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Abstract

:

A closed form expression for a triple integral not previously considered is derived, in terms of the Lerch function. Almost all Lerch functions have an asymmetrical zero-distribution. The kernel of the integral involves the product of the logarithmic, exponential, quotient radical, and polynomial functions. Special cases are derived in terms of fundamental constants; results are summarized in a table. All results in this work are new.
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1. Significance Statement


Triple integrals are used in many areas of mathematics and physics. Some useful applications of these integrals are in finding the the mass of a ball of radius, say (r) whose density ( ρ ) is proportional to the squared distance from the center; another application is in finding the moment of inertia of a right circular homogeneous cone about its axis.



These integrals are also used to find the mass of a planet, where its radius and density are expressed in terms of a formula. Triple integrals are also used in calculating the volume of a region of a space within a given region in the metric of Euclidean space [1], calculating the conditional probability density function in Bayesian methods used in cosmology [2], the evaluation of cosmic strings in the weak-field approximation [3] and in the calculation of the astrophysical term in the study of Cosmic Rays for Particle and Astroparticle Physics [4].



Based on our short reading of current literature involving triple integrals, there seems to be a lack of closed form solutions for the given triple integrals in a general form. Our present work aims to supply a formal derivation and a specific triple integral, and express it in terms of a special function. These results will provide a new process and formula for current work requiring such results.




2. Introduction


In this work, a general integral theorem was developed, from which integral and closed form results, in terms of the Lerch function, Hurwitz zeta function, polylogarithm function, and the Riemann zeta function could be expressed. The definite integral obtained in this present work is given by


   ∫  0  ∞   ∫  0  ∞   ∫  0  ∞   z  −   m n  2  − 1     ( x y )   m / 2     ( x + y )   −  m 2  −  1 2     log k     a  z  − n / 2     x y      x + y      e  − β  z n  − p x − q y   d x d y d z   



(1)




where the parameters   k , a   are general complex numbers and   R e ( β ) > 0 , R e ( p ) > 0 , R e ( q ) > 0 , R e ( m ) ≤ 0  . This integral with integer values of the parameters yield expressions in terms of fundamental constants namely Catalan’s constant C, equation (25.11.40) in [5], Glaisher’s constant, equation (5.17.6) in [5], Apéry’s constant, equation (25.6.9) in [5] and Euler’s constant, equation (5.2.3) in [5].



The definite integral was obtained using the method described in [6], which includes Cauchy’s integral formula. The generalized Cauchy’s integral formula is given by


    y k   Γ ( k + 1 )   =  1  2 π i    ∫ Δ    e  w y    w  k + 1    d w .  



(2)




where  Δ  is, in general, an open contour in the complex plane where the bilinear concomitant has the same value at the end points of the contour. This method includes multiplying both sides of (2) by a function, then taking a definite triple integral of both sides by using a form of Equation (2). In terms of a contour integral, this produces a triple definite integral. A second contour integral was obtained by multiplying Equation (2) by a function, making certain substitutions, then taking the infinite sum to obtain the same contour integrals.




3. Definite Integral of the Contour Integral


The variable of integration of the contour integral is   t = m + w  . The cut and contour are in the first quadrant of the complex t-plane described in [6]. We use Equation (2) and replace y by   log    a  z  − n / 2     x y      x + y       then multiply by    z  −   m n  2  − 1     ( x y )   m / 2     ( x + y )   −  m 2  −  1 2     e  − β  z n  − p x − q y    . Next, we take the triple infinite integral over   x ∈ [ 0 , ∞ )  ,   y ∈ [ 0 , ∞ )   and   z ∈ [ 0 , ∞ )   to get


