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Abstract: This paper is related to the fractional view analysis of coupled Burgers equations, using
innovative analytical techniques. The fractional analysis of the proposed problems has been done
in terms of the Caputo-operator sense. In the current methodologies, first, we applied the Elzaki
transform to the targeted problem. The Adomian decomposition method and homotopy perturbation
method are then implemented to obtain the series form solution. After applying the inverse transform,
the desire analytical solution is achieved. The suggested procedures are verified through specific
examples of the fractional Burgers couple systems. The current methods are found to be effective
methods having a close resemblance with the actual solutions. The proposed techniques have
less computational cost and a higher rate of convergence. The proposed techniques are, therefore,
beneficial to solve other systems of fractional-order problems.

Keywords: Adomian decomposition method; homotopy perturbation method; Elzaki transformation;
fractional-order of burgers equations; Caputo operator

1. Introduction

Fractional calculus (FC) has become an important mathematical approach for explain-
ing non-local behavioural models. Fractional derivatives have mathematically interpreted
many physical problems in recent decades; these representations have produced excel-
lent results in real-world modelling issues. Coimbra, Riemann-Liouville, Riesz, Wey],
Hadamard, Liouville-Caputo, Grunwald-Letnikov, Caputo-Fabrizio, Atangana-Baleanu,
among others, gave many basic definitions of fractional operators [1,2]. A wide variety
of non-linear equations have been developed and commonly implemented in numerous
non-linear physical sciences such as biology, chemistry, applied mathematics and various
branches of physics such as plasma physics, condensed matter physics, fluid mechanics,
field theory, and non-linear optics over the past few years. The exact result of non-linear
equations plays a vital role in deciding the characteristics and behaviour of physical pro-
cesses. A differential equation symmetry is a transformation that makes the differential
equation invariant. The existence of such symmetries may aid in the solution of the differ-
ential equation. A scheme of differential equations line symmetry is a continous symmetry
of a scheme of differential equations. Solving a linked set of ordinary differential equa-
tions can reveal symmetries. It is sometimes easier to solve these equations than it is to
solve the original differential equations. The symmetry structure of the system consists
of integer partial differential equations and fractional-order partial differential equations
with the fractional Caputo derivative. Many effective techniques have been used to solved
nonlinear FPDEs, for example, the homotopy perturbation transformation technique [3,4],
the homotopy analysis transformation technique [5,6], reduced differential transformation
technique [7,8], the finite element method [9], the finite difference method [10], and so on.

Symmetry 2021, 13, 1786. https:/ /doi.org/10.3390/sym13101786

https:/ /www.mdpi.com/journal /symmetry


https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://doi.org/10.3390/sym13101786
https://doi.org/10.3390/sym13101786
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/sym13101786
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym13101786?type=check_update&version=2

Symmetry 2021, 13, 1786

20f18

Harry Bateman first introduced the Burgers equation in 1915 [11], and subsequently
called it the Burgers equation [12]. The Burgers equation has several implementations
in engineering and science, particularly in problems that have non-linear equations in
their form. It is one of the most basic tools for defining the non-linear phenomenon of
dispersion and diffusion, such as approximation theory of flow, shock wave theory, dy-
namics of soil in water, unsaturated oil, seismology and cosmology, and debris flow wave
with non-linear kinematics [13]. With the aid of the Burgers equations, the analytical
and numerical methods can be understood. Many mathematical techniques are used to
find the burgers equations, such as Adomian Pade technique [14], differential transfor-
mation method [15], tanh-function method [16], homotopy analysis method [17], natural
decomposition method [18] and Chebyshev wavelet method [19].

The homotopy perturbation method (HPM)), first suggested by the Chinese scientist
J.H. He plays a crucial role in 1998 [20]. Because of the way it approaches the system, it
does not require any linearization or discrimination. This method is equitable, effective,
and efficient, as it reduces an unconditioned matrix, complicated integrals and infinite
series. This technique does not require a particular problem parameter. Tarig Elzaki
introduced the Ezaki Transform (E.T.) in 2010. E.T. is a Sumudu and Laplace transform
that has been modified. Absolute differential equations with variable coefficients cannot be
solved by Laplace and Sumudu transformation when E.T is used [21-23]. The homotopy
perturbation transformation method (HPTM) combines the Elzaki transformation and
the homotopy perturbation method. Numerous researchers have used HPTM to solve
various models, such as Navier-Stokes equations [24], heat-like equations [25], gas dynamic
equation [26], hyperbolic equation and Fisher’s equation [27]. The Elzaki decomposition
technique, which is the mixture of the Elzaki transformation introduces by Elzaki [28] and
the Adomian decomposition technique [29-31]. The transformation of Elzaki is well-known
for its efficiency in solving linear ordinary differential equations, linear partial differential
equations and integral equations as seen in [32-34].

