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Abstract: We study the eigenfunctions and eigenvalues of the boundary value problem for the
nonlocal Laplace equation with multiple involution. An explicit form of the eigenfunctions and
eigenvalues for the unit ball are obtained. A theorem on the completeness of the eigenfunctions of
the problem under consideration is proved.
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1. Introduction and the Problem Statement

The notion of a nonlocal operator and the related notions of a nonlocal differen-
tial equation appeared relatively recently in the theory of differential equations. In [1],
loaded equations, equations containing fractional derivatives of the unknown function,and
equations with deviating arguments are considered. Equations in which the unknown
function and its derivatives enter for different values of arguments are called nonlocal
differential equations.

Special place among nonlocal differential equations, is occupied by equations in which
the deviation of arguments has an involutive character. An involution is called a function
that is its own inverse S (x) = S(S(x)) = x. Differential equations containing an involutive
deviation in the unknown function or its derivative are some model equations with an
alternating deviation of the argument. Such equations can be classified as functional
differential equations.

Mathematicians have been studying differential equations with involution for a long
time. For example, in 1816, Babbage [2] considered algebraic and differential equations
with involution. The monographs of D. Przeworska-Rolewicz [3] and J. Wiener [4] are
devoted to the theory of solvability of various differential equations with involution. In
papers [5-14], spectral problems for differential operators of the first and second orders
with involution were studied. In [15-22], the results of studying spectral problems with
involution are used to solve inverse problems. A series of works by the authors Alberto
Cabada and F. Adrian F. Tojo are devoted to the creation of the theory of the Green’s
function for one-dimensional differential equations with involution (see, for example, Refs
[23,24] as well as the bibliography in these papers). The papers [25-28] are devoted to
questions of the theory of solvability of some partial differential equations with involution.
Elliptic functional differential equations with mappings of compression and extension type
are considered in [29-31]. In addition, in [32-34], some classes of functional differential
equations with deviating arguments are investigated. In [35], for the following ODE:

vt +ay’(—t) = My(t), —m<t<nm

Symmetry 2021, 13, 1781. https:/ /doi.org/10.3390/sym13101781

https:/ /www.mdpi.com/journal /symmetry


https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0001-7735-6484
https://orcid.org/0000-0002-3077-3595
https://doi.org/10.3390/sym13101781
https://doi.org/10.3390/sym13101781
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/sym13101781
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym13101781?type=check_update&version=2

Symmetry 2021, 13,1781

2 of 20

the boundary value problem with Dirichlet conditions y(—7) = y(7r) = 0 is studied. It is
shown that the eigenfunctions and eigenvalues of this problem have the form:

2

y(t) = sinkt, Ay = —(1 4 a)k%; ym(t) = cos (m - ;)t, Am=—(14+a) (m - ;) ,

where k,m € N. This system is complete in L,[—7t, 77]. Note that the eigenfunctions of this

problem for a = 0 coincide with the eigenfunctions of the classical equation and differ only
in eigenvalues.

In the present paper, generalizing the problems considered in [36], to the case of
multiple involution, we introduce the concept of a nonlocal analogue of the Laplace
operator. In Section 2, matrices of a special form arising in this operator are investigated.
Then, in Section 3, we study the structure of the eigenfunctions and eigenvalues of the
Dirichlet problem. In Section 4, the eigenfunctions and eigenvalues of the Dirichlet problem
for the nonlocal Laplace equation in the unit ball are constructed in an explicit form and
the completeness of the system of eigenfunctions is proved.

Let O = {x € R : |x| < 1} be the unitball in R/, 1 > 2,and 00 = {x € R! : |x| = 1}
be the unit sphere. Let also Sy, ..., Sy, be a set of real symmetric commutative matrices
SiS; = S;S; such that S? = I. Note that since |x|? = (S;%x,x) = (S;x, Six) = |S;x|?, then
x€ Q= Sxe Qandy € Q) = S;y € 0Q2. For example, matrix S; can be a matrix of the
following linear mapping S1x = (—x1,X2,...,X;), because:

-1 01><(11)>
S pr— .
! <0(ll)><1 I

Let n € Ny and ag, aq, a3, as,..., ayn_1 be a set of real numbers. If we write the

summation index 7 in the binary number system (i, ...i1), = i, where iy = 0,1 for
k =1,...,n, then the coefficients 4; can be written as a_00),, 4(0..01),» 4(0...10),7 (0...11)~
ey a(l...ll)z'

Let us introduce the following nonlocal differential operator:

om_q ‘ )
Lyu= Y a;Au(Sy...S}x)
i=0

and consider the following boundary value problem.
Problem S. Find a function u(x) # 0 from the class u € C(Q) N C?(Q), satisfying the
conditions:

Lou(x)+Au(x) =0, x € Q, 1)
u(x) =0, x €9Q), 2

where A € R.
Ifn>0,a9=1, aj =0, j=1,...,2" —1, then this problem coincides with the spectral
Dirichlet problem for the classical Laplace operator.

2. Preliminaries

To study the above problems (1) and (2), we need some auxiliary statements. Let us
introduce the function:

(1..1), . )
o(x)= Y. au(Sy...Slx), (3)
i=(inniy ) =0
where the summation is taken in the ascending order with respect to the index i. From this
equality it is easy to conclude that functions of the form v(S{l” e S{l x),wherej=0,...,2" —1
can be linearly expressed in terms of functions u(Si ... S;lx). If we consider the following
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V(x) = (oS} ...silx))T

4 i T
vectors U(x) = (u(Sﬁ{‘...Sfx)) i=0,...,27 —1
i=0,...,2" —

i=0,....21 -1’
then this dependence can be expressed in the matrix form:

of order 2",

V(x) = AnU(x), (4)

o is the matrix of order 2" x 2",
i,j=0,...,2" -1

Let us investigate the structure of matrices of the form A,.

where A, = (a;)

Theorem 1. The matrix Ay from the equality (4) can be represented in the form:

An = (ai/]')i,j:O,..‘,Z”fl = (“@J’)i,j:o,...,ztv ®)
where the operation in the subscript of the matrix coefficients is understood in the following sense
i®j= (i)y®(j)y = ((in+jnmod2)...(i1 + j1 mod 2)),, where (i), = (in...i1), is a
representation of the index in the binary number system. The linear combination of matrices of the
form (5) is a matrix of the form (5).

