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Abstract: A generalized strain energy-based homogenization method for 2-D and 3-D cellular ma-
terials with and without periodicity constraints is proposed using Hill's Lemma and the matrix
method for spatial frames. In this new approach, the equilibrium equations are enforced at all
boundary and interior nodes and each interior node is allowed to translate and rotate freely, which
differ from existing methods where the equilibrium conditions are imposed only at the boundary
nodes. The newly formulated homogenization method can be applied to cellular materials with or
without symmetry. To illustrate the new method, four examples are studied: two for a 2-D cellular
material and two for a 3-D pentamode metamaterial, with and without periodic constraints in each
group. For the 2-D cellular material, an asymmetric microstructure with or without periodicity con-
straints is analyzed, and closed-form expressions of the effective stiffness components are obtained
in both cases. For the 3-D pentamode metamaterial, a primitive diamond-shaped unit cell with or
without periodicity constraints is considered. In each of these 3-D cases, two different representative
cells in two orientations are examined. The homogenization analysis reveals that the pentamode
metamaterial exhibits the cubic symmetry based on one representative cell, with the effective Pois-
son’s ratio ¥ being nearly 0.5. Moreover, it is revealed that the pentamode metamaterial with the
cubic symmetry can be tailored to be a rubber-like material (with ¥ = 0.5) or an auxetic material
(with < 0).

Keywords: cellular material; strain energy-based homogenization; Hill'’s lemma; pentamode met-
amaterial; matrix method for spatial frames; effective elastic properties; stiffness matrix; periodic
boundary conditions; auxetic material

1. Introduction

Homogenization of materials with discrete microstructures is becoming increasingly
important due to widespread applications of cellular structures and lattice-based met-
amaterials (e.g., [1-11]).

Various homogenization methods have been developed using classical elasticity. For
example, Warren and Kraynik [12] proposed an analytical method to homogenize low-
density open-cell foams based on solving force and moment equilibrium equations at
joints. Tollenaere and Caillerie [13] used an asymptotic expansion method in homogeniz-
ing 2-D lattice truss structures. Li et al. [14] developed a micromechanics model and ob-
tained closed-form formulas for predicting effective elastic properties of 3-D open-cell
foams based on Castigliano’s second theorem. Demiray et al. [15] homogenized 2-D and
3-D hyperelastic foams undergoing large deformations by employing a strain energy-
based scheme and periodic conditions. Martinsson and Babuska [16] provided a homog-
enization method for materials with periodic truss and frame microstructures utilizing an
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asymptotic analysis built upon Fourier transforms. Freund et al. [17] presented a two-scale
computational homogenization technique for 2-D cellular structures based on the virtual
work principle. Norris [18] proposed a homogenization method for periodic lattice struc-
tures and derived analytical formulas for effective properties of elastic networks, includ-
ing pentamode metamaterials. Ongaro et al. [19] employed a strain energy-based ap-
proach to homogenize 2-D cellular structures of honeycomb cells filled with an elastic
material. Ai and Gao [20] provided an analytical model for predicting effective elastic
properties of 2-D periodic star-shaped re-entrant lattice structures with the orthotropic
symmetry and negative Poisson’s ratios by using Castigliano’s second theorem and the
Timoshenko beam theory. Materials with negative Poisson ratios are also known as aux-
etic materials, which have emerged as a class of metamaterials that can find important
engineering applications (e.g., [6,20-26]). Recently, Czarnecki and Lukasiak [27] applied
the asymptotic homogenization method for periodic media to estimate effective moduli
of 2-D auxetic cellular materials, which were also compared with those obtained through
optimization.

Higher-order elasticity theories have also been applied to develop models for ho-
mogenizing 2-D and 3-D cellular materials (e.g., [11,28-34]).

In the current study, a generalized strain energy-based homogenization method for
2-D and 3-D cellular materials with and without periodicity constraints is developed,
which is built on classical elasticity and has no restriction on shape, symmetry or number
of struts in a unit cell. In this new approach, the nodal equilibrium equations are enforced
at all boundary and interior nodes, unlike in existing classical elasticity-based methods
where the nodal equilibrium is imposed only at the boundary nodes and, as a result, the
equilibrium equations are often not satisfied at the interior nodes by the approximate so-
lutions obtained (e.g., [35]).

The rest of the paper is organized as follows. In Section 2, the generalized strain en-
ergy-based homogenization method is formulated for cellular materials with and without
periodicity constraints. In Section 3, the newly proposed method is applied to homogenize
2-D and 3-D cellular materials in four example problems, which leads to closed-form for-
mulas for effective elastic stiffness and compliance components. In Section 4, the paper
concludes with a summary.

2. Generalized Strain Energy-Based Homogenization Method
2.1. Matrix Method for Spatial Frames

According to the matrix method for spatial frames (e.g., [36,37]), each frame member
is regarded as weightless and loaded only at its two end points (nodes). It is rigidly con-
nected to other members at the two end nodes, each having six degrees of freedom — three
translational and three rotational displacements —if unconstrained.

For a 3-D frame member with two end nodes I and ], denoted as “I, ] and shown in
Figure 1, which is made from an isotropic linear elastic material and has a uniform circular
cross-section, the stiffness matrix is given by

k, Kk
K=| " 19 ] 1)
{ku kJJ

where the 6 x 6 sub-stiffness matrix K, represents the force at node I due to a unit dis-

placement at node J.
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Figure 1. 3-D frame member.

In the local coordinate system {x, y, z} with the base vectors {e,, e,, @;}, as shown in
Figure 1, the sub-stiffness matrices can be written as (e.g., [37])

k 0 0 0 0 0 k 0 0 0 0 0
o Kk o o0 0 <Ltk 0o k 0 0 0 -Lg
2 2
0 0 k 0 -tk o 0 0 k 0 Ltk o
Kk, = 2 K, =
n - ' A y
0 0 k 0 0 0o 0 0 k 0 0
0 0 -Lk o Kk o 0 0 Lk o k o
2
0 %ks 0o 0 o0 |k 0 —%ks 0 0 0 Kk
"k, 0 0 0 0 0 ]
0 % 0 0 0 Ly
2
0 0 -k 0 -tk 0
k, =kj = 2 2
TS0 0 0 k0 o | @)

0 0 <~k 0 —k-k 0

2
0o -tk o o o Lk
2 2

where the superscript “T” denotes the transpose of the matrix, L is the length of the frame
member, and K, K, k, and k, are, respectively, the axial stiffness along the x-axis, trans-
verse shear stiffness about the y- or z-axis, bending stiffness about the y- or z-axis, and

torsional stiffness about the x-axis. When the Timoshenko beam theory is used [37],

_EA K — 12nEGATZ < 4E[7(3EI+UGAL2) _GJ

ka 1 s T 3 T 3 v N T ' (3)
L 12E7L +nAGL 12E7L +nAGL L
which can be reduced to those based on the Bernoulli-Euler beam theory given by
k=02 k=120 =B (=B 4)
L L L L
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where E and G are, respectively, Young’s modulus and the shear modulus of the member
material, 7 is the shear correction factor, and A, 7 and ./ are, respectively, the area, sec-
ond moment of area and polar second moment of area of the circular cross-section mem-
ber with the diameter d known as
2 4 4
zd zd zd
A= =2 =
4 64 32
Based on the arrangement of the sub-stiffness matrices in Equation (1), the nodal dis-
placement vector of the member “I, J” in the local coordinate system can be written as

®)

T

A={u, 6, u, 6,}, (6)

where U, and u,; represent, respectively, the displacement vectors at nodes I and ], and
0, and 0, denote, respectively, the rotation vectors at nodes I and J.
In the global coordinate system {X, Y, Z} with the unit vectors {I&,, [E,, £, } shown

in Figure 1, which is independent of the frame (strut) orientation, the nodal displacement
vector of the member “I, | becomes

T
D:{um Uy Uy O Oy Oy Uy Uy Uy O 6 923}’ @)

which is related to A (see Equation (6)) through
D=Q'A, ®

where

o o O
o o
O O O

0
0
o , Q=cos (e, E)E QF,, ©)

00 0 Q

in which Q is the orthogonal coordinate transformation matrix from the local coordinate
system {x, y, z} to the global coordinate system {X, Y, Z} (i.e., E, =Q e;), and the summa-

tiononiandj(withi j €{1,2, 3})isimplied. Note that ) is also proper orthogonal with
Q*'=Q"and detQ=1, where the superscript “~” denotes the inverse of the matrix.
The nodal force vector of the member “I, J” that satisfies the equilibrium is given by

(e-g., [37])
r=kA={F, M, F, M,\, (10)
or in terms of the components in the local coordinate system,

F, F, M, M, M, F, F, F

yl zl xJ Al

r:& M., M

Xl

xJ M YAl }T ! (11)

xI zl

yl yJ yJ

where F =F e, M, =M, e; and F, =F;e;, M, =M, e; are, respectively, the force and

moment vectors at nodes I and J. Note that the summation on i€{1, 2, 3} is implied here.
In the global coordinate system, the nodal force vector for the member “I, J” can be

obtained from Equations (8) and (10) as
S=Q'T'=Q"kA = Q'kQD =KD, (12)
where
K=Q'kQ, (13)

is the stiffness matrix of the member “I, J” in the global coordinate system {X, Y, Z}.
For a cellular material containing W frame members, the total strain energy is given

by
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1 W
UZEZDEKnDn’ (14)
n=1

where 1 (€{1, 2, ..., W}) represents the nth frame member, and

K. =Qk.Q,. (15)

2.2. Hill’s Lemma

Hill’s lemma [38] enables the prediction of effective properties of a heterogeneous
material through constructing a homogeneous comparison solid based on the strain en-
ergy equivalence (e.g., [39-41]).

