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*

Abstract: We study the realized power variations for the fourth order linearized Kuramoto-Sivashinsky
(LKS) SPDESs and their gradient, driven by the space-time white noise in one-to-three dimensional
spaces, in time, have infinite quadratic variation and dimension-dependent Gaussian asymptotic
distributions. This class was introduced-with Brownian-time-type kernel formulations by Allouba
in a series of articles starting in 2006. He proved the existence, uniqueness, and sharp spatio-
temporal Holder regularity for the above class of equations in d = 1,2, 3. We use the relationship
between LKS-SPDEs and the Houdré-Villaa bifractional Brownian motion (BBM), yielding temporal
central limit theorems for LKS-SPDEs and their gradient. We use the underlying explicit kernels and
spectral/harmonic analysis to prove our results. On one hand, this work builds on the recent works
on the delicate analysis of variations of general Gaussian processes and stochastic heat equation
driven by the space-time white noise. On the other hand, it builds on and complements Allouba’s
earlier works on the LKS-SPDEs and their gradient.

Keywords: quadratic variation; power variation; linearized Kuramoto-Sivashinsky SPDEs; space—
time white noise; weak convergence

1. Introduction

The fourth order linearized Kuramoto—Sivashinsky (LKS) SPDEs are related to the
model of pattern formation phenomena accompanying the appearance of turbulence
(see [1-4] for the LKS class and for its connection to many classical and new examples of
deterministic and stochastic pattern formation PDEs, and see [5,6] for classical examples of
deterministic and stochastic pattern formation PDEs).

The fundamental kernel associated with the deterministic version of this class is built
on the Brownian-time process in [3,7,8]. In this article, we give exact dimension-dependent
asymptotic distributions of the realized power variations in time, for the important class of
stochastic equation:

au e 2 OHIW i
g_—g(ﬁ—l—w) u-+ TR (t,x) € Ry xRY; )
u(0,x) = up(x), x € R,

where L is the d-dimensional Laplacian operator, (¢, 9) € Ry x Ris a pair of parameters,
the noise term 991 W /9tdx is the space-time white noise corresponding to the real-valued
Brownian sheet W on R x R?, d = 1,2,3. The initial data u, here is assumed Borel
measurable, deterministic, and 2-continuously differentiable on R? whose 2-derivative is
locally Holder continuous with some exponent 0 <y < 1.

Of course, Equation (1) is the formal (and nonrigorous) equation. Its rigorous formu-
lation, which we work with in this paper, is given in mild form as kernel stochastic integral
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equation (SIE). This SIE was first introduced and studied by [1-3,7-10]. We give it below in
Section 3, along with some relevant details.

The existence/uniqueness as well as sharp dimension-dependent L” and Holder
regularity of the linear and nonlinear noise version of (1) were investigated in [1,2,9,10].
It was studied in [4] that exact uniform and local moduli of continuity for the LKS-SPDE
in the time variable t and space variable x, separately. In fact, it was established in [4]
that exact, dimension-dependent, spatio-temporal, uniform and local moduli of continuity
for the fourth order the LKS-SPDEs and their gradient. It was studied in [11] that the
solution to a stochastic heat equation with the space-time white noise in time has infinite
quadratic variation and is not a semimartingale, and also investigated temporal central
limit theorems for modifications of the quadratic variation of the stochastic heat equation
with space-time white noise in time.

The analysis of the asymptotic behavior of the realized variations is motivated by the
study of the exact rates of convergence of some approximation schemes of scalar stochastic
differential equations driven by a Brownian motion B (see, e.g., [11,12]), besides, of course,
the traditional applications of the realized variations to parameter estimation problems (see,
e.g., [13-19] in which asymptotic distributions for power variations of fractional Brownian
motion (FBM) and related Gaussian processes were investigated).

In this paper we show that the realized power variation of the process U and its
gradient in time, have infinite quadratic variation and dimension-dependent Gaussian
asymptotic distributions. It builds on and complements Allouba and Xiao’s earlier works
on the LKS-SPDEs and builds on the recent works on delicate analysis of variations of
Gaussian processes and stochastic heat equations with space-time white noise. Our proof
is based on the approach method in [11]. We make use of the product-moments of various
orders of the normal correlation surface of two variates in [20] to establish exact convergence
rates of variances of the realized power variation of the process U and its gradient in time.
On one hand, this work builds on the recent works on delicate analysis of variations of
general Gaussian processes and stochastic heat equation driven by the space-time white
noise. Moreover, it builds on and complements Allouba’s earlier works on the LKS-SPDEs
and their gradient.

The rest of the paper is organized as follows. Some notations and main results of
this paper are stated in Section 2. In Section 3, we discuss the rigorous LKS-SPDE kernel
SIE (mild) formulation and estimate the temporal increments of LKS-SPDEs and their
gradient by using the LKS-SPDE kernel SIE formulation and spectral/harmonic analysis.
As a consequence of the result obtained, both LKS-SPDEs and their gradient in time have
infinite quadratic variation. In Section 4, we prove Theorems 1 and 2 by using the product-
moments of various orders of the normal correlation surface of two variates in [20] and
the approach method in [11], respectively. In the final section, the results are summarized
and discussed.

2. Statement of Results

2.1. Exact Convergence Rates of Variances and Temporal CLTs for the Realized Power Variations
of LKS-SPDEs

In order to establish our main results we first introduce some notation. We consider
discrete Riemann sums over a uniformly spaced time partition ¢; = jAt, where At = nL.
Fix x € R?. Let AUy = U(t;,x) — U(tj_q,x) and 0y, = (E[AU?C;].])UZ. For any p € Ny

and n € N, we define
nt]
Ep(U(,x))e = ) AUL.
j=1

Here and in the sequel, | 2] denotes an integer satisfyinga —1 < [a| < afora € Ry.
Let i, denote the p-moment of a standard Gaussian random variable following an
N(0,1) law, that is, pop—1 = 0 and po, = (2p —1)!t = (2p)!/(p!'2?) for all p € N,.
For j € Ny, let ¢y = 2j1=d/% _ (j —1)1=4/% — (j 4 1)1=9/%. For real number r > 1,
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define J;, = 2]90:1 ¢ - It follows from (49) below that ];, is a positive and finite constant
depending only on r. For any p € N, we define ; , = Ks Ag,p, where

1 d/4 d/2-1
K= s —amymarr d/2 / yre dy, @)
and
Lp/2] 2u
p: p' 2 ]d 2u . .

