p € Plc,d]} is bounded above, and sup V,(h) is called a total variation of h and denoted
by Véh.

Lemma 3. The Stieltjes—Riemann integral fcd g(T)dh(7) exists if g(t) € C([c,d],R) and h :
[c,d] = R are functions of bounded variations.

Lemma 4. Let ¢ and h be as in Lemma 3 and K = m[ag] |g(t)|. Then,
te|c,

/ ! o (oydn(o)| < kvin(o).

Corollary 1. If the function h be monotonically on [c,d] (decreasing or increasing ), then the
Stieltjes—Riemann integral [ Cd g(T)dh(7) exists and

/Cdg(T)dh(T) < K|n(d) — ho)|

such that each of K and the function g is as in Lemma 4.

For more information on the Riemann-Stieltjes integral and functions of bounded
variation, we recommend reading [27-29].
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Lemma 5. Fori =1,2, let

- (Zt -1- ai)t"‘i
T
5 = AT 1)
Then the problem
‘DPi(“D% + Aj)oi(t) = gi(t),  t€[0,1] 3)
Ui(()) =0, CDaiZ)i(O) +¢ D“ivi(l) =0,
1 1

(1) = /0 o1 (s)dx;(s) + /0 02(5)dy; (s). 4)

has a unique solution illustrated by
vi(t) = 1" Pigi(t) — Al “oi(t) + Ay (1) (Al M0y (1) — I%7+Pigy (1)) + Ay (1) IPigi(1)
s+ 20 [M o) + [ ealslants) ), ®)
where 0 < a; < 1,1 < B; <2, A; € Rand g; € C[0,1].

Proof. By operating I?i followed by I* on both sides of (3) and using Lemma 2, we get

CDaiUi(t) = A;+ Bt + Iﬁig,‘(t) — /\,‘Ul'(t), (6)
L8 tlxi+l
v;(t) = Air(a- -y + Bir(w ) + % Pigi (1) — AiT%0;(t) + Cy,
i i

The first condition (4) gives C; = 0 and the second and third conditions give

24;+ B = —1Pigi(1) + A; (/01 v1(s)dx;(s) + /Ol UZ(S)dyi(5)>

A, B
T(a+1)  T(a+2

= g ) A )+ [ o () + [ oa(6)dnls)

By solving the previous equations, we get

A = T+ (P (1) — AiT0i(1)) — g (1)
H =T+ 2 [ o) + [ o),
Bi=7 _1 o {28 (a; +2) (AiI%0;(1) — 1% Pigy(1)) + (1 + a;) IPig;(1)

1 1
+ 2T (& +1) — A [/O o1(s)dxi(s) + /O 02(s)dy;(s)]}.
Substituting the above values of A;, B; in (3) to obtain the desired results. 0

Postulate the space of all continuous functions on the unit interval [0, 1] is denoted by
C(I). We define the space

V; = {v;(t) € C(I) and °D"v;(t) € C(I)}, i=1,2
with the norm

[|'0i [lv;= max | v;(t) [ +max " DViv;(t) |, i#j=1,2.
tel tel
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Consider the class ¥ of continuous functions which defined as
Y={$:4= gi(t,v]-(t),cD%’v]-(t)), (t,v]-(t),c D%’v]-(t)) eIxRxR,i,j=1,2,i #j}.

Lemma 6. Suppose that §; € ¥;i = 1,2. Then, (v1,v2) € Vi X Vy is a solution of the problem
(1) ifand only if (v1,v2) € Vi X Vy is a solution of the next coupled system

vi(t) = ITPigi(t) — A;I%v;(t) + Ay(t) (A I%0;(1) — I4TPig;(1)) + Ay (1) IPig;(1)

FAO + A [ 01©)(e) + [ 02(S)(s)). ?

Proof. Let (v1,vp) € V; X V; be a solution of the problem (1). By the proof of Lemma 3,
we can get that (vq,v;) is a solution of (7).

Conversely, let (v1,v2) € V5 x V; be a solution of the system (7). Then, from (5),
we have

F(al- +2)
(1—-a)

[(14 ) (20 (; +2) + Aj)t

cDPi (°D%v;(t) + Ajvi(t)) =° DPi <1ﬁigi(t) + (2t — 1) [A; %0y (1) — I%7Pig;(1)]

+ ((14a;)t — 1)IPig;(1) +

1 1
(1—a;) (1—w)
1 1
O Ts2)) [ [ or6nls) + [ oaledn(s)]) =6, i=12
The Lemma’s proof is completed. [

Let the operator T : Vi x V, — Vi x V; be defined as T(v1,v3) = <T

1
T2> where, for

i =1,2, we have
(Tyo) () = I%7Pigi (1) — AiT%0; (k) + Ag(8) (A 1%0;(1) — I%77Pigi (1)) + Ay (1) TPigi (1)
A0+ 280 [ 1 ((s) + [ o2(s)i(s)
and
CDYi(Tyo;)(£) = 1P, () — A 1% Vivg(t) 4 DY A () (A1%0;(1) — I%7FPig; (1))

+ DM 1P (1) + (DA + D7) ([ o) + [ oa(e)n(s)):

Hence, in view of the Lemma 7, the operator T has a fixed point which is consistent
with a solution of the system (1).