Proof. Let n = 1, then we have:
A — (ﬂoeao ﬂoeﬂ) _ <ﬂo ﬂ1)
1— - ’
4190 1@l ap 4o
and if n = 2, then we get:

a(00),8(10),  4(00),®(11), ay a1 ap das

(00) ( ) (00) (11)
Ay = 2(01),®(00), 4(01),®(01), 4(01),®(10), #(O1),®(11), | _ [ 41 4o a3 az
1(10),®(00),  #(10),@(01),  4(10),®(10),  ¥(10),®(11), A2 a4z 4o M
2(11),8(00), T(11),@(01), A(11),8(10), A(11),8(11), % @ & A

Consider the function (S ... Slfx), whose coefficients at u(S{f . S]f) make up the
i = (in...i1),th row of the matrix A;:

) ) 2"—1=(1...1), ) o ‘
o(Sp..Six) = Y ag, ), u(Sh .. SISy .. Six)
J= (i j1)2=0
(l"‘1)2 jn+ip mod 2 j1+1; mod 2
= Z a(jn“_jl)zu(sn Sl X). (6)
J=(newej1)2=0

Here, the following properties S]Zx = xand §;S;x = §;S;x of the matrices S, ...,5S,
are taken into account. Let’s replace theindexi ®j =1[. Then ! ®i =i @ j®i = j, and the
correspondence j ~ [ is one-to-one. Replacement j — [ of the index changes only the order
of summation in the sum (6). For example, if i = 1, then the sequencej:0,1,2,3,4,5,...
goestol =1@®j:1,0,3,2,5,4,.... After replacing the index, we get:

(L..1),
i i1 1 I
U(Sr? s 51 x) - Z a(in—i-ln mod 2...i1+1; mod 2)21’[(5;{’ s 51 x)/
=0
whence a;; = a;, 1, mod 2...i; +1; mod 2), = @il Which proves (4).

It is clear that if «, § are constants, then:

"‘(“@J‘)i,j:o,...,z”q + ﬁ(b@f)i,j:o,...,ztl = (aajj + ﬁbi@f)i,j:o,...,znfr

The theorem is proved. O
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We present important information for the further analysis corollaries of Theorem 1.
Corollary 1. The matrix A, is uniquely determined by its first row (ag, a1, ..., _1).

Indeed, the ith row of the matrix A, can be written through its 1st row in the form

(ﬂi@o, Aipls-- s ﬂi@(znfl))-
This property of the matrix A, we denote by the equality A, = A, (ao, ..., am_1).

Corollary 2. The matrix A, has the symmetry property:

(ai’j)i,j=0,...,2”—1 = (a]"i)i,j=0,...,2”71 (7)
and it can be written as:
— An—1 (ao,. ..,{12",171) An—l(aznfl/- "152”—1)
Al’l - A A 7 (8)
nfl(a2n*1/--~/a2”71) nfl(ag,...,llzn—l_l)

or more generally in the form of a block matrix A,_y, consisting of matrices Ay:

An = A (AN, A AR, ©)
where A,(,If”"'k”’“)z (@ (k. kiyps10..0)y7 - - 1 Ul ks 1..1), ) 15 @ matrix of the form (4) of order 2™.

Proof. Indeed, since the binary operation 7 &® j is commutative:
i®j=(in+jismod2...i1+jy mod2), = (ju +iymod2...j; +ip mod2), =jdi,
then property (7) holds true, and:
<airf)i,j:0,...,2”—1 = (“1’@1)1',]‘:0,...,2”—1 = (“f®i)i,j:o,...,2'l—1 = (afri)i,j:O,‘..,Z"—l'

Further, it is easy to see the validity of the equalities:

(a(Oinflmil)2@(0].1171"']‘1)2) i,j=0,... on—1_1 = (a(linflmil)z@(ljnfl-~]‘1)2> i,j=0,... on—1_1 (10)

and:

(a(Oin—l-~~i1)2@(1]‘n71m]'1)2) ij=0,...2" 11 = (a(linfl---i1)269(0]';171---]'1)z)1-]-:0 on-1_¢’ (11)

from which the property (8) follows. Indeed, if we divide the matrix A, into four equally
sized square blocks and consider the lower right block, then its indices are located in the
range (10...0), < i,j < (11...1),, which means that this block, by virtue of (10), has
the form:

(a(linfl~~-il)2@(1]’n71"~]’1)2) i,j:0,...,2"7171
= (a(Oin—l---il)ZCD(Ojnfl"-]'l)z) i,j:O,...,Z”‘l—l = Anfl (ﬂo, Tt ”2"*1—1)/
i.e., the diagonal blocks of the matrix A, are of the form A, _1(ao, ..., 4y.-1_1). Similarly, the

top right block of A, has the indices in the range (00...0), <i < (01...1),,(10...0), <
j < (11...1),, which means this block has the form:

(a(Oi”’l'“il)2@(1j”’1"'j1)2)ij:o R =A,1 (azn—l,. .. ,aznfl).
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By equality (10), the lower left block of A, has the form:

(a(lin—lmil)2@(0jn—1---j1)2> ij=0,...27 11
= (a(Oin—l--~i1)2@(1jn—1~~-j1)2)i,]':()’“_’zn—l_l = An_l (a2”*1' e ,ﬂzn_l).
Equality (8) is proved. Now consider a block matrix of the form:

An—m (AI(’IEJWO)ZI ., Ay(nankar] )2, ..., A}(;l)z) — (A’(;nujerl)2@(jn~--j1n+l)2)ijzo zn_mil'

The elements of its block matrix with the number (ky, . ..k, 1), can be written as:

(kn~~-km+1)2 _
Am <a(kn---km+10-~0)2’ s u(kn---kmﬂl---l)z) - a(kn---kmﬂ(irn<--i1)2@(fnl-~~j1)2) i,j=0,... om_1"