In the current study, we implemented HPTM and EDM to analyze the fractional-
order system of Burgers equations. The methodology of the proposed techniques is
effortless and straightforward. The accuracy is determined in terms of absolute error.
The solutions have shown the present techniques have the desired accuracy as compare to
other analytical techniques.

2. Preliminary Concepts
Definition 1. The fractional-order Caputo derivative of h(), h € CY%, weN, w>0,is
given as

1 ¥

D*Kh(S) = IY7*DYh(S) = T(@—a) /O\y(S — )Ty )dg, where w —1 < a < w.

Definition 2. The fractional-order Caputo derivative of Elzaki transform is define as

w—1
E[D§h(S)] = s“E[h(3)] — )| > kRK)(0), where w —1 < & < w.
k=0

Definition 3. The fractional-order Riemann—Liouville of integral & > 0, of a function h € Cy, is
given as

¢
Q) = gy [ €= 9@, w0

Basic properties:
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ForheCy, a,>0 and v > —1

TIPR(C) = T*"Ph(Q),
J*TPR() = JPT*h(T),
Tla+1)

§ r “+ua
I'e _(fy+uc+1)é7 :

Basic Concept of Elzaki Transformation

The Elzaki transformation is a new transformation described for functions of expo-
nential order. We recognize functions in the set A, described as:

2

\
A= {h(3) : 3IM, ki, ka > 0, |h(I)| < Me

P

i,if(S) € (=1)) x [0,00)}.

For a given function in the set, the constant M must be a finite number, and the
constants k1 and kp must be finite or infinite. The Elzaki transformation, as described by
the integral equation

E[h(S)] = T(s) = s/ WS)eTdS, $>0, ky <5< k.
0

We can obtain the basic solutions

E[S"] = nls" T2,

56)

E[l (3)] = —sh(0),

Bl (%)) =~ (o) - 51 (0),

E(@)] = S0 - 2ot

Definition 4. The inverse Elzaki transform is given as

1 atieo 1 % 1 Ry
E7NZ(s)] = h(S) = / h(s) Ssds = X residues of h(s>es“s.
14

271 —100

The inverse Elzaki transform of some of the functions are given by

Eigem = S 234
[ {S —(n_2)|/ n—=4cs09,4,

3 1
oE‘l( i )zsina%

1+ a%s? a
2
-1 B} _ 1
oL (Hg%ﬂ) == ECOSQC\}

Theorem 1. If (s) is the Elzaki transformation of h(), one can take into consideration the Elzaki
transformation of the Riemann—Liouville derivative as follows:

E[D*h(S)] = s~

T(s) — il{D”‘kh(O)}]; “l<n—-1<a<n.

Proof. The Laplace transformation
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H(3) = d%h(%)’
n—1
L[D*h()] = s*%(s) — Zosw[D“*wflh( ),
= s"T(s) — nz:::s“’l[D"‘“’h(O)] = s*T(s) — ni_:s“’z[D““’h(O)],
n—1 1 n—1 1
=s"%(s) — Z_:O S_T+2[D"““’}z(0)} =s*%(s) — Z_:O W[D“‘“’h(o)],

n—1 1 _
= s5(s) = X 8" s DV R(0)),
w=0

- Y (1)““”*2[1)“_%(0)]] .

w=0

L[D*h(S)] = s

Therefore, when we put % for s, the Elzaki transformation of fractional-order of 1 (<)
is as below:

E[D*h(S)] = s~

T(s) — fo s”“”z[D"‘“’h(O)]] :

O

3. The General Methodology of HPTM

In this section, the HPTM for the solution of fractional partial differential
equations [35,36]

D5u(¢, ¢, )+ Mu(S,0,3) + Nu(E,(,3) =h(E,(,3), >0, 0<a<1l, (1)

the initial condition is
u(g,0) = h(Z). @
M is linear and N non-linear functions. Using the Elzaki transform of Equation (1)

E[DSu(E,,3) + Mu(&,§, %) + Nu(& £, 9)] = E[h(6,L,9)], $>0, 0<a<l,

>
3
W(E 0, 3) = Sh(Z) + SEI(E, £, 3)] — S EMu(E, 4, S) + Nu(&, g, 3)]. ©

Now, by applying inverse transformation, we get

u(Z,8,9) = E7[Sh(0) +s“EIh(E, £, 9)]| - BTV E{Mu(Z,£,9) + Nu(&,£,9)}], @)
where
u(Z,8,9) = h(§) + ESEI(E, £, 9)]] - BT E(Mu(Z,£,9) + Nu(, £, 9}, 6)

