
symmetryS S

Article

On Some New Inequalities of Hermite–Hadamard Midpoint
and Trapezoid Type for Preinvex Functions in (p, q)-Calculus

Ifra Bashir Sial 1, Muhammad Aamir Ali 2,* , Ghulam Murtaza 3, Sotiris K. Ntouyas 4,5 , Jarunee Soontharanon 6

and Thanin Sitthiwirattham 7,*

����������
�������

Citation: Sial, I.B.; Ali, M.A.;

Murtaza, G.; Ntouyas, S.K.;

Soontharanon, J.; Sitthiwirattham, T.

On Some New Inequalities of

Hermite–Hadamard Midpoint and

Trapezoid Type for Preinvex

Functions in (p, q)-Calculus.

Symmetry 2021, 13, 1864. https://

doi.org/10.3390/sym13101864

Academic Editor: Nicusor Minculete

Received: 7 September 2021

Accepted: 26 September 2021

Published: 3 October 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 School of Mathematical Sciences, Jiangsu University, Zhenjiang 212013, China; ifrabashir92@gmail.com
2 Jiangsu Key Laboratory for NSLSCS, School of Mathematical Sciences, Nanjing Normal University,

Nanjing 210023, China
3 Department of Mathematics, University of Management and Technology, Lahore 54700, Pakistan;

ghulammurtaza@umt.edu.pk
4 Department of Mathematics, University of Ioannina, 451 10 Ioannina, Greece; sntouyas@uoi.gr
5 Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group, Department of Mathematics,

Faculty of Science, King Abdulaziz University, Jeddah 21589, Saudi Arabia
6 Department of Mathematics, Faculty of Applied Science, King Mongkut’s University of Technology North

Bangkok, Bangkok 10800, Thailand; jarunee.s@sci.kmutnb.ac.th
7 Mathematics Department, Faculty of Science and Technology, Suan Dusit University,

Bangkok 10300, Thailand
* Correspondence: mahr.muhammad.aamir@gmail.com (M.A.A.); thanin_sit@dusit.ac.th (T.S.)

Abstract: In this paper, we establish some new Hermite–Hadamard type inequalities for preinvex
functions and left-right estimates of newly established inequalities for (p, q)-differentiable preinvex
functions in the context of (p, q)-calculus. We also show that the results established in this paper are
generalizations of comparable results in the literature of integral inequalities. Analytic inequalities
of this nature and especially the techniques involved have applications in various areas in which
symmetry plays a prominent role.

Keywords: Hermite–Hadamard inequality; (p, q)-integral; post quantum calculus; convex function

1. Introduction

The Hermite–Hadamard (H-H) inequality, which was independently found by C.
Hermite and J. Hadamard, is particularly important in convex function theory (see, [1–3],
and also [4], p. 137).

Π
(

π1 + π2

2

)
≤ 1

π2 − π1

π2∫
π1

Π(κ)dκ ≤ Π(π1) + Π(π2)

2
(1)

where Π is a convex mapping. The aforementioned inequality is true in reverse order for
concave maps. Jensen’s inequality for convex functions can easily capture this inequality [5].
Several generalizations and extensions to classical convex functions have been proposed
in recent years. In [6], the notions about invex function was given that is a significant
generalization of convex functions. Weir and Mond introduced the concept of preinvex
functions in [7], and it is used in optimization theory in a variety of ways. Prequasi-invex
functions are a generalization of the invex functions introduced by Pini in [8]. Following
that, the authors looked at some fundamental properties of generalized preinvex functions
in [9]. Noor established H-H integral inequalities for preinvex functions in [10–12]. The
authors of [13,14] used the ordinary and fractional integrals to calculate the left and right
bounds of the H-H inequalities for preinvex functions. More recent results on the integral
inequalities for various types of preinvexities can be found in [15–24].
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On the other hand, beginning with Euler, various efforts in the subject of q-analysis
have been implemented in order to master the mathematics that underpins quantum
computing. The phrase q-calculus binds mathematics and physics together. It is em-
ployed in subjects including combinatorics, number theory, basic hypergeometric functions,
orthogonal polynomials, and others, as well as relativity theory, mechanics, and quan-
tum theory [25,26]. It has numerous applications in quantum information theory [27,28].
Euler is believed to be the creator of this crucial branch of mathematics since he em-
ployed the q-parameter in Newton’s work on infinite series. Jackson [29,30] introduced
the concept of q-calculus, sometimes known as calculus without limits, for the first time
in a proper manner. Al-Salam [31] introduced the concepts of q-fractional integral and
q-Riemann–Liouville fractional integral in 1996. Because study in this subject is gradu-
ally increasing, Tariboon and Ntouyas [32] proposed the π1 Dq-difference operator and
qπ1 -integral. Bermudo et al. [33] published their ideas regarding the π2 Dq-difference opera-
tor and qπ2-integral in 2020. By presenting the principles of (p, q)-calculus, Sadjang [34]
broadened the concept of q-calculus. Tunç and Göv [35] introduced the (p, q)-variant
of the π1 Dq-difference operator and qπ1-integral. Chu et al. established the concepts of
π2 Dp,q-derivative and (p, q)π2 -integral in [36], in 2021.