Consider the element 4; ; of the block matrix:
Anfm (ASI)O)Z, ., Ag:n--.kmﬁ»l)zl ., A,(,nll)z) )

It is located in the block with indices (iy .. . ip41)9, (ju - - - jm+1)y, and this means it is

in the block A,(;”'“i”’“ )2® (- "’“)2, and therefore has the form:

Aij = A1) 2@ (neofin 1 )g imeoit )28 (oo f1)p)2. = Hiedj-

This coincides with Formula (5). Therefore, the corollary is proved. [J
Example 1. Property (8) of the matrix A, can be seen on the example of matrices Ay, Ap and As:

ap ay A 4as
ay ag az az :<A1(ﬂ0,ﬂl) Al(ﬂzlﬂa))
ay a3 dp ¢ Ai(az,a3)  Aq(ag,m))’
az a ap dag

Az(ap, a1, a2,a3) =

ap ay a asz a4 4as 4ae 4ay
aip 4ap 4z 4z 4s ag ay de
a asz 4ap 4y 4de 4ay a4 4as
Ay— | %2 @ a0 a7 a6 a5 4y f </42(ﬂ0,ﬂ1,ﬂzlﬂ3) 142(ﬂ4,ﬂ5,ﬂ6,a7))
ag as ag ay ap ap Ay az Aj(ag,as,a6,a7) Az(ag,aq,az,a3)
as a4 4y 4 4aiy 4ap 4as az
g a4y 44 4ds 4az 4z dp ap
ay ae as a4 4az ap 4y Ao

and property (9) is written as:

As = Ao (AL (ag,m), AL (23, a5), ALV (a4, 05), AT (a,a7))

= A, (AO, Al A2, Ag’) _

Let us investigate the product of matrices of the form (5).

Theorem 2. Multiplication of matrices of the form (5) is commutative. The product of matrices of
the form (5) is again a matrix of the form (5).
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Proof. For n = 1 we have:
ap by by agbg + a1by  agby + a1bg
A1By = = = B1A1.
1= (ﬂl tl0> (bl bo) (albo 4+ agb1 a1by + agby 1
Assuming that the multiplication of matrices A,,_1 and B,,_; of the order n — 1 is
commutative, using the property (8) and equalities similar to the above, it is easy to obtain

A,B, = B,A,.
Thus, it is not hard to see that:

2

1
AB = (“i®j)i,j:o,...,2t1(b@i)i,j:o,.‘.,z"q = < “i@kbk@1> :
k=0 i,j=0,....2" 1

In the sum, from the formula above, let us change the index k — [, as in Theorem 1,
according toequality i @k = [. Then [ ®i =i ®kDi =i D i Dk = k, and it means that
the correspondence k ~ [ is one-to-one. Replacement of the index k — I changes only the
order of summation in the sum. By virtue of the associativity of the operation &, we have:

211 211
AB = Z alb(l@i)@j = Z albl@(i@j) .
1=0 i,j=0,...,2" 1 I=0 i,j=0,...,2" 1

The first row of the matrix AB is:

21
(AB)i—o = ( ) ﬂkbk@j> ,
j=0,...,2" 1

k=0

and hence, the matrix C of the form (5), constructed by the first row of AB, is written in the
form coinciding with AB:

2m—1
C= ( Z akbk@(i@j)> = AB.
k=0 j=0,...,2n—1

The theorem is proved. O

The following theorem gives an idea of eigenvectors and eigenvalues of matrices of
the form (5).

Theorem 3. The eigenvectors of the matrix Ay (ay, ..., ax:_1) can be chosen in the form:
K k kT 1
al = (ab_p 4l ) k=027 -1,

where a’;_l is the eigenvector of the matrix A, _1(ao, ..., am-1_1), k=0,..., 21 _ 1 besides
for n =1 we have af = (1, 7, al = (1, —1)". The eigenvectors of the matrix A, are orthogonal.
The eigenvalues of the matrix A, are of the form:

k£ k ~k -1
Pl = Mg E Py, k=020 =1,
where V]r(l—l and ﬁﬁ_l are eigenvalues of the matrices:
Al’l—l (ao, e ,azn—]fl) ﬂnd Ai’l—l - An_l (ﬂzn—l, e ,ﬂzn_l),

respectively, corresponding to the eigenvector alr‘zfl, besides y = ag + ay, u} = ap — ay.

Proof. Let us carry out the proof by induction on n. Suppose that the eigenvectors of the
matrix Ay, (ay, . ..,a;_1) are independent on numbers ay, . .., apn_1. For n = 1, itis obvious
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that the eigenvectors of the matrix A;(ap,a1) can be chosen in the form a;” = (1, 7,

a; = (1, —1)T, and the eigenvalues corresponding to them have the form y;” = a9 + a3,
#q = ag — aq. For the matrix:

ap a1 daz 4as
Ay [@ G0 a3 x| (A1(ﬂof a1) Ay (ﬂzrﬂ3)>
a a3 ag @ Aq(az,a3) Ai(ag,aq)

eigenvectors are:

, T (-, __\T — T (—— _ _\T
aéJrH:(af',af) ,a( +):(al,al) ,ang ):(af',—a;“) ,a( )Zz(al,—al) ,

T
or briefly agil’iZ) = (alil, + af )" . Signs 4 and — in the expressions £ and +; are taken
values independently of each other. Indeed, the equalities:

AgalErts) Ai(ag,a1)  Aq(az, a3) e

2 Ay(az,a3)  Aq(ag,a1)) \ +a;"
_ Al(ao,al)ailjzzAl(az,ag,)ail _ (aoilal)ailiz(azztlag)ail
Aq(ap, az)a; " £2A1(ag, a1)a; (ap£1a3)a; " £2(agEqar)a;’

+

a
= (610:*:1&11:‘:2(612:|:1LI3)) <

1 — 4+ + + (ilfiz)
izaf) (ﬂo 141 2(612 1ﬂ3))32

T
+ + . . o
are true and hence (al 1 +ra) 1) , are the eigenvectors for four different combinations of

signs 1 and =;. It is seen that the eigenvectors agil’h) = (1,11, 21, izill)T, of the

matrix Ap(ag, a1,a3,a3), do not depend on the numbers {a;}.