The perturbation methodology in based on power series with parameter p is now
described as

M(g, ¢ %) = Z Pk”k(‘:/ ¢ %), (6)
k=0

where perturbation term p and p € [0,1].
The non-linear functions can be defined as

Nu(g,7,3) = Y pFHi(w), @)
k=0
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where H,, are He’s polynomials of ug, 11,3, - - - , 4y, and can be determined as

a W k=0

1 8¢ ©
Hw(uOrul/“'/”w): N Zp Uy ,(U:O,].,Z"'. (8)
p=0

putting Equations (7) and (8) in Equation (5), we have
Y PFu(E, 0, 9) = h(g) + S E(E L)) — p ¢ [E-l {s“E{M Y PFu& 0, 9) + Y P Hi(m)} H G
k=0 k=0 k=0
Both sides comparison coefficient of p, we have
p°iuo(8,8,9) = () + E[S"E[R(E, ¢, )],

p'iu1(8,0,S) = ETV[s"E(Muo(¢,4,S) + Ho(u))),
P2 : uZ(gl g/ %) = 71[SIXE(MM1(€/ g/ S) + Hl(”))]/ (10)

E
E
pk : ”k(gfgr %) = E_l[saE(Muk—l(ér g, %) + Hk—l(”))]/ k>0, keN.

M
u(‘:/ C/ %) = lim Z uk(g, g/ %) (11)

4. The Methodology of EDM
Consider the general procedure of EDM to solve the fractional partial differential equation.

5u(8, ¢, )+ Lu(g,5,3) + Nu(G,0,3) =4(6,0,3), 60,320, w-1<a<w, (12)
with the initial condition

u(¢,¢,0) =k(¢), (13)

Where is D§ = agi; the Caputo fractional derivative of order #, L and N are linear

and non-linear functions, respectively and g is source function.
Applying the Elzaki transform to Equation (12),

E[D"u(¢, ¢, )] +E[Lu(,E, ) + Nu(S, {, )] = E[q(E, &, 3)]- (14)
Using the differentiation property, we get

lE[“(CI ¢, )] —s*"*u(g,¢,0) = Elq(¢,¢,9)] — E[Lu(Z,{,3) + Nu(Z,{, 3)),

SIX

E[u(3,2,9)] = s*u(8,7,0) +s“E[q(E,, )] — s"E[Lu(E, 7, ) + Nu(E, ¢, )],
Now, u(&,0) = k(&)

E[u(G, ¢, 9)] = $°k(8) +s"E[q(3, ¢, )] = s"E[Lu(Z, £, 9) + Nu(¢,£, %) (15)
The infinite series solution of u(¢&, {, )
u(érr ¢ %) = Z ”W(gl ¢ %)/ (16)

The nonlinear terms of N to solve with the help of Adomian polynomials is defined as

Nu(ﬁ,é, %) = Z Aw, (17)
w=0
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Ap = 1 dv Ni w=0,1,2--- (18)
w d)\“’ /\70/ — Y4

Putting Equation (16) and Equation (17) into (15),

E [ L ton(é m] — K(Z) + s"Elq(2,, 9)] - s°E [L L @9+ L Al (19)
Now using EDM, we have
E[uo(¢,8,9)] = s’k(¢) +s"E[9(2,¢, 3)), (20)
Generally, we can write
E[uw 16,0, %)) = =s"E[Luw (8,0, ) + Aw], @ =1 (21)
Implemented the inverse Elzaki transform of Equations (20) and (21), we get
uo(8,8, %) = k(&) +E[s"E[9(2, ¢, V)]
o1 (8,8, 9) = —E 7 "E[Lua(§, 8, ) + Au]l. (22)
Example 1. Consider the fractional-order system of Burgers equations
D(\u—ku——i—va— 1 azu—f—azul
of 9 Re|o;? 0%
B v dv 1 |d%v v )
D@U%—u%vhva—g =X @4—8—52 , 0<a,B <1,
with initial conditions
3 1
#8860 = 1~ IA T+ oxp((Re/32) — 42 +40))" o0
o(Eg0) = + ; .
4 4(1 +exp((Re/32) —4¢ +40))

Re denotes the Reynolds number. Now, by applying ET to Equation (23), we obtain the

following outcome
0 0 92 92
He = E{ ag} E{”ag}“?le E{%}+E{85H

(25)
d 0 1 0%v 0%v
E[DA0(Z,0, )] = E{ ag} E{vaz}JrRe E{a€2}+E{a€2H
Define the non-linear operator as
1 L 0 1 (%u 92
SE(E,8,9)] - & u(@@O)—E[ uGE 05 <a€2+a€2>]
(26)

1 o _ - dv v ?u  *u
SEPE, )] -5 ﬁv(@:@O)—E[— 3~ a§+Re<aCz+a€2> .