Quantum and post-quantum integrals have been used to study a variety of integral
inequalities for a variety of functions. For example, multiple authors in [37–45] gave
the H-H inequalities and their right-left estimates for convex and co-ordinated convex
functions via π1 Dq,π2 Dq-derivatives and qπ1 , qπ2-integrals. In the setting of q-calculus,
Noor et al. [46] employed preinvexity to verify H-H inequalities. Nwaeze et al. [47]
discovered several parameterized q-integral inequalities for generalized quasi-convex
functions. In [48], Khan et al. used the concept of Green functions to develop some novel
H-H type inequalities. In the context of q-calculus, Budak et al. [49], Ali et al. [50,51],
and Vivas-Cortez et al. [52] demonstrated new boundaries for Simpson’s and Newton’s
type inequalities for convex and coordinated convex functions. For q-Ostrowski inequality
for convex and co-ordinated convex functions, see [53–55]. The authors used the π1 Dp,q-
difference operator and the (p, q)π1

-integral to generalize the results of [39] and show H-H
type inequalities and their left estimates [56]. The authors recently established the right
estimates of H-H type inequalities shown by Kunt et al. [56] in [57]. Reference [36] can be
used to solve (p, q)-Ostrowski type inequalities. The findings in [58] are a generalization
of [33].

Inspired by the ongoing studies, we give the generalizations of the results proved
in [33,39,41,59] by proving H-H trapezoid and midpoint type inequalities for preinvex
functions using the concepts of (p, q)-difference operators and (p, q)-integral.

This paper is organized in the following way: Section 2 introduces the basics of q-
calculus and discusses other related research in the field. (p, q)-derivatives and integrals
are discussed in Section 3. In Section 4, we show that in the (p, q)-calculus setting, H-H
type inequalities exist for preinvex functions. Sections 5 and 6 prove new midpoint and
trapezoid type inequalities for differentiable preinvex functions via (p, q)-calculus. The link
between the findings reported here and analogous findings in the literature is also taken
into account. Section 7 summarize the findings and suggests research topics for the future.

2. Quantum Derivatives and Integrals

This section discusses the key concepts and findings that will be needed to prove our
critical findings in the next sections.

Definition 1 ([7,9]). A set ω ⊆ Rn is known as invex with respect to the given η : Rn ×Rn →
Rn if

κ + tη(γ,κ) ∈ ω, ∀ κ, γ ∈ ω, t ∈ [0, 1].

The η-connected set is a more frequent name for the invex set ω.



Symmetry 2021, 13, 1864 3 of 18

Definition 2 ([7,9]). Consider an invex set ω ⊆ Rn with respect to η : Rn × Rn → Rn. A
mapping Π : ω → R is called preinvex, if

Π(κ + tη(γ,κ)) ≤ tΠ(γ) + (1− t)Π(κ), ∀ κ, γ ∈ ω, t ∈ [0, 1]. (2)

If −Π is preinvex, the mapping Π is called preconcave.

Remark 1. Definition 2 becomes the definition of convex functions if η(γ,κ) = γ− κ is set in
Definition 2:

Π(κ + t(γ−κ)) ≤ tΠ(γ) + (1− t)Π(κ), ∀ κ, γ ∈ ω, t ∈ [0, 1].

Condition C. [9] The function η satisfies the following condition if

η(γ, γ + tη(κ, γ)) = −tη(κ, γ), (3)

η(κ, γ + η(κ, γ)) = (1− t)η(κ, γ)

for every κ, γ ∈ ω and any t ∈ [0, 1]. Note that for every κ, γ ∈ ω, t1, t2 ∈ [0, 1], and from
Condition C, we have the following:

η(γ + t2η(κ, γ), γ + t1η(κ, γ)) = (t2 − t1)η(κ, γ).

Theorem 1 ([60] (Jensen’s inequality for preinvex functions)). Let Π : ω → R be a preinvex

function. Let γ1, γ2, . . . , γn ∈ [0, 1] be the coefficients such that
n
∑

i=0
γi = 1, and let t1, t2, . . . , tn ∈

[0, 1] be the coefficients. Then, the inequality

Π

(
n

∑
i=1

γi(κ + tiη(γ,κ))
)
≤

n

∑
i=1

γiΠ(κ + tiη(γ,κ)) (4)

holds for all κ, γ ∈ ω.

Set the following notation [26]:

[n]q =
1− qn

1− q
= 1 + q + q2 + ... + qn−1, q ∈ (0, 1).

The q-Jackson integral of a mapping Π from 0 to π2 is given by Jackson [30] which is
defined as:

π2∫
0

Π(κ) dqκ = (1− q)π2

∞

∑
n=0

qnΠ(π2qn), where 0 < q < 1 (5)

assuming that the sum is absolutely convergent. Moreover, over the interval [π1, π2], he
gave the following integral of a mapping Π:

π2∫
π1

Π(κ) dqκ =

π2∫
0

Π(κ) dqκ −
π1∫
0

Π(κ) dqκ .

Definition 3 ([32]). The qπ1 -derivative of mapping Π : [π1, π2]→ R is defined as:

π1 DqΠ(κ) =
Π(κ)−Π(qκ + (1− q)π1)

(1− q)(κ − π1)
, κ 6= π1. (6)

For κ = π1, we state π1 DqΠ(π1) = limκ→π1 π1 DqΠ(κ) if it exists and it is finite.
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Definition 4 ([33]). The qπ2 -derivative of mapping Π : [π1, π2]→ R is given as:

π2 DqΠ(κ) =
Π(qκ + (1− q)π2)−Π(κ)

(1− q)(π2 −κ) , κ 6= π2. (7)

For κ = π2, we state π2 DqΠ(π2) = limκ→π2
π2 DqΠ(κ) if it exists and it is finite.