Now, before beginning to prove the basic part in this research, fori,j =1,2,i # j, we
define a set of values that we need later.

i = Voxi + Vyyi, 8
@i = 9i(0) + 9i (7)), )
M; = M;(0) + M;(7j), (10)
Ci = Ci(0) + Ci(7)) (11)
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where

1 N Ai(vj) Bi(7)
Tla;+Bi—7j+1) T(y+pi+1) T(B+1)

Mi(')’j)_/oll< ( ! + Ai(w))>(1—s)“f+ﬁmj1+Bi(7ﬂ(1_s)ﬁi—1]¢i(s)ds

HODES

T(a;+Bi—7j)  Tlai+pBi I'(B:)
A AiAi(7)

Ci(j) = T(aj—vj+1)  T(x+1)

+1i(Ai(7) + AiBi (7))

Such that, from [30], we have

. 1
2 1—a;i+7; if ai§§+7j
—_ Tla+2)
L Ay = max IDYAIl = T2 | /a;— AU 1
7 if a; > 5 +
_ 1 (1) (=) ,
2. B (’y]) = tIen[(e)Dl(] |[DViA;| = )T —7,72) [ v TR + -

3. Existence Results

Let us suppose the assumptions below
(H1) Fori=1,2and g; € ¥. Then,
81(6:8,0)] < 9i(0) + 2] + br gl
for all (f,g,(:) S [0, 1] x R x R where (Pi(t) S L[O, 1}, a;,b; >0and 0 < 0;,0; <1.
(Hy) Fori=1,2and g; € ¥. Then,
18i(t, 2, 8)| < ¢i(t) + ai|Z[% + b1|E]
forall (t,,&) € [0,1] x R x R where ¢;(t) € L[0,1], a;,b; > 0 and ¢;,0; > 1.

Theorem 1. Suppose that x;(s),y;(s) : [0,1] — R,i = 1,2 are functions of bounded variation
and one of the previous assumptions holds. Then, the problem (1) has a solution.

Proof. The linear operator T : V; x V, — V; X V, is well-defined if it has a unique
expression. Since v; € V; has a unique expression of continuous function g; fori = 1,2 in
the form of Lemma 6, it is clear that the operator T is well-defined.

Let us consider that (7{1) is satisfied. Define the ball () as

Q = {(01(8),02(1))[(v1(£), 02(8)) € Vi x Vo, || (02(8),02()) IS Lt € T}

such that

1 1 3M;
L> f“?x{(quz i)', Bgib) 1, 1—3101}

From Lemma 2 and the properties of fractional calculus, we get

(o)) < [ [f 2 sty 2O a - 9Pt s

o 1+ A;(0) B;(0)
(@l tail )< (ai+ﬁi+1)+r(ﬁi+1))
( i(1+ A;(0

o 040 + 150D )

+ (a;L% 4 b;L% ) ;(0) + LC;(0).
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Similarly,
[(“DYiTyw;) (#)] = Mi(7y)) + (aiL% + biL%) @i (7)) + LCi ()

So,
|| Tiu HVIS M; + (aiLQi + biLUi)Ql)i +LC; <L

where ¢;, M; and C; are defined as in (9)—(11), respectively. Then, we get that T(Q2) C Q)
provided that C; < 1/3.
Now with regard to the second condition (#;), we lay down that

mind (1 T 1 \aT 3M,
i=1,2 3(piai ! 3(Pibi ’3CZ'71

By following the same steps as above we obtain

| Tiw [lv;< M+ (a;,L% + b;L%)p; + LC; < L

which implies that T(Q)) C Q provided that C; > 1/3.
For showing that T is a completely continuous, we take N; = max;c; §;(t) for any
;, U € 0,i,j=0,1,i # jsuch that 0 < t; < t; < 1, then we have
|(Tiwi) (t1) — (Tiv;) (2)]
B (t; — ) tB—1 _ (4, — g)aithi—1 t(t; —g)%itB—1
< $®%+ﬁ£i4i—fm>

B T(a; +Bi) » Tlai+Bi)
ty _g)wi—1_ —g)i— _er,
+|Ai|/0 (f2 =) F(M()tl P i(s)ds + A |/ (=) 6)ds
i) - Am)GQ%EG—N“%@%+HM;MAﬂLﬁWWH@@%>
+]Ai(h) — Ai(t2 |/ 1_5 ﬁ’ Gi(s)ds

