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Abstract: The implications of the end effect for flux linkage and thrust ripple in a slot-less long-

stator permanent magnet linear synchronous motor (LSPMLSM), are analyzed in this paper. Since 

it is affected by the end effect, the air-gap magnetic field density under the end permanent magnet 

is different from that under the non-end permanent magnet, leading to asymmetry in the thrust 

ripple. For this reason, we establish a dynamic permanent magnet flux linkage model, which proves 

that the end effect leads to sub-harmonics in the permanent magnet flux linkage. The motor’s mag-

netic field distribution in the left and right parts is symmetrical. A thrust model taking into account 

the flux linkage sub-harmonics is established, from which the amplitude and period of the thrust 

ripple caused by the end effect can be calculated. There is no detent force for the slot-less LSPMLSM, 

and the end effect is the primary origin of the motor thrust ripple. In order to suppress the end 

effect, a method of increasing the end iron length is proposed, as a result of which the sub-harmonics 

in the flux linkage and the motor thrust ripple are effectively suppressed. Experimental and simu-

lation results verify the results of this paper. 
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1. Introduction 

In the permanent magnet linear synchronous motor (PMLSM), the force ripple ulti-

mately limits the application of the motor in high-precision fields. Ironless PMLSMs are 

primarily used in the precision machining field, because of their low thrust ripple. Li and 

Tang [1] established a mathematical model for a coreless PMLSM and calculated the 

thrust coefficient and back-EMF coefficient. After comparing the motor’s function under 

the usual and Halbach distributions, they developed a prototype motor. Gyu [2] estab-

lished a layered analytical structure for the ironless PMLSM mathematical model. The 

model was based on the equivalent magnetization current method for solving the motor 

thrust ripple. Zhi [3] established a thrust model based on the Maxwell stress tensor 

method. He pointed out that the thrust harmonic is an essential impact factor for ironless 

PMLSM thrust ripple, and the impact can be reduced by decreasing the harmonic compo-

nent of the thrust. 

The end effect is a significant drawback because it causes the thrust ripple of the 

motor. Hence, the end effect must be described precisely to lay the foundation for model 

building and improvement. One critical determinant for optimizing PMLSMs is the sup-

pression of the end effect. Scholars have put forward many measures, including adjusting 

the primary component length, setting the auxiliary teeth, and optimizing the end core 

shape for a short-stator PMLSM [4–7]. 

For the long-stator permanent magnet linear synchronous motor (LSPMLSM), the 

secondary component of the LSPMLSM (permanent magnet) is set as the mover. The lim-

ited mover length in the PMSLM causes harmonics in the flux linkage and the harmonic 
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magnetic field coupled with the current causes energy loss and thrust fluctuations. As 

mentioned above, this may affect the performance of the platform and make it vibrate [8–

12]. It is not feasible to perform research on long-stator PMLSMs using a similar method 

as that used for explaining the end effect in short-stator PMLSMs [13–15]. In this paper, 

the end effect is suppressed by optimizing the size of the PM. Using this method, the 

mover can guarantee excellent stability under the operating conditions and can ensure 

high positioning accuracy. We focused on the slot-less LSPMLSM and researched the in-

fluence of the end effect on its operation. In this paper, we propose a suppression method 

to mitigate this problem. The study included numerical simulation and experimental ver-

ification, with the simulation results obtained from the end magnetic field model. We es-

tablished the vector magnetic potential boundary and the master–slave boundary as the 

limiting factors. The density of the magnetic field fluctuates according to the end effect. 

We obtained multiple air-gap magnetic field density values for the end PMs and non-end 

PMs. In addition, a dynamic permanent magnet flux linkage was necessary. The end effect 

caused sub-harmonics in the linkage. Further thrust factors resulting from the permanent 

magnet flux linkage sub-harmonics were considered. These included the amplitude and 

period of the thrust ripple caused by the end effect. This resulted in a model that was 

sufficiently complete for simulation and analysis. In the experiments, we increased the 

end iron length. This suppressed the end effect and reduced the motor thrust ripple. A 

self-made prototype was developed as described above. We tested the thrust fluctuation 

and performed a statistical analysis. Comparison with the simulation results showed that 

this method was valid and effective. The vibration and the positional accuracy were con-

trolled, within a certain range. 