Definition 5 ([32]). The qπ1-definite integral of mapping Π : [π1, π2] → R on [π1, π2] is
defined as:

κ∫
π1

Π(τ) π1 dqτ = (1− q)(κ − π1)
∞

∑
n=0

qnΠ(qnκ + (1− qn)π1), κ ∈ [π1, π2]. (8)

Bermudo et al. [33], on the other hand, state the following concept of the q-definite
integral:

Definition 6 ([33]). The qπ2-definite integral of mapping Π : [π1, π2] → R on [π1, π2] is
given as:

π2∫
κ

Π(τ) π2 dqτ = (1− q)(π2 −κ)
∞

∑
n=0

qnΠ(qnκ + (1− qn)π2), κ ∈ [π1, π2]. (9)

3. Post-Quantum Derivatives and Integrals

We will go over some basic (p, q)-calculus concepts and notations in this section.
The [n]p,q is said to be (p, q)-integers and expressed as:

[n]p,q =
pn − qn

p− q

with 0 < q < p ≤ 1. The [n]p,q! and
[

n
k

]
! are called (p, q)-factorial and (p, q)-binomial,

respectively, and expressed as:

[n]p,q! =
n

∏
k=1

[k]p,q, n ≥ 1, [0]p,q! = 1,

[
n
k

]
! =

[n]p,q!

[n− k]p,q![k]p,q!
.

Definition 7 ([34]). The (p, q)-derivative of mapping Π : [π1, π2]→ R is given as:

Dp,qΠ(κ) = Π(pκ)−Π(qκ)
(p− q)κ , κ 6= 0 (10)

with 0 < q < p ≤ 1.

Definition 8 ([35]). The (p, q)π1
-derivative of mapping Π : [π1, π2]→ R is given as:

π1 Dp,qΠ(κ) = Π(pκ + (1− p)π1)−Π(qκ + (1− q)π1)

(p− q)(κ − π1)
, κ 6= π1 (11)

with 0 < q < p ≤ 1.

For κ = π1, we state π1 Dp,qΠ(π1) = limκ→π1 π1 Dp,qΠ(κ) if it exists and it is finite.
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Definition 9 ([36]). The (p, q)π2 -derivative of mapping Π : [π1, π2]→ R is given as:

π2 Dp,qΠ(κ) = Π(qκ + (1− q)π2)−Π(pκ + (1− p)π2)

(p− q)(π2 −κ) , κ 6= π2. (12)

For κ = π2, we state π2 Dp,qΠ(π2) = limκ→π2
π2 Dp,qΠ(κ) if it exists and it is finite.

Remark 2. It is clear that if we use p = 1 in (11) and (12), then the equalities (11) and (12) reduce
to (6) and (7), respectively.

Definition 10 ([35]). The definite (p, q)π1-integral of mapping Π : [π1, π2]→ R on [π1, π2] is
stated as:∫ κ

π1

Π(τ) π1 dp,qτ = (p− q)(κ − π1)
∞

∑
n=0

qn

pn+1 Π
(

qn

pn+1κ +

(
1− qn

pn+1

)
π1

)
(13)

with 0 < q < p ≤ 1.

Definition 11 ([36]). The definite (p, q)π2-integral of mapping Π : [π1, π2]→ R on [π1, π2] is
stated as:∫ π2

κ
Π(τ) π2 dp,qτ = (p− q)(π2 −κ)

∞

∑
n=0

qn

pn+1 Π
(

qn

pn+1κ +

(
1− qn

pn+1

)
π2

)
(14)

with 0 < q < p ≤ 1.

Remark 3. It is evident that if we pick p = 1 in (13) and (14), then the equalities (13) and (14)
change into (8) and (9), respectively.

Remark 4. If we take π1 = 0 and κ = π2 = 1 in (13), then we have

∫ 1

0
Π(τ) 0dp,qτ = (p− q)

∞

∑
n=0

qn

pn+1 Π
(

qn

pn+1

)
.

Similarly, by taking κ = π1 = 0 and π2 = 1 in (14), then we obtain that

∫ 1

0
Π(τ) 1dp,qτ = (p− q)

∞

∑
n=0

qn

pn+1 Π
(

1− qn

pn+1

)
.

In [56], Kunt et al. proved the following H-H type inequalities for convex functions
via the (p, q)π1 -integral:

Theorem 2. For a convex mapping Π : [π1, π2] → R, which is differentiable on [π1, π2], the
following inequalities hold for the (p, q)π1

-integral:

Π

(
qπ1 + pπ2

[2]p,q

)
≤ 1

p(π2 − π1)

∫ pπ2+(1−p)π1

π1

Π(κ) π1 dp,qκ ≤
qΠ(π1) + pΠ(π2)

[2]p,q
(15)

where 0 < q < p ≤ 1.

Lemma 1 ([58]). We have the following equalities:

∫ π2

π1

(π2 −κ)α π2 dp,qκ =
(π2 − π1)

α+1

[α + 1]p,q
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∫ π2

π1

(κ − π1)
α

π1 dp,qκ =
(π2 − π1)

α+1

[α + 1]p,q

where α ∈ R− {−1}.

4. New H-H Type Inequalities for Post-Quantum Integrals

We present a new variant of the (p, q)-H-H inequality for preinvex functions in this
section. It is also demonstrated that the results presented here are a generalization of
some previously published results. For brevity, we use I = [π2 + η(π1, π2), π2] and
J = [π1, π1 + η(π2, π1)].

Theorem 3. For a differentiable preinvex mapping Π : I → R, the following inequality holds for
the (p, q)π2 -integral:

Π

(
pη(π1, π2) + [2]p,qπ2

[2]p,q

)
≤ 1

pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ

≤ pΠ(π2 + pη(π1, π2)) + qΠ(π2)

[2]p,q
, (16)

where 0 < q < p ≤ 1.

Proof. For preinvex functions, we can use Jensen’s inequality

Π
(

1
pη(π2, π1)

∫ π2

π2+pη(π1,π2)
κ π2 dp,qκ

)
≤ 1

pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ

and from the Definition 11, one can easily observe that

1
pη(π2, π1)

∫ π2

π2+pη(π1,π2)
κ π2 dp,qκ =

pη(π1, π2) + [2]p,qπ2

[2]p,q
.