Furthermore, assuming that the eigenvectors ag_l, el ain:ll ~1 of the matrix A, =
Ay_1 (ao,...,a,-1_1), do not depend on its coefficients, we prove that this property is
also true for the matrix A, = A, (ag,...,a;m_1). Let ngl' e, yin:llfl be the eigenvalues
corresponding to the above eigenvectors of the matrix A, _1(ao, ..., d:-1_7), independent

T
of its coefficients, then vectors of the form af = (a’r‘l_l, ia’r‘l_l) ,wherek =0,...,2" 11,
are the eigenvectors of the matrix A, (ay,...,a_1). Indeed, we have:
T
k k k
Apa, = Ay (an_l, :I:an_l)
k
_ ( Anfl(llo, ce ,112;17171) An,1 (a2n71, . .,a2n1)> ( a, 4 >
An,1 (ﬂznfl, ey aznfl) An,1 (llo, ceoy 612;171_1) j:a’;_l
k
_ (Anl (a(), cee ,azn,lfl)anfl + An,1 (llznq, ey a2n1)aﬁl)
An_l(ﬂzn—], ceey ﬂzn_l)aﬁ_l :t Al’l—l (ao, ce ,ﬂ2,1_171)aﬁ_1

_ ananliynlanl) = (i )( ak_| ) ()
“\n = (Hp1 T 15, = 14 )aj,
(ﬂﬁ—laﬁ—liﬂﬁ—laﬁ_l nml ==l £ak Hn—1FHn—1 )

where ﬁ’;lfl is the eigenvalue of the matrix A,_1(dyu1,...,a1_1), corresponding to the

T
eigenvector ak .. Obviously, there are 2" vectors of the form ak = (a* ,, +a* ) .
g n—1 Y n n—1 n—1

Therefore, all eigenvalues of the matrix Ay (ag, ..., a:_1), are yﬁ’i = V]r(z—l + ﬁ’;fl.
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Orthogonality. It is obvious that the eigenvectors a;” = (1, 1)T, and a; = (1, —1)T,

of the matrix Aq(ap,a1), are orthogonal. If the eigenvectors aﬁfl, k=0,..2"1-1

of the matrix A, _1(dyn-1,...,ao1_1) are chosen orthogonal, then the eigenvectors a¥ =

T
(aﬁ_l, j:a’;_l) of the matrix A, (a, ..., axn_1) are also orthogonal:
ki ks T/ & b\ Kk ki _ky
aja;” = (a,' o, j:a a’ , *fa’;) =a'a’; +a'ja’; =0k #k

T T
and( h_1sa ’; 1) (aﬁfl,—aflfl) = 0. The theorem is proved. O

Let us give important consequences from Theorem 3 that allow us to build eigenvectors
and eigenvalues of the matrix A;.

Corollary 3. Let k = (ky,...,k1),, ki = 0,1, then the eigenvector of the matrix Ay, numbered
by k, can be written in the form:

i = (1, (=), (=), (1), (=), (1), (-,

(_1)k3+k2+k1/ (_1>k4, ., (_1)kn+...+k1)T _ ((_1)k®m)m:0’m’2n_1, (12)

wherek @i = (ky...k1)y ® (in...11)y = knin + ...+ kqiq is a “scalar” product of the indexes
k1),

(k), and (i),. The eigenvalue corresponding to the eigenvector a,(qk""' can be written in a

similar form:

2
(Ky..ky) k knin k
= oz = Z Fag= ) (—p)feitethng, (13)
i—0

T
Proof. Let us prove (12). For n = 1 we have aj = ago) = ((=1)%%9 (=1)%! =

)
agl)z = ((—1)1®0, (—1)1®1) and (12) is true. If Formula (12) is true for the vector a}(1 1 )
then by Theorem 3 we have:

T T
(a(kn11 -k1)p +a (n 1--k1)p ) _ (a;(,lk_nil-"kl)z’(_1)kna(an1--~k1)2)

n n—

B (((_1)(1(“,("1'"k1)2®(0m”1"'m1)2)m_0...2n1_1/
m=0,...,.2"1-1
T
N <((_1)k®m>m0,...,2”11’ <(_1)k®m)m2n1,,..,2nl)

and hence the Formula (12) is also true for the vector ag, nknrekr)y aﬁ.

Let us prove (13). For n = 1 we have:

it = ag+ (=112 = (-1)%a), + (-1) ),
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where k1 = 0,1. Assume that the Formula (13) is valid for n = n — 1 and prove its validity
for n. By Theorem 3, changing the notation + = (—1)*, we write:

211
k+ _ k Ak kn-0+ky_1ip—1+...+kqi
Pt =My £y = ), (S1)OThetatethhg G
i=0
2!17171 27’*171
vk 1tk i+ ki _  \knintky_qip_1 ki
+ Y (-1 A, i), = 2, (1) Aipiy_y..i1),
i=0 i=0
2! Knin+Kn—_1in_1+-.+kpi 2= Knin+...+kqi
_ ntn TKp—1lp—1T.. 7K1 . — _ nlpT... Tkl X
+ Z 1( 1) a(znzn_l..‘zl)z - Z ( 1) a iniy_1...i1)p”
=21~ i=0

which proves (13). The corollary is proved. O
Example 2. For n = 2 the matrix:

apg ay; 4z as

aip ap 4z az
As(ag,ay,ar,a3) =
2(ag,a1,az,a3) 6 as ap a; |’

ag a4z ap 4o

according to Corollary 3, has the following four eigenvectors:
T
ab = (1) (1) ()
where k = (00),, (01),, (10),, (11),, or:

a9 =a2 = (1,1,1,1)7, al=al"2 = (1,-1,1,-1)7,

g =al" = (1,1,-1,-1)7, ad=al2 = (1,-1,-1,1)7

and the following eigenvalues:

Ho = H(00), = 4o +a1+az+4as,  p1 = 1), = a0 — a1+ a2 — as, 14)
M2 = Py, =40 +a1— a2 —4as, Pz = p(1), = Ao — 41 — a2 +4az,

where, for convenience, we transfer the superscript of the eigenvalue to the subscript as n = 2 is
fixed. For the matrix Az(ag,a1,a2,a3,044,05,0a6,a7) from the Formula (11) we obtain eigenvectors
in the form:

T
al3< _ <1, (_1>k1, (_1)](2’ (_1)k2+k1/ (_1)k3, (_1)k3+k1’ (_1>k3+k2/ (_1)k3+k2+k1) )
For example, for (101), = 5 we have an eigenvector of the form:

a=a"=(1,-1,1,-1,-11-11)".