S

By the above equation, we get
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g 213 1 N ou ou 1 [d%u
FE e = {44<1+exp<<1<e/32>4g+4@) R R<a¢
3) =52 ! T L W i
E[v(E,(, Q)] =s {4+4(1+exp((R6/32)4§+4C)) +5 Uz ”ag+Re<agz

Apply inverse ET on Equation (27) and then reduces to

3 1

u(G,¢,9) = L T A0+ exp((Re/32) — 42+ 40) | T £

“

1

w3
0(8, 0, 9) = {4 T T T exp((Re/32) —d2 140 | T F

Now we implement HPM
= o |3 1
L P (&8 S) =\ g i e ((Re/32) 45 1 40))

+pl|E

4 . = 1 g,
{S E ((UZ:OP Re( 662 +

3, 1

4 4(1+exp((Re/32) —4C +40))

ad 1 (9%
-1 B w_~ m
{s E((azzop Re( og

[e]

Y P00(E ) =

w=0

+pl|E

—YU— —

%u,,

)
9%v,, >

+ + “Hyy
7)) (B

Ju Ju 1 <82u

3 Yo TRe\ o2

%)
I

%
+ @ .

)
2.2

LR O Kk
"9g T 97 T Re\ o2

g
gl“S
<
T
£
-~
=
=
N———
N——
N——
| IS
—
N
O
N

i

With the help of He’s polynomials H,, (1) and H,,(v), the nonlinear terms can be found

Yo_op“Huw(u) = —uugz —oug, X5_op*“He(v) = —uvg — vog.

He’s polynomials are defined as

Ho(u) = —uguog — vottog, Ho(v) = —ugvos — vovog,

Hy(u) = —(uourg + uyuog) — (vourz + v1uog), Hi(v) =

Comparing p-like coefficients, we get
3

1

uo(8,¢,3) =

4(T + exp((Re/32) — 4F + 47))’

1

&l

pO : 00(6/ gi )

T4
3
4
1 82u0
plug (G, =E~ 1{5"‘ < (852 +
1 d 0o 8200
pl:vl B l{ ( (agz + a€2>+H0(’0)>}

4 1+ exp((Re/32) —4& +4Q))’

(30)

—(upv1g + u100g) — (vov17 + v100¢),

aguO) + Ho(u ))}

Reexp ((%) (éC)) R

u1(6,¢,3) = 128(1 +exp((

(& =0T (a+1)

Reexp ( %") (&— g)) B

0(6,¢9) =

128(1+exp((B)(e—0)))r(p+1)
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1 (92 02
P2 v(E,0,9) :E—l{sﬁE <Re (agl;l - ag’;) + H1(v)> }

X)) — 1 Re
P 8) = = e T (Hﬁﬂ)exp((;)@—o)ze&(—exp« )@ - z;)>)

8
T(a+1) +<—1+exp<< ) )+exyp<< >§ g))gﬂr(ﬁ+1),

e ((¥)e-0)
( —1+exp((Re/8)(& — é))+exp((Re/4)(§—§))))

4096(exp((B) (¢ —7)))*T(a +B+1) (
&‘rﬁr(uc+1)+<71+exp(( ) >)+exp(< )éj §)) T(B+1).

02(8,8,9) =

Provides the series form solution is u(¢,(,¥) = Lo_uw(¢, 0, ) and v(E,{, ) = Lo_ 0w

(6.¢9)
| () -0)

3
)= 4 4(1+exp((Re/32) —45+40)) 128(1+exp((Re)(&—7)))2T(a + 1)

. exp((;)«;fo)Re(fexp(( )&~ o)) Ma+1)

~4096(exp((%)(2 —0)*T(a +p+1)

u(@, S

+(—1+eXP<<%)(C—§)>>+e><p<<%>(é‘—§>)%“r(ﬁ+l> e
(31)
Reexp((%) )
a3 1
PELS) = It it op((Re/32) — % +40)) T 12801 T exp ()@ =) PT@+1)

1
109%(exp(B) G -0 T@+ B+ 1) exp<( ) > ( —1+exp((Re/8)(& — 7)) +exp((Re/4)

(é‘@)))%ﬂl"(ﬂc-ﬁ-l)-‘r(—1+exp<<lz> >>+exp<<§f) >Mrﬁ+1)

Now we apply the EDM
Assume that the infinite series solution of the unknown functions u(g,(,¥) and v(¢, {, )
respectively as follows

u(g, g, %) = Z_:Ouw(s’,éﬁ) and v(Z,¢, ) = Z_‘,va(é’,@,%) (32)