Thus, the first part of the inequality (16) is proved. To prove the second inequality in (16),
first, we note that Π is preinvex function and we have

Π(π2 + tη(π1, π2)) ≤ tΠ(π1) + (1− t)Π(π2). (17)

Applying the (p, q)π2 -integral on the both sides of (17), we have

1
pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ ≤

pΠ(π2 + pη(π1, π2)) + qΠ(π2)

[2]p,q
.

Hence, the proof is completed.

Remark 5. We obtain Theorem 5 in [59], by letting p = 1 in Theorem 3.

Remark 6. If we set p = 1 in Theorem 3 and later assume that η(π2, π1) = −η(π1, π2) =
π2 − π1, then Theorem 3 becomes Theorem 12 in [33].

Example 1. Let Π(κ) = −|κ|. Then, Π is preinvex function with respect to the following
bifunction:

η(κ, y) =
{

κ − y, if κy ≥ 0
y−κ, if κy ≤ 0.
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1. Let us consider π1, π2 > 0, then η(π1, π2) = π1 − π2 and

Π

(
pη(π1, π2) + [2]p,qπ2

[2]p,q

)
= − pπ1 + qπ2

[2]p,q
,

1
pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ = − pπ1 + qπ2

[2]p,q

and
pΠ(π2 + pη(π1, π2)) + qΠ(π2)

[2]p,q
= − pπ1 + qπ2

[2]p,q
.

2. Let π1, π2 < 0. Then, η(π1, π2) = π1 − π2 and

Π

(
pη(π1, π2) + [2]p,qπ2

[2]p,q

)
=

pπ1 + qπ2

[2]p,q
,

1
pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ =

pπ1 + qπ2

[2]p,q

and
pΠ(π2 + pη(π1, π2)) + qΠ(π2)

[2]p,q
= − pπ1 + qπ2

[2]p,q
.

3. Finally, let π1 < 0 < π2. Then, η(π1, π2) = π2 − π1 and

Π

(
pη(π1, π2) + [2]p,qπ2

[2]p,q

)
= − (2p + q)π2 − pπ1

[2]p,q
,

1
pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ = − (2p + q)π2 − pπ1

[2]p,q

and
pΠ(π2 + pη(π1, π2)) + qΠ(π2)

[2]p,q
= − (2p + q)π2 − pπ1

[2]p,q
.

It is clear that the Theorem 3 is valid.

Theorem 4. For a differentiable preinvex mapping Π : J → R, the following inequality holds for
(p, q)π1

-integral:

Π

(
pη(π2, π1) + [2]p,qπ1

[2]p,q

)
≤ 1

pη(π2, π1)

∫ π1+pη(π2,π1)

π1

Π(κ) π1 dp,qκ

≤ pΠ(π1) + qΠ(π1 + η(π2, π1))

[2]p,q
, (18)

where 0 < q < p ≤ 1.

Proof. One can easily obtain the inequality (18) by following the methodology used in the
proof of Theorem 3 and taking into account Definition 10 of the (p, q)π1

-integral.

Remark 7. We obtain Theorem 6 in [59] by letting p = 1 in Theorem 4.

Remark 8. If we set p = 1 in Theorem 4 and later assume that η(π2, π1) = π2 − π1, then
Theorem 4 reduces to Theorem 6 in [39].
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5. Midpoint Type Inequalities through (p, q)π2 -Integral

We present some new midpoint type inequalities using the (p, q)-derivative and
integral in this section.

The following crucial lemma is required to prove the main results of this section.

Lemma 2. Let Π : I → R be a differentiable function on I◦. If π2 Dp,qΠ is continuous and
integrable on I, then we have the following identity:

η(π2, π1)

[∫ p
[2]p,q

0
qt π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)dp,qt

+
∫ 1

p
[2]p,q

(qt− 1) π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)dp,qt


=

1
pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ −Π

(
pη(π1, π2) + [2]p,qπ2

[2]p,q

)
, (19)

where 0 < q < p ≤ 1.

Proof. From Definition 9, we have

π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)

=
Π(qt(π2 + η(π1, π2)) + (1− qt)π2)−Π(pt(π2 + η(π1, π2)) + (1− pt)π2)

tη(π2, π1)(p− q)
. (20)

From the left side of equality (19), we have

η(π2, π1)

[∫ p
[2]p,q

0
qt π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)dp,qt

+
∫ 1

p
[2]p,q

(qt− 1) π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)dp,qt


= η(π2, π1)

[∫ p
[2]p,q

0

π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)dp,qt

+
∫ 1

0
qt π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)dp,qt

−
∫ 1

0

π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)dp,qt
]

. (21)

By the equality (14), we have

∫ p
[2]p,q

0

π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)dp,qt

=
1

η(π2, π1)(p− q)

∫ p
[2]p,q

0

Π(qt(π2 + η(π1, π2)) + (1− qt)π2)
−Π(pt(π2 + η(π1, π2)) + (1− pt)π2)

t
dp,qt

=
1

η(π2, π1)

[
∞

∑
n=0

Π

(
p

[2]p,q

qn+1

pn+1 (π2 + η(π1, π2)) +

(
1− p

[2]p,q

qn+1

pn+1

)
π2

)

−
∞

∑
n=0

Π

(
p

[2]p,q

qn

pn (π2 + η(π1, π2)) +

(
1− p

[2]p,q

qn

pn

)
π2

)]
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=
Π(π2)

η(π2, π1)
− 1

η(π2, π1)
Π

(
pη(π1, π2) + [2]p,qπ2

[2]p,q

)
, (22)