The eigenvalue corresponding to the eigenvector a3 = aéwl)z is written in a similar form:

7
101 1 1 1
O = Y (1)t L = ag), = e, + 30), — (1), — 9(100),
i=0

+aaqo01), — 4110), T 4111), = 40 — 41 +4a2 — a3 —ay +4as — ag + ay.

3. The Main Problem S

To study the Problem S, the following statement is required.
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Lemma 1 ([36] (Lemma 3.1)). Let S be an orthogonal matrix, then the operator Isu(x) = u(Sx)
and the Laplace operator A commute Alsu(x) = IsAu(x) on functions u € C2(Q)). The operator

n —
A = Y. xjuy,(x) and operator Is also commute Alsu(x) = IsAu(x) on functions u € C*(Q)
i=1

and the equality Vs = IsSTV is valid.
Corollary 4. Equation (1) generates a matrix equation equivalent to it:

A, AU(x) + AU(x) =0, (15)

in i T
where U (x) = (”(Sn -5y x))izo moq

Proof. Let u(x) satisfy the Equation (1). We denote:

(1.1), o

o(x)= Y. au(Sy...Slx),
i=(ind1),=0

T

o The function v(x) generates the equality (4). Let
j=0,..., n_

us apply the Laplace operator to equality (4). Since the matrices of the form Sin ... Sil are

and V(x) = (v(s{: . s{lx))

. . 2
symmetric and orthogonal, and therefore (S;f .. Slll> = I, then by virtue of Lemma 1, we
can write:
T

AV(x) = (AISL"...SQU(x))]’:o,m,zn,1 - (IS{I"..SQ Av(x))

(1..1),
- Is{;".‘.s{}‘ X ailsﬁr.‘.s;lAu(x)

i=(in...i1),=0

T

j=0,...,2"—1

(1..1),
= Z ailsjn+in Sj1+i1 Au(x)
- "
i=(iy...i1),=0 ! j=0,...,2"—1

1..1),

1=(Iy..11),=0 1=0,...2"—1

T

(1.1); !
_ Y. ajidu(Slh...Six)
I=(ly..I),=0 j=0,...,2"—1

= A,AU(x).

Hence, using the equality Av(S{f . S]il x)+ Au (S{l” . S]l'1 x) = 0, we obtain Equation (15).
The corollary is proved. O

Basing on Lemma 1, we prove the following statement about necessary conditions for
the existence of eigenvalues of problem S.

Theorem 4. Let the function u(x) # 0 be an eigenfunction of the problem S, and A be its

eigenvalue, then the function w(x) = (U(x),ak), where U(x) = (u(Sif . ..Slllx)). o 1 and
i=0,...,2"—
k

ay, is an eigenvector of the matrix A, (ag, ..., am_1), is a solution to the Dirichlet problem:
Aw(x) +pw(x) =0, x € Q, (16)
w(x) =0, x € 9Q), (17)
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where p = A/ uk and uk # 0 is the eigenvalue of the matrix Ay (ao, .. .,axm_1) corresponding to
the vector ak.

Proof. Let A be the eigenvalue of the problem S and u(x) # 0 be its eigenfunction. By
Corollary 4, the equality (15) is true. Let’s multiply it scalar by the vector ak. Then, we have:

(AnAu(x),a,’;) + A(u(x),a’,;) —0,

whence, using the symmetry of the matrix A, (ao,...,an_1) (see Corollary 2) and the
properties of the vector ak, we find:

A(U(x),Ana’,;) n A(u(x),aﬁ) =0,

whence follows:
uk Aw(x) + Aw(x) =0

and since A = pu, and pk # 0, we get (16):
0 = (Bw(x) + pw(x)) = Aw(x) + pwo(x) = 0.

Finally, since u(x) =0, x € 9Q), and x € 0Q) = Sf{’ .. S?x € 0Q), then U(x) =0, and
therefore w(x) = (U(x),ay) =0, x € 9Q). The theorem is proved. [

The following converse statement to Theorem 4 is important, which allows us to
construct solutions to Problem S.

Theorem 5. Let the function w(x) # 0 be a solution to the problem (16) and (17):

Aw(x) + pw(x) =0, x € Q,
w(x) =0, x € 9Q

for some y, then the function:
we(x) = (W(x), ay), (18)

where W (x) = (w(S;” ...Slllx))' o g and al, is an eigenvector of the matrix A, = Ay(a, . . .,
i=0,....2" —

ayi_1) with an eigenvalue u¥ # 0 is a solution to the Dirichlet problem (1) and (2) for A = uku.

Proof. Let w(x) # 0 be a solution to problem (16) and (17). Consider the vector W(x) =

(w(Sif ...Slllx))' o 1 and compose the function u;(x) = (W(x),ak), where x € Q. Tt
i=0,...,2" —

is easy to see that, according to Corollary 3, we have in ():

uk(SL" . ..S{lx) = (W(S{f ...S]fx),aﬁ)

- ((w(sgﬂn o Siﬁhx))j:o,...,z'ul’ ((_1)k®i)io,...,2n1>

- ((w(sﬁr "'Slllx))lio,...,z”q’ ((_1)k®(l@j))z_o,...,2"1)
= (1) (W(x),ak) = (-0 (),
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and therefore:

Uy (x) = (uk(Sf{’ ...Silx))T

_ k®j )
=((-1 ur(x
i=0,...2"—1 (( ) k() i=0,...2"—1

= u(x) (-1

T K

e ue(x)ay.