      1  Γ ( k + 1 )    ∫  0  ∞   ∫  0  ∞   ∫  0  ∞   z  −   m n  2  − 1     ( x y )   m / 2     ( x + y )   −  m 2  −  1 2     log k     a  z  − n / 2     x y      x + y      e  − β  z n  − p x − q y   d x d y d z       =  1  2 π i    ∫  0  ∞   ∫  0  ∞   ∫  0  ∞   ∫ Δ   a w   w  − k − 1    z  −  1 2  n  ( m + w )  − 1     ( x y )    m + w  2     ( x + y )    1 2   ( − m − w )  −  1 2     e  − β  z n  − p x − q y   d w d x d y d z       =  1  2 π i    ∫ Δ   ∫  0  ∞   ∫  0  ∞   ∫  0  ∞   a w   w  − k − 1    z  −  1 2  n  ( m + w )  − 1     ( x y )    m + w  2     ( x + y )    1 2   ( − m − w )  −  1 2           e  − β  z n  − p x − q y   d x d y d z d w       = −  1  2 π i    ∫ Δ     π  3 / 2    a w   w  − k − 1    β   m + w  2   csc   1 2  π  ( m + w )      p  +  q    − m − w − 1     n   p q     d w     



(3)




from equations (3.326.2) in [7] and (3.1.3.9) in [8] where   R e ( w + m ) > 0 , R e ( β ) > 0 , R e ( p ) > 0 , R e ( q ) > 0 , R e ( m ) ≤ 0   and using the reflection formula for the Gamma function in equation (8.334.2) in [7]. We can reverse the order of integration over t, xy and z using Fubini’s theorem due to the integrand being of bounded measure over the space   C × [ 0 , ∞ ) × [ 0 , ∞ ) × [ 0 , ∞ )  , where  Δ  is the non-zero complex plane.




4. The Lerch Function


We use equation (1.11.3) in [9,10,11] where   Φ ( z , s , v )   is the Lerch function, which is a generalization of the Hurwitz zeta   ζ ( s , v )   and polylogarithm functions   L  i n   ( z )   . The Lerch function has a series representation given by


  Φ  ( z , s , v )  =  ∑  n = 0  ∞    ( v + n )   − s    z n   



(4)




where   | z | < 1 , v ≠ 0 , − 1 , − 2 , − 3 , . . ,   and is continued analytically by its integral representation given by


  Φ  ( z , s , v )  =  1  Γ ( s )    ∫  0  ∞     t  s − 1    e  − ( v − 1 ) t      e t  − z   d t  



(5)




where   R e ( v ) > 0  , and either   | z | ≤ 1 , z ≠ 1 , R e ( s ) > 0  , or   z = 1 , R e ( s ) > 1  .




5. Infinite Sum of the Contour Integral


Again, using Cauchy’s integral Formula (2), and taking the infinite sum to derive an equivalent sum representation for the contour integral, we proceed using Equation (2) and replace y by   log  ( a )  +   log ( β )  2  − log   p  +  q   +  1 2  i π  ( 2 y + 1 )   , and multiply both sides by    2 i  π  3 / 2    β  m / 2      p  +  q    − m − 1     n   p q     , then taking the infinite sum over   y ∈ [ 0 , ∞ )  , and simplifying in terms of the Lerch function to get


      1  n Γ  ( k + 1 )    p q     2 i  π  k +  3 2     e   1 2  i π  ( k + m )     β  m / 2      p  +  q    − m − 1         Φ   e  i m π   , − k , −   i  2 log  ( a )  − 2 log   p  +  q   + log  ( β )  + i π    2 π          =  1  2 π i    ∑  y = 0  ∞   ∫ Δ    2 i  π  3 / 2    a w   w  − k − 1    β   m + w  2    e   1 2  i π  ( 2 y + 1 )   ( m + w )       p  +  q    − m − w − 1     n   p q     d w       =  1  2 π i    ∫ Δ   ∑  y = 0  ∞    2 i  π  3 / 2    a w   w  − k − 1    β   m + w  2    e   1 2  i π  ( 2 y + 1 )   ( m + w )       p  +  q    − m − w − 1     n   p q     d w       = −  1  2 π i    ∫ Δ     π  3 / 2    a w   w  − k − 1    β   m + w  2   csc   1 2  π  ( m + w )      p  +  q    − m − w − 1     n   p q     d w     



(6)




from Equation (1.232.3) in [7] where   I m ( w + m ) > 0   in order for the sum to converge.



Theorem 1.