2. Magnetic Field Analysis Considering the End Effect 

2.1. Structure of the Motor 

Figure 1 shows the structure of the slot-less LSPMLSM with three slots and four 

poles. The primary component was used as the stator, in which the slot-less structure was 

adopted. The insulating frameworks were used to support the winding coils. After the 

epoxy powder filling process, the winding coils were attached to the surface of the pri-

mary iron core. The LSPMLSM secondary operated as a moving part, and the permanent 

magnets were surface mounted on the secondary iron core. The surface of the permanent 

magnet was designed to be arc-shaped to decrease the harmonics of the air-gap magnetic 

field density. The principal component parameters of the LSPMLSM are listed in Table 1. 

Table 1. Parameters of the LSPMLSM. 

Symbol Item Value 
 Height of the primary iron core 10 mm 

wh  Height of the winding coil 4 mm 

s  Virtual slot pitch 40 mm 

wl  Length of the winding coil 17 mm 

 
Length of the secondary iron core 120 mm 

 Width of the primary component 80 mm 
 Height of the secondary iron core 12 mm 
 Length of the air gap 0.5 mm 

 Pole pitch 30 mm 

ml  Length of the permanent magnet 26 mm 
 Height of the permanent magnet 13 mm 
 Number of poles 4 
 Number of slots 3 

v  Rated speed of the motor 0.1 m/s 

ph

L

w

sh

g



mh
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Figure 1. Structure of the slot-less LSPMLSM. 

2.2. Model of End Magnetic Field 

In the LSPMLSM, the armature stator is longer than the PM mover. For the PM 

mover, the longitudinal end effect distorts the magnetic field. Therefore, the end magnetic 

field model, taking into account the longitudinal end effect, was first established via the 

Schwarz–Christoffel transformation [16–19]. Figure 2 shows the coordinate plane in the 

Schwarz–Christoffel transformation. 
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Figure 2. Coordinate plane in the Schwarz–Christoffel transformation. (a) Plane z. (b) Plane w. (c) Plane t. 

In Figure 2, 'g  is the length of the equivalent air gap and 0
  is the magnetic vector 

potential of the PM area. The relationship between planes z, w, and t is as follows. 
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 (1) 

The scalar magnetic potential in the plane is denoted by ( , )x y  and that in plane t 

is denoted by p q ( , ) , hence  

( , ) [ ( , ), ( , )]x y p x y q x y   (2) 

In plane z, the magnetic field intensity is equal to the negative gradient of the scalar 

magnetic potential 

z x y
H H jH

x y

  
    

 
 (3) 

and in the plane t, 

t p q
H H jH

p q

  
    

 
 (4) 

From (2), one obtains 




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Combining (3), (4), and (5) yields 

( )
z p q p q

p q p q
H H H j H H

x x y y

   
   

   
 (6) 

After applying Cauchy–Riemann conditions, (6) becomes 

( )( ) ( )
z p q t

p q p q
H H jH j H j

x x x x

   
    

   
 (7) 

since 

( , ) ( , )

z x jy

t p x y jq x y

  

 

 (8) 

Hence, the relationship between Hz and Ht is as follows. 





| |

z t

t
H H

z
 (9) 

After two transformations (from plane z to plane w and then from plane w to plane 

t), the end magnetic field distribution in plane t can be obtained 

1

2
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z
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
 (10) 

where 0
  is the vacuum permeability, H is the magnetic field intensity, and Bb is the 

magnetic field density at point b in plane z.  

Figure 3 shows the variation curves of Bend/Bb with x when z = x and w = u. Its expo-

nential fitting expression is 
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where '

c m r
( / )g k g h   , c

k  is the Carter’s coefficient, hm and lm are the height and 

length of the PM, r  is the relative permeability of the PM, p is the pole pair, and τ is the 

pole pitch. 

From Figure 3, it can be seen that the magnetic field density decreases in the end area 

of the permanent magnet due to the influence of the end effect. 
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Figure 3. Distribution of the end magnetic field. 
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2.3. Simulation Verification 

The vector magnetic potential boundary and the master–slave boundary models are 

built using finite element simulation software, as shown in Figure 1 and Figure 4, respec-

tively. The vector magnetic potential boundary condition is the conventional scheme used 

in linear motor simulation, in which the magnetic line at the boundary is parallel to the 

given boundary line [20]. Using the master–slave boundary condition, the linear motor 

model can be considered equivalent to the rotary motor model with an infinite radius [21]. 

In the master–slave boundary model, the lengths of the primary and secondary com-

ponents are all infinite. Thus, the motor has no end effect. Nevertheless, in the conven-

tional vector magnetic potential boundary model, the motor has an end effect. By com-

paring the variation law of the air-gap magnetic field density in the two models, the in-

fluence of the end effect on the air-gap magnetic field density can be obtained. For con-

venience of analysis, the permanent magnets are numbered from left to right as No. 1, No. 