+OAAH)—AAQN+%AMAKHM—&UﬁD(Azh®MM@)+[jw@ﬁ@d®>

Ni(B7P— 657PY A |L(t — t)

I'(ai+Bi+1) I(a; +1)
[ 2|\ L 2N; . N; +L17i(2+ |A] )} t’f"ﬂ t5i i+1
I'(wj+1) T(a;+pi+1 T(;+DI(Bi+1) I'(a;+1) 1—a;
[<1 +a) ML (1 +a)N; N Ligi (T (a; +2) + IAZ-|>} B — 8
T(aj+1)  T(y+pi+1) T(a+1I(Bi+1) I(a;+1) 1w

T(a+1)t*7

Tla—ys1)’ We find that

By using the relation *D7t* =
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|°DViTyv;(t) —© DV"T'Uz‘(fzﬂ

1) l’ —s)lX itBi— _ (t2 )lX iTBi—vj— B (tl _S)“i+ﬁi—7]'—l
</ i(s)|ds + 5.(s)ds
(0‘1+f51— i) | &)l It F(oci—i-ﬁi—’yj) 18i(s)]
_ lxl Vi~ (t _s)ﬂti_'Yj 1_5 i—ri—1
A / s ! v;(s)]ds + |A; / —————1vi(s)|ds
+ I o (s)]ds + 1A o)
)”‘ ! (1 s)mthi-1
+°DYiA;(t) —¢ DY A;(t)] <|/\ |/ o v (s \dS+/ 7@' i(s)|d5>
L)ﬁ’_l

+ D)~ D) [ gl

+ (I"DYAi(t) = DY A (k)] + Al DY Ai (1) = D1 A(t)])

Y ( [ o)t + [ vz<s>dyi<s>)

aitpi—7;j aitpi—7;j oy
N (6P P o L — )6
S T+ Bi— 7 +1) I(a;—7j+1)
ZF(oci—i—l)Nl- N; }
2|A;|L Ly;(2I' (a; + 1 A
+ |+ et e L2+ 1)+ )
(Xj—’Y'+1 D(i—’7'+1
) g
(1—a)T(1—a; —7;+2)
T(a; +2)N; N; g

T(+Bi+1  T(Bi+1)

" [<1+ai>Ai|L+ LT+ 2) + |Az-|>}

(1 —a)T(a; =y +1)

Accordingly, we conclude that T() is an equicontinuous set. It is also clearly bounded
since TQ) C Q). The Shauder fixed point theorem shows that the solution exists in (3. O

Remark 1. The radius of the ball Q) depends on the values of o; and o; which have several bounds
with respect to one. Here, we mentioned two cases when 0 < ¢;,0; < 1 and ¢;,0; > 1. One might
take another values to them. For instance, 0; = 0; = 1. In this case, we have to provide that
(a; + b;)g; + C; < 1and the radius L > M; /(1 — (a; + b;) ¢; — C;).

4. An Illustrative Example

A Hamiltonian model for a simple dynamical system connected to the environment is
used to create a theoretical Langevin equation [31]. The Langevin equation uses Newton’s
law to address the dynamics of a Brownian particle by combining the influence of Stokes
fluid friction and thermal fluctuations in the particle’s proximity into a random force with
appropriately assigned attributes. The simplest fractional Langevin equation to a dynamical
system unlock to the environment takes the style (1) where v;(t) are the displacements of
the particle, A; are dissipation parameters, and g;, in the general style, the particle at time
t modeled by the position v;(t) and velocity “D"v;(t) . The functions g; might include an
extrinsic force field, a position-dependent phenomenological fluid friction coefficient, the
strength of the stochastic force, or random fluctuation force (may be white noise term or
not). In the following example, we assume that there is no Gaussian white noise term that
agrees with its mean equal zero and the functions g; contain external force proportional to
the power of the displacement and velocity as in the following example.
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Example 1. Postulate the next problem

DI(DY + g5 )u(t) = (t - DA + (DBe(n)?), 1€,
DYDY + 5)olt) = (+— ()} + (DHu()?),  te o1
u(0)=0, u(l)= /01 u(s)dxi(s) + /01 v(s)dyi(s), CD%u(O) +¢ D%u(l) =0,

We can observe that ¢p1(t) = ¢1(t) = 0, a; = b; = 19—6, C1 = 0.2995493010 < % and
Cy = 0.2497957216 < % Then, the problem has a solution if L < 0.2861152180 subject
to that we take x1(t) = y1(t) = =5(x2 — 1), which is monotonically decreasing function,
x2(t) = ya(t) = 55x% which monotonically increasing function. Accordingly 11 = 11, = .

5. Conclusions

In our contribution, we presented a discussion of the existence results for a fractional
Langevin coupled system of Caputo type under specific boundary conditions involving
Stieltjes integral boundary. We applied Shauder fixed-point theorem to get our result, and
we gave an example that illustrates this result.
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