Note that uug = Y.55_o Aw, 0z = Yoo Bw, vug = Y0o—o Cw and vog = Y.00_o Dy, are
the Adomian polynomials and they signifying the non-linear terms. Using the these terms, we can
rewrite Equation (28) as

3
Luwen@09) =747 +exp((Re/32) 1 40)

e -Ea-Eng

e

«

S
Il
=)

(33)

Upge + Z uwiZ) }}
41+ exp((Re/32) 4¢ +47))

© oo 1 o o
Sﬁ — chf ZDw‘*’i vagg+ Zﬂwgg .
w=0 w=0 Re w=0 —

Z Vw41 (é/ C, %) = 1 +
w=0

+E7!
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Both sides comparing of Equation (33), we can be written as

3 1
) —
uo(8,6,3) = § 4(1+ exp((Re/32) —4Z + 40))’
3 1
) —
00(8,¢,3) = 7 T A1 T exp((Re/32) —4E +40))
Reexp ((%) )
u(6,6,9) = — 128(1+exp((E)(¢ M(a+1)
Reexp ((%) )
1l = AT e (G- D) TEL D)

. 1 Re N
n(8,8,3) = — oo ()T F+D) exp<<§>(§7§))Re <7exp(( )@ - g))) T(a+1) (34)

+<71+e><p (%)(s—o))+exp<<%><e:—o>%“r(ﬁ+1>,

o 1 Re B of ex B
2(869) = e (T DT T ) exp((;)@ c)>Re (( 1+ exp((Re/8)(2 - )

+exp<<Re/4><s—§>)>) (e +1)+ <—1 +exp ((%) (c—c))) +exp ((%)@—@)Mr(mn

Continuing in the same manner, the remaining components of the Elzaki decomposition method
solution u,, and vy, (w > 3) can be achieved smoothly. As a result, we arrive at the series solution as

u(g, g, ) = i w(8,8%) =u0(6, ¢, 3) +ui(8, 0, 9) + (3,4, 3) +
S wee([1) -0
“EES) = g T T exp((Re/32) — T 40)) 12801+ exp( ()@= 02T+ 1)

exp<<%><f;—g>)zze<—exp(< )& C))) M+ 1)

1
4096 (exp((B) (&~ 0)))*T(a + p+ 1)

(
+ (—1+exp ((%)(é—é))) +exp ((%)(&@)Mr(wn +
o (35)
0(8,0,9) = ); 00(8,0,3) =00(6,4,3) +0v1(6,4,3) +02(6,5,3) +-- -,
Reexp( % (g’,‘—é))%“
W60 9) =3+ ;
i 4 ' 4(1+exp((Re/32) —4¢ +40)) 128(1+exp((%)( —0)))T(a+1)
1
0% (FC -0 T@ T p D exp << ) > ( —1+exp((Re/8)(¢ — 7)) +exp((Re/4)
(Cfg)))>%ﬁl"(a+1)+(71+exp<(1;> >>+exp(( ) )“”Tﬁ+1) +-
The exact results for Equation (23) at « = p = 1 are
3 1
) — Y
e 8 S) = 1~ I T exp(Re/32) — 42 T4 =)’ a6
2659 =0+ :
T 4 4(1+exp((Re/32) —4C+47—-9))

In Figure 1, show that the Elzaki decomposition method and Homotopy perturbation
transform method show that the close contact with each other of Example 1. In Figure 2,
represent the different fractional-order behaviour of (¢, {, ). Similarly, in Figure 3, show
that the Elzaki decomposition method and Homotopy perturbation transform method
show that the close contact with each other of Example 1. In Figure 4, represent the different
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fractional-order behaviour of v(&, {, ). In Tables 1 and 2 show that the absolute error with
different fractional-order with respect to « and .

Table 1. Numerical analysis of example 1 at u(¢, {,¥) different fractional-order of «.

<

AE (x = 0.4)

AE (« = 0.6)

AE (¢ = 0.8)

AE (« = 1)

0.1

5.1298036x 10~
1.0533254900 x 1092
1.5936706200 %1092
2.1340157400x 1092
2.6743608600 x 1092

8.5968820x 1004
1.7251291x 109
2.5905700x 1093
3.4560108x 10~
4.3214516x10~%

1.1526960% 10~ %
2.3064850x 1005
3.4602750x10~%
4.6140640x107%
5.7678540x 1005

1.4693x10~10
2.1224x10~%
2.7754x10~%
3.4285x10~%
4.0815x10~%

0.2

6.5526269 1003
1.3585147x 1092
2.0617667100x10~%
2.7650187200x 1092
3.4682707200x 1092