For the Cauchy continuum, Hill’s lemma reads (e.g., [38,39,42,43])

1

<c.s>—2.E—Vjag(u—Ex)-[(c—Z)n}dS, (16)
where Q) is the region occupied by a heterogeneous material, 0Q is the closed surface of
Q, Vis the volume of (), 4S5 is an area element on 0(), o and ¢ are, respectively, the Cauchy
stress and infinitesimal strain tensors, ( - ) denotes the volume-averaged quantity, u is the
displacement vector, E and X are, respectively, the volume-averaged (effective) stress
and strain tensors, x is the position vector, and n is the unit outward normal to Q2. Note
that <c : g> is twice of the volume-averaged strain energy density of the heterogeneous

material, and Z:E is twice of the volume-averaged strain energy density of the homoge-
neous comparison solid.
The Hill-Mandel condition requires that <o : £> —2:E=0 for the strain energy equiva-

lence, which leads to the following allowable boundary conditions:
u=Ex or t=en=Xn o0noQ, (17)

where t is the Cauchy traction vector, and E and X are, respectively, the prescribed (constant)
strain and stress tensors given by

Exx  Exyv  Exz Oxx Oxy Oy
E=ley &y &y | X=|0yw Oy Oy | (18)
Exz &z &g Oy; Oyz Oy

in which the overhead bar represents the prescribed quantity.

From Equations (17) and (18), the displacement u at each boundary node can be ob-
tained. However, the rotation @ can vary independently at the boundary nodes while
satisfying the moment equilibrium equations there (e.g., [44]). Accordingly, the displace-
ment vector for the nth frame member “I, |7 (with nef{l, 2, ..., W}) with the end nodes I
and | both lying on the boundary of the cellular material can be rewritten as

D,={EX, 0, EX, 0,}. (19)

If node I lies on the boundary and node ] is located in the interior, then the displace-
ment vector for the nth frame member “I, | ” has the form:
T

D,={EX, 6, u, 0,f.

(20)

Finally, if both the end nodes I and | lie in the interior of the cellular material, then
T

D,={u, 6, wu, 6,}.

n

(21)

2.3. Generalized Homogenization Method
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Consider a general (asymmetric) 3-D cellular material with no periodicity, as shown
in Figure 2. The cellular material is composed of P boundary frame members (struts), each
of which has at least one node on the boundary, and Q interior struts, each of which has
its two end nodes located inside the boundary. The cellular material also features N nodes
that lie on the boundary and M nodes that are located inside the boundary. The cellular
material can be completely characterized by N, M, P, Q and the coordinates of each node.

Figure 2. General 3-D cellular material.

To homogenize this cellular material with the equilibrium satisfied at all nodes (on
the boundary and in the interior), the displacement boundary conditions in Equation (17)
are prescribed for the boundary nodes. The remaining nodes inside the boundary are al-
lowed to translate and rotate without any constraint. Thus, for the N boundary nodes, the
following holds:

N

u,=BX, and M, =) M,=0 ondQ, (22)
n=1

where n (€{1, 2, ..., N}) denotes the nth boundary node, and N is the total number of

struts emanating from the nth boundary node. This leaves the rotation vector at each
boundary node, 0, (n€{1, 2, ..., N}), unspecified, while satisfying the nodal moment equi-

librium. Then, the displacement vector for the pth boundary strut “I, J”, with node I lying
on the boundary and node | located in the interior, can be obtained from Equations (20)
and (22) as
T
D,={EX, 0, u; 0}, (23)

where p ({1, 2, ..., P}) denotes the pth boundary strut.

From Equations (12) and (23), the force vector for the pth boundary strut “I, [ is
given by

F EX,

s M, _K 0,

p F, Plu, [ (24)
M, 0,

p p

and from Equations (14) and (23), the total strain energy stored in the P boundary struts
can be obtained as
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EX,
1& T 0 (25)
Up=>>{EX, 6, u, 6} K¢ ' '
p=1 uJ
eJ

On the other hand, the displacement vector for the gth interior strut “I, ] 7, with both
nodes I and ] located inside the boundary, can be obtained from Equation (21) as

D,={u, 0, u, 0}, (26)

q

where g (€{1, 2, ..., Q}) denotes the gth interior strut.
From Equations (12) and (26), the force vector for the gth interior strut is given by

Fy u,
TV [T, [ (27)
M, q 0, q
and from Equations (14) and (26), the total strain energy stored in the Q interior struts has
the form:
u,
1 Q T 0|
Uq = EZ{UI 0, u, 9, }q K, u (28)
gq=1 J
0, .

Then, the volume-averaged strain energy, called the strain energy density function,
in the cellular material with P boundary struts and Q interior struts can be obtained as

Uu U,+0
u=—=—9 (29)
\ \
where V is the volume of the region enclosed by the bounding surface of the cellular ma-

terial.

The strain energy density function u in Equation (29) contains a number of unknown
displacement and rotation components. For a general 3-D case, these unknowns include
3N rotation components at the N boundary nodes (0, ; n€{l, 2, ..., N}), 3M displacement

components at the M interior nodes (u,,; me{l, 2, ..., M}), and 3M rotation components at
the M interior nodes (0, ; me{l1, 2, ..., M}). As a result, there are totally 6M + 3N unknown

displacement and rotation components in u. Hence, an equal number of equations are
required to solve for these unknowns so that the strain energy density function will not
contain any undetermined displacement or rotation component.

Since each boundary node is allowed to rotate freely, enforcing the moment equilib-
rium at all the N boundary nodes provides 3N equations. These moment balance equa-
tions at the boundary nodes read

N
M,=>M,=0, ne{l,2 .., N} (30)
n=1
Furthermore, since each interior node is allowed to translate and rotate without con-

straints, enforcing the force and moment equilibrium at all the M interior nodes gives 6M
equations, which are
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M M M
Sm=;Sm=0©Fm=;Fm=o, Mm=z_1|v|m=o, me{l, 2,... M}, (@31

where M is the total number of struts emanating from the mth interior node.
Solving Equation (30) will yield @ (n€{l, 2, ..., N}) at the N boundary nodes, and

solving Equation (31) will lead to u, and 0 (mef{l, 2, ..., M}) at the M interior nodes.

Substituting these determined kinematic variables into Equation (29) will give the strain
energy density function u in its final form without containing any unknown. The effective
stiffness tensor can then be obtained from u as

ou = o

Z =T C = A2 ! (32)

JE J0E
where E and X are the constant strain and stress tensors defined in Equation (18), and C
is the effective stiffness (elasticity) tensor.

2.4. Extension to Periodic Materials

For periodic cellular materials, the homogenization can be performed using an ex-
tended version of the approach based on Hill’s lemma discussed in Section 2.3.
For a periodic material, Hill’s lemma given in Equation (16) can be extended to (e.g.,
[40])
1 .
<G.8>—Z.E=\7LQ(U—EX—U )'I:(G—Z)Il}dS, (33)
where U is the periodic part of the displacement field, which is the same for each periodic
pair of nodes on the unit cell boundary. Note that for each periodic pair of two boundary
nodes the traction vector t=en is anti-periodic with t"+t~ =0 (e.g., [40,45,46]). Ac-
cordingly, the surface integral of the product u” -(6—-Z)n vanishes (e.g., [40,43]), and

hence Equation (33) is equivalent to Equation (16). Applying the Hill-Mandel condition to
Equation (33) then gives

u=Ex+u" or on=3Xn on oQ (34)

as the periodic BCs.

Consider a general 3-D periodic cellular material, with a unit cell shown in Figure 3a
or Figure 3b. Each unit cell contains P boundary struts, each of which has one node on the
boundary, and Q interior struts, each of which has its two nodes located inside the bound-
ary. Each unit cell also includes B periodic pairs of nodes that lie on the boundary and M
nodes that are located inside the boundary.
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n=1
®i-2
»=(6) n=13
h=1
)
Q
n:2. p P:(4).n:2
h=1 =1 h=2
4
4Q'
y =0
e
®,
(a) (b)

Figure 3. Periodic 3-D cellular material: (a) unit cell with three periodic pairs; (b) unit cell with one periodic pair.

A periodic pair can contain two or more boundary nodes, which depends on the unit
cell structure. For example, the unit cell shown in Figure 3a possesses three periodic pairs
(B =3), each having two distinct nodes, while the unit cell in Figure 3b contains one peri-
odic pair (B = 1), with all the boundary nodes included in this pair. In general, for a peri-
odic cellular material, a periodic pair can be defined as a collection of boundary nodes
that satisfy the following conditions (e.g., [40,45]):

U =Uy=---=U,, 0 =0,=-=0,, (35)
H H
2R =0 XM, =0 @
h=1 h=1

where H represents the total number of nodes contained in the periodic pair.
The kinematic boundary conditions shown in Equation (34) can be extended to rep-
resent the periodic boundary conditions for a cellular material in the following form:

uy =EX)+u,(X) and 0;=0(X) on o @37)
where n(e {1, 2, ..., B}) denotes the nth periodic pair of boundary nodes,
h(e {1, 2,. .., H}) stands for the hth node in the nth periodic pair, and u: and 9:(

ne{l, 2, .y B}) are, respectively, the periodic parts of the displacement and rotation,

which are yet unknown. Using Equation (37) in Equation (20) gives the displacement vec-
tor for the pth boundary strut “I, J” (with p e {1, 2, ..., P} ), with node I lying on the bound-

ary and node | located inside, as
* * T
D, ={EX,+u; 0, u, ej}p. (38)

Then, it follows from Equations (12) and (38) that the force vector for the pth strut “I,
J” has the form:

F EX, +U;
M 0

s =¢ 'L =K ! ,

p F, p u (39)
M, ], 0,
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and from Equations (14) and (38) that the total strain energy stored in the P boundary
struts can be obtained as

EX, +U;
18 oo T 0
Upzékﬂ{EX,+u, 0, u, m}pr o . (40)
GJ

p

The displacement vector and force vector for the gth interior strut can be computed
from Equations (26) and (27), respectively, and the total strain energy stored in the Q in-
terior struts can be determined using Equation (28).