+ , if p is even,

et s Mo Garana e “
dp = [P [p/2] 2
Pp- Jazus if p is odd.

Hor = op=2 o ([p/2) —w)!([p/2) —uw)!2u+ 1)1’

Here I'(s f u$~le~"du, s > 0, is the Gamma function.
We w111 f1rst show the exact convergence rates of variance for the realized power
variation of processes U.

Theorem 1. Fix (¢,9) € Ry x Rand x € RY, and assume d € {1,2,3}. Assume that ug = 0
and © = 0in (1). Then for each fixed t > 0 and any p € N,

n =PI Var (B (U(, x))r) = Kgpt (4)
as n tends to infinity.

By (4), we have the following convergence in probability for the realized power
variation of the process U.

Corollary 1. Fix (¢,0) € Ry x Rand x € R?, and assume d € {1,2,3}. Assume that ug = 0
and & = 0 in (1). Then for each fixed t > 0 and any p € N,

n PPN 2E8 U x)) = K Pyt (5)

in L? and in probability as n tends to infinity.

Remark 1. Since 23, (U(-, x)); is monotone, (5) implies that p-1tp(=d/4) B3, (U(, %) —

K} yzp t uniform convergence in probability in the time interval [0, T) with some T > 0. Moreover,
(5) implies that for a fixed point in space, the process U (-, x) has infinite quadratic variation.

Temporal central limit theorems (CLTs) for the realized power variation of processes
U is as follows.

Theorem 2. Fix (¢,8) € R, x Rand x € RY, and assume d € {1,2,3}. Assume that ug =0
and ¢ = 0in (1). Then forany p € N4,

(ut,x f 2 (P I=D20u0 K 2p)) 5 (UL %), k/2B(1)) ©)

as n tends to infinity, where B = {B(t),t € [0, T]} is a Brownian motion independent of the
process U, and the convergence is in the space D ([0, T])? equipped with the Skorohod topology.

Remark 2. By (2) and (3), both K4 and x,,, in (4)—(6) are dependent on spatial dimension but
independent of x.
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2.2. Exact Convergence Rates of Variances and Temporal CLT5 for the Realized Power Variations of
LKS-SPDE Gradient

Fix x € R. Let 9;AUy; = 9;U(tj,x) — 0;U(tj_q,x) and 90y, = (E[axAuﬁ;j])l/z.
For any p € Ny and n € N, we define

|t
IEp(U(-,x)) =Y axAuf;]..
j=1

For any p € N, we define x;, = Dg Agp, where Ay, is given in (2) and

1/8 3/4 oo B B
Dy = (2m) 1(5) /0 y~ Ve Vdy., 7)

We will first show the exact convergence rates of variance for the realized power
variation of the gradient processes o U (¢, x).

Theorem 3. Fix (¢,8) € Ry x Rand x € R, and assume d = 1. Assume that ug = 0and ¢ =0
in (1). Then for each fixed t > 0 and any p € N,

n_1+P(1—d/4) Vm’(axE‘Z(u('/ X))t) - Xd,pt (8)

as n tends to infinity.

By (8), we have the following convergence in probability for the realized power
variation of the gradient process d,U(t, x).

Corollary 2. Fix (¢,9) € Ry x Rand x € R, and assume d = 1. Assume that uy = 0 and
0 = 0in (1). Then for each fixed t > 0 and any p € N,

n—1+}7(1—d/4)/28x32(u(',x))t N D(})?/Zypt (9)
in L? and in probability as n tends to infinity.

Remark 3. Since BX.ESP(U(-,x))t is monotone, (9) implies that n~1+P(1—4/4) Bngp(U(~,x))t
— Dg piop t uniform convergence in probability in the time interval [0, T] with some T > 0.
Moreover, (9) implies that for a fixed point in space, the gradient process 0U (-, x) has infinite
quadratic variation.

Temperal central limit theorems for the realized power variation of the gradient
processes d,U(t, x) is as follows.

Theorem 4. Fix (¢,8) € Ry x Rand x € R, and assume d = 1. Assume that ug = 0and 9 = 0
in (1). Then forany p € N,

1 [nt] B
(axu(t'x)'ﬁ Y (2 AU Dg/zyp» 5 (0:U(t,x), XYB(H)  (10)
j=1

as n tends to infinity, where B = {B(t),t € [0, T]} is a Brownian motion independent of the
process U, and the convergence is in the space D ([0, T])? equipped with the Skorohod topology.

Remark 4. It is natural to expect that (6) and (10) hold for x — U(t,x) ind = 1,2,3. However,
substantial extra work is needed for proving these statements. In particular, in order to apply the
method in [11], one will have to establish the property of the increments for U (t, -). Unfortunately
the method in [11] does not seem useful anymore and some new ideas may be needed.
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Remark 5. By using Lemma 3 below, following the same lines as the proof of Theorem 1, we
get Theorem 3. Similarly, following the same lines as the proof of Theorem 2, we get Theorem 4.
Therefore, only Theorems 1 and 2 are proved and Theorems 3 and 4 are omitted.

3. Methodology
3.1. Rigorous Kernel Stochastic Integral Equations Formulations

As in [4], for the LKS-SPDE, we use the LKS kernel to define their rigorous mild SIE
formulation. This LKS kernel, as shown in as in [1-3], is the fundamental solution to the
deterministic version of (12) (¢ = 0 and b = 0) below, and is given by:

2/ ; 2 /(9
LKSfﬂ 0 pifsp—|x—yl (21s) M /oo eits p—|x—y|*/(2is) KM
ets (

Kexy™ = 27'(15 d/2 27tis)?/2 Ketz

—d (—20+[2%)%, é,xfy>d€ (11)

o [ et
d[z ¢~ 8 (720+1E1%)? cos((¢,x —y))de, (e09) e Ry xR,

d

wherei = v/—1 and KE\/I =
drift-diffusion LKS-SPDE is

. Let b : R — R be Borel measurable. The nonlinear

ou e 2 oHIW i
5 = —§(£+219) U-+bU)+a(U) TR (t,x) € Ry x RY (12)
U(o,x) = up(x), x € R4,

Then, the rigorous LKS kernel SIE (mild) formulation is the stochastic integral equation

LKS?
/Ktxj”uo )dy

LKS‘% (13)
L, [ S s, y)asay + aqus, ) wis x ay)]
(see p. 530 in [5] and Definition 1.1 and Equation (1.11) in [1]). Of course, the mild formulation
of (1.1) is then obtained by setting @ = 1 and b = 0 in (13).