1.2845443x 10704
2.5823037x 1093
3.8800631x 10~
5.1778225x10~%
6.4755819x10~ %

1.9524030x 10~
3.9081030x10%
5.8638020%10~0°
7.8195020x 109
9.7752020 %10~

8.9043500x 1008
1.2243480% 1098
1.5582620% 1098
1.8921750%10~%
2.2260880x 10708

0.3

7.5239217x10%
1.5715901300x 1092
2.3907880800x 1092
3.2099860300 x 1092
4.0291839800 x 10792

1.6203247x10%
3.2621458x 10~
4.9039669 x 1003
6.5457880x10~%3
8.1876092x 10793

2.6503270%10~%°
5.3069340x 10~
7.9635420x10%
1.0620149 x10~%
1.3276756x 10~ %

9.9570730x 10708
1.2801951x10~%
1.5646829x10~%
1.8491707x 10798
2.1336585x 1008

0.4

8.2762123x10~%
1.7398405800 x 1092
2.6520599300x 1002
3.5642792800x 1092
4.4764986200x 1092

1.9075950x 10~
3.8455493x 1003
5.7835036 1003
7.7214580x 10~
9.6594122x10~%

3.2874570x10~%
6.5848290x 10~
9.8822010x10~%
1.3179574x10~%
1.6476946 %109

5.7825882x10~%
6.7463529x 10708
7.7101176x 108
8.6738823x10%8
9.6376470x 10708

0.5

Gk WON =[O WO | O WONF |0k WON ROk WN =y

8.8947364x10~ 95
1.8806520800 x 1002
2.8718305200x 1092
3.8630089800 x 1092
4.8541874400x 1092

2.1627817x10~%
43652454 %1093
6.5677091 x10~%3
8.7701729x 1093

1.0972636700 % 1003

3.8817930x 1004
7.7777130x 1004
1.1673633x10~%
1.5569554 x 10~ 04
1.9465475x10~%

2.3900x10~%
3.5300x 10708
4.6600x10-08
5.8x10708
6.9300000x 1098

Table 2. Numerical analysis of example 1 at v(&, {, ) at different fractional-order of a.

&

AE (x = 0.4)

AE (« = 0.6)

AE (¢ = 0.8)

AE(x =1)

0.1

5.6770988 x 1004
5.3834512x10~%
5.0898036x 1003
4.7961560x 1093
45025084 %1003

8.7119340x10~%
8.4544080x 1004
8.1968820x 10704
7.9393560x 1004
7.6818300x 10704

1.1548840%x 1097
9.5379000x 1097
7.5269600x10~%7
5.5160200x 1097
3.5050800x 10797

1.6326x10~10
2.0407510200x 10~
4.0814857200x10%
6.1222204100x10~%?
8.1629551100x10~%°

0.2

7.5124132x10~%*
6.9925200x 109
6.4726268x10703
5.9527336x10~%
5.4328404 %100

1.3109744x 109
1.2577593x10~%
1.2045442 x 10704
1.1513291x 1004
1.0981140x10%

1.9589970% 10~
1.5557000% 1097
1.1524030x10~%7
7.4910600x 10~
3.4580900x 10~0¢

2.2260880x 108
4.3444869600x 1098
8.6867478200x 1008
1.3029008690 x 1008
1.7371269560 x 108

0.3

8.8600372900% 10~ %
8.1319795x 1003
7.4039217x10~03
6.6758639x 1093
5.9478061 %10~ 03

1.6633175900 x 1005
1.5818212x 10704
1.5003248 x 1004
1.4188284x 10704
1.3373320x10%

2.6628869x 100
2.0566070x10~%
1.4503270x 1096
8.4404700x 10706
2.3776700x 100

4.2673170x10798
7.2886243900x 1008
1.4534575610% 1098
2.1780526830x 10798
2.9026478050x 1098

0.4

9.9681746700x 1004
9.0421934x 10~
8.1162122x10703
7.1902310x 109
6.2642497 10703

19683136700 % 100
1.8579543 1004
1.7475950x 10~ 04
1.6372357x10%
1.5268763x 10704

3.3072887x 100
2.4973720x10~%
1.6874560 % 1079
8.7754000x 100
6.7623000x 10~

3.8550588x 10~
1.1668329410x 1098
2.2951152940x10~%
3.4233976470x10%8

4.5516800x10~%

0.5

G ONRR |G QOQNNRRL, O ONNRPL[O ks O~ |0 WN - ™,y

1.0928832650 x 1004
9.8117844 %1003
8.6947361x 1093
7.5776879x10~93
6.4606397 %1003

2.2421458500x10~%
2.1024637 x10~%
1.9627815x10%
1.8230994x10%
1.6834173x 10704

3.9100485x10~%
2.8959200x 1006
1.8817910x 1079
8.6766300x 100
1.4646500x 109

1.2600000x 1008
1.0050239900 x 1098
2.0100478600x 1079
3.0150717200x 1098
4.0200955900 x 1098
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Figure 3. EDM and HPTM solutions of v(¢, {, &) of example 1 at § = 1.
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Figure 4. EDM and HPTM solutions of v(&, {, ¥) of example 1 at different value of B.