∫ 1

0

π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)dp,qt

=
1

η(π2, π1)(p− q)

∫ 1

0

Π(qt(π2 + η(π1, π2)) + (1− qt)π2)
−Π(pt(π2 + η(π1, π2)) + (1− pt)π2)

t
dp,qt

=
1

η(π2, π1)


∞
∑

n=0
Π
(

qn+1

pn+1 (π2 + η(π1, π2)) +
(

1− qn+1

pn+1

)
π2

)
−

∞
∑

n=0
Π
(

qn

pn (π2 + η(π1, π2)) +
(

1− qn

pn

)
π2

)


=
Π(π2)−Π(π2 + η(π1, π2))

η(π2, π1)
(23)

and

∫ 1

0
t π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)dp,qt

=
1

η(π2, π1)(p− q)

∫ 1

0

[
Π(qt(π2 + η(π1, π2)) + (1− qt)π2)
−Π(pt(π2 + η(π1, π2)) + (1− pt)π2)

]
dp,qt

=
1

η(π2, π1)


∞
∑

n=0

qn

pn+1 Π
(

qn+1

pn+1 (π2 + η(π1, π2)) +
(

1− qn+1

pn+1

)
π2

)
−

∞
∑

n=0

qn

pn+1 Π
(

qn

pn (π2 + η(π1, π2)) +
(

1− qn

pn

)
π2

)


=
1

η(π2, π1)


1
q

∞
∑

n=0

qn+1

pn+1 Π
(

qn+1

pn+1 (π2 + η(π1, π2)) +
(

1− qn+1

pn+1

)
π2

)
− 1

p

∞
∑

n=0

qn

pn Π
(

qn

pn (π2 + η(π1, π2)) +
(

1− qn

pn

)
π2

)


=
1

η(π2, π1)

 (
1
q −

1
p

) ∞
∑

n=0

qn

pn Π
(

qn

pn (π2 + η(π1, π2)) +
(

1− qn

pn

)
π2

)
− 1

q Π((π2 + η(π1, π2)))


=

1
η(π2, π1)

[
p− q

pq

∞

∑
n=0

qn

pn Π
(

qn

pn (π2 + η(π1, π2)) +

(
1− qn

pn

)
π2

)
−1

q
Π(π2 + η(π1, π2))

]
=

1
η(π2, π1)

[
1

pqη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ −

1
q

Π(π2 + η(π1, π2))

]
. (24)

By using (22)–(24) in (21), we obtain the desired identity (19). Thus, the proof is com-
pleted.

Remark 9. We obtain Lemma 3 in [59] by letting p = 1 in Lemma 2.

Remark 10. If we use p = 1 in Lemma 2 and later consider η(π2, π1) = −η(π1, π2) = π2−π1,
then Lemma 2 becomes Lemma 2 in [41].
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Theorem 5. Suppose that the assumptions of Lemma 2 hold. If
∣∣ π2 Dp,qΠ

∣∣ is a preinvex function
over I, then we have the following new inequality:∣∣∣∣∣ 1

pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ −Π

(
pη(π1, π2) + [2]p,qπ2

[2]p,q

)∣∣∣∣∣
≤ η(π2, π1)

[(∣∣π2 Dp,qΠ(π1)
∣∣A1(p, q) +

∣∣π2 Dp,qΠ(π2)
∣∣A2(p, q)

)
+
(∣∣π2 Dp,qΠ(π1)

∣∣A3(p, q) +
∣∣π2 Dp,qΠ(π2)

∣∣A4(p, q)
)]

, (25)

where

A1(p, q) =
qp3

[2]3p,q[3]p,q

,

A2(p, q) =
q
(

p3(p2 + q2 − p
)
+ p2[3]p,q

)
[2]4p,q[3]p,q

,

A3(p, q) =
q(q + 2p)
[2]p,q

−
q2(q2 + 3p2 + 3pq

)
[2]3p,q[3]p,q

,

A4(p, q) =
q

[2]p,q
− q2(q + 2p)

[2]4p,q

− A3(p, q).

Proof. Taking the modulus in Lemma 2 and using the preinvexity of
∣∣ π2 Dp,qΠ

∣∣, we
obtain that ∣∣∣∣∣ 1

pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ −Π

(
pη(π1, π2) + [2]p,qπ2

[2]p,q

)∣∣∣∣∣
≤ η(π2, π1)

[∫ p
[2]p,q

0
qt
∣∣π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)

∣∣dp,qt

+
∫ 1

p
[2]p,q

(1− qt)
∣∣π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)

∣∣dp,qt


≤ η(π2, π1)

[
q
∫ p

[2]p,q

0
t
(
t
∣∣π2 Dp,qΠ(π1)

∣∣+ (1− t)
∣∣π2 Dp,qΠ(π2)

∣∣)dp,qt

+
∫ 1

p
[2]p,q

(1− qt)
(
t
∣∣π2 Dp,qΠ(π1)

∣∣+ (1− t)
∣∣π2 Dp,qΠ(π2)

∣∣)dp,qt

. (26)

One can easily compute the integrals that appeared on the right side of the inequality (26)

∫ p
[2]p,q

0
t2dp,qt =

p3

[2]3p,q[3]p,q

, (27)

∫ p
[2]p,q

0
t(1− t)dp,qt =

p3(p2 + q2 − p
)
+ p2[3]p,q

[2]4p,q[3]p,q

, (28)

∫ 1

p
[2]p,q

t(1− qt)dp,qt =
q(q + 2p)
[2]p,q

−
q2(q2 + 3p2 + 3pq

)
[2]3p,q[3]p,q

, (29)

∫ 1

p
[2]p,q

(1− t)(1− qt)dp,qt =
q

[2]p,q
− q2(q + 2p)

[2]3p,q
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−
(

q(q + 2p)
[2]p,q

−
q2(q2 + 3p2 + 3pq

)
[2]3p,q[3]p,q

)
. (30)

Making use of (27)–(30) in (26), gives us the required inequality (25). Hence, the proof is
finished.

