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Abstract: Graph theory can be used to optimize interconnection network systems. The compatibility
of such networks mainly depends on their topology. Topological indices may characterize the
topology of such networks. In this work, we studied a symmetric network 69 formed by ¢ time
repetition of the process of joining 6 copies of a selected graph () in such a way that corresponding
vertices of ) in all the copies are joined with each other by a new edge. The symmetry of 6 is
ensured by the involvement of complete graph Ky in the construction process. The free hand to
choose an initial graph Q and formation of chemical graphs using 6¢(Q) enhance its importance as a
family of graphs which covers all the pre-defined graphs, along with space for new graphs, possibly
formed in this way. We used Zagreb connection indices for the characterization of 82Q. These indices
have gained worth in the field of chemical graph theory in very small duration due to their predictive
power for enthalpy, entropy, and acentric factor. These computations are mathematically novel and
assist in topological characterization of 69Q) to enable its emerging use.

Keywords: Zagreb connection indices; graph invariants; interconnection networks; mk graphs;
topological index

1. Introduction

Graph theory provides a fundamental tool for designing and analyzing desired net-
works with accuracy and gives a thorough understanding of the manners by which the
parts of a system interconnected through topology of an interconnection network [1].
Along with the other disciplines, graph theory has a special place in the field of chemistry,
especially in chemical graph theory [2]. Thus, chemical graph theory is a composition of
chemistry, computer science, and graph theory [3-5]. It provides information about organic
substances regarding their physicochemical properties with the help of graph invariants
using chemical graphs associated with their molecular structure. A chemical graph is a
simple connected and hydrogen depleted graph consisting of vertices replacing atoms
and edges for the bonds between atoms. A simple graph is comprised of only a single
edge between two vertices and no self-loop (an edge with the same initial and final vertex).
Graph invariants have strong applications in quantitative structure properties relation-
ship (QSPR) investigation [6]. These invariants reduce the practical work to some extent
to study the new chemicals structures using the topology of desired chemical structure.
Topological indices are also the graph invariants that map chemical graphs into a numeric
value and characterize the underlying structure’s topology. Harry Wiener, in 1947, first
introduced Wiener index [7]. Later on, the first and second Zagreb indices were proposed
in Reference [8,9] as
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Ml(Q) = Z (ds +dt), Mz(Q) = Z (dsdt)
steE(Q) StEE(QY)

Zagreb connection indices have been recently introduced, which are based on con-
nection numbers of vertices as T;, s € V(Q2). The connection number T; is assigned to the
vertex s € V(Q)) of a graph calculated as distinct vertices at a distance of two from vertex s.
Zagreb connection indices studied in Reference [10-13] are defined as

zG(Q) = Y ZG Q)= Y wxm
seV(Q) SteE(Q)

and
ZCH Q) = ), (dst)= Y. (w+m).
seV(Q) steE(Q))

Ali et al. [10,13] and Jakkannavar and Basavanagoud [14] concluded that these in-
dices have a good correlation with entropy, enthalpy, and acentric factors. The published
work of Reference [15-18], along with the chemical applicability of these indices and for-
mation of chemical networks using 69(), provides motivation for the study of 69Q) via
Zagreb connection indices. The 8¢() is a symmetric network formed by the Cartesian
product of any graph () with complete graph Kjy, then resultant graph with Ky, and repeat
this process ¢ times, i.e., 0?Q = Ky x (Kg X (Kg X (... x (Kg x Q) ...))). The symmetry
of underlying network 6%Q) is due to the iterative Cartesian product of Q with complete
graph Ky. The Cartesian product Qg x Qg of any two graphs Q) and Q) is defined in
such a way that V(Qp x Qk) = V(Qp) x V(Qg) and set of edge E(Qp x Qk),

E(QH X QK) = {(LIQH,L[QK)(UQH,UQK) : [MQH =0vqy € V(QH) ANUQ VO € E(QK)]
V{un,vay € E(Qn) Aug, =va, € V(Qx)]}

The Cartesian product of path graph P; and cycle C4 are shown in Figure 1.