Example 2. Consider the fractional-order system of Burgers equations

%u  %u

D =2u— +2 —
u§+vg 8§2+8§2'

Bv %v 9%

D’Sv—Zu——i-Zv —i-@,

9% 7 8@2 0<uap<l,

with initial conditions

M((:, C,O) =1- tanh(_g + 2€ + 1)/
v(¢,£,0) =1 —2tanh(—¢ +27 +1).

Now by using ET on Equation (37), we get series solutions

au L u Pu
2 2
E[DEo(e, ¢, )]—E[Z gg +E 232 +E 252 +E g;z’]

Define the non-linear operator as

ou *u u

1 —K
u(¢,0,0)=E [ZuC—I—ZU 2 8@2—'—87@2

< Eu(E,8,9)] -

7

o~ 2= dv ov  %u azu
SERE L)~ Pu(E ,0) = E [Z”ag IR

On simplification, the above equation reduces to

28+20

T T

+s*

E[u(E,g,9)] = s [1 —tanh(—{+20+1)

E[0(E,7,3)] = 5% |1+ 2tanh(—¢ +27 +1)| + sP Zugg —l—ZUa—é + @

ou du aiu
072

ov d%v %
+aiz

(37)

(38)

(39)

(41)



Symmetry 2021, 13, 1786 13 of 18

Applying inverse ET on Equation (41), we have

u(g,¢,3¥)=1—tanh(—¢+20+1)+E~

1 s”‘{Zuu;x + 20Uy + uge + ugg}] ,
(42)

0(£,0,3) =1+ 2tanh(—¢ +27 + 1) + E

-1 sﬁ{Zuvg + 2va +vgs + Ugg}‘| .

Now we implement HPM
Y pYuw(E,,S) =1 —tanh(—§ 427+ 1)

T () (2]

Zp 0w (& 0, S) =1+ 2tanh(—¢ +27 + 1)

eofoe((£ (5 2)) (o))

With the aid of He’s polynomials H,, (1) and H,,(v), the nonlinear terms can be found

+p|E

(43)

+p

Yo _oPY Hew(u) = 2uug + 2vuz, X5_op“Huw(v) = 2uvg + 200;. (44)

He'’s polynomials are expressed as

Ho(u) = 2uguog + 2vouoz, Ho(v) = 2ugvog + 2v9vog,
Hl (u) = 2u0u15 + Zuluog —+ ngulg —+ Zvluoé, Hl (U) = 21/[02)16 —+ 21/[12)05 —+ 22)02)1(‘ -+ Zvlvog,

Comparing p-like coefficients, we get

uo(8,¢,¥) =1 —tanh(—¢ +20 +1),
0 09(E,,%) =1+ 2tanh(—¢ 427 + 1),

2 2
(8,0, :E_l{s"‘E <aagzo + aaglzo> +Ho(u)> }

pl: ) (
2 2
pl0i1(E0,9) :E1{55E<(aag20 + aagvzo +H0(U)> }

1(g,¢,9) = —zseCh(_rfaf §>+ D3t

dsech(—&+27 +1)3P
T(p+1)

01(8,4,9) =
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92 92
p2 cup(E,0,9) = El{s‘xE<<ag; + 8§le1> +H1(u)> }
92 9%vq
pZZUZ(g/ér%):E_l{S‘BE<<ag]zl+ é— >+H1( ))}

2
(6 L,S) = 85ech(i f[;fg;' 1) ( — 2P (w4 1)sech®(—¢ +27 +1)
SPT(B +1)(2sech?(—¢ +2¢ +1) + tanh(—§ + 20 + m)’

SPT(B + 1) (2sech®(—& + 27 + 1) + 2 tanh(—¢ + 27 + 1)))

Provides the series form result is u(g,{, ) = L5_ouw (¢, 0, ) and v(¢,{, ) = Lo_ 0w

(€.4,9)

2sech(—¢+27+1)3%

u(g,,¥)=1—tanh(—¢+27+1) — Fat1)

8sech?(—¢& +20 + 1)
F(a+p+1)

( — 2QPT(a + 1)sech?(—& +20 +1)

SPT(B + 1) (2sech®(—& + 20 + 1) + tanh(—& + 20 + 1))) 4o,

dsech(—¢ +27 +1)3P )

r(p+1)

( — 3P (w + 1)sech?(—& +27 +1)