Notation 1. Positive and finite constants (independent of x) in Section i are numbered as c,, ¢

i17 Cinreees

We conclude this section by citing the following spatial Fourier transform of the (¢, ¢)
LKS kernels from Lemma 2.1 in [4].

Lemma 1. Let K Ko be the (¢, 0) LKS kernel. The spatial Fourier transform of the (¢, 9) LKS
kernel in (11) is gwen by

d
~LKS!

R,z = (2m) "2~ §C204EF7; (¢,0) e Ry xR, (14)

Here, the following symmetric form of the spatial Fourier transform has been used: f(&) =
(27r)~/2 Jga f(u) e~ iUy,

3.2. Estimates on the Temporal Increments of LKS-SPDEs and Their Gradient

Since U(+, x) is a centered Gaussian process, its law is determined by its covariance
function, which is given in the following lemma. We also derive some needed estimates on
the covariance function and the increment of U (-, x).

Lemma 2. Fix (¢,8) € Ry x Rand x € RY, and assume d € {1,2,3}. Assume that ug = 0 and
® =0in (1). Foralls,t € (0, T], we have

E[U(t, x)U(s, x)] = Kg[(t 4 )74 — |t — 5|14/, (15)
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et = SE[(U(tx) = U(s, 1)) <t =2, (16)
and

[B(U(tx) = U(s,x))%] = Kglt = s[4 < 2]t = s, (17)
where Ky is given in (3).
Proof. To show (15), we use Parseval’s identity to get

LKSs LKS?
E[u(t x t— Vx(,)J IKS onydrdy
= t 7%, s rxédédr (18)

tr r)
e
/ /Rd acdr
t+s 2r) 114
Lig]
//Rd dedr.

Thus, by using the following integral formula (see Corollary on page 23 in [21]):

f //

~LKS! ALKSSO
(270)~
(270)~

n,d/z

d 2
Rdf(i;”i)d”“”d”d: T(d/2

) /Ooo v f(y)dy, (19)

(15) becomes

_ 4 nd/z 0 i/2-1 ([’+b 2r)
E[U(tx)U(s )] = (2m) g /O y /0 " drdy. 20)

This yields (15).

To verify (16), by (15), one has, up to a constant, the mean zero Gaussian process
{U(t,x),t > 0} is a BBM with indices H = 1/2 and K = 1 — d /4. Thus, by the covariance
function of BBM in [22], (15) holds.

To show (17), we introduce the following auxiliary Gaussian random field {G(t, x), t €

R;,x € R¥}:
Lsto LKS?),
G(t, x) /Rd / (=14 0y K(_r)+;x’y)W(dr x dy). (21)

where a. = max{a,0} for all 2 € R. Then the LKS-SPDE solution U may be decomposed
as U(t,x) = G(t,x) — V(t,x), where

L1<sgl0 LKS!,
V(t,x) /Rd/ o I YW dr x dy). 22)

This idea of decomposition originated in [23] in the second order SPDEs setting; and
it has been applied in [24,25], also in the second order heat SPDE setting. Fix x € R
By Theorem 3.1 in [4], one has for any 0 < s < ¢,

E[|G(t,x) = G(s,x) "] = Kylt —s|'~*/*. (23)

Fix x € R%. We apply Parseval’s identity to the integral in y to get that for any
O<s<t:

Lng LKS? 2
EQV(tx) - V0P = [ ] KRS e — K 0 rdy
., LKSS 0 ~LKS! (24)
_ / /R R e sy — R 0 “azdr.

Since

A LKS? _ ltr) ot
Ryt = (2m) /2t - S5 el, (25)
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Equation (24) becomes

E[|V(t,x) = V(s,x)[?]
) fefiy z

_els-n)
’ Liosry —e % 1 gspy (26)
_ /R d / ) drde.

Now, we apply Parseval’s identity to the inner integral in 7. To this end, let

_elt=r) x4 _&(s=r)
p(re)=e 5 EIo p —e s

Its Fourier transform in r is

~ ]_ et | x4 £s 4
== (%l -%l¢l
¢(7,8) ir+§|§|4( e 8l e 8 )

Liosry

Hence, by Parseval’s identity, we see that for each 0 < s < ¢t Equation (26) becomes

B[V (L)~ Vi) = @0 [ [ 1§re)Pdrde

pat &S ].
— (2 —d/ e*élé\“_ew\él‘”/ Y g
2m)=* [ ] ) S AT ¢ @
ey [, 121t FE L e TR g,
~JR

Since |1 — e | < 2u forall u > 0, one has that for each 0 < s < t Equation (27) becomes

E[lV(tx) - V(s 0)P] <c, (t— )2/ &t $ el g

C 7T s
_ d/z / Y257 gy (28)
C46 47241 —y2

Fix x € R?. Since U and V are independent, one has
E[|G(t,x) — G(s,x) 2] = E[[U(t, x) — U(s, ) 2] + E[[V(t,x) = V(s,) ).
This yields (17). The proof of Lemma 2 is completed. [

Since 0, U(+, x) is a centered Gaussian process, its law is determined by its covariance
function, which is given in the following lemma. We also derive some needed estimates on
the increment of 0, U (-, x).

Lemma 3. Fix (¢,0) € Ry x Rand x € R, and assume d = 1. Assume that uy = 0and 9 =0
in (1). Forall s, t € (0, T], we have

E[9,U(t, x)o,U(s, x)] = Do[(t +s)1/* — |t —s|1/4], (29)
c,,lt— s|1/4 < E[(o,U(t, x) — 8xU(s,x))2] <oyglt— s|1/4, (30)

and
[E[@:U(t,x) — U (s, )] — Dolt — s[4 < St — P2 (1)

where Dy is given in (7).
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Proof. To show (29), we use Parseval’s identity to get

d d
E[a,U(t, )3, U / / 9. K %0 5 k% gy

t rxy s X,y
LKSE ~LKS!
_/ /62 t— rx(,)(f Ks rxoé’dgd
— //(:2 LIl C5E gy
_ ( / / 62 l+s 2r) |§‘4d€d7
0 JR

(32)

Thus, (32) becomes

E[0 U (t, x)0,U(s, x)] = (271) ! (%)3/4((1? +5)V/4 — (t—s)1/% /0c>o y Ve Vdy.  (33)

This yields (29).