Then, the strain energy density function u in the unit cell with P boundary struts and
Q interior struts can be obtained from Equations (28), (29) and (40). There are 6(M + B)
unknowns contained in #, which include the 6M displacement and rotation components
at the M interior nodes (u_, 0, ; me{l, 2, ..., M}) and the 6B periodic parts of the displace-

ment and rotation components at the boundary nodes belonging to the B periodic pairs (
u-, 0 ;ne{l, 2, ..., B}). Accordingly, an equal number of equations are required to deter-

mine the unknown kinematic variables involved in the strain energy density function u.
The 6B unknown periodic parts of the displacement and rotation components at the
boundary nodes can be obtained by enforcing the anti-periodicity conditions of forces and
moments for each periodic pair given in Equation (36). In addition, the 6M displacement
and rotation components at the M interior nodes can be identified by imposing the force
and moment equilibrium at those nodes according to Equation (31). Using these deter-
mined displacement and rotation components in Equation (29) will give the final expres-
sion of 1, which can be used in Equation (32) to find the effective stiffness tensor C.

n

3. Case Studies

In this section, 2-D and 3-D cellular materials with and without periodicity con-
straints are homogenized by applying the generalized strain energy-based method pro-
posed in Section 2. The mathematical formulation here is facilitated by using symbolic
operations in MATLAB. For simplicity, in all cases considered here, struts are taken to be
Bernoulli-Euler beams with uniform circular cross sections whose stiffness constants are
given in Equation (4).

3.1. 2-D Cases
3.1.1. 2-D Homogenization without Periodicity Constraints

Consider a 2-D cellular material shown in Figure 4, which is asymmetric. The unit
cell is composed of three struts with equal length L (i.e., L =1® =1® =L )- The stiff-
ness constants of each strut are given by

k® =k® —k® =k k® —k® —k® =k

a S

a o ke =k? =kP =k, (@)

where ks, ks and kv are listed in Equation (4). The area of the unit cell is

A, =2L". (42)
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(b)

Figure 4. 2-D asymmetric cellular material: (a) microstructure; (b) unit cell.

The coordinate transformation tensor for each of the three struts with respect to the
global coordinate system {X, Y, Z} is given by

o O 11 ]
2 2 2 2 22

w_| L L gl oo| L L o oo |2 L @)
2 2 2 2 2 2
0 0 1 0o 0 1 0 0

In addition, the position vector of each boundary node with respect to the origin o
(the center of the unit cell; an interior node) reads

X="ta 10, X,= - -

— N -
72 7! 7
Substituting Equations (18) and (44) into Equation (22) gives the boundary conditions
at the three boundary nodes as

{ux1}:_\/§|— {Exx +EXY} {sz}z \/EL {Exx _EXY} {uxs}: \/EL {5xx +EXY} 45)
Uy, 2 &y téy Uy, 2 &y — &y Uy 2 (& téy
M21:Ov Mzzzov Mz3:O- (46)

Using Equations (1), (2), (7), (9), (13) and (43) in Equation (12) yields the force vector
for each strut as

—

-1 0", X, 11 0. (a
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2\/,(920 +0,,)
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o+uY0)

(£+£j Low  Low +(k—a—£] Loy  Low +L—k5(
2 20\ 2 2 )2 2)ld2 2 ) 22
ka ks L‘g_‘XY I“E‘{Y j [ a ks (LEXX I‘EXY J Lks
2= +Uy, |+ = + =Xy | -—=
‘. E S e e ) & s et v
F L2k %k, _ . Lk
MYO Ko Os6 _[kb _75]921 +Ts(‘9xx ~ &y )+m(u><o _uYo)
Zo —
Fa k, K\ Ley L& (ka ksj LE,, L&, Lk
| 2= = FUy, |- 2= || =2+ +uU, |-—=
Fa (2 2)(\/5 \/E X 2 2 \/5 \/E Yo 2\/5
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MYU kaZO_[kb_Tsjgzz_ 45(‘9xx _8YY)+m(uXo+uYo)
zo | _
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22—+ —Uy, |+ 2= + —-u
2 2 )\ 2 T )2 2\l T )
L2k Lk, _  _ .\ Lk
kbgzs_(kb_TsJem"‘Ts(gxx _5w)_2\/§(ux<)_uvo)

Oy + ‘921)

Oy + 021)

2 (HZO + 921)

= (920 + 621)

=(05+0,)

Lk
_5(920 +ezz)

ﬁ(‘%o + 923)

(47)

(48)

(49)

Substituting Equations (47)—(49) into Equation (46) or (30), which gives the moment
equilibrium equations at the three boundary nodes in Figure 4b, leads to the rotation com-

ponents at the three boundary nodes as
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LK, (LZ — L&y +2L6,, +~/2u,, —v2u,,)
0,, = ‘920 - 4k )
b
LK, (L& — Ly +2L05, +~/2u,, +/2u,,)
0,, =0, — 2K ' (50)
b
Lk, (LZ — L&y +2L0,, —2uy, ++/2u,,)
0,3 =0, — 4k :
b

Using Equation (47)—-(49) and (50) in Equation (31), the force and moment equilibrium
equations at the interior node o, results in

3k, 3k 3UK’ ko ko Uk’ VaLk 2Lk |
2 2 8k, 2 2 8k, 2 8k, 5
u
ﬁ_&_'_ L2k52 %+3_|(s_3L2k52 \/ELks ~ \/EL?:kSZ uXO ~ Bl -
2 2 & 2 2 & 2 8 | BZ’( )
oLk, N2UKP oLk, V2Lk? o 8UkE [T ’
2 8k, 2 8k, © o4k, |
where
B — ‘/EL(kagxx _2ka5xv +kaEYY +ks§xx _ksEYY ) _ ‘/ELsksz (Exx _‘5_'\(‘{)
L 4 16k, ’
‘/EL(kagxx _Zkang +ka§YY _ksgxx +ks‘§w) \/ELsksz (5xx _g\v)
B =~ 4 B 16k - 62
b
5 _ LK, (2 — 2y ) (4K, = LK, )
3 = .

8k,

Upon solving the system of three equations in Equation (51), the displacement and
rotation components at the interior node can be obtained as

Ak flk)
2(12k,k, +4k,k, - szsz)(gxx —&y )+

VaLk (4K, -1%k)
2(12k,k, + 4Kk, - szsz)(sxx —Ey)-

Xo —

J2Lk K, (525, +2.)
22k, + Ak, — k7)o T,

2Lk k, S
| —28 +Ey), (53)
2(2kakb + 4kbk5 - szsz) (SXX gXY gYY )

Yo =

4k k, + 4k k, — L%k, ? (5 —50)
2(12Kk, +4k,k, - Lk2)

Zo

Substituting Equations (1), (2), (9), (15), (25), (41), (43), (45), (50) and (53) into Equation
(29) gives the stain energy density function as

=1z v )+ 2z K g (B a2 g,
16 XX YY 4 XY 4 XY XX YY 8 XX =YY
6k, ’k, _ k2K (54)

a ‘b

Fo — 25, 5 ).
2kakb+4kbks—L2k52)(gXX B + )

2
T2k dkk L (o ) K

Clearly, Equation (54) does not contain any unknown kinematic variable.
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It then follows from Equations (32) and (54) that the effective stiffness matrix C for
the 2-D cellular material can be obtained from the coefficient matrix of the following con-

stitutive equations:

O xx Xo Xz X ||€xx B Exx
Ow (=|Xs X2 18w (=C1&n
Oxy XN XallExy Exy
where
l _ﬁ_‘_ kazkb
Coa (2K k, ik~ k)
P C 1k, k,’K, ~ 12k %k,
T8 a(2kk, +akk — k) 12Kk, + Ak~ Lk
_ 5k, N 12ka2kb B kazkb
P78 T akk, +dkk, KT 4(2kk, + Aok, — k)
3k, kazkb
A

2 2k, +4kk — k2

(55)

(56)

Note that only one specific configuration shown in Figure 4 is considered in the 2-D
case studies here. However, the inclination angle of struts in the 2-D asymmetric cellular
material displayed in Figure 4a could be set as an adjustable variable, which would lead
to the orientation dependence of the effective elastic properties upon using the current
homogenization method. Such orientation dependence exhibited by 2-D cellular materials

has been extensively studied (e.g., [20,25,47]).

3.1.2. 2-D homogenization with Periodicity Constraints

In this sub-section, periodicity constraints are imposed on the unit cell shown in Fig-
ure 4b, which is further illustrated in Figure 5. It can be seen from Figure 5 that the three
nodes on the boundary of the unit cell form one periodic pair (with B=1 and H = 3).

n=I
h=1 h=2

Figure 5. 2-D asymmetric unit cell with periodicity constraints.
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M
x

ul Nz o
N N o

._j'l'l

NZ

mZ am
N
5

>
N}

n
~

<

1

E(ka +k5)[ﬁ f+uXO

1

)
. Le, Le, x Lk .
=(k, +k + U, —Uy [+=(k, —k X —X U, —Uy |——=(6,, +6
2( a s)( [_2 /_2 Yo Yj 2( a s)( /_2 [_2 Xo XJ 2 [_2( Z0 Z)

Le, Le . k, k L&, Le, . Lk .
—-=(k, +k )| ——2+—2 tu, U, || 2-= X=X Uy, +Uy |——=(8,, +6
2( a s)[ [_2 [_2 Yo Y] (2 2)[ [_2 [_2 Xo XJ 2 /—2( Zo Z)

Based on the conditions listed in Equations (35) and (36), the periodicity constraints
for the unit cell shown in Figure 5 take the following form:

u; I:><1+Fx2‘*‘|:><3 0
FYl + FYZ + Fvs =10 (57)

M, ,+M,,+M,, 0

U | |Uxo| |Uxa

u;l = u;z U: 3(~ u; '

0.) (0] |0s) (6

Substituting Equations (45) and (57) (the first set) into Equation (37) yields the peri-
odic boundary conditions at the three boundary nodes as

* —_ —_

Uy, Exx + Exy Uy Uy, Exx ~Exy Uy
Jau | 2 2 h NPT A
Y1 (=~ 2 Exy t &y Uy s Uy, r= 2 Exy —&y (t Uy s
71 0 0; 0,, 0 0,
_ _ . (58)

u Eyy T & u

X3 XX XY X

IRV 1N R ;

