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Abstract: We get the 3-variable degenerate Hermite Kampé de Fériet polynomials and get symmetric
identities for 3-variable degenerate Hermite Kampé de Fériet polynomials. We make differential
equations coming from the generating functions of degenerate Hermite Kampé de Fériet polynomials
to get some identities for 3-variable degenerate Hermite Kampé de Fériet polynomials,. Finally,
we study the structure and symmetry of pattern about the zeros of the 3-variable degenerate Hermite
Kampé de Fériet equations.
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1. Introduction

The classical Hermite numbers H, and polynomials Hy (x) are usually defined by the

generating functions
e} tn

_ 42
et = ZH,%, (1)
n=0 :
and .
2 i t
p2xt—t2 _ ZH"(X)E° (2)
n=0 :

Clearly, H, = H,(0).

These numbers and polynomials have been studied because of important roles in many
areas of mathematics (see References [1,2]). The special polynomials of 3-variable give
partial differential equations of physical phenomenon . Physical problems was expressed
by the special functions of mathematical physics. We recall that the 3-variable Hermite
polynomials Hy(x, y,z) made by the generating function (see Reference [3])

o)

tn
2 Hy(x,y,2)

E — ext+yt2+zt3 (3)
n=0 ’

are solutions in the system of equations

iH (x z)—a—zH (x,y,2)
ay n /yl - ax2 n ,}/, 7

2H (x z)—a—3H (x,y,2)
aZ n /y/ - ax3 n /}/, 7

Hy,(x,0,0) = x™.
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In particular, one has
H,(2x,—1,0) = Hy(x).

Many researchers studied special numbers and polynomials because of importance
(see References [1-7]). The degenerate Bernoulli, Euler, Genocchi and tangent polynomials
were studied in several papers (see References [8-12]). Recently, researchers have studied
the differential equations which are related to generating functions of special polynomials
(see References [13-18]).

We construct the 3-variable degenerate Hermite Kampé de Fériet polynomials and
get symmetric identities for 3-variable degenerate Hermite Kampé de Fériet polynomials.
Finally, we study the distribution and symmetry of pattern of the roots of the 3-variable
degenerate Hermite Kampé de Fériet polynomials Hermite equations.

We define the 3-variable degenerate Hermite Kampé de Fériet polynomials H, (x, v, z| 1)
made by the generating function

xt yt2 zt3

00 —_— A _

3(tx,y,zlu) = Z (x, y:Z|V =14+t AQ+p) F Q+p) F. (4)

Since (1 + y)ﬁ — el as y — 0, it is clear that (4) reduces to (3). If y — 0O and z = 0,
Equation (4) is the generating function of the 2-variable Hermite polynomials H,(x,y,0).
Observe that Hermite polynomials Hy, (x,y,0) with the 2-variable are the solution of the
heat equation (see Reference [17])

0 82
@Hn(x,y, 0) = 2 Hu(x,y,0), Hy(x,0,0) =x".

Theorem 1. For n = 0,1, ..., the 3-variable degenerate Hermite Kampé de Fériet polynomials
H,, (x,y, z|p) with the generating function (4) are the solution of the differential equation

02 02 log(l +u) 0 log(1+ )
(3zaxay—|—2ya 5 Vax—n>Hn(x,y,zy)—O,
n
H, ,0,0)) = (FECEE )
log(1+m)\* (k) .
H, (0,y,0]p) = ( 7 U
0, otherwise
log(14+pu)\" Bk ..
B0 = { ) wo I
0, otherwise

Proof. We see that

xt yt2 zt3

Sty zlp)=Q+u)F Q+u) ¥ Q+p) ¥

satisfies
oF(t, x,y,z|p)
ot

_ 10g(1;4+ 1) (x oyt + 3zt2)$(t, x,y,zlu) = 0.
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By substituting the series (4) for F(t, x,y,z|) , one obtains

log(1+
B b, (5, 21)

(5)
H, >(x,y,zlu) =0,n=2,3,...