Thus,
AUi(x) = Aug(x)al

and hence, since by Lemma 1:

AW (x) = (Aw(Si”...Silx))T - (—yw(Si”...Silx))T = —uW(x)
" 177 ) i=0,..2m1 " 177 i=0,..2m 1 ’
we get:

AnAU(x) = Dug(x) Anay = (AW (x), &) pina = —p(W(x), ap) e,
= —puitte(x)a, = —pupiy U ().
Separating the first components of this vector equality, we obtain:
2n—1 ,
Y aiAug(Sy .. ST x) = —ppkug(x), x € Q,
i=0

which means that u;(x) is a solution to Equation (1). Let us check the boundary conditions
(2) of the problem S. Since x € 9Q) = S}’ ... S{'x € 9, then for x € 9Q we get:

up(x) = ((w(s;n ...S?x))iT_Ow.’zn_l,a’,;) - (o,az) — 0.

The theorem is proved. [

Example 3. Let n = 2. According to Example 2, the eigenvectors of the matrix Ay(ag, a1, az, a3)
have the form:

a)=(1,111)" al=(1,-1,1,-1)", a3 = (1,1,-1,-1)7, a3 = (1,-1,-1,1)"
and by Theorem 5 the eigenfunctions of the problem corresponding to the eigenvalue y and the

eigenfunction wy,(x) of problem (16) and (17) can be taken in the form uy(x) = (W(x),ak),
k=0,1,2,3 or:

ug(x) = wy(x) + wy (S1x) + wy (Sax) + wy (S152x),
1 (x) = 03 (x) — 03 (1) + 0,(S2) — 0, ($155%),
up(x) = wy(x) +wy(S1x) — wy (S2x) — wy (5152%),
uz(x) = wy(x) — wyu(S1x) — wy(S2x) + wy (5152x)

In what follows, it will be necessary to expand the polynomials into the sum of the
“generalized parity” polynomials.

Lemma 2. Let H(x) be some function on Q). We denote:

1 (1..1), @i ) .
= Y (-1D)™'H(Sy...S{x), xeQ.

i= (i1 )o=0

g (kn- k), (x)
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Then the function H*n-k1)a2 (x) has the “generalized parity” property:
Hwk2 (S px) = (~1)NHEH02 (x) (19)

and besides, the following equality:

(1..1), ) . . H(kn---kl) =k
Z (_1)m®ZH(kﬂk1)z(SZ, . Slll x) — { Z(X) m (20)
i=(ip...dy )y =0 0 m#k
holds true. Moreover, the function H(x), x € ) can be represented as:
1..1),
Hx)= Y HE-khax), xeq. (21)
k= (kn...k1 ) ;=0
Proof. It is not hard to see that:
Kk 1 U k®j17( o) it G
Hknk)2(G,x) = o ) (=1)"H(Sy ... .5 x)
j=(in-r-j1)2=0
1 (1.1 Knjnt .k j1 ki jin i 71 ki g1 (kn...k1)
-5 (- H(S)...Sf...8x) = (-1)H 2(x),
7= (1), =0

where a change of variables is made under the sum sign, as in Theorem 2. Equality (19)
is proved.
Consider now, equality (21). It is easy to see that for x € ():

(1..1), (1..1), 1), L
2 H(k”"‘kl)z(x)z 2 Z ®1H Sl" S”x)
k=0 k=0 i=0
(1..1), ‘ o1 (1..1), .
=) H(siy...sllx)Z—n Y (- (22)
i=0 k=0

Let us calculate the inner sum from the right-hand side of equalities (22). It is clear
thati # 0 = 3Jji; # 0, and then:

(L.1) 1 1 1
Z (—l)k®i _ Z (—l)kjij < Z Z (_1)k,lin+..‘+k1i1>

k=0 k=0 ki=0 k=0
1.1 . 1.1 ' ‘
— (71)0 Z (71)knin+...+k1i1 + (71)11 Z (71)kn1n+...+k111 — 0/
kn=0,..- k1 =0.¢; kn=0,... k1 =0,
(1.1 k20 L (1..1), ki
If i = 0, then Z (—1) =2"1ie,mw Y (=1)""" = dp. Therefore, (22) implies
k=0

(21). Now let us prove (20). It is not hard to see that:
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(1..1),

Yy ()R (gl gl
i=(ip...i1);=0
(1..1), ) (1..1), ) L o
_ Z (_l)m®12in Z (_1)k®]H(821+]n ‘.‘5111+]]x)
i=(in...i1),=0 J=(n-j1),=0
_ (1) _ymei 1 (1 _ \ke(loi) I, I
D DG VD DA G Vb (C R
iE(in...il)zzo lE(ln...ll)ZZO
(1.1), Ly,
_ 2 (_1)m®l+k®12in (—1)k®lH(S£,ln Slllx)
iE(in...il)ZZO lE(ln...ll)ZZO
(1..1)
1 2 (71)(m69k)®i _ H(k"'"kl)z(x)ék,m

= Hkn-k1)y (x)27

i= (i1 )o=0

Here it is taken into account that m & k = 0 < m = k. The lemma is proved. [
Example 4. Let | = 2and n = 2, S;x = (—x1,%2), Sox = (x1, —x2). Then, according to
Lemma 2, the generalized parity components for the function H(x) from expansion (21) have
the form:

HO(x) = H®)2(x) = jI(H(xl,xz) + H(—x1,x2) + H(x1, —x2) + H(—x1, —x2)),

H' (x) = HOY2(x) = 2 (H(x,x0) + (1) 02502 H(xy, 29)
(1) O22002 ey ) 4 (1) 0222y —xy))

_1 (H(x1,x2) — H(—x1,x2) + H(x1, —x2) — H(—x1, —x2)),

4
H?(x) = H102(x) = %(H(xlrxz) + H(=x1,x2) — H(x1, —x2) — H(=x1, —x2)),

H3(x) = HM:2(x) = E(H(xl,xz) — H(—x1,%) — H(x1, —x2) + H(—x1, —x2)).