Remark 11. We obtain Theorem 9 in [59] by letting p = 1 in Theorem 5.

Remark 12. If we take p = 1 in Theorem 5 and later consider η(π2, π1) = −η(π1, π2) =
π2 − π1, then Theorem 5 reduces to Theorem 5 in [41].

Theorem 6. Suppose that the assumptions of Lemma 2 hold. If
∣∣ π2 Dp,qΠ

∣∣r, r ≥ 1 is a preinvex
function over I, then we have the following new inequality:

∣∣∣∣∣ 1
pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ −Π

(
pη(π1, π2) + [2]p,qπ2

[2]p,q

)∣∣∣∣∣
≤ η(π2, π1)

 p2(
[2]p,q

)3


1− 1

r [{∣∣π2 Dp,qΠ(π1)
∣∣r A1(p, q) +

∣∣π2 Dp,qΠ(π2)
∣∣r A2(p, q)

} 1
r

+
{∣∣π2 Dp,qΠ(π1)

∣∣r A3(p, q) +
∣∣π2 Dp,qΠ(π2)

∣∣r A4(p, q)
} 1

r
]

, (31)

where A1(p, q)− A4(p, q) are given in Theorem 5.

Proof. Taking the modulus in Lemma 2, applying the well-known power mean inequality
for (p, q)-integrals and the preinvexity of

∣∣ π2 Dp,qΠ
∣∣r, r ≥ 1, we have∣∣∣∣∣ 1

pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ −Π

(
pη(π1, π2) + [2]p,qπ2

[2]p,q

)∣∣∣∣∣
≤ η(π2, π1)

[∫ p
[2]p,q

0
qt
∣∣π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)

∣∣dp,qt

+
∫ 1

p
[2]p,q

(1− qt)
∣∣π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)

∣∣dp,qt


≤ η(π2, π1)

(∫ p
[2]p,q

0
qtdp,qt

)1− 1
r

×
{

q
∫ p

[2]p,q

0
t
(

t
∣∣π2 Dp,qΠ(π1)

∣∣r + (1− t)
∣∣ π2 Dp,qΠ(π2)

∣∣r)dp,qt

} 1
r

+

∫ 1

p
[2]p,q

(1− qt)dp,qt

1− 1
r

×

q
∫ 1

p
[2]p,q

(1− qt)
(

t
∣∣π2 Dp,qΠ(π1)

∣∣r + (1− t)
∣∣ π2 Dp,qΠ(π2)

∣∣r)dp,qt


1
r


= η(π2, π1)

 p2(
[2]p,q

)3


1− 1

r [{∣∣π2 Dp,qΠ(π1)
∣∣r A1(p, q) +

∣∣π2 Dp,qΠ(π2)
∣∣r A2(p, q)

} 1
r
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+
{∣∣π2 Dp,qΠ(π1)

∣∣r A3(p, q) +
∣∣π2 Dp,qΠ(π2)

∣∣r A4(p, q)
} 1

r
]

which completes the proof.

Remark 13. We obtain Theorem 10 in [59] by letting p = 1 in Theorem 6.

Remark 14. If we put p = 1 in Theorem 6 and later assume that η(π2, π1) = −η(π1, π2)
= π2 − π1, then Theorem 6 reduces to Theorem 6 in [41].

Theorem 7. Suppose that the assumptions of Lemma 2 hold. If
∣∣ π2 Dp,qΠ

∣∣r, r > 1 is a preinvex
function over I, then we have the following new inequality:

∣∣∣∣∣ 1
pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ −Π

(
pη(π1, π2) + [2]p,qπ2

[2]p,q

)∣∣∣∣∣
≤ qη(π2, π1)


( p

[2]p,q

)s+1(
p− q

ps+1 − qs+1

) 1
s


∣∣π2 Dp,qΠ(π1)

∣∣r( p2

[2]3p,q

)
+
∣∣π2 Dp,qΠ(π2)

∣∣r( p3+pq2+2p2q−p2

[2]3p,q

)


1
r

+

∫ 1

p
[2]p,q

(
1
q
− t
)s

dp,qt

 1
s


∣∣π2 Dp,qΠ(π1)

∣∣r( [2]p,q−p2

[2]3p,q

)
+
∣∣π2 Dp,qΠ(π2)

∣∣r( q[2]2p,q+p2−p−q

[2]3p,q

)


1
r
, (32)

where s + r = sr.

Proof. Taking the modulus in Lemma 2, by applying the well-known Hölder inequality
for definite (p, q)-integrals and the preinvexity of

∣∣ π2 Dp,qΠ
∣∣r, r > 1, we obtain that∣∣∣∣∣ 1

pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ −Π

(
pη(π1, π2) + [2]p,qπ2

[2]p,q

)∣∣∣∣∣
≤ qη(π2, π1)

[∫ p
[2]p,q

0
t
∣∣π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)

∣∣dp,qt

+
∫ 1

p
[2]p,q

(
1
q
− t
) ∣∣π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)

∣∣dp,qt


≤ qη(π2, π1)

(∫ p
[2]p,q

0
tsdp,qt

) 1
s

{∫ p
[2]p,q

0

(
t
∣∣π2 Dp,qΠ(π1)

∣∣r + (1− t)
∣∣ π2 Dp,qΠ(π2)