2, No. 3, and No. 4, respectively. No. 1 and No. 4 represent the end PMs, while No. 2 and 

No. 3 represent the non-end PMs. 

Slave boundary

Master 
boundary

p
h

L

1 2 3 4

 

Figure 4. Master–slave boundary model. 

The air-gap magnetic field density can be obtained using the simulation models 

shown in Figures 1 and 4. Figure 5 shows the air-gap magnetic field density at the upper 

surface of the winding coils. In the master–slave boundary model, there is no end effect, 

so that the waveform of the air-gap magnetic field density is completely sinusoidal. The 

air-gap magnetic field densities under the four PMs are identical. In the conventional vec-

tor magnetic potential boundary model, there is an end effect. The end effect results in the 

air-gap magnetic field density under the end PMs being smaller than under the non-end 

PMs, which is consistent with the rule shown in Figure 3. The magnetic density decreases 

in the end area of the permanent magnet due to the influence of the end effect. 

 

Figure 5. Curves of the air-gap magnetic field density. 

3. Influence of the End Effect on the Flux Linkage 

Due to the influence of the end effect, the magnetic field density decreases in the end 

area of the permanent magnet. The change in air-gap magnetic field density has a specific 

influence on the permanent magnet flux linkage of the motor. Taking phase A as an ex-

ample, a dynamic model was established to analyze the influence of the end effect on the 

permanent magnet flux linkage, as shown in Figure 6. Here, e
  is the flux produced by 

the end PMs (No. 1 and No. 4, as shown in Figure 1), while i
  is the flux produced by 

the non-end PMs (No. 2 and No. 3). It can be seen that at t1, t2, t3, and t4, the fluxes of 

phase A are 7 6 6 
e i

, 7 6 6
i e
  , 7 6 6

i e
  , and 7 6 6 

e i
, respectively. The 
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fluxes at t1 and t4 are identical, and those at t2 and t3 are also identical. Due to the influ-

ence of the end effect, 
e i

  . In this case, the fluxes at t1 are not equal to those at t2. As 

a result, a sub-harmonic content, with a period of 4 times the pole pitch (3 times the slot 

pitch), is introduced into the permanent magnet flux linkage. In the same way, the per-

manent magnet flux linkages of phases B and C also contain sub-harmonics. 

A X A X A X
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A X A X A X
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Figure 6. Dynamic model of the permanent magnet flux linkage. 

Figure 7 shows the permanent magnet flux linkage for phase A. In Figure 7a, the 

range of the x-axis is 120 mm, corresponding to 4 times the pole pitch. The peak values 

are 0.0597 Wb, 0.0584 Wb, 0.0584 Wb, and 0.0597 Wb, respectively. Due to the end effect, 

these four peak values are not the same. Figure 7b shows the harmonics distribution of 

the permanent magnet flux linkage, where the period is 2 times the pole pitch. It can be 

seen that the waveform contains sub-harmonics, mainly the 1/2 sub-harmonic. The ampli-

tude of the 1/2 sub-harmonic is 0.0009 Wb, accounting for 1.5% of the amplitude of the 

fundamental wave. 
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Figure 7. Permanent magnet flux linkage for phase A. (a) Waveforms. (b) Harmonics distribution. 

4. Influence of the End Effect on the Thrust Ripple 

4.1. Thrust Model Considering the End Effect 

In this section, the thrust model is established, in which the permanent magnet flux 

linkage sub-harmonics caused by the end effect are considered. The three-phase perma-

nent magnet flux linkages can be represented by 
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where 1
  is the amplitude of the fundamental component, 0

  is the amplitude of the 

1/2 sub-harmonic component, and x  is the relative position between the primary and the 

secondary components. 

In the direct-quadrature (d-q) axis coordinate system, the permanent magnet flux 

linkages of the motor can be represented as 

1 0
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3 3 3
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2 2 2
3 3

( ) sin( ) sin( )
2 2 2 3


  



  
  

 


 


   


fd

fq
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 (13) 

When there is no end effect,  fd  is a constant and fq
  is equal to zero. However, 

here, due to the influence of the end effect,  fd  contains a harmonic component and fq
  

is not equal to zero.  

The formula for the calculation of the motor thrust is 

3
( ) [ ( ) ( ) ( ) ( )]

2 fd q fq d
f x x i x x i x


 


   (14) 

where di  and qi  are the d-axis current and the q-axis current, respectively. 