Uyg 0 = Exy t &y T Uy

0,, 0 6,

Using Equations (1), (2), (7), (9), (13), (43) and (58) in Equation (12) gives the nodal
force vector for each of the three struts as

. 1 Le, L&, " Lk "
—uy [+=(k, —k, Xy =X qu, U, [+—=(0, +0
xj 2( ( I A \ Y] 2/—2(2 z)
1

Leyy N Le,y,

Le,, L&,

k) . L%k, _ . Lk, . .
kaZO _(kb _TJHZ +T(‘9xx ~ &y )+ﬁ(u><o —Uy — Uy +uv)

_ _ _ _ ) (59)
_%(ka ks)(Lj%X + Ljﬁ( Uxo _u;j ;(ka _ks) ng + Ljﬁ + Uy, UJ\J ZL\/kSE(QZo +9;)
1 Le, L&, ) 1 Le, Le, . Lk .
—=(k, +k X — Xty —U k X — X Uy, Uy [+ —=(6,, +0
R e O g I R
. L2k, Lk, Lk,
kaZ _(kb_ JQZO T(gxx YY) 2\/—(UX0 Uy uYo+uY)
%(ka+ks)(_ Lj%)( + Lj%Y +uXo_u;]_%(ka_ks)(_ Lj%Y +L%+UV0_U;)+%(QZD +0;)
1 L, L&, ) 1 Le, Le, . Lk .
=(k, +k ) ——2+ — +u, —u, [+=(k, -k X=Xy, Uy |+ —=(0, + O
R e e R A e ST e TR
Lk, )~ Lk, _ _ Lk, . .
Ky &so _[kb - ZSJHZ _T(gxx _gw)"'ﬁ(um —Uy Uy, _UY)
_ _ _ _ ) (60)
1 Le Le 1 Le Le . Lk "
—=(k, +k )| ——& X tuy, —uy [+=(k, =k )| ——2+—2+u, —U, |[-—=(8,, +80
2(a s)[ \/E \/E Xo X] 2(a s)( \/E \/E Yo Yj 2\/5( Z0 Z)
1 _

. Lk, Uk,  _ Lk, . .
ks 6; _[kb __JHZD _T(gxx _‘9vv)+_(u><o —Uy Uy, _UY)
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1 Le, Le, . Le, Le, Lk,
E(ka+ks)(— fx _ \/%Y +uX0_uX]+—(ka—kS)(— \/g’ - \/ﬁ Vo uyj m(QZO 92)
1 Le, Le, 1 Le, Le, Lk .
=(k, +k Xy Uy, —Uy [+=(k, - k)| =R - X u, |+—=(80,, +6
O I ] IR e ST P L)
F. Lk Lk, Lk
o k, 6. k, —— |6, + — - = (Uy, —Uy —Uy, +U
M, ) Y70 (b 7+ 4 (xx YY) 2\/5( Xo X V0+Y) -
F - — — — — ’
FX3 1(ka ks)(Lj%X + Lj%Y Uy, +uxj+1(kél k) ng +—|:'/g_; —uYD+uY*)+—2L\I;5§(HZO+HZ*)
Y3
Mz, 1 Lg, L& o1 Lz, L& . Lk, .
z E(ka+ks)(%+%—um+uY]+§(ka—ks)(%+ J%Y—UXO+UXJ—$(HZO+HZ)
R L2k, Pk, _ Lk, ) .
kbgz _(kb - 2 JQZO +T(‘9xx — &y )_ﬁ(um —Uy Uy, +UY)

Substituting Equations (59)-(61) into Equation (57) (the second set) results in

3, 3k Kk _V2Lk]
2 2 2 2 4 *
l"IX Bl
Kok % Yok || 2
2 2 2 2 4 eY* - 82 ’ (62)
J2Lk, 2Lk, z ?
- - 3k,
where
J2L _ o _ AL o
Bl__T(ka ks)( XX XY)+T(ka_ks)(8XY_gYY)
3 1 J2L
+§(ka+ks)uX0+§(ka—ks)uYo+Tk5920,
V2L _ o _ AL o
B, :T(ka _ks)(gxx _gXY)_T(ka +ks)(5xv _‘9YY) (63)
+%(ka—ks)uX0+g(ka+ks)uYo+@6§0,
k., _ . 2Lk J2Lk L2k
B, =— 45(5xx_gvv)_ 4 SUy, — 4 quo+3£kb_ 25]620-

Upon solving Equation (62), the periodic parts of the displacement and rotation com-
ponents at the three boundary nodes are obtained as
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. k,L
Uy =Uyy = — 28,y +
X Xo Zf(k +2k)( Exy gw)
Lk,[ (12K, + L2k, ) (B —F ) —6(4k, = K, ) 0y, |
- 242 (24K k, +12k K, — LK) !
. k,L
Uy, = U, 2(( o )( — 284 +&y) (64)

L[ (12K, + L7k, ) (B —Zy ) —6(4k, — Lk, ) &, |
22 (24k k, +12k k, — L’K?)
oo 217K, [ (K, +K, ) (Ex — 8w ) +2(3K, +ks)¢92°].
Lo 24k k. +12k k. — L2k>

Substituting Equations (59)-(61) and (64) into Equation (31) gives, from the equilib-
rium of the interior (central) node o,

k. +k _ _
65 :_m(é‘xx _gYY) (65)

after setting u, =u, =0 (i.e, no rigid-body displacement enforced at the central node

0).
Using Equations (1), (2), (9), (15), (25), (41), (43), (58), (64) and (65) in Equation (29)
yields the stain energy density function as

k
Y =§(115>§x + 48,y Eyy —108,, &y +1285, + 48, &y +11§YZY)

3k 2 k 2 (66)

2 k) ) - 16(k, 12k ) o

which does not involve any unknown kinematic variable.
Then, it follows from Equations (32) and (66) that the effective stiffness matrix CP

—28, +&y ),

for the 2-D cellular material with the periodicity constraints can be obtained as the coeffi-
cient matrix of the following constitutive equations:

Oxx Zzp Zsp le Exx B Exx
Oy = Z: Zzp le ey (=Cp1 &y ¢ (67)
Oxy X 1P X 1P X f Exy Exy
where
K, ka2 p 11k, 3ka2 ka2
=t Xo = - - )
4 4(k, +2k,) 8 3k, +k, 8(k,+2k)
68
b 5ka 3k, 2 ka2 o 3k, ka2 (68)
Xz =~ Xo =

8 3k +k B(k +2k ) 2 2(k, +2k,)’

A comparison of Equations (67) and (68) with Equations (55) and (56) shows that the
effective stiffness components obtained from the unit cell with the periodicity constraints
(see Equation (68)) do not depend on the strut bending stiffness ks, while those determined
from the same unit cell without the periodicity constraints (see Equation (56)) are depend-
ent on ks as well as k. and k.
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3.2. 3-D Cases
3.2.1. Pentamode Metamaterial

Pentamode metamaterials were first proposed by Milton and Cherkaev [48] using a
diamond-shaped primitive unit cell shown in Figure 6b. This unit cell can be characterized
by three independent primitive lattice vectors (red arrows in Figure 6b). Struts extending
from each of the four vertices meet at the center of the cube C, which is located inside the
primitive cell. This basic structure is repeated periodically in the primitive lattice vector
directions to generate the periodic lattice material shown in Figure 6a.

(RN e B |
7~ Diamond unit-cell

‘*\’ Q»

"&v‘(; Q\. &
\0
“?‘3
)»

v QQQ’

() (b)

Figure 6. Pentamode metamaterial: (a) microstructure; (b) primitive diamond-shaped unit cell.

The unit cell shown in Figure 6b represents the ideal (perfect) pentamode metamate-
rial having a zero-shear resistance, where each strut (composed of two truncated cones)
overlaps with the other struts at a single point. In the current study, each strut is taken to
be a circular cylinder with a uniform cross-section. This allows for a simplified model,
while retaining the essential features of the pentamode metamaterial.

The volume and volume fraction of the primitive diamond-shaped unit cell shown
in Figure 6b are given by, for struts with a uniform circular cross-section,

IS _3\/§7r(9j2
33’ ¢ 16 (L)

where Vi and fi are, respectively, the volume and volume fraction of the diamond unit
cell, and L and d are, respectively, the length and diameter of each strut. Note that
f, =V, /V here is the same as the relative density (i.e., p, = p/ p, =V, /V) (e.g., [20]).

N, = (69)

Pentamode metamaterials have been shown to display the isotropic, transversely iso-
tropic or orthotropic symmetry, depending on whether the eigenvalues are distinct or re-
peated [18]. In addition, pentamode metamaterials can be characterized by three different
unit cells: primitive diamond, cubic, and parallelepiped [11]. The parallelepiped unit cell
can be obtained from the cubic unit cell through a simple rotation of the coordinate sys-
tem.

Homogenization in two different coordinate systems shown in Figure 7 is considered
in this subsection to understand how the effective engineering constants transform under
the coordinate system change.
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Figure 7. Diamond-shaped unit cell for the pentamode metamaterial in two orientations.

3.2.2. Homogenization without Periodicity Constraints

The generalized strain energy-based homogenization method proposed in Section 2
is applied here to predict the effective elastic properties of the pentamode metamaterial
using the diamond-shaped unit cell viewed in two different orientations (coordinate sys-
tems) shown in Figure 8a,b. Each of the two representative cells associated with the two
orientations in Figure 7 contains four struts of equal lengths L and identical stiffness con-
stants ks, ks and ki, which are the same as those included in the diamond-shaped unit cell
shown in Figure 7. In each case, the volume fraction is that of the pentamode metamaterial
represented by the primitive diamond-shaped unit cell.

-

. 2L/
:
1
1
i
]
1
B e o o e e e

(@) (b)

Figure 8. Representative cells for the pentamode metamaterial in two orientations: (a) boundary nodes at four vertices; (b)
boundary nodes at mid-points of four edges.