® o o ¢ o
° ° )
® o ¢ ¢ ¢
e )
® ’ e o o ©
P C PXC

4 3 4

Figure 1. Cartesian product of P3 and C,;, where n = 4.

In this work, we first compute exact results for Zagreb connection indices ZCy, ZCy,
and ZCj of 2Q) for arbitrary values of § and ¢ when () = Nj consists single vertex. Further,
we determined closed form formulas and bounds regarding ZCy, ZCy, and ZCj for 6%Q)
when Q) is any given graph. At the end, we computed exact results for 6?2 when () belongs
to a certain family of graphs as applications of computed results.

2. Materials and Methods

We used edges and vertices partition technique based on the connection number
assigned to the vertices for desired computation [19-22]. For this purpose, we focused on
the construction rules of §9Q) defined in Reference [23,24] and combinatorial enlisting by
vertices and edges segment procedure. Throughout this work, () is notation for graph,
V(Q) for set of vertices, the set of edges E(Q)), |V (Q))| = nq for order and |[E(Q))| = e(, size
of O, d; for degree of vertex s € (), P, for path, C, for cycle, N,, for null graph of order #,
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and Ky for complete graph having order 6. The Cartesian product of graphs Q) and Q is
denoted by Q0 x Qk. The topological indices computation, along with their mathematical
study regarding certain graph or family of graphs, is very rich area of study today.

3. 09 Network

01 is a network formed by 6 copies of graph () in such a way that the corresponding
vertices of all copies of graphs linked by new edges, i.e., 0Q = 8(Q) = Ky x Q. 62(Q), is
the graph formed by 0 copies of 0Q), i.e., #%(Q) = 8(6Q) = Ky x (K x Q). The ¢ times rep-
etition of such a process formed a large network as 0 (Q) = 6(6971Q) = 0(0(6972Q)) =

0(0(0((627300)))) = ... = 0(0(0(...(0(60))...))) = 6(0(0(...(6(Q))...)) =
(¢ — 1) times (¢) times
Kg x (Kg x (Kg x (... % (KgxQ)...))). The construction of 6 implies that the |V (69Q))|
(¢) times

= 0%1ng, and |E(67Q)| = 6%eq + (Hnaps?—.

Molecular Networks Formed by 02Q)

The formation of molecular networks by 8?Q) encouraged us to study these networks
via Zagreb connection indices. Figure 2 presents chemical graphs of organic compounds
formed by 62Q) when Q) = Nj consists of only one vertex.

Hzc
° A o
H;éi\\CHZ
G 3G Cyclopropane
HC—CH,
o
H,C———————CH,
G > G Cyclobutane

Figure 2. 09Q) as organic compounds.

Carbon Nanotube TUCy4(m, 3) as 3P,

Let P, be the graph of alkane. The graph formed by P, as 3P, is a carbon nanotube
TUC4(m,3), as shown in Figure 3.

mawin}

3R=TUC,(n,3)
Figure 3. 3P, as carbon nanotube TUCy4(n, 3).

Cyclobutane can also be formed by 2P,.
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4. Main Results
4.1. 02Q When Q Consist of Only One Vertex

In case of one vertex graph () = Nj, 6Q) must be a complete graph Ky. The total
number of vertices of 07Q) is |V (09Q))| = 6%, and the number of edges is |E(69Q)| =
(3)4794’_1. The 0N, for § = 2 is the cube Qg of dimension ¢. The cube of dimension
¢ = 1,2,3,4 is shown in Figure 4 as 2N; = Kp x Ny, 22N; = K x (Kp x Np), 28N; =
K2 X (Kz X (Kz X Nl)), 24N1 = K2 X (Kz X (Kz X (K2 X Nl))) The G‘PNl for 6 = 3 and
¢ = 1,2,3,4 is shown in Figure 5 as 3N; = K3 x Ny, 3°N; = K3 x (K3 x Nj), 3°N; =
K3 x (K3 X (K3 X Nl))

IR =

2 3 4
G 2G 2G 2G 2G

Figure 4. 690 for 6 = 2 and ¢=1,234when Q) = Nj.