When the current vector control strategy is adopted for the motor, the d-axis current 

is zero, and the q-axis current is at the maximum value, max
i . Putting (13) into (14), the 

motor thrust can be calculated by 

1 max 0 max

9 9 3
( ) cos( )

4 4 2
f x i i x

  
 

  
   (15) 

The motor thrust can be divided into two parts: the average thrust and the thrust 

ripple. The period of the thrust ripple is 4/3 of the pole pitch. The amplitude of the thrust 

ripple is proportional to the q-axis current and the amplitude of the 1/2 sub-harmonic in 

the permanent magnet flux linkage. Hence, the thrust ripple is caused by the sub-har-

monic in the permanent magnet flux linkage. In the final analysis, it is caused by the end 

effect. When there is no end effect, the thrust ripple is the theoretically equal to zero. 

4.2. Simulation Verification 

The finite element simulation can give the thrust of the motor. Figure 8 shows the 

curves of the thrust ripple varying with the armature current. It can be seen that the thrust 

ripple is proportional to the armature current, which is consistent with (15). When the 

armature current is 6 A, the motor is in an underrated state. Figure 9 shows the waveform 

of the thrust. It can be seen that the period of the thrust ripple is 4/3 of the pole pitch, 

which is also consistent with (15). In this study, the thrust ripple rate is defined as the ratio 

of the thrust ripple to the average thrust. The thrust ripple was 1.5 N and the average 

thrust was 78.3 N. Hence, the thrust ripple rate was 1.9%. 
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Figure 8. Curve of the thrust ripple varying with the armature current. 
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Figure 9. Waveform of the thrust when the armature current is 6 A. 

5. Suppression of the End Effect 

5.1. End Effect Suppression by Increasing the End Iron Length 

In order to suppress the end effect and the thrust ripple of the motor, the method of 

increasing the end iron length in the secondary component is proposed in this section, as 

shown in Figure 10. According to the end effect mechanism, in order to weaken the end 

effect, it is necessary to compensate for the uneven distribution of the magnetic flux under 

each PM. Increasing the length of the end iron in the PM mover can achieve this effect 

simply and effectively. It can introduce a magnetic conductivity branch into the end mag-

netic circuit. Then, the difference between the flux under the end permanent magnet and 

that under the non-end permanent magnet is reduced. Therefore, the influence of the end 

effect can be suppressed effectively. 

eL

 

Figure 10. Structure of the motor with longer end iron. 

Figure 11 shows the curve of the 1/2 sub-harmonics in the permanent magnet flux 

linkage varying with the length of the end iron. With an increase in the end iron length, 

the 1/2 sub-harmonics were reduced. When the end iron length was greater than 12 mm, 

the 1/2 sub-harmonics did not change with the length of the end iron. Figure 12 shows the 

curve of the thrust ripple varying with the length of the end iron. The change rule of the 

curve in Figure 9 is the same as that in Figure 8, because the thrust ripple is proportional 

to the 1/2 sub-harmonic in the permanent magnet flux linkage. 
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Figure 11. Curve of the 1/2 sub-harmonics in the permanent magnet flux linkage varying with the 

length of the end iron. 

According to the result in Figure 12, the optimal value for the end iron length was 12 

mm. The waveforms of the permanent magnet flux linkages before and the after the opti-

mization were compared, as shown in Figure 13. Before the optimization, the peak values 

were 0.0597 Wb, 0.0584 Wb, 0.0584 Wb, and 0.0597 Wb, respectively. After the optimiza-

tion, the peak values were 0.0596 Wb, 0.0593 Wb, 0.0593 Wb, and 0.0596 Wb, respectively. 

The sub-harmonics in the permanent magnet flux linkage were reduced. 
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Figure 12. Curve of the thrust ripple varying with the length of the end iron. 
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Figure 13. Waveforms of the permanent magnet flux linkages before and the after the optimization. 

Figure 14 shows the curves of the thrust ripple varying with the armature current, 

before and after the optimization. Figure 15 shows the waveforms of the motor thrust 

before and after the optimization, with a 6 A armature current. After the optimization, the 

thrust ripple was 0.3 N and the average thrust was 79.2 N. Comparing this with the case 

before the optimization, the average thrust was increased by 1.1% and the thrust ripple 

rate was reduced from 1.9% to 0.4%. 
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Figure 14. Curves of the thrust ripple varying with the armature current, before and the after the 

optimization. 
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Figure 15. Waveforms of the motor thrust before and the after the optimization. 

5.2. Experimental Verification 

A prototype was developed and its thrust characteristics tested to verify the research 

presented in this paper. Figure 16 shows the prototype test platform. The platform in-

cluded an air guideway, a marble base, a grating ruler, an acceleration sensor, a driver, a 

DC source, and an oscilloscope. The secondary core of the prototype was moved with the 

platform actuator, and the primary core was mounted on the base. 