The difference between the two representative cells is that they are 45° apart on the
X-Y plane, while the Z-axis is in the same vertical direction in both cases (see Figure 7).
That is, the base vectors of the two coordinate systems shown in Figure 8a,b are related
through
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cosd sing 0
E?=QEY, Q=|-sing cosd 0 , 0=—45", 1,je{l 2,3} ()
0 0 1 (e oel)

To construct the pentamode metamaterial from the representative cell in orientation
# 1 (the blue cube) in Figures 7 and 8a or 9a, the 4-strut structure in the blue cube is first
repeated once along each of the three primitive lattice vector directions (the red arrows in
Figure 9a), which results in a new unit cell containing 16 struts enclosed in the pink cube,
as displayed in Figure 9b. Then, repeating the 16-strut unit cell in the pink cube along the
X1, Y1 and Zi directions will generate the 3-D periodic pentamode lattice structure, as

shown in Figure 9c.

(©)

(b)

(a)
Figure 9. Construction of the pentamode metamaterial from the representative cell in orientation # 1: (a) the representative
cell; (b) the new unit cell; (c) the periodic pentamode material.

By following a similar procedure, the periodic pentamode lattice metamaterial can
be readily constructed from the representative cell in orientation # 2 shown in Figures 7

and 8b.

Homogenization Based on the First Representative Cell

For the representative cell shown in Figure 8a, which will be referred to as orientation
# 1, the coordinate transformation matrices for the four struts with respect to the global
coordinate system {X1, Y1, Z1} can be obtained as

11 1] 11 1]
3B B V3 B3 B
QU= Q) @ Q| Q¥=Ql @ Q&
QY QY QY Q¥ Q¥ Qf
11 1] 11 1] =
Y3 B B V3 B B
QV=|Q Q¢ Q| QW= Q& Q)
QY Qf qQf QY Q) Q

where the unspecified components of each Q" matrix can be arbitrarily chosen as along

as the matrix is proper orthogonal with
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Q0T =W T, det(QW)=1. (72)
QY] =[Q¥] . det(Q")

This is due to the fact that the cross-section of each strut is circular, so that the local coor-
dinate axes y and z can be arbitrarily oriented on a cross-section. Based on these con-
straints, the following transformation matrices with respect to the coordinate system {Xi,
Y1, Z1} have been chosen:

I—‘%d'_\ %\|"‘
w|N %dl—‘

o_|
R IS
1

o

2l (73)

Q
"
W N %‘ir—\ §\|H%\|H &'H
—~

=S &
= %dr—\

o

N

In addition, the position vector for each of the five nodes in the unit cell shown in
Figure 8a can be written in terms of the global coordinates {X1, Y1, Z1} as

%{1 11, X,=ta 1 -1,
L

NE)
L T T
X,=—f1 -1 11", X,=—{-1 1 11", X.={0 0 o).
LY Xem 1 Y X=(0 0 )

According to the generalized strain energy-based homogenization method formu-
lated in Section 2.3, this representative cell can be characterized by P =4, Q=0, M =1 and
N = 4. Substituting Equations (18) and (74) into Equation (22) gives the boundary condi-
tions at the four boundary nodes as

X, =—
(74)

Uy,1 Exx, T Exy, tExz, Uy,» L Exx, T Exy, ~€xz,
Uy = _ﬁ Exy, TEvy, téyz, Uy, T Exy, T Evy, —Evz, [
Uz Exz, vz, TE22, Uz,» Exz, T vz, — €22,
_ _ (75)
Uy,3 Exx, ~Exy, T Exz, Uy 4 —Exx, TExy, Téxz,
Uys = ﬁ Elel ‘9\(1Y1 + 5Y121 } Uy (= ﬁ _gxlvl + ‘(’_‘YlYl + ‘5_'\(121 ;
Uzs Ex.z, ~ vz, TE22, Uz,4 —Exz, tEyz, T2,
My M, My s My 4 0
lel = Mvz MY13 = MY14 =10¢. (76)
M, M, M, M, 0

Using Equations (1), (2), (7), (9), (12), (13), (73) and (75) in Equation (30) or Equation
(76) leads to the rotation components at the four boundary nodes as
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X,1

Z,1

exlz

2,2

X,3

2,3

LK, (~Ly, + LBz, — LBy, + L85 — 2Ly, + L0y, + L0, —3U, ++3u;,,)
O, +
: 6k,
LK, (L&, + LExy, — Loy, —LEyy, + L0, —2L0,, + L6, , +/3u, , —3uy, )
eYO + 1M 1 141 141 1 1 1 1 1 ,
: 6k,
LK, (~LE, — LBy, + Loy, + LBy, + L0y, + L6, — 200, —3u,, +/3u,, )
0, +
: 6k,
Lk, (~L&yy, — L&y gz, — LEy, + L8y, +2L0y, — L0y, + L6, , +/30,, +3u,, )
ex o -
: 6k,
LK, (LZyx, +LExy, + L8, — a5 — Loy, +2L0,,+ L0, —Buy, —3uy, )
0Y0 - 1
s 6k,
LK, (L&) x, = L8z, — Loy, + Loz, + L0y, + LO, + 206, —/3u, , ++/3u,, )
02 o
: 6k,
Lk, (Lzyy, +LEy, — Loy, + L8, +2L0,,+ L0, — L6, —/3u,, —3u,, )
ex o
: 6k,
LK, (—L&y, +LExy, — Loz, + L85 + L0, +2L6,, + L0, +/3u, ,—3u;, )
eYo -
: 6k,
LK, (~Lyx, — LBy, + Loy, — Loy, — Ly, + L, +2L0, 0 +3uy , +/3u,, )
92 o~
: 6k,
LK, (~L&yy, + LBy, + LBy, — L&y, +2L0,, +L6,, + L6, —/3u,, +3u,, )
9)( . _ 11 141 11 141 1 1 1 1 1
: 6k,
LK, (L&yx, — L8y, — Loy, — Ly, + Ly, + 210, — L6, , + /30, + /30, )
aYo -
i 6k,
Lk, (—LZyx, + L8z, + Loy, + Loy, + L0y, — L, +2L0,, —Buy, —3uy, )
gz _ 1M1 141 11 141 1 1 1 1 1
& 6k,

(77)

(78)

(79)

(80)

Substituting Equations (1), (2), (7), (9), (12), (13), (73) and (77)—(80) into the equilib-
rium equations at the interior node in Equation (31) yields the displacement and rotation

components at the central node o as
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V3L 24BLkk, .

J 3 2kk, +4kk —Lkz? )
X40
) V3L 24BLkk, .
" 3 2k.k, +4kk, —L%kz2 |
Z,0 _
o, [")[VBL  243Lkk, = [ (81)
0 3 2k.k, +4kk —L%k? )
Y,0
‘9210 0

0

0

It follows from Equations (1), (2), (7), (9), (15), (25), (29), (73), (75), (77)—~(80) and (81)
that the strain energy density function in this case has the form:

\/§(ka+2ks _ij](_z

_N9o 2 =2
u= 2 L K Ex.x, + Eyy, + 82121)
b

33k k, (2 Lk k., L
YRR + +
8(k, +2k,) [ L 2Kk, +4kk, — L%k j(ﬁ'xm Ex.z, gylzl) (82)
_ 2
Bk Y

— —— &y y &y +Exx E7y +EWE
( XX OV, T Exx, 7,2, T vy, zlzl)’
12 L 4k, j

which does not involve any unknown kinematic variable.

Finally, from Equations (32) and (82) the effective stiffness matrix CY for the pen-
tamode metamaterial based on the representative cell in orientation # 1 shown in Figure
8a can be obtained as the coefficient matrix of the following constitutive equations:

T A I ) I
T |\ Ao oA 0 0 0| % Pux
52121 | X gll\al X él& X 1(:/)| 0 0 0 Ezlzl _CW 52121 83
ol |0 o o 28 o olla| & | ©®
5xlzl 0 0 0 0 Z :‘EJ’;;' 0 EX 1Zy gX 1Zy
Exlvl = 0 0 0 0 0 x 3("1\3' 1€ XYy € XY

where

M :\/g(ka +2k5)_\/§Lk52 | o _‘/g(ka_ks)_l_\/ngsz |

Xim

121 24, T 1oL 48k,
33k, k, (4k, - Lk, )
AL (2K, + kK, - k)

(84)

o _
Xam =

It is clear that the stiffness matrix C® depends on only three constants 28, A8 and

7%, which indicates that the pentamode metamaterial possesses the cubic symmetry in

the current case with the representative cell in orientation # 1. These stiffness constants
are the same as those obtained in [18] for the pentamode material with the diamond unit
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cell using an equilibrium equation-based approach, thereby providing a validation of the
current model.
The effective compliance matrix S® =[C"]™ based on the representative cell in ori-

entation # 1 can be readily obtained from Equations (83) and (84) as
[~ @) ()
M 2M 2M 0 0 0
&) O] @
2M M 2M 0 0 0
1) @ @) 0 0 0

§(l) _| 22m 2M M ’
0 0 0 ¢§ o o0 (35)
0O 0 0 0 ¢§ o
|0 0 0 0 0 ¢
where
o 4BL . 32+/3Lk, o 4BL 163l
Mook, ok (4k, - Lk) T ok, ok, (4K, - Lk,)
(86)

o _4V3L 8\/3Lk,

Mook, ok, (4k, - L%k,)

For a cubic material, the directional dependence of the engineering constants can be
described by (e.g., [49,50])

@(n,m):%{iu[i_i}m,m)}1, -

66 H Hy My
S, - 1 1 1(1 1} }
vinm)=-Z22=E(n)|-—+—-=| ——=|D(n,m) |,
( ) 11 (){ % 6u, 2\, u ( )

where E, G and v are, respectively, the effective Young’s modulus, shear modulus and
Poisson’s ratio, &, 4 and /i, are the three principal elastic constants given by

C,+2C, Ces C,-C,
=, =, R — 88
K 3 == Hy 5 (88)

{n, m,t} is an orthonormal set of unit vectors, and F(n) and D(n, m) are defined as
F(n)=n/n; +n;n; +nin;,  D(n,m)=n’m +n;m; +nim;, (89)
with n = (n1, n2, n3) and m = (m1, mz, ms).