To verify (30), by (29), one has, up to a constant, the mean zero Gaussian process
{oxU(t,x),t > 0} is a BBM with indices H = 1/2 and K = 1/4. Thus, by the estimates on
the increments of BBM in [22], (30) holds.

Fix x € R. We apply Parseval’s identity to the integral in y to get that forany 0 < s < ¢t

LKSY, LKS? 2
]E“axV(t,x) Oy V S x / / t— rxyH{0>r} d Ks riOyH{0>r} drdy
. LKSE ) » LKS? (34)
_// t rxéH{0>r} Ks rxé‘H{0>7‘} dgdr
Since .
ALKSS _ t ) | x4
Kt—r;aé?g = (27)~ 1/2,—i(x,0)— e (35)
Equation (34) becomes
E[|0xV(t,x) — 0,V (s, x)|?]
e(t—r e(s—r 2
Cz‘f E )‘§‘4H{0>r} —e Lo>ry (36)
_ / / drde.
(27r)

Now, we apply Parseval’s identity to the inner integral in 7. To this end, let

_elt=r) x4 _&(s=r)
p(r,8)=e 5 gy —e s EIg

Its Fourier transform in r is

~ ]_ et | x4 £s 4
== (e %5l -5l¢l
4’(T,<§) ir+§|§|4( e 8 +e 8 )

Hence, by Parseval’s identity, we see that for each 0 < s < ¢ Equation (36) becomes

E[0:V(tx) V(s 0P = @m)7t [ [ elp(r,o)Pard

2
:(2n)—1/ P (R e Y R S A N
& SRR

_o _es|x|4 _e(t=s) x4
<y [ 16172 FE 1 — o=

Since |1 — e *| < 2x for all x > 0, one has that for each 0 < s < t Equation (37) becomes

E[9xV (%) = axV(s, )] <eyy ‘/mw Rl g
C

4,12 7/4 eV (38)
57/4(t—5)/0 y dy
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Thus, by using similar argument of the proof of (17), (31) holds. The proof of Lemma 3
is completed. O

4. Results
4.1. Exact Convergence Rates of Variances for LKS-SPDEs

We need the following product-moment of various orders of the normal correlation
surface of two variate, which are Equations (viii) and (ix) in [20].

Lemma 4. Suppose that (X,Y) ~ N (0, (Zl Up)) where p = (0102) 'E[XY]. Then,
2

LSS Gop o
E[XFY] = 0*1 2 Z (p/2—=)p/2—))1(25)V if p is even, o
7 o oioy L%J (2‘0)2 if pis odd.
2017172 = ([p/2] = PDilp/2] = DIEj+ DY

Proof of Theorem 1. It is sufficient to prove (4) for the even p case since the odd p case can
be proved similarly. For 1 <i < j < |nt|, define Oxij = (ax;iax;j)*1E[Aux;iAUx;j]. Note
that for a random variable X following an N/ (0, ¢?) law,

E[XP] = upo?, Vp e Ny. (40)
By (39) and (40), one has
[nt] » NE:
Var(@h(U(,x)) =E| Z<Aux,.j—ypvx;j>\ ]
j=1
|nt| |nt]| |nt]
:j:1IEJ[(AUp — +2121]§1 E[(aUY; - ﬁ;i)(AU}f;j—ypr;j)]
Lnt] 5 ) \nt] [nt] (41)
2 2
= 1(E[Auxf’] W) +2Z; Z+:1 (AU, AUy ] - psel ol
]: 1 ] 1
[t 1 P/2 52 lnt] |nt]
2p , PP o o o2
2 O+
= (rar =19) i+ 30 L a2~ i)t 2, i
It follows from (16) that
i in I <ol <o n Y forall 1 <j < [nt). (42)

By (17), (42) and Lagrange mean value theorem, it holds that for any real number
r>0and1<j< |nt],

|Uarc;j _ (Kdn—1+d/4)r/2| < Cs,z(o';;_z + (Kd”_1+d/4)(r_2)/2)|0'2~]' _ Kdn_1+d/4\

< c53n_2+( 14d/4)(r— 2)/2t (d/4+l) (43)

Note thatsincea +1 <d <a+2,onehas1/2 < d/4 < 1. Thus

t 2
: (d/4+1)/ —(d/4+1)/2 3, _ (1-d/4)/2 44
Zt —>/0u du= . (44)
It follows from (43) (with r = 2p) and (44) that
nt] )

e I e A S L (45)

j=1
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Hence

nt]
n—14+p(1-d/4) 2 51}7

=l (46)

[nt]
— p—1+p(1-d/4) Z(Uir]{ _ (Kdn71+d/4)p) 4+ 1Hp(1-d/4) (Kdn71+d/4)ptntJ s th_
j=1

It follows from (15) that

]E[Aux;,‘AUx;j}
— Kdn—l+d/4((]'+ i)l—d/4 _ (] _ i)l_d/4 _ (]+ i— 1)1—11/4 + (] — i+ 1)1—d/4
(i) (i = ) (i = 2) (D)),

which simplifies to
E[AUyiAU] = —Kg(n 7 g0+ 0 gy, (47)

where ¢g,; = 2j1=4/% — (j —1)1=4/% — (j 4-1)1=9/4, Thus, by binomial expansion, for every
1<u<p/2and1<i<j<|nt],

P ot o2 P 2u_p—2u 2
X]poZ] =0y Oy (E[Aux;iAuX;j]) !
2u 2u, —
K2u 51 05 ( 1+d/4¢d;j+i—1 +n 1+d/4¢d;j_i)2u
1 (48)
2u\ p-2u p-2
— K2 p—eu _p—2u, —1+d/4 —1+d/4 2u—
= K3 Z (v )‘Tx;z‘ oy (n Mpgjria)’ (7 )2
v=0

If we write ¢z = g(k — 1) — g(k), where g(s) = (s + 1)17%/4 — s1=4/4 then for each
k > 2, the Lagrange mean value theorem gives ¢ = |¢'(k— (1) = (d/4)(1 —d/4)(k —
{1+ 02) %41 for some {1, > € [0,1]. This yields that for all k € N,

0< yp < —34 (49)
Pk < kd/4+1’
and hence, for any r > 1,
M
Y g — Jar (50)
k=1

with some J;, > 0as M — co.
Note that since j+i—1 > (j +i)/2, one has

—1+d/4 4 . . Css 1
n Pd;jri-1 = W2 (G )/ AT (51)