For   k , a ∈ C , R e ( p ) > 0 , R e ( q ) > 0 , R e ( n ) > 0 , R e ( β ) > 0 , R e ( m ) ≤ 0  ,


       ∫  0  ∞   ∫  0  ∞   ∫  0  ∞   z  −   m n  2  − 1     ( x y )   m / 2     ( x + y )   −  m 2  −  1 2     log k     a  z  − n / 2     x y      x + y      e  − β  z n  − p x − q y   d x d y d z       =  1  n   p q     2 i  π  k +  3 2     e   1 2  i π  ( k + m )     β  m / 2      p  +  q    − m − 1         Φ   e  i m π   , − k , −   i  2 log  ( a )  − 2 log   p  +  q   + log  ( β )  + i π    2 π         



(7)









Proof. 

The right-hand sides of relations (3) and (6) are identical; hence, the left-hand sides of the same are identical too. Simplifying with the Gamma function yields the desired conclusion. □






6. Derivation of Table Entries


All constants in the Table 1 of Integrals are obtainable from relation (7); hence, by an evaluation of a triple integral. The constants evaluated in the following Table 1 are three-dimensional in nature. This may have important cosmological consequences yet to be discovered by further studies.



	
Entry 1






Catalan’s constant C. Use Equation (7) and set   k = − 2 , m = − 1 , a = − 1 , β = 1 ,  p = q = 1 / 4 , n = 3  , rationalize the denominator equate real and imaginary parts, and simplify using entry (4) in the Table 1 below (64:12:7) and equation (64:4:1) in [12] and equation (2.2.1.2.7) in [13].



	
Entry 2






Glaisher’s constant A. Use Equation (7) and set   k = 1 , m = − 1 , a = i , β = 1 , p = q = 1 / 4 , n = 2  , and simplify using Equation (8) in [14].



	
Entry 3






Apéry’s constant   ζ ( 3 )  . Use Equation (7), take the first partial derivative with respect to k and set   k = 2 , m = − 1 , a = i , β = 1 , p = q = 1 / 4 , n = 1  , and simplify using Equation (9) in [14].



	
Entry 4






Use Equation (7) and set   m = − 1 , β = 1 , p = q = 1 / 4 , n = 1 , a = − 1 , n = 4   and apply l’Hopital’s rule as   k → − 1  , simplify using entry (4) in the table below (64:12:7) and equation (64:9:2) in [12].



	
Entry 5






Riemann zeta function   ζ ( k )  . Use Equation (7) and set   m = − 1 , β = 1 , p = q = 1 / 4 , n = 1 , a = i , n = 4  , and simplify using entry (4) in the table below (64:12:7) and entry (2) in the table below (64:7) in [12].



	
Entry 6






Apéry’s constant   ζ ( 3 )  . Use entry (5) and set   k = − 3 , n = 8   and simplify.



	
Entry 7






  ζ ( 5 )  . Use entry (5) and set   k = − 5 , n = 8   and simplify.



	
Entry 8






Use Equation (7) and obtain a second equation by replacing   m → r  , and taking the difference. Next, set   k = − 1 , a = 1 , β = 1 , p = q = 1 / 4 , m = − 2 / 3 , r = − 3 / 4   and simplify using entry (1) in the table below (64:12:7) in [12].



	
Entry 9






Use Equation (7) and obtain a second equation by replacing   m → r   and taking the difference. Next, set   k = − 1 , a = 1 , β = 1 , p = q = 1 / 4 , m = − 4 / 5 , r = − 5 / 6   and simplify using entry (1) in the table below (64:12:7) in [12].



	
Entry 10






Use Equation (7) and obtain a second equation by replacing   m → r   and taking the difference. Next, set   k = − 1 , a = 1 , β = 1 , p = q = 1 / 4 , m = − 1 , r = − 1 / 2   and simplify using entry (1) in the table below (64:12:7) in [12].



	
Entry 11






Use Equation (7) and obtain a second equation by replacing   m → r   and taking the difference. Next set   k = − 1 , a = 1 , β = 1 , p = q = 1 / 4 , m = − 1 / 4 , r = − 1 / 2   and simplify using entry (1) in the table below (64:12:7) in [12].



	
Entry 12






Euler’s constant  γ . Use entry (5) apply l’Hopital’s rule as   k → − 1   and simplify using Equation (5.17.7) in [5].




7. An Example Using Non-Integer Values


Using Equation (7) and set   k = − 2 i , a = − 1 / 3 , p = π , q = 2 π , n = 5 / 2 , β = 5 / 3 , m = − 5 / 6  .