∣∣r)dp,qt

} 1
r

+

∫ 1

p
[2]p,q

(
1
q
− t
)s

dp,qt

 1
s

×


∫ 1

p
[2]p,q

(
t
∣∣π2 Dp,qΠ(π1)

∣∣r + (1− t)
∣∣ π2 Dp,qΠ(π2)

∣∣r)dp,qt


1
r
. (33)
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One can easily evaluate the integrals that appear on the right side of the inequality (33)

(∫ p
[2]p,q

0
tsdp,qt

) 1
s

=

( p
[2]p,q

)s+1(
p− q

ps+1 − qs+1

) 1
s

(34)

∫ p
[2]p,q

0
tdp,qt =

p2

[2]3p,q

, (35)

∫ p
[2]p,q

0
(1− t)dp,qt =

p3 + pq2 + 2p2q− p2

[2]3p,q

, (36)

∫ 1

p
[2]p,q

tdp,qt =
[2]p,q − p2

[2]3p,q

, (37)

∫ 1

p
[2]p,q

(1− t)dp,qt =
q[2]2p,q + p2 − p− q

[2]3p,q

. (38)

Making use of (34)–(38), gives us the required inequality (32). Hence, the proof is accom-
plished.

6. Trapezoidal Type Inequalities through (p, q)π2 -Integral

In this section, we give some new trapezoidal inequalities by using the (p, q)-derivative
and integral.

To prove the main results of this section, we need the following crucial lemma.

Lemma 3. Let Π : I → R be a differentiable function on I◦. If π2 Dp,qΠ is continuous and
integrable on I, then we have the following identity:

pΠ(π2 + pη(π1, π2)) + qΠ(π2)

[2]p,q
− 1

pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ

=
qη(π2, π1)

[2]p,q

∫ 1

0

(
1− [2]p,qt

)
π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2) dp,qt, (39)

where 0 < q < p ≤ 1.

Proof. From (20) and the right side of (39), we obtain that

qη(π2, π1)

[2]p,q

∫ 1

0

(
1− [2]p,qt

)
π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2) dp,qt

=
qη(π2, π1)

[2]p,q

 1
η(π2, π1)(p− q)

∫ 1

0

Π(qt(π2 + η(π1, π2)) + (1− qt)π2)
−Π(pt(π2 + η(π1, π2)) + (1− pt)π2)

t
dp,qt

−
[2]p,q

η(π2, π1)(p− q)

∫ 1

0

[
Π(qt(π2 + η(π1, π2)) + (1− qt)π2)
−Π(pt(π2 + η(π1, π2)) + (1− pt)π2)

]
dp,qt

]
.

From (23) and (24), we have

qη(π2, π1)

[2]p,q

∫ 1

0

(
1− [2]p,qt

)
π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2) dp,qt
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=
qη(π2, π1)

[2]p,q

 Π(π2)−Π(π2+η(π1,π2))
η(π2,π1)

− [2]p,q
η(π2,π1)

{
1

pqη(π2,π1)

∫ π2
π2+pη(π1,π2)

Π(κ) π2 dp,qκ − 1
q Π(π2 + η(π1, π2))

} 
where the identity (39) is obtained and the proof is accomplished.

Remark 15. We obtain Lemma 2 in [59] by letting p = 1 in Lemma 3.

Remark 16. If we adopt p = 1 in Lemma 3 and later we assume that η(π2, π1) = −η(π1, π2)
= π2 − π1, then Lemma 3 becomes Lemma 1 in [41].

Theorem 8. Suppose that the assumptions of Lemma 3 hold. If
∣∣ π2 Dp,qΠ

∣∣ is a preinvex function
over I, then we have the following new inequality:∣∣∣∣∣ pΠ(π2 + pη(π1, π2)) + qΠ(π2)

[2]p,q
− 1

pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ

∣∣∣∣∣
≤ qη(π2, π1)

[2]p,q

[∣∣ π2 Dp,qΠ(π1)
∣∣A5(p, q) +

∣∣ π2 Dp,qΠ(π2)
∣∣A6(p, q)

]
, (40)

where

A5(p, q) =
∫ 1

0
t
∣∣∣(1− [2]p,qt

)∣∣∣ dp,qt,

A6(p, q) =
∫ 1

0
(1− t)

∣∣∣(1− [2]p,qt
)∣∣∣ dp,qt.

Proof. Taking the modulus in Lemma 3 and using the preinvexity of
∣∣ π2 Dp,qΠ

∣∣, we have∣∣∣∣∣ pΠ(π2 + pη(π1, π2)) + qΠ(π2)

[2]p,q
− 1

pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ

∣∣∣∣∣
≤ qη(π2, π1)

[2]p,q

∫ 1

0
t
∣∣∣(1− [2]p,qt

)∣∣∣ ∣∣π2 Dp,qΠ(π1)
∣∣ dp,qt

+
∫ 1

0
(1− t)

∣∣∣(1− [2]p,qt
)∣∣∣ ∣∣π2 Dp,qΠ(π2)

∣∣ dp,qt

=
qη(π2, π1)

[2]p,q

[∣∣ π2 Dp,qΠ(π1)
∣∣A5(p, q) +

∣∣ π2 Dp,qΠ(π2)
∣∣A6(p, q)

]
. (41)

Thus, the proof is completed.

Remark 17. We obtain Theorem 7 in [59] by letting p = 1 in Theorem 8.

Remark 18. If we adopt p = 1 in Theorem 8 and later we assume that η(π2, π1) = −η(π1, π2)
= π2 − π1, then Theorem 8 becomes Theorem 7 in [41].