During the experiment, the driver controlled the motor to move at a constant speed. 

A high-precision grating ruler gave the mover position signal. The acceleration sensor was 

installed on the mover to record the thrust ripple of the prototype. In the test, the entire 

platform was tilted at an angle to ensure gravity could load the motors, so that the thrust 

characteristics of the prototype could be measured. 

Mover Stator

z
x

y

 

Figure 16. Prototype test platform. 

Figure 17 shows the tested and simulated thrust of the motor, with an armature cur-

rent of 2 A. In the simulation, the average thrust was 26.3 N and the thrust ripple rate was 

0.4%. In the test, the average thrust was 25.5 and the thrust ripple rate was 0.8%. The test 

thrust ripple rate was slightly higher than the simulated thrust ripple rate, mainly due to 
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assembly error and the current harmonic caused by the drive control. In general, the thrust 

ripple rate was clearly suppressed, meeting the design requirements. This verifies the re-

search presented in this paper. 
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Figure 17. Thrust waveforms of the prototype. 

The mover outputs static thrust when a DC current powers the windings. The thrust 

varies with the mover position while dragging [22,23]. When the thrust is highest, the 

current is close to the q-axis current, whereas the point of lowest thrust corresponds to the 

d-axis position. The mover of the platform was connected to one side of the baffle through 

a tension pressure sensor, and then the static thrust test was performed for the prototype. 

Figure 18 shows the static thrust varying with the armature current. The measurement 

results are identical to the numerical simulations, with maximum deviations of 3%. 
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Figure 18. Curve of the static thrust varying with the armature current. 

In order to ensure the SLPMLSM had acceptable performance, a series of tests were 

performed, such as the vibration and positioning accuracy tests on the x-axis (the direction 

of motion of the mover) shown in Figure 16. 

The accelerometer was fixed onto the mover to collect the vibration signals. In order 

to verify the stability of the fixed-point control, the vibration performance of the mover 

was investigated, as shown in Figure 19. When the mover was fixed at one point on the 

air bearing, not controlling the motor (servo off), the value of the acceleration vector was 

between 0.045 m·s2 and 0.08 m·s2. However, when the mover was in the same position 

under the servo control (servo on), the value of the acceleration vector was between 0.025 

m·s2 and 0.045 m·s2. 

Next, the vibration value for the mover was obtained. Figure 20 shows the relation-

ship between the acceleration of the vibration and the displacement when the mover 

speed is 0.03 mm/s. The vibration waveform is periodic, with a period of 4/3 of the pole 

pitch, indirectly proving the existence of the thrust ripple. 

Positioning tests for the prototype were carried out to check the positioning accuracy 

of the motor. The displacement range of the mover was 0~120 mm, a measuring point was 

taken every 10mm, and the running speed was 0.03 mm/s. Continuous forward and re-

verse measurements were repeated three times, and the results are shown in Figure 21. 
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By observing the various measurements, the trend of the changes in the positioning 

error is apparent. The values are consistent with the thrust ripple, although the results 

vary from point to point. This phenomenon is the result of the combined action of the 

motor and the air bearing. The positioning accuracy of the prototype was 0.335 μm . 
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Figure 19. Vibration performance of mover. 
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Figure 20. Vibration waveform of the prototype. 
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Figure 21. The positioning errors of three consecutive forward and reverse measurements. 

6. Conclusions 

The magnetic field analysis model fully described the dynamic magnet type of per-

manent magnet linear synchronous motor. The first step in establishing the model was 

calculating and simulating the distribution of the end magnetic field. The end force could 

be obtained directly from the analytical solution. Furthermore, we could obtain the mag-

netic field harmonics caused by the dynamic magnetic linear motor end force. Optimizing 

the motor size was proposed to decrease the thrust fluctuation and vibration in a given 

motor. Since both sides of the end force on the motor are centrosymmetric, vector synthe-

sis was included to suppress motor thrust fluctuations. By building an experimental pro-

totype, we obtained the thrust waveform of the motor using acceleration sensors. Many 
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experiments, including optimization, comparisons, and simulations were undertaken to 

develop the final effective method. The final results showed that this method can lower 

the rate of thrust fluctuation below 21.1%. We paid considerable attention to the end back 

effect of the motor. However, there are still other factors that need to be considered. As 

well as the motor, it is also important to take the air bearing into consideration. Consider-

ing both together would result in a high-precision machining process, a low vibration am-

plitude, and a more stable system. 
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