If, for example, the function H(x) is even in x; then its components of generalized parity 1

and 3 is zero H' (x) = 0, H3(x) = 0.
Let H(x) = Hy,(x) be homogeneous harmonic polynomial of degree m. Then, if (r, ) are

polar coordinates of x = (x1,x7), then:

Hpu(x) = aRe (x1 +ix2)" + BIm (x1 +ixp)" = " (a cosme + Bsinme)

and:

Hy(—x1,%2) = aRe (—x1 +ix2)" + BIm (—x1 +ixp)" = (
Hy(x1, —x2) = aRe (x1 —ixp)" + BIm (x1 —ixp)" = ™ (a cosmge — Bsinme),

Huy(—x1,—x2) = (—7)" (x cosmg + Bsinme).

—r)" (xcosme — Bsinme),

From these equalities we get:

m

Hp(x) = 706(1 4+ (=1)")cosme, HL(x) = o

H2(x) = ga(l — (=1)")sinme, H5,(x) = 70&(1 + (=1)") sinme.
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Therefore, for m € Ny:
H3,,(x) = ar®™ cos 2mg, Hy,(x) =0, H3,(x) = pr*"sin2me, H3,,(x) =0,
HY,_1(x) =0, Hy, (x) = ar* ! cos(2m + 1),
H3,,(x) = 0, H3,,(x) = Br*"+ sin(2m + 1)g.

4. Eigenfunctions and Eigenvalues of Problem S

Let us transform the result of Theorem 5 to a simpler form.

Theorem 6. The eigenfunctions and eigenvalues of the Dirichlet problem (1) and (2) from Theorem 5
can be represented as:

(1..1), , , . 2n—1
wk(x)= Y (—1)*w, (S ... Shx), V,k—yz D, (23)
i=(iy...i1),=0

where the function w, (x) is a solution to the problem (16) and (17):
Aw(x) +pw(x) =0, x € Q; w(x) =0, x € 0O
for some u € R Functions u(x), fork =0,...,2" — 1 are orthogonal in Ly(Q}).

Proof. We prove Formula (23) by induction on n. For n = 1 from (18), taking into account
the equalities a) = (1, nT, al = (1, —1)7 from Theorem 3, we obtain:

uo(x) = (W(x),a9) = wy (x) + w(S1%) = ()
1 (x) = (W(x),a}) = w,(x) — w,(51) =} (x).

We shifted the subscript of the functions u (x) from (18) to the top to make room for the
n subscript. Suppose that Formula (23) is valid for n = n — 1 and prove its validity for n. In

T
accordance with Theorems 3 and 5, we have af = (a’;lfl, :I:aﬁfl) and uy(x) = (W(x),ak)
and hence the function:

Uk ky ), (X) = Uik, kp), (X) + (_1)kn”(k,,,1...k1)2(Snx>

is an eigenfunction of the Dirichlet problem (1) and (2). Using the induction hypothesis,
we transform this function:

(01...1) )
Uk k) (x) = Z ? (_1)kﬂo""(knfl---k1)2®(in—1---i1)2w‘u(Soslfl i Slllx)
nkp—1.--#1 n
2 iE(Oin_l...il)ZZO
(11..1), . . . .

+ Z (71)k"1+(k"*1"'k1)2®(1n*1'"11)2wy(Sns;"j o Slllx)
iz(li,,,l...il)z:O
(11..1), - ) )

— Z (—1)(k"k”_l'“kl)2®(l"l”_l"'ll)2wl4(SL”S; i Slllx) — u(kn kl)z( )/
iE(l’nl‘n,l..‘l’1)2:0

which proves Formula (23). The eigenvalues of the Dirichlet problem (1) and (2) corre-
sponding to eigenfunction u% (x), by Corollary 3, have the form:

2"—1

.
Aok =npy =p Y (=1)"a
i=0
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Now let us prove that the functions u (x) = u,(lk""'kl)z (x) for different k are orthogonal

in L(Q). Indeed, if k # m, then there exists i such that k; # m; and hence k; + m; #
0 mod 2. According to Lemma 4.1 from [37] the following equality holds true for g € C(Q)):

| ssdz= [ g@)de.

Therefore using equality (19) from Lemma 2 we get:

/uglkn...kl)z (x)uglmn...mﬂz (x) dx — /ugzkn...kl)z (Six)uglmn..-ml)z(six> dx =
a Q

= (—1)kitm /u,gk”"'kl)z(x)u,gm”"'ml)z(x) dx = — /uslk""'klb(x)ugm”'”mlb(x) dx. (24)
0 0

This immediately implies the orthogonality:
/u,gk"'”kl)z(x)u,sm""'ml)z(x) dx = 0.
Q

The theorem is proved. O

Corollary 5. If H(x) is a harmonic polynomial, then the polynomials Hn-*1)2 (x) for different k
are orthogonal on 9Q) and therefore these polynomials are linearly independent.

Proof. Indeed, for k # m, similarly to (24), by Lemma 4.1 from [37], we obtain:

/ k) (x0) 012 () ds = / H k)2 (8,00) HOm-1)2 (8,) dis
30 30

= (—1)kitm / H ka0 glmn-m)2 () ds = — / H KKz () glmn-m2 () ds,
a0 a0

whence the assertion of the corollary follows. [

Remark 1. If we denote:

T

Walx) = (wu(Si ... S)).

_ i
Un(x) = (u'fl(x))i:o’m’znil’ i=0,...21—1"

\T .
) = ()
" ") i=0,.., 211 (=1) i,j=0,...21—1

then equalities (23) can be written in the matrix form U, = V,W,, where the matrix V, is
symmetric and orthogonal.

Indeed the symmetry of V,, follows from the equality (—1)"” = (—=1)/*' and the
orthogonality is proved in Theorem 3.

Example 5. For n = 2, according to Example 3, the matrix V has the form:

\% £’
2 i=0,...,3

It is seen that the matrix Vy is symmetric and orthogonal.

1 1 1
-1 1 -1
1 -1 -1
-1 -1 1

S N e e
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Now, we transform the results of Theorem 6 and investigate the completeness of the
eigenfunctions of Problem S.