1 1\
. ‘ /rl 11/ /
i
G
2 3
3G 3G 3G

Figure 5. 09Q) for ¢ = 1,2,3 when Q is a single vertex graph.

Theorem 1. Let Q) be the graph with ng = 1. Then, ZCy, ZCy, and ZC5 of 69Q) are

ZG(0°0) = P10 1),
170 3 2 4np—1
zaaera) = g (5)e0- 10 -1t

zcio0) = (5)eo- 161700

Proof. Let Q) be the graph with ng = 1, [V(62Q)| = ¢, and |E(62Q)| = (§)¢8?~. For the
connection number of each vertex of (), we use vertex listing technique. The observation
shows that §1Q) is complete graph Ky, and the degree of each vertex v € 0Q isd, = 0 — 1.
The connection number Ty, (v) of each vertex v € 6%Q) is zero for ¢ = 1,2. The construc-
tion of 69} implies that the complicated network formed for larger value ¢. The increase in
value of ¢ causes an increase in the degree dgs(, (v), as well as connection number Ty, (v)
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of v € 02(Q)). The connection number of each vertex v € 0?(Q) is Tyo(
Using these, we determine first connection Zagreb index ZCy (02Q)).

ZC1(9¢Q): 2 (Tem(v))zr
uev(6?Q)

ZC1(62Q) = Z (‘P(‘P -1 — 1)2)2_

eV (@Q) 2
In case 1 = 1, the total number of vertices of 67 is 69, i.e, |V (0?Q)| = 69.
ZC1(6%0) = 1¢2(p— 126 - 1)
Now, for ZC,(6%Q)),

ZG6(000) = Y o) Tea(v),
uveE(02QY)

—1)(6—1)>
(v) = P9 )2( )

)

_ —_1)2
since the connection number of each vertex v € 6%(Q) is Typy(v) = M, and the

total number of edges in case ng = 11is (g)ql)Q‘f”l. So,

— 1)(97 1)2)(4)(4)7 1)(97 1)2),

oo =y (=Y

uveE(62Q))

2G,(0°Q) = @ R C 1)2 (017,

ZCr(67Q) = <z> P> (p—1)%(0 — 1)*? 1,

NN

Now, for ZCj (Q)),

ZCi(07Q) = Y (tgeq(u) + Tgeqy (0)),
uveE(62Q))

@

2
since the connection number of each vertex v € 69 (Q) is Typ (v) = w, and the

total number of edges in case nn = 11is (g)(/)(?‘/’_l. So,

_ —1)2 _ _1)2
ZCi(6%Q) = Z (‘P((P 1)2(9 1) +4’(‘P D -1) ),

uveE(02Q)) 2

zci(000) = (4) v g0 10172,

2ci(6%0) = (§) g0 - (o — 1200,

Equations (1)-(3) complete the proof. O

®)
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4.2. 02Q When Q Is Any nq-Vertex Simple Connected Graph

In case of any nn-vertex simple connected graph ), Q) is a complete graph consisting
of 6 copies of Q). The total number of vertices in Q) is |V (0¢Q)| = 0?|V(Q))|, and the
number of edges is |E(69Q))| = 0¢|E(Q)| + (g)|V(Q) |p8?~1. The connection number asso-

ciated to the vertex u € 0¢Q is 7, + (2(6_1)4’+"b(2¢_1)(9_1)2 ). In this section, we determined
generalized results for ZCy, ZCy, and ZC; of 62(). We also made a more concise approach
and find the bonds and extremal for some specific families of graphs using already proven
results for connection Zagreb indices. Figure 6 presents the case when 6?Q) graphs and Q is
a simple connected graph with |V (Q))| > 1 for ¢ = 0,1, 2. The second example is presented
in Figure 7, where 09 P, graph for ¢ = 0,1,2and n = 3.