0(£,0,S) =1+ 2tanh(—Z +20 + 1) +

_ 8sech*(—Z+27+1)
F'(a+pB+1)

SPT(B 4 1)(2sech?(—¢ 427 + 1) 4 2 tanh(—¢ + 27 + 1))) +o
Now we apply EDM

Suppose that the unidentified functions have an infinite series result u(¢, ¢, ¥) and v(&,{, )
respectively as follows

u(g, g, 3) = Z_:Ouw(éré'r%) and 0(g,7,3) = Z_‘,va(é‘r&%) (46)

Note that uug = Y05 Aw, vz = Yoo Bw, vug = Y0o—o Cw and vog = Y.00_o Dy, are
the Adomian polynomials and they signifying the non-linear terms. Applying the these terms, we
can be write Equation (42) as

ﬁ{

iuw {1—tanh( E+20+1)| +E7Ys

(47)

8[\’]3 (uDMS

é uio weg +w20 “wé€H

2 00(E,0,S) = +E7!
n=0

14 2tanh(—¢+27+1)
0

i Dwis + i ”w@H-

w=0 w=0
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Comparing both sides of Equation (47), they can be written as follows
up(¢,0,¥) =1 —tanh(—¢ +20+1),
v9(E,¢, ) =14 2tanh(—¢+ 20+ 1).
2sech(—¢ 427 +1)3%
3) = —
ul(grér‘y) - r(lx+1) 7
dsech(—& +27 +1)3P
) —
8sech?(—¢ +27 +1) P )
) — _ 2k _
uy(6,2,9) = Tt Bt D) 23PT (o + 1)sech” (=& +27 + 1) 48)

+ QPT(B + 1) (2sech?(—¢ + 27 + 1) + tanh(—& 427 + 1))),

_ 8sech®(—£ +20+1)

02088 8) = LT E T 1)

( — SPT(w + 1)sech?(—& +27 +1)

+ SPT(B 4 1)(2sech?(—& + 2 + 1) + 2tanh(—& + 20 + 1))).

Proceeding in the same manner, the remaining components of the Elzaki decomposition method
(EDM) solution u, and v, (w > 3) can be achieved smoothly. As a result, we arrive at the series
solution as

u(if,(f, %) = Z uw(glg,g) = uO(CIé/%) +ul(§/€/%) + uZ(‘:/C/S) +oy

2sech(—¢+ 27+ 1)

u(g,,3)=1—tanh(—¢+27+1) — Tat1)

8sech?(—¢ +20 +1)
F(a+p+1)

< — 2QPT(a + 1)sech?(—& +20 +1)

+ QPT(B +1)(2sech?(—& +2¢ + 1) + tanh(—& + 27 + 1))) +--,
c0 (49)
U(glgl %) - Z Uw(glgl %) = UO(‘;’/ g %) + U1(§,€, %) + Uz(f:,é, %) oy

dsech(—¢ +20 +1)SP
rg+1)

v(¢,0,S) =1+2tanh(—¢ +20+1) +

 8sech*(—F+27+1)
Fla+p+1)

( — SPT(w+1)sech?(—& +27 +1)

+ SPT(B 4 1)(2sech®(—¢ + 2 + 1) + 2tanh(—& + 20 + 1))) SEERE
The exact solution for Equation (37) is given by

u(¢,0,¥) =1—tanh(—¢ +20+23+1), (50)
v(¢,0, ) =1+ 2tanh(—¢ +20+23+1).

In Figure 5, show that the Elzaki decomposition method and Homotopy perturbation
transform method show that the close contact with each other of Example 2. In Figure 6,
represent the different fractional-order behaviour of (¢, ¢, ). Similarly, in Figure 7, show
that the Elzaki decomposition method and Homotopy perturbation transform method
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show that the close contact with each other of Example 2. In Figure 8, represent the different
fractional-order behaviour of v(&, , ).

Figure 5. EDM and HPTM solutions of u(¢, {, ) of example 2 at o = 1.
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Figure 7. EDM and HPTM solutions of v(, {,¥) of example 2 at p = 1.
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References

1.998+

Figure 8. EDM and HPTM solutions of v(¢, {, ¥) of example 2 at different value of B.

5. Conclusions

In the present article, the homotopy perturbation method and Elzaki decomposition
method are applied for the solution of coupled systems of fractional Burger equations.
The graphical and tabular representations of the derived results have been done. These
representations of the obtained results have clearly confirmed the higher accuracy of the
suggested methods. The solutions are obtained for fractional systems which are closely
related to their actual solutions. The convergence of fractional solutions to integer order
solution has been shown. The fewer calculations and higher accuracy are the valuable
themes of the present methods. The researchers then modified it to solve other systems
with fractional partial differential equations.
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