Note that (49) gives n’”d/‘l(pd;j_i < cslén’lﬂi/4 and n’l+d/44>d,.j+,-_1 < c5/7n’1+d/4
forall1 <i < j < |nt|. Thus, by (42) and (51), forevery 1 <u < p/2and 1 < v < 2u,

- u_p-2u, _ - -
14p(1-d/4) Z Z p u p u n 1+d/4¢d;j+i—1)v(” 1+d/4§bd;]'—i)2u v

i= 1] z+1
- —1+d/4
< cgen Z Z (n 4 g01) (52)
i= 1] 1+1
1
<C5 n—2- d/4 Z Z
— d/4+17
i=1 j= z+1 t+t s

which tends to zero as 11 — co since [ [1 (1 +0)~(#*Vdudv < co.
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nt nt

i=1j=i+1

We now consider the term v = 0 in (48). Let B = {BH(t),t € R, } be a FBM
with index H € (0,1), which is a centered Gaussian process with E[(B (t) — BH(s))?] =

s — t|*" for s, t € Ry. Then, for Hy = (1 —d/4)/2,

[ s O - )],
_ _%[2(]711) - (J ; ) - (%) }

-2} zzw) () o)
= B () e () () - ()

S ; [_ (%)Ld/%r (%yﬁm_ (%>1,d/4}

1
_nt]\1d 1\ 1-d/4 .
(7) + (ﬁ) + |nt|n )
This yields

|nt| |nt

J
i=1 j=i+1

By (42) and (49), one has for every 1 < u < p/2 and any M > 0,

lnt]  [nt]
_ _ 2u p—2u, _ m
n—1tp(1-d/4) Z Z U.P O.P (Tl 1+d/4¢d;j7i)2

x;i x;j
i=1 j=i+M+1
|nt|  |nt]
d/4+1)(2u—1) —d 4 —1+d/4
< Cs, M—(d/4+1)(2u— / 2 Z (n +d/ (Pd;jfi)
i=1 j=i+M+1
|nt] |nt]
d/4+1)(2u—1) —d 4 —1+d/4
S R 2 2 T ).
i=1j=i+1

This, together with (50), yields

|mt] |nt]
~1+p(1-d/4 p—2u_p—2u, —1+d/4, = \2u
T )Z Y. xi xj (n Paj—i)™" < C5
i=1 j=i+M+1

which tends to zero by letting M — co.
By (43) (with r = p — 2u), (42) and (53), one has forevery 1 < u < p/2,

M@/ u-1)

(53)

(54)

(55)

(56)

(57)
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_ 2 — — -2 _

1+p(1-d/4) Z Z | p U 1+d/4)(p Zu)/z‘o_f;j u(n 1+d/4¢d;j—i)2u
i=2 j=i+1
1-d/2 o 1 ] —1+d/4
< C5’137’17 B td/4+1 Z (Tl 4)d;j—i)
=2 1 1 j=i+1
1 UlfJ —i\1-d/4 LntJ 4+1—i\1-d/4 1\1-d/4
— —1-d/2 _ et _ (=
= =20, 31 Z td/4+1 [ ( n ) + ( n ) (n) } %)
B |nt| —i\1-d/4 |nt] +1—i\1-d/4 o d/4 A
<yt Z [ ( ) + (#) } + C5151 / Z

td/4+1
i=2 %1

1\1-d/4 nt| —1\1-4d/4 -
S%M”“Kﬁ +(L%—) }+% WZMmthAmQ
i=2

which tends to zero as n — oo since fot s—(@/441)/2ds < 0. Hence, one has for every

1<u<p/2,
_ 2 _ _ u, _
- 1+p(1-d/4) Z Z P (K T/ (20 /2 f] Y Ay )P — 0. (59)
i=2 j=i+1
Similarly, one has forevery 1 < u < p/2,
lnt] [nt]
_ _ _ _ -2 _ _ _
p-lHp(1-d/4) Z 2 (Kdn 1+d/4)(p 2u)/2(0,f(7;j u—(KdTl 1+d/4)(p 2u)/2><n 1+d/4¢d;jfi>2u 0. (60)
i=2 j=i+1
Forevery1l <u < p/2andany M > 0,
]
,1+p (1-d/4) i H'Z K " 1+d/4)p 2u< 71+d/447d'j7i>2u
i= 2] 1+1 (61)

2u |1t -2
Kp U I_ Z 4)2u N Kg u]d,Zut

asn — oo and M — oo.
Note that forevery 1 <u < p/2and1<i<j< |nt],

p—2u_p—2u p—2u —1+d/4y(p—2u)/2) P24
Oxi <sz — (Kgn~ /) W/ ), x; (62)
+(Kdn71+d/4)(p72u)/ ( P] 2u (K n 1+d/4)(p72u)/2)+(Kdn71+d/4)pf2u.
Hence, by (59)—(62), one has forevery 1 < u < p/2,
nt i+
- 1tp(1-d/4) Z Z P 2u P 2u ”_1+d/4¢d;j—i)2u %Ksizu]d,Zut (63)
i=2 j=i+1
asn — oo and M — oo. It follows from (42) that
_ 2 u,
p1t+p(1—d/4) Z p u p] “(n l+d/4¢d;jil)2u 0. (64)
j=
This, together with (48), (52) and (63), yields for every 1 < u < p/2,
|nt| LntJ
n—1+p(1—d/4) Z x]px ij — K ]dZu (65)

i=1 j:i+
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Therefore, by (41), (46) and (65), one has

- 1+p(1-d/4) Var(Ez(U(', x))t)

/2 2u

p + 2 'ty 24,00 _ (66)

_>Kd<mp Z (p/2—u)(p/2 —u)! (2u)!)t_Kd”’ t

This proves (4). The proof of Theorem 1 is completed. O
Proof of Corollary 1. Write
_ - - /2
n—1+p( d/4;/2az( ( )) KP

e /4)/2( ( (L T)) [Eg(u(,x))t]) @)

™ 1+p(1-d/4)/ Z (Kgn~1H4/4)p/2y 4 Kp/z ( Lnt] t).

Obviously, the third term of (67) tends to zero as n — co. It follows from (43) (with
r = p) and (45) that the second term of (67) tends to zero as n — co. Thus, by (4), one has

_ — - /2
E[|n 1+p(1 d/4)/2.z;(U(-, X)) — KZ ,upt|2] 0
This proves (5). O

4.2. Temporal CLTs for LKS-SPDEs

The following lemma is needed to prove Theorem 2.