G 2G 3G

Figure 6. 69() graphs when () is a simple connected graph with |V (Q)| > 1for ¢ =0,1,2.

\‘ % 3
— ~—_

[
G 3G

2

3G
Figure 7. 09 P, graph for ¢ = 0,1,2and n = 3.

Theorem 2. Let Q) be a simple connected graph with |V (Q)| = ng > 2. Then, ZCy of 6?Q is

ZC1(02Q) = 02Z2C1(Q) +[2(60 —1)p+p(p —1)(0 —1)2]6?ZC; (Q)
[2(6 — 1)4’ + (P(Z(P — 1)<9 — 1)2]26¢M1(Q).

Proof. Let Q) be a simple connected graph. The connection number of each vertex v € 6¢(Q)
2

is Typ (v) = T + (2(971)¢+¢(2¢71)(971) )dy. The total number of vertices in 6?Q is |V (02Q))|

= 0%1, and the number of edges is |E(62Q)| = 8%¢q + (§)nq¢8?—1). Using these results,

we determine first connection Zagreb index ZCy (69Q)) as

zCi(6°Q) = ), (teea(w))?,
uev(69Q)
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zei@00) = Y (n+ GO0 NOZI, 2

uev(02Q)
_ _ _1)2
za@o) = ¥ @py y o A0nereles DO, o
uev(69Q) uev(69Q)
_ _ _1)2
4 [(2(0 1)¢+¢:(2¢ l)(@ 1) )du]z’
uev(69Q)
zGi(07Q) = ), T3+2[2(971)¢+¢(2¢71)(971)2] Y, duty
uev(02Q) uev(02Q)
_ _ _1)2
Ze-Derep-DE-1?y ¢ o

uev(69Q)

As |V(Q)] > 1, the total number of vertices of 0Q is 09nq), i.e, |[V(62Q)| = 69|V (Q)].

_ _ _1)2
zC(02Q) = ¢ ) rf,+2[2(6 1)¢+‘P(24’ D=1 07 Y dut
uev(Q) uev(Q)

2O-Deto0 =101y v

uev(Q)

Since ch(Q) = EuEV(Q) Tg, ZCT(Q) = ZueV(Q) duTu, and Ml(Q) = ZHGV(Q) d%l
Replacing these formulas, we get
ZG(07) = 07ZCi(Q) +[2(6 - D+ (9 —1)(0 —1)*07ZCT () )

. - 1)¢+¢(24> “DO=D g0, ()

O

Theorem 3. Let Q) be the simple connected graph with |V (Q)| = ng > 2. Then,

ZC(07Q) < 609ZC(0) + (g) P01 ZC1(Q) + [2(0 — 1) + p(¢ — 1) (0 — 1)?][20? +

(g) qbg((l’—l)]ch (Q) + [2(9 — 1)¢ + (P(;b — 1)(9 - 1)2]2[9¢M2(Q) +

(i) 90"V (Q)],

and

ZC,y(670))

v

09ZCy(0) + (g) POV ZC1(Q) + [2(0 — 1)+ p(p — 1)(0 — 1)%] 667 +

(z) 4;9(4771)]ZCik (Q) 4 [2(9 — 1)4) + 9”(247 — 1)(9 — 1)2]2[94)]\/[2(0) +

(2) $0@~I M, ().

Equality holds for reqular graph Q).
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Proof. Let () be the simple connected graph with nn > 2. The connection number of each

vertex v € 09(Q) is Typ (v) = T + (2(671)4’“)(2(’)71)(971)2 )dy. The total number of vertices

in 02Q is |V (62Q)| = 6?10, and the number of edges is |E(6?Q)| = 8%eq, + (§)naps@—1.