Theorem 9. Suppose that the assumptions of Lemma 3 hold. If
∣∣ π2 Dp,qΠ

∣∣r, r ≥ 1 is a preinvex
function over I, then we have the following new inequality:∣∣∣∣∣ pΠ(π2 + pη(π1, π2)) + qΠ(π2)

[2]p,q
− 1

pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ

∣∣∣∣∣
≤ qη(π2, π1)

[2]p,q

(∫ 1

0

∣∣∣1− [2]p,qt
∣∣∣ dp,qt

)1− 1
r

×
[∣∣ π2 Dp,qΠ(π1)

∣∣r A5(p, q) +
∣∣ π2 Dp,qΠ(π2)

∣∣r A6(p, q)
] 1

r , (42)
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where A5(p, q) and A6(p, q) are given in Theorem 8.

Proof. Taking the modulus in Lemma 3 and applying the well-known power mean in-
equality for (p, q)-integrals and the preinvexity of

∣∣ π2 Dp,qΠ
∣∣r, r ≥ 1, we obtain that∣∣∣∣∣ pΠ(π2 + pη(π1, π2)) + qΠ(π2)

[2]p,q
− 1

pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ

∣∣∣∣∣
≤ qη(π2, π1)

[2]p,q

(∫ 1

0

∣∣∣1− [2]p,qt
∣∣∣ dp,qt

)1− 1
r

×
[∫ 1

0

∣∣∣1− [2]p,qt
∣∣∣ ∣∣π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)

∣∣r dp,qt
] 1

r

≤ qη(π2, π1)

[2]p,q

(∫ 1

0

∣∣∣1− [2]p,qt
∣∣∣ dp,qt

)1− 1
r
[∫ 1

0
t
∣∣∣(1− [2]p,qt

)∣∣∣ ∣∣π2 Dp,qΠ(π1)
∣∣r dp,qt

+
∫ 1

0
(1− t)

∣∣∣(1− [2]p,qt
)∣∣∣ ∣∣π2 Dp,qΠ(π2)

∣∣r dp,qt
] 1

r

=
qη(π2, π1)

[2]p,q

(∫ 1

0

∣∣∣1− [2]p,qt
∣∣∣ dp,qt

)1− 1
r

×
[∣∣ π2 Dp,qΠ(π1)

∣∣r A5(p, q) +
∣∣ π2 Dp,qΠ(π2)

∣∣r A6(p, q)
] 1

r . (43)

Thus, the proof is finished.

Remark 19. We obtain Theorem 8 in [59] by letting p = 1 in Theorem 9.

Remark 20. If we adopt p = 1 in Theorem 9 and later we assume that η(π2, π1) = −η(π1, π2)
= π2 − π1, then Theorem 9 becomes Theorem 4 in [41].

Theorem 10. Suppose that the assumptions of Lemma 3 hold. If
∣∣ π2 Dp,qΠ

∣∣r, r > 1 is a preinvex
function over I, then we have the following new inequality:∣∣∣∣∣ pΠ(π2 + pη(π1, π2)) + qΠ(π2)

[2]p,q
− 1

pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ

∣∣∣∣∣
≤ qη(π2, π1)

[2]p,q

(∫ 1

0

∣∣∣1− [2]p,qt
∣∣∣s dp,qt

) 1
s

∣∣ π2 Dp,qΠ(π1)
∣∣r + ([2]p,q − 1

)∣∣ π2 Dp,qΠ(π2)
∣∣r

[2]p,q


1
r

, (44)

where s + r = sr.

Proof. Taking the modulus in Lemma 3 and applying the well-known Hölder inequality
for (p, q)-integrals and the preinvexity of

∣∣ π2 Dp,qΠ
∣∣r, r > 1, we obtain that∣∣∣∣∣ pΠ(π2 + pη(π1, π2)) + qΠ(π2)

[2]p,q
− 1

pη(π2, π1)

∫ π2

π2+pη(π1,π2)
Π(κ) π2 dp,qκ

∣∣∣∣∣
≤ qη(π2, π1)

[2]p,q

(∫ 1

0

∣∣∣1− [2]p,qt
∣∣∣s dp,qt

) 1
s

×
[∫ 1

0

∣∣π2 Dp,qΠ(t(π2 + η(π1, π2)) + (1− t)π2)
∣∣r dp,qt

] 1
r
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≤ qη(π2, π1)

[2]p,q

(∫ 1

0

∣∣∣1− [2]p,qt
∣∣∣s dp,qt

) 1
s

×
[∫ 1

0
t
∣∣π2 Dp,qΠ(π1)

∣∣r dp,qt +
∫ 1

0
(1− t)

∣∣π2 Dp,qΠ(π2)
∣∣r dp,qt

] 1
r
. (45)

We can calculate the integrals that occur on the right side of (45) as follows:∫ 1

0
t dp,qt =

1
[2]p,q

, (46)

∫ 1

0
(1− t) dp,qt =

[2]p,q − 1

[2]p,q
. (47)

Making use of (46) and (47) in (45), gives the desired result. Hence, the proof is com-
pleted.

Remark 21. The left-right estimates of inequality (18) given in Theorem 4 that we left for the
readers can be obtained by using the notions of (p, q)π1

-derivative and integral, as well as the
techniques used in the previous two sections.

7. Conclusions

In this paper, we proved H-H type inequalities for preinvex functions using the
(p, q)-calculus setup. For (p, q)-differentiable preinvex functions, we also proved some
new midpoint-formula-type and trapezoid-formula-type inequalities. Furthermore, we
demonstrated that the newly discovered inequalities are generalizations of the inequalities
for convex functions in (p, q)-calculus. This study’s conclusions can be used in symmetry.
The results for symmetric functions can be reached by employing the notions of symmetric
convex functions, which will be explored further in future work. It is an intriguing and
novel problem, and future researchers will be able to obtain similar inequalities for co-
ordinated preinvex functions in their studies.
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