Consider the triad {no, m°, to} aligned with the base vectors {Egl), E(Zl), E(Sl)} of
the coordinate system in Figure 8a with n° = Eil), m° = E(zl), t° = E(gl), and the triad
{nf ,m" tf } aligned with the base vectors {Egz), E(22)1 Egz)} of the coordinate system in
Figure 8b with n' = Eﬁz), m' = E(zz), t' = Egz) . Since E(sl) remains unchanged (with
E(Sl) = E(32) ), n and m, which are two orthonormal vectors rotated from Eil) and E(Zl) by an

angle of 0, can be obtained as

n=EYcos@+EYsing, m=—-EYsind+EY cosd. (90)
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Using Equations (83), (84) and (88)-(90) in Equation (87) leads to
33k k, (4k, - L’k )
L| 3(4k,k, + 4k k, — L°k?) +(4k,k, — 4k, + Lk )cos(46) |
3/3k,k, (4k, — Lk, )
16L | 6k, +(-4k,k, + 4k k, - L*k?)cos® (26) |
(4k,k, —4k,k, +L°kZ)[1+cos(40) |
3( 4k K, +4k,k, — Lk? )+ (4K Kk, —4k,K, + Lk? ) cos(40)

Ehom (9) = 2

Ghom (0) = (91)

‘7hom (6) =

which establish the functional relations between the effective engineering constants and
the angle O for the pentamode metamaterial using the stiffness matrix based on the repre-
sentative cell in orientation # 1 shown in Figure 8a.

Homogenization Based on the Second Representative Cell

For the representative cell in orientation # 2 shown in Figure 8b, the coordinate trans-
formation matrix with respect to the coordinate system {X>, Y2, Z2} for each strut satisfying
Equation (72) is selected to be

o 2 1] o 2 1]
3 3 3 J3
1 2 1 2
Q(l): 0 —— =, Q(Z)_ 0 —— _|= ,
3 \3 J3 3
-1 0 0 -1 0 0
Bz 1 7 P 1] _ 2
Z 0 = 12 0 =
3 J3 3 J3
1 2 1 2
@ | — 0 — =, @® | — 0 2.
Q 7 3 Q 7 3
0 1 0 0 1 0

In addition, the position vector for each of the five nodes in the representative cell in
Figure 8b with respect to the coordinate system {Xz, Y2, Z2} can be written as

2 1| 2 1|
SCUR Bt

X3:L{§ 0 \%} X4:L{—\E 0 \%} X,={0 0 0},

Substituting Equations (18) and (93) into Equation (22) gives the boundary conditions
at the four boundary nodes as

(93)
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_ _ (94)
Uy, 3 \/ng x, T €x,2, Uy, 4
Uy,3 :% \/ng v, Tz, [ Uy, 4 T fgx ~, ez
Uz,s \/ng z, +§zzz Uz,4 ISX , +E& 5
My,1 My, My, My, 4 0
MYzl = Mvzz Mvzs = MY24 =10¢. (95)
AP M;,. M, M;,, 0

Using Equations (1), (2), (7), (9), (12), (13), (92) and (94) in Equation (30) or Equation
(95) yields the rotation components at the four boundary nodes as

Lk, (—V2LE,, + L&, +/2L,, —3u,, +6u,, ~3L6, , )
Oro ¥ 6k
b
0
%1 Lk, (\/ELEXZYZ +Ley , + \/§uxz0 -L6,, + \/El—@zzo)
Y1 (= 9Y20 + 6k . (96)
9 b
= Lk, (2L&yy, +2LEy 5, +Buy, ~2L8,, +2L0, )
é. —
“° 6k,
Lk, (—2LE,y, — L&, +2LE, ,, +3uy,, +/6u,, +3L0, , |
9 _ 2'2 242 22 2 2 2
X0 6k,
0
;2 Lk, (V2L — L&y 5, —BUy, + L0, +2L0, |
‘9\(22 = 9Y20 - 6k ) 97)
b
0
a2 LK, (2L, —V2LE,,, —Bu,, +2L8,, +210, )
0 _ 2 2 2
#2° 6k,
Lk, (V2L + L&, —3u,, + Ly, —2L0, |
9 . _ 2'2 2<2 2 2 2
, X 6k,
X2 Lk, (—V2LE, x, + LBy, +2Le;; +Buy, —BU, , +3LE,,)
Hvzs = avzo - 6k ) (98)
b
2,3 , Lk, (2L2y,y, +2LE,,, —fbu,, +2L0, ,~2L0, , |
Z,0 +
2 6k,
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Lk (2L, + L&, —3u,,+ L6, . +2L6,,)
0 _ 272 2<2 2 2 2
X,0 6kb
0
Xa LK, (V2LE, , + L2, ~V2LE, ,, +/3uy , ++/BU, , +3L0,,
Va1 =160 (99)
2 2 Gkb
a Lk, (-2LE, y, +V2LE,, —Bu,, +2L6, ,+2L0, |
92 _ 2'2 22 2 2 2
20 6k,

Substituting Equations (1), (2), (7), (9), (12), (13), (92), (94) and (96)—(99) into the equi-
librium equations at the interior nodes listed in Equation (31) gives the displacement and
rotation components at the central node as

1 2k _k _
\/5[ a’'b jgxzzzl-

——+
3 2k K, + 4k k, — K]

uYzo \/g( L 2kakb j 5‘(222 L

3 2Kk, + 4Kk, — Lk’

Uz,0
= 1 K,k . Qo)
0 0 3| —=+ a’b E, —& L
" I[ 6 Zkakb+4kbks—L2k§](€X2X2 )
Oro .
0. X
0

It follows from Equations (1), (2), (7), (9), (15), (25), (29), (92), (94), (96)—(99) and (100)
that the strain energy density function in this case is given by

V3| k2 + 7k k +k?  Lk? 3Lk2k? o
=5 o a 21,2 (gxzxz + ngYz )
8 | 3L(k,+2k) 24k, 4(k, +2k,)(2k,k, +4k,k, —Lk?)

21,2
+£(ka+2ks_LksJ52 343k k. [2 Lk k. j(_z =)

+ T +
24L 2k, )77 8(k, +2k )\ L 2k k, + 4k k, — L2k’ Ex,z, T Evz,

L2k? L’k?
+£ 2ks B S jng +£[ka _ks + : j<gxzngzzzz +6_‘YZY2§ZZZZ)

8L 2k, 121 4k,

(101)

Bl o2k -k we 3Lk2K? L
+ = — + 22 | €%, 6V, ¢
8 | 3L(k, +2k,) 12k, 2(k, +2k, )(2k,k, +4kk, —L°k?)

Clearly, there is no unknown kinematic variable in Equation (101).
Finally, from Equations (32) and (101) the effective stiffness matrix C® for the pen-
tamode metamaterial based on the representative cell in orientation # 2 shown in Figure
8b can be obtained as the coefficient matrix of the following constitutive equations:
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P T R B | ) N
S| xm o xm 0 00 || fw S
%2, | _ T A K ((JZ) 0 0%l _gwl®al
GYzzz 0 0 0 Xsm 0 0 8Y222 ngZz
5X222 0 0 0 0 Iéi/l) 0 EXZZZ ‘(’_‘XZZZ
— (2) _ _
O-XzYz - O O 0 0 O ZSM_ 8X2Yz gszz
where

e \/3(26k K, +4k,k, - L°k) ) 343Kk,

1“” 96Lk, BL(2K,k, +4k,k, —L°k.*)’

2

o V3(4kk, -4k, +LK?) o V3(k,—k,) RELS
Z = ’ = 1

M 9BLK, (2k,k, +dkyk, — L7K2) W 12L 48K,

(103)
2) _ \/g(ka + st) N \/él-ksz 2) _ \/gks _ \/éLksz
v 121 24k, VT oL ek
2

o 343k, k, (4k, — Lk, )

Aom =

AL (2K k, + 4k k, - L°k?)

Clearly, Equations (102) and (103) show that the stiffness matrix C® of the pentamode
metamaterial obtained using the representative cell in orientation # 2 does not exhibit the
cubic symmetry. This differs from the stiffness matrix C® derived in Equations (83) and
(84) based on the representative cell in orientation # 1.

The effective compliance matrix S® =[C®]" based on the representative cell in ori-

entation # 2 can then be readily obtained from Equations (102) and (103) as
[ ~(2) (2) ]
0 @ o 0 0

1M

(2) (2)
0 ¢ ¢ 0o 0 0
(2) (2) (2)
@ 0 0 0

§(2) _|52m 2M ,
0 0 0 ¢@ o0 o0 (104)
0 0 0 0 <& o
0o 0 0 0 0 &
where
o 8V3L N 16+/3Lk, @ 4BL  16V3LK,
Mok, ok, (4k, — L7k, Mook, 9k, (4k, —L7k,)
o _4BL 32V3Lk, o _4BL_ 83Lk,
M 20\’ 4M o\ (105)
9k, 9k, (4k, —L’k,) o9k, 9k, (4k, —L’k,)
o 83Lk,
5M T

3K, (4k, - Lk, )

It can be readily verified that the effective stiffness and compliance matrices obtained
in Equations (102) and (103) and Equations (104) and (105) from the representative cell in
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orientation # 2 shown in Figure 8b can be reproduced from the effective stiffness and com-
pliance matrices derived in Equations (83) and (84) and Equations (85) and (86) based on
the representative cell in orientation # 1 displayed in Figure 8a by using a coordinate trans-
formation, as shown next.