ZG(070) = Y T (u)Thn (0).
uveE(02QY)

Let A= {u,v:uv e E(Q)}.

al,

ZG(0°Q) = Y. Thealnn + (2(9 —lo+ 4)(24) — D= 1)2)d

uveE(6¢QY)

2@ = Y wn + [2(0—1)¢+¢(2¢—1)(9—1)2] Y (ot dvm)

uveE(02Q)) uveE(02QY)
200 - 1)+ (@ —1)(6 — 1)
uveE(02QY)

The edges between corresponding vertices of all the 8¢ copies of graph () in 69Q)

have the same end vertex connection number T, + (2(971)(’”(13(24)71)(671)2 )d,. These edges
are (g)ngcp()(‘/”l) in number. The edges between vertices of all the 6 copies of graph ()

have different end vertex connection numbers Typ (1) = T, + (2(9_1)4)+¢(2¢_1)(9_1)2 Y,

and Ty (v) = T + (2(971)¢+¢(2¢71)(971)2 )dy for uv € G. These edges make the total 6%¢(,.
Using these findings, we get

ZC(07Q) = 67 Y T+ <Z> $0@=1) y 2 4 [2(6 —1)p+¢(¢p—1)(0— 1)2]

uveE(Q) uev(Q) 2
0
¢ (¢—1)
[9 Z (duTv + dvTu) + (2> 479 Z ZduTu] +
uveE(Q) uev(Q)
— _ _1)\2
[2(9 1)¢+4)(47 1)(9 1) ]2[947 E (dudv) + (9>¢9(¢1) Z dﬂ
2 2
uveE(Q) uev(Q)

Since ch(Q) = ZMEV(Q) TLZH ZCQ(Q) = ZM‘UEE(Q) Ty Ty, ZCT (Q) = ZMEV(Q) duTu
Mi1(Q) = Luev() d2,and M,(Q) = Yuvek(q) dudy. Replacing these formulas, we get

ZCZ(G(/JQ) _ G(PZCZ(Q) + (g) ¢9(¢71)ZC1(Q) + [2(9 — 1)¢ + (P(Z(P - 1)(9 — ])2][94}
L (it dom) + 2<Z) polozcy) 4 (2D DO D) 5)
uveE(Q)

oMa(0) + (5 )06 by (1)

Replacing d, = d, = A, we get
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ZC(02Q) < 692G (Q) + <§) ¢9(¢71)ZC1(Q) + [2(9 — Do+ 4’(247 —1)(6— 1)2][64’

Z% )(ATU +AT,) +2 <§) P09V zCr] + [2(9 — Do+ ‘P(Z‘P —1)(0 - 1)2]z
uveE(Q

0Ma(0) + (5 )46 Yy (1)

2Ga(600) < 02Co(0) + ()00 1ZC1(0) + (206 — g+ plp — (6~ 1)

[A6? + (g) $0@-V]ZCH(Q) + [2(9 — D¢+ 4>(24> —1)(6 - 1)2]2 ©

Ma(0) + () 0V ()
Now, again, replacing d,, = d, = J in equation (5), we get inequality (7).
ZCy(6%Q) > 672Cy(Q) + (2) 90V ZC1(Q) + 200 - D¢+ 9(¢ — 1) (6~ 1)?]

o0t + (3 00 Mz () 4 ZEZ LR =IO D o

2
o0a(2) + (3 ) 0614 Y py ().
The inequalities (6) and (7) complete the proof. O

Theorem 4. Let Q) be the simple connected graph with |V (Q)| = ng > 2. Then,

ZCi(07Q) < 6¢zc;<n)+2(z>g<¢1><M1(Q)_260)+(2(6—1)¢>+4>(2¢—1)(9—1)2>

(09 M () +2 (g) 09 Vegq). 8)

Equality holds for {Cs, C4 } —free network Q. In addition,

zciev) > ezci(n)+ (2000 DO 17, ©)

(09 M (Q) + 2 (g) 01 Vegq].