Theorem 7. Let pf # 0,k = 0,...,2" — 1. Then the system of eigenfunctions of the Dirichlet
problem (1) and (2) is complete in Ly(Q) and has the form:

ki 1 kn k1)s,
) = s a(VESDHA 0 ), 5)

where [, (t) is the Bessel function of the first kind, /i is a root of the Bessel function J,11/-1(t),
{H,(,i{”"'kl)z’J(c;‘) j=1,.. .,jk} is a system of orthogonal on 0Q) homogeneous harmonic poly-
nomials of degree m and generalized parity k = (ky ...k1),. The eigenvalues of problem S are

2"—1 .
k
/\Hrk =u 'ZO (-1) ®1ai.
i=

Proof. Since the eigenfunctions of problem (16) and (17) have the form (see, for example,
Refs. [38,39]):

1 i X
o () = o7 121 (VI H (M) 26)

where {H{n(x) j=1,.. .,hm}, hy = 2m+l 2(m+l 3) (I > 2)is the system of homogeneous
harmonic polynomials of degree m orthogonal on d() (see, for example, Ref. [40]) and
|x| = |S;x|, then the expansion (23) rather refers to homogeneous harmonic polynomials

HJ,(x). We decompose the entire space of homogeneous harmonic polynomials of degree
m into the sum of subspaces of the same “generalized parity” (k,...k1)2 (see equality
(19)). This is possible due to the proof in Corollary 5, orthogonality on 9() of harmonic
polynomials of different “generalized parity” k, and then in each subspace we choose a

(kn~-~k1)2/f(x)

complete system {Hm j=1,..., ]k} of homogeneous harmonic polynomials

orthogonal on dQ). Note that for some k it is possible j; = 0, that is, for such k components

H,(f neok)2d (x) are missing (see Example 4). Taking into account the notations of Lemma 2

and adding the “generalized parity” index k, we obtain the functions (25):

(1..1), (_1)k®i

u,mk,j
TP S R
(ip--ri1)2=0 IS ... Slllx|m+l/2—l

Tosl /21 (\/ms;n . .s§1x|)H,’§;f (5;’;' . s’fx)

1 (kn..k1),,
= e tImir- (Al Hy ™02 (/).

In Theorem 6 it is shown that the functions u},"™" ki (x) are orthogonal for fixed y and
m. Moreover, since the Bessel functions J,,,;/»—1(,/it) are orthogonal in L»((0,1);t) for

each fixed m € Ny and different y, and the polynomials { gk (x )} are orthogonal

in L,(3Q) for different (m,k, j), then the functions u},"™ kg /(x) from (25) are orthogonal in
Ly(Q). Indeed, for different (y,m, k, j) we have the equality:

/M%]/mlrklljl(x)uZZ/mZ/kleZ(x) dx
O

1
/ 0T my+172-1(V1#O) Ty +1/2-1(\/po)dp - /Hklh (&) HWZR(8) dsg = 0.
0 30

For yq # pp and mq = my, due to the properties of the Bessel functions, the first factor
is zero. If my # mjy, by the property of harmonic polynomials, the second factor from the
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right is zero. If m; = my and py = yp, then for (ky,j1) # (ka, j2) the second factor from the

right, is zero by the construction of the polynomials H,If{] (x) and in view of Corollary 5.

The constructed system of functions (25) is complete in L,(Q)) = L((0,1) x 0Q)) by
Lemma 2 from [41] (p. 33): the system { [,y 11/2—1(/#P) * Jm+1/2-1(y/}) = 0} is orthogonal
and complete in L((0,1);t) for each m, and the system {lef{] (C)} is orthogonal and
complete in L, (9Q)) for different {m, k, j}. The theorem is proved. [

Example 6. Let | =2, n =2, S1x = (—x1,x2), Sox = (x1, —x7) then problem S has the form:

apAu(xy, x2) + a1 Au(—x1, x2) + apAu(xy, —x2) + agAu(—x1, —x2) + Au(x) =0, x € Q,
u(x) =0, x € 0L

Let us find the eigenfunctions of the problem (1) and (2) using Example 4. The eigenfunctions
of the Dirichlet problem (16) and (17) in the polar coordinate system are determined according to
equality (26) (see also [41]) (p. 392) in the form:

W(p0,m,0) (%) = Jm(\/Hr) cosme, w1y (x) = Jm(y/pir) sinme, m € Ny,
where /i is a positive root of the Bessel function J, (t):

© (_1)] <t)2]+m

] t - e N4 s g .

m(t) Jg (j+m)jr\2

Using Formula (25), we write:
,mk,j kok1),.j . .
™) = J (VIR ™2 (1 12]), =1,

According to Example 4, for m even jo = jo = 1,j1 = js = 0and formodd jo = j, =0,
j1 = ja = 1. Therefore, taking into account (13), we write:

iy "N (x) = o (V/ir) cos 2me, A = p(ao +ay + az + as)
Wy ) = Poa (V) sin@m+ 1), Ak = pag+ a1 — as — a3)
" (@) = Joa (VD) cos@m + 1)g, Ay = pulag — ar + a2 — as)
ub?" (%) = o (\/fir) sin2me, Ak = p(ao — a1 — az +az),

where /i is a root of the corresponding Bessel function and m € Ny. The obtained functions are
complete in Ly(Q2).

5. Conclusions

Summarizing the investigation carried out, we note that due to the properties of the
special form matrices A, from the equality (4), studied in Theorems 1-3, we managed
in Theorem 5, Theorem 6, and then in Theorem 7 to write out the complete system of
eigenfunctions and eigenvalues of the nonlocal problem S. If we consider possible further
applications of the proposed method, we note that a similar method can be used to study the
eigenfunctions and eigenvalues of the Neumann and Robin boundary value problems in a
ball. Moreover, we hope that the proposed method also allows for a given nonlocal Laplace
operator to investigate the spectral problem in /-dimensional parallelepiped and to find an
explicit form of the eigenfunctions and eigenvalues of the Dirichlet and Neumann boundary
value problems, as well as for problems with periodic conditions. Described problems are
the subject of further work and we are going to consider them in our next articles.
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