      ∫  0  ∞   ∫  0  ∞   ∫  0  ∞   1    ( x y )   5 / 12     x + y  12     z 24   e  − π  ( x + 2 y )  −   5  z  5 / 2    3           log  − 2 i    −    x y    3  z  5 / 4     x + y      d x d y d z       = −  2 5  i   ( − 1 )    7 12  − i      3 5    5 / 12    2     2  − 1  6   π   5 12  − 2 i         Φ  −   − 1  6  , 2 i ,  3 2  +   i  2  sinh  − 1    ( 1 )  + log    27 π  5      2 π        



(8)








8. Discussion


Using our contour integration method, we offered a novel method for generating several intriguing triple integrals in this study. We demonstrated the versatility of our method by merging two different definite integrals to generate a triple integral. Using our method, we will continue our research of these types of integrals and expand the summary Table 1. The results were mathematically validated using Wolfram Mathematica for both real and imaginary and complex values of the parameters in the integrals.
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Table 1. Table of Integrals.






Table 1. Table of Integrals.





	    f ( x , y , z )    
	     ∫  0  ∞   ∫  0  ∞   ∫  0  ∞  f  ( x , y , z )  dxdydz    





	     z   e   1 4   − x − y − 4  z 3       log 2      x y     z  3 / 2     x + y      −  π 2       x y      log 2      x y     z  3 / 2     x + y      +  π 2   2     
	    32 ( C − 1 )   3  π     



	     e  −  x 4  −  y 4  −  z 2    log    i   x y     z   x + y      log  log    i   x y     z   x + y          x y     
	   − 4 i  π  5 / 2   log    A 3    2 3   e 4     −   π  7 / 2   2  + i  π  5 / 2   log  ( π )    



	     e  −  x 4  −  y 4  − z    log 2     i   x y      z    x + y      log  log    i   x y      z    x + y          z    x y      
	   14  π  3 / 2   ζ  ( 3 )    



	    π z  e  −  x 4  −  y 4  −  z 4        x y     log 2      x y     z 2    x + y      +  π 2      
	    ( 4 − π )   π    



	     e  −  x 4  −  y 4  − z    log k     i   x y      z    x + y         z    x y      
	   − 8   2  k + 1   − 1   e   i π k  2    π  k +  3 2    ζ  ( − k )    



	     z 3   e  −  x 4  −  y 4  −  z 8      π 2  − 12  log 2      x y     z 4    x + y           x y     4  log 2      x y     z 4    x + y      +  π 2   3     
	    3 ζ ( 3 )   32  π  5 / 2      



	     z 3   e  −  x 4  −  y 4  −  z 8     80  log 4      x y     z 4    x + y      − 40  π 2   log 2      x y     z 4    x + y      +  π 4       x y     4  log 2      x y     z 4    x + y      +  π 2   5     
	    15 ζ ( 5 )   512  π  9 / 2      



	     z 3   e  −  x 4  −  y 4  −  z 4      z 6    x + y  24  −   x y  24       ( x y )   3 / 8     x + y  6  log     x y     z 2    x + y         
	    π  log   2  3 − 3 sin   π 8     −  1 3     



	     e   1 4   − x − y − 4  z 4       z  2 / 3     x + y  60  −  z  3 / 5     x y  60       ( x y )   5 / 12     x + y  10  log     x y     z 2    x + y         
	    π  log      5  − 5   4 −  2  +  6      3 +  5    − 4 −  2  +  6        



	     e  −  x 4  −  y 4  −  z 4       x y  4  − z   x + y  4       x y     x + y  4  log     x y     z 2    x + y         
	   2  π   coth  − 1     2     



	     e  −  x 4  −  y 4  −  z 4      z    x + y  8  −   x y  8      z    x y  4    ( x + y )   3 / 8   log     x y     z 2    x + y         
	    π    cosh  − 1    ( 3 )  + 2 log  tan   π 16       



	     e  −  x 4  −  y 4  − z   log  log    i   x y      z    x + y          z    x y   log    i   x y      z    x + y         
	   4  π  log  ( 2 )   2 i γ + π − i log  2  π 2      
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