Equality holds when () is a complete graph.

Proof. Let () be the simple connected graph with nn > 2. The connection number of
each vertex v € 0%(Q) is Ty (0) = T + (0 — 1)¢ + 2¢p(¢ — 1)(0 — 1)?)dy. The total
number of vertices in 0?Q) is |V (69Q))| = 6%nq, and the number of edges is |[E(07Q))| =
0%eq, + (3)1’109(47_1).

ZCi(07Q) = Y (tgeq(u) + Tgeqy (0)),
uveE(62Q))
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ooty = ¥ [ + (OO0 Lt (o-1

uvEE(02Q))

+9(e - 1O —17)d)]

7GE0) = L (ntw)+ QIO TDOZDY v gy,

uveE(62Q)) uveE(02Q))

The edges between corresponding vertices of all the 69 copies of graph Q in 69Q)

have the same end vertex connection number 7, + (2(971)¢+¢(2¢71)(971)2 )d,. These edges
are (g)nQG(‘P’l) in number. The edges between vertices of all the 8¢ copies of graph Q)

have different end vertex connection numbers Typ (1) = T, + (2(671)(’”4)(24)71)(971)2 )dy

and Ty (v) = T + (2(971)4”47(2"1’71)(971)2 )dy for uv € Q. These edges make the total 6%¢q,.
Using these findings, we get

zCi(e’q) = 6 ) (Tu+Tv)+z(g>9<¢—1> 5 Tu+[2(9—1)¢+¢(2¢—1)<9_1)2]

uveE(Q) uev(Q)

[0 Y (du+do) () sz

uveE(Q) ueV(Q

Since, for a connected graph Q, ¥,c v () Tu < M1 (Q) —2eq [15],0 < ¥, ey (q) T, and
Yuev(q) du = 2|E(Q)|. Hence,

ZCH(0Q) < 09ZCH(Q) + 2(2) 001 (01, (Q) — 26) + (20 DOF <p(24> 117,
107 My (Q) +2 (g) 60-Deg], w0
and
zci(@) > otzciey) + (UTEOO DO g0 (0
2(z>9(¢_1)eﬂ]' a1

Equations (10) and (11) complete the proof. O

4.3. Applications of Computed Results as Zagreb Connection Indices of 69 Cy, and 09Ky,

Figures 8 and 9 present simple applications of computed results as Zagreb connection
indices of 6¢C,, and 67Ky, .

Cs 2Cs 2°Cq

Figure 8. 69C,, forn = 6 and k = 1,2.
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zC (G(Pcn)

ZC (G(Pcn)

Corollary 1. Let Q) = C;; be a uni-cyclic graph of order n. Then,

4n09[1+2(6— 1)p+ gl — 1)(0 — 1) + (20 1)4’+¢(2¢ “DE-V

Proof. Let O = C, be a uni-cyclic graph of order n. By replacing ZC1(C,) = 4n,
M;(Cy) = 4n,and ZC,(Cy) = 4n in Theorem 2, we get the required result as

109[1+2(0— 1)p+ gl —1)(0 — 12 + (20— 1)¢+4’(24’ ] Gl 1)2)2].
O

Corollary 2. Let Q) = C;; be a uni-cyclic graph of order n.

ZC,(0%C,) = 4no?[(1+ (g) <p9)(2(9 — Do+ 4’(24’ ~1e-1° )2+ (207 + (Z) )
206 —1)p+¢(@—1)(6—1)%)].

Proof. By replacing ZC1(Cy) = 4n,ZCy(Cy) = 4n,ZC{(Cy) = 4n,M(Q) = 4n, and
M;(Cy) = 4n in Theorem 3, we get the required result as

LG — (1 (g) ¢e)(2(9 — 1o +9(9—1)(6 1) )2+ (269 + <Z) $0)

2
(200 =1)p + (9 —1)(6 — 1)%)].