Lemma 5. Let X3, ..., X4 be mean zero, jointly normal random variables, such that E[X]z} = 1land
pij = E[X;X;]. Put Z; = X]f’ - E[XJP]. Then, for any p € N,

4
1
‘E[HZ]} ‘ < Co (|Plz p3a| + T X |PJ|) (68)
j=1 V1—01n !
whenever |p12| < 1. Moreover,

4

‘]E[]HZ]} ‘ < ¢ max [yl (69)

Furthermore, there exists ¢ > 0 such that

. 2

E[T] 2z ’ < 2 7

‘ [E ]} = s 12?1)24‘0] 70)

whenever |p;;| < eforalll <i#j<4

Proof. Following the same lines as the proof of Lemma 3.3 in [11] with 1;(X;) = Z;,
1 <j <4, weget Lemma 5 immediately. [

Proposition 1. Fix (¢,8) € Ry x Rand x € R?, and assume d € {1,2,3}. Assume that uy = 0
and 9 = 0in (1). Fixr € N4. Put

nt|
O (U(-,x))y = n~ V/2HA-A/Y/ Z (AU — proy;)-
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Then, forall 0 < s < tandalln € N,

B[O (U(- )} — O (U(-, x))s]*] < e, (L=12])? )

n

The sequence {©} (U(-,x))} is therefore relatively compact in the Skorohod space Dy |0, o0).

Proof. We follow the method of Proposition 3.5 in [11] to prove (71). Let S = {j € N* :
Ins]+1 <j; <--- <jg < |nt]}. Forj e Sandk € {1,2,3}, define hy = jii1 — ji
and let Sy = {j € S : Iy = max{hy, hy,h3}}. Define N = |[nt| — (|ns] + 1) and for
i€{0,1,..,N}, let S = {j € S, : max{hy, hp, h3} = i}. Further define 7;' = = {je
Si: m1n{h1,h2,h3} =/(}and V] = VIM = {j € T! : med{y, hy, h3} = v}, where ‘med”
denotes the median function. For j € S define

4
AX}] l—Il(Au; Sk — Hr X]k)

Observe that
L"fJ 4
E[|O} (U(, %)) = OF(U(,x))s|] =n 22O-VOE[|  F (AU - mop)| |
i=|ns|+1
< 4!n72+2r (1-d/4) Z |E % ‘ (72)
jeS
3
< 4!n—2+2r(1—d/4) Z Z |E[Ax,~j]|1
kleESk
and that
N
Y E[Ag]l =) ) [E[A]l
j€SK i:O]'egi
N [i4/4] i
=) Z ) [B[Ay; |+Z L L [ElA (73)
i=0 (=0 jeT! =0 (=[i/4|+1 jeT!
474 N i i
= 2 Z Z |E[Ax;j]| +2 Z 2 Z |]E[Ax;j”'
i=0 (=0 v=(jeVy i=0¢=|id/4| +1v=LjeV]

Let Zx k= 1Aux,-jk and

gx;k = Z;,k - E[Z;,k] x]k (Au; STk — Hr x]k)
Then

Ayl = (H x]k>‘E[lﬁéx;kH~ (74)

By (47) and (49), one has forall k # ] € N,

¢ n 1A/

|E[AU AU ]| < W'

(75)
It follows from (42) and (75) that

|pxkl| - |E[ kaxl| = x]k x]l|]E[AuX]kAuX]]]| m{_;’% (76)
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Suppose 0 < ¢ < [i%/%]. Fix v and let j € V¢ be arbitrary. If k = 1, then i =
max{hy, hp, h3} = hy = jo — j1. If k = 3, then i = max{hy, hp, h3} = h3 = jy — j3. In either
case, by (69), (42), (74) and (76), one has

—2r(1—-d/4)
[E[Ay]| <

Co M 1 1 —2r(1-d/4)
S Cer ( (Co)d/a+1 RTIZes )” :

Ifk = 2, theni = max{hl,hz,h3} = h2 = j3 —jz and fv = h3h1 = (]4 —j3)(j2 —jl).
Hence, by (68), (42), (74) and and (76),

1 1 —2r(1—d/4
IE[Ay;]] < Ce,s((gv)d/4+l + id/4+1)” ( ).

Now choose k" # k such that hy = ¢. With k’ given, j is determined by ji. Since there
are two possibilities for k" and N + 1 possibilities for ji, [V{| < 2(N + 1). Therefore,

le/4j i d/4 . 1
Z Y Y E[Ay]] <eco(N+1) 2 Z( : /4“ d/4ﬂ)n—zr<1_d/4>
=0 v=LjeVy Ev !

LMJ 1 1
—2r(1-d/4
< Co(N+1) ZZ%J (gd/4+1 +idﬁ>n " )

611(N+ n ~2r(1-d/4),

(77)

For the second summation, suppose Lid/ 4J +1 < ¢ <i Inthiscase, if j € 7?, then
¢ = min{hy, hy, h3}, so that by (42), (70), (74) and (76),

o p-2r(i-d/4)

6,12
[E[Ay]] < T Ay

Since Y! _, VP <2(N+1)iand 1/2 < d/4 <1, one has

i . i -2r(1-d/4)
Z Z Z [E[Ag]l < ce(N+1)i Z T p2(d/4+1)
(=174 | +10=L jEVY L (78)
© 1 —2r(1-d/4)
<A DI( [, )

< Cyps (N4 1)n2r(0=274),

Thus, using (72), (73), (77) and (78), one has
lnt] 4 N nt| — |ns|\2
n_2+2r(1_d/4)EH Z (Auarc;]’ - VV‘T;;]')‘ } < Co16 Z(N +1)n % = Co,16 (M) ’
j=|ns]+1 i=0

which is (71).
To show that a sequence of cadlag processes {F, } is relatively compact, it suffices to

show that for each T > 1, there exist constants § > 0, C > 0, and g > 1 such that

Rp, (th) = B[|Fy(t + h) = Fy(t)|P|Fu(t) — Fu(t — h)[P] < Ch

foralln e Nallt € [0,T] and all h € [0, t]. (See, e.g., Theorem 3.8.8 in [26].) Taking B = 2
and using (71) together with Holder inequality gives

Reyp (u(.x)(t:h) < c@w( [nt +nh] — [nt] ) ( |nt] — |nt — nh] )

n n
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If nh < 1/2, then the right-hand side of this inequality is zero. Assume nh > 1/2.
Then

|nt + nh| — [nt] < nh+1
n ~ n
The other factor is similarly bounded, so that Ren (. x)) (£, 1) < ¢4 W2 O

< 3h.