When the coordinate system # 1 is rotated by an angle of 0 about the common Z-axis
to the coordinate system # 2, the effective stiffness and compliance matrices satisfy the
following transformation relations [51]

C®» =RCI’R", S?P=RTSPR™, (106)
cos® 0 sinf9 0 0 0 2cos@sing |
sin® @ cos’d 0 0 0 ~2c0sdsin @
0 0 1 0 0 0
R= . ., (107)
0 0 0 cos@d -—siné 0
0 0 0 sin@ cosé 0
| —cos@singd cosfsind 0 0 0  cos’@-sin’d |
where the subscript “vr denotes the matrix based on

e=[ey &, &5 26 26, 2, ]T (the Voigt notation), and the superscripts “(1)”
and “(2)” refer to the effective stiffness or compliance matrix obtained using the coordi-
nate systems adopted in the representative cells in orientations # 1 and # 2, respectively.
By setting 6 =—45" (i.e., clockwise rotation from the orientation # 1 to the orientation # 2)
and noting the difference between the C and S matrices obtained earlier in this section
based on e=[e, &, &5 &5 & & ]T and the C, and S, matrices, Equations

(106) and (107) will lead to the matrices C® and S® in Equations (102) and (104) for ori-
entation # 2 from C® and S® in Equations (83) and (85) for orientation # 1.

Similarly, it can be readily shown that the engineering constants determined by sub-
stituting S_l(lz) , 8_1(22) and 8_6(62 ) obtained from Equations (106) and (107) into Equation (87) are
the same as those given by Equation (91).

These verify and support the newly proposed homogenization approach.

3.2.3. Homogenization with Periodicity Constraints

Periodicity constraints are considered in homogenizing the pentamode metamaterial
shown in Figure 10 using the method proposed in Section 2.4. As discussed earlier, the
unit cell is repetitive along three directions which are not mutually perpendicular to each
other.

(b)

Figure 10. Periodic pentamode metamaterial: (a) microstructure; (b) diamond-shaped unit cell.

From Figure 10, it is seen that the pentamode material can be generated by repeating
the diamond-shaped unit cell along the directions BA, BD and BE . This indicates that
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nodes A, D and E on the cell boundary can each form a periodic pair with node B. That is,
the four boundary nodes belong to one periodic pair. From Equations (35) and (36), it
follows that for the periodic pair of the four boundary nodes A, B, D and E based on the

representative cell in orientation # 1,

* * * *

Uy, Uy,3 Uy 4 Uy, Fxll + Fxlz + Fxls + I:x14
u;lz u;ls u:14 U:l FY11 + Fle + Fvla + FY14

_ uzlz _ u;ss _ u;4 B u; lel + lez + les + le4
9*12 ‘9*13 9*14 9;1 , M 1T M x2 T M x3 T M X, 4
6’{2 023 6;;4 HY’; My, +M,, + M+ M,
‘9;12 0;13 9;14 9;1 M a7t M 72t les + le4

O O O o o o

: (108)

and for the periodic pair of the four boundary nodes based on the representative cell in

orientation # 2,

U;zz u;23 U;24 U;Z Foit Pt Fegs+Fas
u:zz U:23 U;24 u; FYzl + FY22 + FY23 + FY24

B U;z B u;s B U;24 B u; Fzzl + Fzzz + F223 + FZZA
9;22 9;23 9*24 ‘9;2 , My + My, + My s+ My,
‘9:22 9:23 0;24 ‘9:2 MY21+MY22+MY23+MYZ4
‘92*22 ‘9;23 9;24 9;2 M, +M,,+M,+M,,

o O O O o o

(109)

Homogenization Based on the First Representative Cell with Periodicity Constraints

For the representative cell shown in Figure 8a, the displacement and rotation compo-
nents at the four boundary nodes can be obtained from Equations (18), (37), (74) and (108)

as
Exx, TExy, TExz Uy, Uy 2 Exx, TExy, ~€xz
== Exy, T ey, Téz Uy 1 U (= \/5 Exy, Tévy, — vz,

V3 :

Exz, Tévz, T€22, Uz, Uz, Ex,z, Tz, — €27,
L 8x1x1 - gxlvl + gx1zl ux1 ux14 L _gxlxl + 8X1Y1 + 8xlzl
= \/5 Exy, &y, T Evz, (T Uy Uy (= 3 —Exy, T évy Tz,
Ex,z, vz, T€27z Uz, Uz4 —Eyz, T Evz T €22
Hxll ‘9x12 9x13 ‘9x14 exl
9‘(11 ‘9\(12 = 9‘(13 0‘(14 9\(1
‘9211 921 2 ‘921 3 ‘921 4 Hzl

(110)

(111)

Using Equations (1), (2), (7), (9), (12), (13), (73), (110) and (111) in the anti-periodicity
conditions listed in Equation (108) yields the periodic parts of the displacement and rota-

tion at the four boundary nodes as
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L [ABL ABLk, L k),
) o ol3 ok +2k ) . 2k, +k, )
u o
ufl o V3L 3Lk, _ GX: R 5 PO
K T\ T3 Kk 2k ) [ K 2k +k ) e[ (4
uzl Zy

u _ '\/§L_ \/§Lka g 1_& 0

Z,0 3 ka +2ks XYy 2kb _I_kt Z,0

Next, applying the equilibrium conditions at the central node o (an interior node)
listed in Equation (31) leads to, after using Equations (1), (2), (7), (9), (12), (13), (73) and
(110)—(112) and setting u =0 (ie. no rigid-body displacement enforced at

the central node o),

Xo = uYo = uZo

gxlo = ngo = 9210 = O (113)

From Equations (1), (2), (9), (15), (25), (29), (73) and (110)—(113), it follows that the
strain energy density function in this case is given by

\/5 k,+2k.),_ 3 B 3\/§k K B ) .
1 % (5>§1x1 * ngYl + ‘922121 ) * W‘lfzaks) («9 fm + 8;121 + Evle )
(114)
\/g(ka_ks) - L o
+ T («9 %, Gy, F Exx.E22, T Evy €22, ) ,

which no longer depends on the strut bending stiffness ks, unlike that obtained in Equa-
tion (82) without the periodicity constraints. This is consistent with what is observed from
comparing the 2-D cases with and without the periodic constraints in Section 3.1.

Then, the effective stiffness matrix C$’ for the pentamode metamaterial based on

the representative cell in orientation # 1 shown in Figure 8a with the periodic boundary
conditions listed in Equations (110)—(112) can be obtained from Equations (32) and (114)

u
ol [ A A 0 0 0Bl P
| | A A 0 0 0|5
:2121 R (()1) 0 0 :2121 _Cw :lel . s
Oy, 0 0 0 xp O 0 iz, vz,
G| |0 0 0 0 £ 0|5, B
Gy | L 0 0 0 0 0 1y Ex .
where
A= PUZ) oy Bok) g B

12L

12L

2L (k, +2k;)

Clearly, Equations (115) and (116) show that the pentamode metamaterial with the perio-
dicity constraints based on the representative cell in orientation # 1 exhibits the cubic sym-
metry, which is the same as what is observed from Equations (83) and (84) for the same
representative cell and orientation but without the periodicity constraints. In addition, it
is seen from Equations (115) and (116) that the effective stiffness components do not de-
pend on the strut bending stiffness k,, which differs from those given in Equations (83)
and (84) for the pentamode metamaterial without imposing the periodicity constraints.
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UZZO \/_ k _k ( ><><2 —6_‘YZY2)L (1—&j9220

The compliance matrix S8 =[CY] ™" based on the representative cell in orientation # 1

with the periodicity constraints can then be readily determined as
I e
1P » G 0 0 0
@ @ @)
2P S1P T 0 0
@ @ @)
» G G1p O 0 0

S(Pl): ; ; 0 3%) 0 o | (117)
0 0 0 0 2% o
0 0 0 0 0 <Y
where
) =4_\/§L(i+£] ) =ﬂ(i_iJ @ _ 4\/_L [—+—j (118)
oo (ko k)T 9 Lk, k)T 9 [k, 2k

Homogenization Based on the Second Representative Cell with Periodicity Constraints

For the representative cell in orientation # 2 shown in Figure 8b, the displacement
and rotation vectors at the four boundary nodes can be obtained from Equations (18), (37),
(93) and (109) as

\/_gx v, T€x,2, Uy, ‘/ngzvz T €%,z Uy,

X,2 242

[

j o=
N

. L _ «
:_T \/_gvzvz"'gvzz Uy, Y, :ﬁ \/Egvzvz_gvz Uy,

242

\/Engzz +8Zzzz uZZ uZZZ '\/E‘?YZZZ _gzzzz uzz
(119)
\/ng x, T€x,z, Uy, Ux24 _\/_5x X, T€x,2, Uy,
\/ESXZYZ +8Y222 + UY2 , = T \/E&‘XZYZ SYZ z, + uYz ,
\/EEX 2, t €27 Uz, uzz4 \/_ngZz +gzzzz Uz,
9x21 exzz szs 0x24 ‘9x2
9\(21 = 0Y22 = evzs = 9Y24 = 9\(2 (120)

‘9221 ‘922 2 ‘922 3 922 4 sz

Using Equations (1), (2), (7), (9), (12), (13), (92), (119) and (120) in Equation (109) gives
the periodic parts of the displacement and rotation components at the four boundary
nodes as

_ L’k
23 k -k, _ (1_ : ]ﬁxz

U, +-——
%03k, +2k, “xaz, o 2k, +k,
X
2f k, -k, _ S L2k
u - — 2 1 9 = 1_ > H '
Y,0 3k, +2k &z, 0\3 ( 2kb+kt} Y,0 (121)
Z

N}

3 k, +2k,

2k, +k,

Next, applying the equilibrium conditions at the central node o (an interior node)
listed in Equation (31) results in, after using Equations (1), (2), (7), (9), (12), (13), (92) and
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(119)—(121) and setting u
the central node o),

o =Uy, =U,, =0 (i.e,, no rigid-body displacement enforced at

o

X0

= HYZO = 9220 =0. (122)

From Equations (1), (2), (9), (15), (25), (29), (92) and (119)—(122), the strain energy den-
sity function in this case can be obtained as
BTk k! (52, +8) x/§(ka+2ks)§2 +£(ka—ks)2 o
4L k,+2k, R 241 THRUARL k 42k, e

Bk k) _ 33 kk, (52, +5" )+\/§k52

(Exxgzz +§YYSZZ)+ &z, TExz Ex,t
12L 272 242 2'2 242 4L ka+2ks 2-2 2-2 4L 2'2

(123)

Clearly, this strain energy density function does not depend on the strut bending stiffness

K, , which is different from that obtained in Equation (101) based on the representative
cell shown in Figure 8b without using the periodicity constraints. This is similar to what
is observed from comparing Equations (114) and (82), which are based on the representa-
tive cell shown in Figure 8a with and without the periodicity constraints.