O

Corollary 3. Let O = C,;, be a uni-cyclic graph for n > 5. Then,

ZCi(0%C,) = 4no?[(1+ (g>¢9)(1+2(9—1)¢>+cp(cp—1)(9_1)2)]‘

2

Proof. Let ) = C, be a uni-cyclic graph for n > 5. Then, by replacing ZC; (C,) = 4n,
M;(Cy) = 4n and ey = n in Theorem 4, we get the required result as

ZCHO9C,) = 4n6?[(1+ (g) 00)(1+ 2(6—1)p+ 4»(245 1) -1)? |

G 3G 3G

Figure 9. 09Ky, graph for k = 0,1,2 and 6; = 3.

Corollary 4. Let Q) = Ky, be a complete graph of order 61. Then,

2Ci(67Ks,) = 4636y — 1200 TP DO 1 gy
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Proof. Let () = Ky, be a complete graph of order ;. By replacing ZC; (Kp,) = ZCj(Kp,) =0
and M (Kg,) = 61(61 — 1)? in Theorem 2, we get the required result as

6—1)>2

ch(ngKel) — 491(91 _1)2[2(0_1)¢+¢(2¢_1>( ]2947'
O
Corollary 5. Let Q) = Ky, be a complete graph of order 61. Then,
ZC2(9¢Q) — [2(0 — 1)4) + (P:(Z(P — 1)(9 — 1)2]2[(61 2_ 1) + (g) <P9]91 (91 _ 1)294).

Proof. Let() = Kp, be a complete graph of order 6; and size (91 1 . Replacing ZC; (Kp, )

0, ZCy(Ky,) = 0,ZCj(Kg) = 0,My(G) = 17 and M1<1<91) = 01(61 — 1)?
Theorem 3, we get the required result as

ZCZ(Q‘PQ) _ [2(9_1)(P+¢(2¢_1)(6_1>2]2[(612_1) + <g>¢9]91(91_1)29¢'

O

Corollary 6. Let Q) = Ky, be a complete graph for 01 > 5. Then,

ZCi(02Q) = [2(9_1)¢+¢(2¢_1)(9_1)2][91—1+(§>¢9]91(91—1)94’. (12)

Proof. Let () = Ky, be a complete graph of order 6; and size w

. Using ZCj (Kg,) =0,
M;(Kg,) = 61(61 — 1)? and Theorem 4, we get the required result as

7CH(0%Q) = [2(9”"’*“’(;”(91)2][91—1+(g)w]el(el—l)e‘*’. (13)

O

5. Conclusions

The applicability of this study can be measured by the published work of refs. [10-15,25-30]
on Zagreb connection indices, along with the free hand to choose an initial graph () for
6%Q) and formation of chemical graphs by the 82 network. In Theorem 1, we computed
exact formulas for these indices of Ky x (Kg X (Kg X (... x (Kg XQ)...))) when Q = Ny

(¢) times

is a single vertex graph. By setting 6 = 2 in Thqzeorem 1, Equations (1)-(3), we get Zagreb
connection indices of cube of dimension ¢ as ZC; (29 N;) = 1¢?(¢ — 1)?29, ZC,(2¢N;) =

193(¢ —1)22971, and ZCj (29N;) = ¢?(¢ — 1)2¢~1. In Theorem 2, we determined general-
1zed exact formulas for Z C1 (69Q)) for any connected graph Q) and determined exact results
for ZC1(69C,) in Corollary 1 and ZCy(6%Kp,) in Corollary 4. Further, in Theorem 3, we
established bounds for ZC,(6%Q)) regarding generalized graph () with equality for regular
graph () and determined the exact formula in Corollary 2 and Corollary 5 for Q) = C,, and
Q) = Kp,, respectively. In Theorem 4, we established bounds for ZCj (62Q)) with equality
over {Cs, C4}—free graph Q). The computed results in Corollary 3 for ZC; (6K,,) and
Corollary 6 for ZCj (69C,),n > 5 are the application of Theorem 4.
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