Proposition 2. Fix (¢,9) € Ry x Rand x € R?, and assume d € {1,2,3}. Assume that uy = 0
and ¢ = 0in (1). Then, forany 0 < s < tandr € N,

L
@) (U(-,x))r — OF (U(-,x))s = x|t —s['/2N
as n — oo, where N is a standard normal random variable.

Proof. Let {n(j) };";1 be any sequence of natural numbers. We will prove that there exists a

subsequence {n(j,;)} such that @?(]m) (ug,x))r — @f(]'”) (U(-,x))s converges in law to the
given random variable.

For each m € N, choose n(j,) € {n(j)} such that n(j,) > n(j,—1) and n(jy,) >
m?/4/4(t —s)1. Letb = b(m) = n(ju)(t —s)/m. For 0 < k < m, define uy = n(ju)s + kb,
so that

) . L1 (jm )t]
O (U (%)) — @I (U(,x))s = n(j) V2HO=H2 N (AU — 0l

i=[n(j,,,)sj+1 (79)
. - o T r
= n(j) VEUSUNZ YN (AU — o).
k=1li=u;_1+1

Let us now introduce the filtration
Fir=0{W(A): AC[0,t] x R,A(A) < o0},

where A denotes Lebesgue measure on R*1. Let 7p = n(ju) 'ug_1. For each pair (i, k)
such that u;_1 < i < uy, define

Cxik = AUy — E[AU,;| Fr,].

Note that §y.; x is Fr,,-measurable and independent of F7,. Recall that

LKS!
u(t, x) // Ky oty W(ds x dy). (80)

Moreover, given constants 0 < 7 < s < ¢, one has

LKSS
E[U(t, x)| Fe] = / / Fke W(ds x dy). (81)
It follows from (80) and (81) that

LKS?,

t+rk—s;x,yw(d5 X dy).

T
U(t+7,x) B+ 0|7l = [ [ K
Tje Rd
This yields that {,,;«} has the same law as {AU,;;_, , }-

a2 _TR[A2 ] — g2
Now define o, = E[¢Z,; ] = Oyiy, , and

Uy

gx;m,k = Z (ggc;i,k - Vfaarc;i,k>/

i=up_1+1



Symmetry 2021, 13,73 17 of 21

so that {y., k, 1 < k < m, are independent and
. . m
O (U, x))r = O (U x))s = i) M HHOIEY Gt e, (82
k=1

where

€x;m:”(j ) 1/24r(1= d/4)/22 Z ((Au;rc;i ) (Cxlk Vra:rc;i,k))
=1i= Uj_ 1+1

Since Gy and AUy, — Cy.i x = E[AU,,i| F7,] are independent, one has

N :ﬁfw%+mmum el )
This, together with (17), gives
C\—1+d/4
E[|AU; — xil?) = 033 — 035, < W (84)
Thus, since AlU,.; — ¢y k is Gaussian, by (40) and (84), one has
B[[AU; — il < S0 o (85)

(i — ugq)4/22

Note that (40) and (42) give E[|AU,;|¥ 4] < ¢ < 1(j) (T1H4/H(2=2) ang

) < el fc"l ik LS Gt n(jm)(-1H4/4(2=2) By Lagrange mean value theorem,

6,21 xz

E[

|Au3rc;i - ;;i,k‘ < 66,25(|AUX;i B

- )|Aux;i - ‘:x;i,k"
Thus, by (85) and Holder inequality,

E[JAUL; — &Lt < o (BIAU " 4] + E[|Exi 4|74 2 (B[|AUL; — 4])1/2
Co oM (i) T174/4) (86)
(i — up_q ) /441

Similarly, by (84) and Lagrange mean value theorem,

<

B B c n(jm)—r(l—d/él)/z
0% = Ohigel < o5 (|0l 2+ ol 2)|U§;i_ %;i,k| < 6,2(9i—uk )

Ja7a (87)

Therefore, by (86), (87) and Holder inequality,

Uj

Ellexm|] < n(jm)1/2r=4/4) /22 Y. ((EB[AUL; = &k PDY? + wrlol; — o)
k=1j=up_1+1
Uy
< ¢y ]m 1/22 Z (i_uk_l)—(d/4+1)/2
11 uk 1+1

. N —(d/4+1)/2
= Ca,sln(]m) 1/2 2 Z 1 (@/4+1)/
k=1 i=1

Since uy — ux_1 < b, this gives

EHex;mH Comall (]m) 1/2mb(1—d/4)/2 _ m(d/4+1)/21’l(jm)_d/4/2(t—S)(l_d/4)/2.
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But since 7(j,;) was chosen so that n(j,) > m?/4/4(t —s)~1, one has E[|ex.m|] <
ComaM ~(1=d/4)/2 |t —5|1/2 and ey, — 0 in L' and in probability. Therefore, by (82), we
need only to show that

m
LN — _ L
n(]m) 1/2+r(1 d/4)/22€ k= K1/2|t |1/2N
k=1

in order to complete the proof.

For this, we will use the Lindeberg-Feller theorem (see, e.g., Theorem 2.4.5 in [27]),
which states the following: for each m, let {y.,,x,1 < k < m, be independent random
variables with E[,.,, x| = 0. Suppose:

@) n(jm) " 1HO-d4 ym R[22 ] - v2, and

x;m,k
(b) for all § > 0, limy—seo 11 (jin) "0~ Ty B g kP15, -1v20r0-ar0 2oy
— 0.
Then n(jy,, )~ V/2H(=d/4)/25m 7o 5 VN asn — oo,

To verify these conditions, recall that {Cxix} and {AU,; } have the same law, so that

A—Ug—1
Up—Ug—1 4
E[ , 4] = ”(fm)_2+2r(1_d/4)E[ Z (Au;;i *Vraarc;z‘) }
i=1
Hence, by (71),
1 () 2O VE] k4] < € (1t — 1)1 (i)
Jensen inequality now gives m—1Fr(1=d/4) Yha E[|§x;m,k|2] > 635mb”(]m) v = Co,35

(t —s), so that by passing to a subsequence, we may assume that (a) holds for some v > 0.
For (b), let 6 > 0 be arbitrary. Then

m
i \=1+r(1—d/4)
1(jn) O Y B Ly, 172000002, 501
L "