Then, it follows from Equations (32) and (123) that the effective stiffness matrix C(Pz)
for the pentamode metamaterial based on the representative cell in orientation # 2 shown
in Figure 8b with the periodic boundary conditions listed in Equations (119)—(121) is given
by

Tax | T@ L@ @ 0 0 0 || Ex.x,

O | |42 2 42 0 0 0 ||%w Euy,

Oz, | _|aw % oz O 0 0 ||fan|_ | fa

G [ |0 0 0 2 0 0 [|la,| el ®

Ox,z, 0 0 0 0 Zéi’) 0 €x,2, €x,2,

G| LO 0 0 0 0 )5 Fe,
where

\/g(kaz +7kak5 +k52) (2) _ \/é(ka _k8)2 (2) _ \/é(ka _kS)

(2) _

AP T (kv 2k,) PP T ol (k +2k) P T 1oL
(125)
o VB+2k) o Bk o 3VBKKk,
Xap = Xsp = Xeop = A v
121 oL 2L (k, + 2k,

The compliance matrix S =[C?]™" based on the representative cell in orientation #

2 with the periodicity constraints can then be readily obtained as

P 0 g o 0 0

0 ¢ &) 0 0 0
S e O -
’ o 0 o0 ¢®» o o]

0o 0 0 o0 ¢¥ o

0 0 0 0 0 <&

where
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p(aed) o) o280

—+ — _— = +
ol 9 |k, o9 (ko k)79 Lk Kk
(127)
o ABL(1 1 > 233L
T o | o | S5 T
9 |k, 2k 3k,

It can be readily shown that the effective stiffness and compliance matrices obtained
in Equations (124) and (126) based on the representative cell in orientation # 2 can be re-
produced from those in Equations (115) and (117) based on the representative cell in ori-
entation # 1 through a coordinate transformation given in Equations (106) and (107) with
0=-45".

The engineering constants in this case with the periodicity constraints can be ob-
tained from Equations (87)—(90), (115) and (116) as

- 343k k.
S (0)= 2L[3(k, +k,)+(k, —k,)cos(46) ]’
. 343k K,
Gonr (60) = 8L[ 3k, —2(k, —k,)cos* (20) | (128)
;)= (k, —k,)[1+cos(46)]

3(k, +k, )+(k, —k, )cos(46)

From Equation (128), it is seen that the effective engineering constants E C_;per and v

per?
do not show any dependency on the strut bending stiffness k, , unlike the effective engi-

G
hom*
Note that Equations (91) and (128) can be further simplified to, with the help of Equa-
tions (4) and (5),

neering constants E and v, , given in Equation (91).

hom

E 0) = 9\/§7rEd4
"7 817[3(1617 +3d?) + (16L° —3d? )cos(40) |
— 9\/§7rEd4
Goon (0) = ,
ST [ 241 - (1617 - 3d? ) cos? (26) | (129)
o (16L° —3d*)[1+cos(40) ]
Fn (9) = 3(16L2 +3d? )+ (16L° —3d? )cos(46)
E )= 9v/37Ed*
"8 [3(4L +3d) + (4L ~3d? Jcos(40) |
—~ 9\/§7rEd4
G, (0) = ,
O =G (617 — (4L ~30° )cos? (20) | (130)
. (4L° —3d*)(cos(40)+1)
Vir (0) = 3(4L% +3d”) + (417 -3d”)cos(40)

where d, L and E are the diameter, length and Young’s modulus of the struts in the pen-
tamode metamaterial.
By setting r = d/L, Equations (129) and (130) can be rewritten as
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Ehom (9) — 9”\/§r4 Eper (6) _ 97[\/§r4
E 8[3(16+3r2)+(16—3r2)cos(49)]’ E 8[3(4+3r2)+(4—3r2)cos(46’)]'
Ghom (0) _ 972\/5[’4 G_per (9) _ 972'\/§r4
E 64[24+(3r* ~16)cos* (20) | E - 64[6+(3r2 ~4)cos? (20) | (131)
o (16-3r*)[1+cos(40) ] . (4-3r*)[1+cos(49) ]
Vion (0) = 3(16+3r2)+(16—3r2)cos(4¢9)' Vour (0) = 3(4+3r2)+(4—3r2)cos(49)'
From Equation (131), it follows that
Eper (0) . 12[3+cos(46) | G, (6) _,,_ 18-12cos’(20)
Ewn(0) ~ 3(4+3r%)+(4-3r%)cos(40) Gn(6) ~ 6-(4-3r?)cos’ (20)’
- 2 (132)
per (0) 216r

[N

WO (-16-+3r)[3(4+3r%)+(4-3r*)cos(40) |

AN

For r <1, which is typical for most cellular structures, it can be readily verified that the
first two ratios defined in Equation (132) are always greater than 1. This means that the
homogenization with the periodicity constraints results in larger effective Young’s and
shear moduli than those without them. If r <<1, which is the case for Euler—-Bernoulli
beams, Equation (132) can be simplified to

E. (6 G. (6 v (6
m _per( ) —lim _per( ) :4, lim 1:per( ) _
r—0 Ehom (9) r—0 Ghom (0) r—0 Viom (9)

Figure 11 shows the normalized effective engineering constants varying with 6 €
[-90°, 0]. The numerical values are obtained from Equation (131) with r=1/ (15x/§) Jtis

seen that at @ =0"or —90° (i.e,, the representative cell in orientation # 1 shown in Figure
8a), the effective Young’s modulus is the smallest, the effective shear modulus is the larg-
est, and the effective Poisson’s ratio is nearly 0.5. However, at 8 =—45° (i.e., the repre-
sentative cell in orientation # 2 shown in Figure 8b), the effective Young’s modulus is the
largest, the effective shear modulus is the smallest, and the effective Poisson’s ratio
reaches zero.

Figure 11 also reveals that both the effective Young’s modulus and shear modulus of
the pentamode metamaterial with the periodicity constraints are higher than those with-
out the constraints for any orientation 6 €[-90°, 0], while the effective Poisson’s ratio is
almost the same in the two cases for all orientations. The former reaffirms what has been
qualitatively observed earlier from analyzing Equation (132).

1. (133)
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Figure 11. Variations of the effective engineering constants with 0: (a) Young’s and shear moduli; (b) Poisson’s ratio.

In addition, the ratios given in Equation (132) are plotted in Figure 12. It is seen from
Figure 12 that the smaller r (= d/L) is, the closer the results are to the limiting values listed
in Equation (133), as expected. Moreover, it is observed from Figure 12 that the ratio of
the effective shear moduli G_per /G,,, does not depend on r at = 45°. This can also be

directly seen from Equation (132), which analytically predicts G oer | G,,, =4at6=45° for

any value of 7.
Furthermore, by setting 6= 0° in Equation (128), the effective Poisson’s ratio in the
periodic case is obtained as

ka_ks

7l =Kamk
0=0

2k, + K
which clearly shows that the effective Poisson’s ratio of the pentamode metamaterial
based on the unit cell in orientation # 1 displayed in Figure 8a) is controlled by the numer-
ical values of the axial and shear stiffness constants of the strut. This indicates that auxetic
pentamode metamaterials with ¥ <0 can be obtained if struts with k >k, (i.e., the

(134)

strut’s shear stiffness being larger than its axial stiffness) are used. On the other hand, the
same geometrical configuration of the struts can lead to a rubber-like material with
v =0.5 if k, >> K, (i.e., the strut’s axial stiffness being much larger than its shear stiff-

ness—stretching dominated). These findings reveal that a full spectrum of Poisson’s ratio
can be attained by the pentamode metamaterial if struts are designed to have a tailorable
ratio of Kk, /K.
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Figure 12. Variations of the engineering constant ratios with 0 for various values of r.

4. Conclusions

A generalized strain energy-based homogenization method is provided for 2-D and
3-D cellular materials with and without periodicity constraints by using Hill's lemma and
the matrix method for spatial frames. In the newly proposed homogenization method, the
equilibrium equations are imposed at all boundary and interior nodes, and the interior
nodes are allowed to translate and rotate without constraints, unlike in the existing strain
energy-based methods that do not enforce the equilibrium conditions at the interior
nodes. The new method can be applied to all types of 2-D and 3-D cellular structures with
no geometrical constraints, which differs from the existing methods that can only be used
to accurately predict effective elastic properties of cellular materials with symmetric or
simple microstructures.

An asymmetric 2-D cellular material and a 3-D pentamode metamaterial, with and
without periodicity constraints in each group, are homogenized by directly using the new
method. In all four cases, closed-form expressions are obtained for the components of the
effective stiffness matrix. For the 3-D pentamode metamaterial, the effective stiffness and
compliance components are derived using two representative cells in two different orien-
tations for both cases with or without periodicity constraints. The results based on the
representative cell in one orientation show that the pentamode metamaterial displays the
cubic symmetry and can be tailor-designed to be a rubber-like incompressible material or
an auxetic material with a negative Poisson’s ratio.

Finally, it should be mentioned that the effective stiffness matrix obtained without
the periodic constraints has been found to be different from that acquired with the peri-
odic constraints in each of the 2-D and 3-D homogenization examples considered. These
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analytical results attained using the newly proposed homogenization method need to be
compared with experimental data, when they become available, to further verify the new
method and to determine which one, with or without the periodic constraints, is more
accurate.
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