< 02 (j) 224 Z E[|Cxm k]

2,12 )
6365 mb (] )_
6360 2m L (t—s)?,

which tends to zero as m — 0. ‘
It therefore follows that n(] )’1/2“(1"1/‘9/2 Y1 lemk — vN asn — oo and

1/2|t

it remains only to show that v = x s|1/2. For this, observe that the continuous

mapping theorem implies that [@7 (U(-,x)); — @7 (U(-, x))s|? L 12N2, By the Skorohod
representation theorem, we may assume that the convergence is a.s. By Proposition 1,
the family |@" (U(-, x)); — @} (U(-, x))s|? is uniformly integrable. Hence, |@ (U(-, x)); —
@mM(U(-,x))s|* — v*N?in L!, which implies E[|@"(U(-,x)); — @"(U(-, x))s|?] — v2. But
by Theorem 1, E[|@"(U(-,x)); — @™ (U(-,x))s|?] t—s|,sov = Kd/2|t s|1/2 and
the proof is complete. [J

Proof of Theorem 2. It is sufficient to prove (6) for the even p case since the odd p case can
be proved similarly. Let {n(j)}72; be any sequence of natural numbers. By Proposition 1,

the sequence {(U(- ,x),@Z(] )(U(,x)))} is relatively compact. Therefore, there exists a

subsequence {n(ji)} and a cadlag process Y such that (U(-, x), @Z(j") (U(-,x))) LY (U, Y).
Fix 0 <51 <53 < -+ < 5y < s < t. With notation as in Proposition 2, let

[ (i)t
gx;”(fk) = n(jk)71/2+p(lid/4)/2' 2 (gxzk Hp xzk)
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and define o) i)
n n
Ten(e) = ©p ™ (U ()t = O (U(+,x))s = Tguje)-
As in the proof of Proposition 2, #7,.,(j,) — 0 in probability. It therefore follows that

(@, (U(,x))sqs s Op U (U, 0))sy Camin) 25 (Y(51),s 0 Y(52), Y (1) = Y(5)):

Note that F(|,,;,)s|+1)n(j,)-1 @nd yn(j,) are independent. Hence, (@;(]")(U(-,x))sl,...,

@Z(]k) (U(-,x))s,) and .y ;,) are independent, which implies Y () — Y(s) and (Y(s1), ...,
Y(s,)) are independent. This yields that the process Y has independent increments.

By Proposition 2, the increment Y (¢) — Y(s) is normally distributed with mean zero
and variance k4, |t — s|. Moreover, U(0, x) = 0 since @, (U(-,x))o = 0 for all n. Hence, Y is
equal in law to K;/ pZB, where B is a standard Brownian motion. It remains only to show
that U and B are independent.

Fix0 < sy <sp <---<sy<Tandx € R Let Z, = (U(sy,x),...,U(s;,x))T and
Xy = E[ZXZE |. Tt is easy to see that X, is invertible. Hence, we may define the vectors
Uy;j € R! by Vy;j = E[ZXAUX;]‘], and Wy;j = Z;lvx;]-. Let Cx;j = Aux;]- — wf;ij, so that Cx;j
and Z, are independent.

Define

Lnt]
BRI ) = I Y o).
=

Then

~ [nt]
@)U x)) = B(UC )| < VT2 Y ()|
=

By (40), binomial expansion and Holder inequality,

E [02% @3 (U(, ) — O(U(, )]

p [nT]
< Cpyn V/EPISI/2 YT Y (EIAUE )2 (E(w) Z:) )
v=1 j=1

4 [nT]
< Co s Z n71/2+v(17d/4)/2 2 (E[(wzc";jzx)ZV])l/Z
v=1 j=1

4 [nT]
—1/24v(1-d/4)/2 . .
< o g’zxgu;l n v ) ]; |E[U(sl,x)AUx;]} "

Note that by (42) and Holder inequality, one has [E[U(s;, x) AUy;;]| < ¢ ,00v;j < ¢4y
n~(1=d/4)/2 gorall1 <i<fland 1< j < |nt], and that by (15) and Lagrange mean value
theorem, forany 1 <i < /Zand1 <j < [nt],

E[U(si, X)AUy;] = Kg((s;+ i) 7% = (si 4+ tj_1) 174 — (s — 1) 1742 4 (s; — ;1)1 79/)
K;(1—-d/4 ) _ . _
= KU (= ) iy (s — (= o) /)Y

n
< A=) () m) s,
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where {1, € (0,1). Then, forany 1 <i</and1 <v < 2p,

[nT]
o 1/24v(1-d/4) /2 2 |E[U(Si,x)AUx;j]|v
j:l
1 [nT]
< 0y o/ 2TVIHAIN2Z N (5, — (j— ) /m) "4,
, n =1

which tends to zero as n — oo since fOT(si —u)"4du < co. Thus, (Zy, (:)Z(U(~,x))sl,...,

~ L . ~ .
OF(U (-, x))s;) = (Zx, K}i’/sz(Sﬂ,..., K;’/sz(Sg)). Since Z and ©}; (U(-, x)) are independent,
this gives that U and B are independent

We now can complete the proof. Note that by (43) and (44),
‘L Lnz”(n;g(l_gz/@/zAup LK) — @ (U(, x)
orgigXT Vn = x;j i Hp p SX))t

|nT]
— — —1+d
< ppn 1/2+p(1-d/4)/2 § |0_5;j_ (Kdi/l 1+ /4)P/Z|
=i
— 0.

This finish the proof. O

5. Conclusions

In this paper, we have presented that the realized power variations for the fourth order
LKS-SPDEs and their gradient, driven by the space-time white noise in one-to-three dimen-
sional spaces, in time, have infinite quadratic variation and dimension-dependent Gaussian
asymptotic distributions. We are concerned with the fluctuation behavior, with delicate
analysis of the realized variations, of the sample paths for the above class of equations and
their gradient, and complement Allouba’s earlier works on the spatio-temporal Holder
regularity of LKS-SPDEs and their gradient. These asymptotic distributions are expressed
in terms of the parameters of the problem, and may be used to analyze how the fluctuation
behavior depends on those parameters.
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Abbreviations

The following abbreviations are used in this manuscript:

SPDE  Stochastic partial differential equation
LKS Linearized Kuramoto-Sivashinsky
SIE Stochastic integral equation

FBM  fractional Brownian motion

BBM  bifractional Brownian motion
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