H,11(x,y,zlp) —x Hy (x,y,z|p) — 2y

1)leog(l +u)

log(1+ u)
U

—n(n—

We get a recurrence relation for 3-variable degenerate Hermite Kampé de Fériet
polynomials and another recurrence relation which comes from

t5(t, x,y,z|u) = 0.

oF(t,x,y,zlp)  log(1+p)
dx U

This implies

oHu(x,y,z[p)  log(l+p) 0
gy n . H, 1(x,y,zlu) =0,n=1,2,... (6)

On the other hand, since

oF(tx,y,z|p)  log(1+p)
p

2 _
3y 5t x,y,z|u) =0,

we get

aH”(gyy’Zy)—n(n—l)lmg(ll/l—i_MHn_z(x,y,zm):O,n:2,3,... (7)

Eliminate H,,_1(x,y,z|p) and H,,_»(x, y, z|u) from (5)-(7) to obtain

OH,(x, v, OH,(x, v,
H,(x,y,z|p) — 2y "%xy 21 5, n(xayy 2l

log(1+
H,11(x,y,z|p) _xg(ﬂll)

Differentiate this equation and use (6) again to get

5, PH(xy zlH) | OHu(xy,zlp) | log(1+p)
axay * 2]/ dx T H Hn(x/ ]//Z|,u) (8)

_ Tll(yg(lﬂ_._V)Hn(x/y/ZLu) =0, (1’1 =0,1,.. ')’

thus we have shown the theorem. [

Theorem 2. The 3-variable degenerate Hermite Kampé de Fériet polynomials Hy, (x,y, z| i) with
the generating function (4) are the solution of the differential equation

op @2 log(l4p) o log(l4p) _
<3zlog(1+u> o T T T T Ho(x,y,2[p) =0,
n
H,(x,0,0u) = (1“5(1;”)) M =0,1,2,....
log(1+ u) kk(Zk)! o
H,(0,y,0|u) = ( 7 Voo n=2k
0, otherwise
log( 1+V ek
H,(0,0,z|p) = >Z o fn=3k

0, otherwise.



Symmetry 2021, 13,7

40f22

Proof. We get another recurrence relation which comes from

0% (t, x, v, z|p) log(1+1)\* _
a3y — ( . ) 5 (t, x,y,z|u) = 0.

This implies

O*Hy (x,y, z|1)
oxdy

=n(n

2
(-2 <1‘”5(1V+")> H, 5(x,v,zl1) =0,n=34,... (9)

Again, we also have

PF(tx,y,zlp)  (log(l+m)\° 5 _
e — ( . ) Pt x,y,z|u) = 0.

This implies

°H, (x, v, 2|p)

dx3 = nln

3
“1)(n—2) (1“5(1;”)) H,_s(x,y,zl0) = 0,n=3,4,... (10)

Thus, from (8)—(10), the degenerate Hermite Kampé de Fériet polynomials H, (x, v, z| )
of 3-variable with the generating function (4) are the solution of the differential equation

3z PHal(xy,zlp) |, Ha(x,y,2|1)
log(1+ p) dx3 4 dx2

Llos(1+p) BHH(J;,;/,ZW) _ n10g<1y+ Mo, (

x,y,z|p) = 0.

Therefore, we are done. [

We see another application of the differential equation for Hy (x, y, z|u). The polyno-
mials Hy, (x,y, z|u) have this relations

OH(x,y,zlw)  w  PHa(vyzlp) _
dy log(1+ ) dx? ’
OH, (x,y,z|p) wo N\ Hu(vy ) _
oz log(1+ u) dx2 ’
which in view of the initial condition are solved by
n
H,(x,0,0[p) = <1“5(1y+”)> M =0,1,2,....
log(1 +;4))" (200
, ifn =2k
H,(0,y,0[p) = ( T Y r
0, otherwise
log(1+u (B
H,,(0,0,2|p) = ( ) R =3k
0, otherwise

The Stirling numbers of the first kind, S (n, k), were defined by (see References [8-10])

=Y Sq(n, k)x*
k=0
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Sl(n,k) is
E S nmin ———1 log(1+t !
= 1( 4 ) [! ”!( ( )) 4

where (x), = x(x — 1) --- (x —n + 1). We see the binomial theorem: for a variable x,

xt

et =3 (%)

o\ 1 m!

- (=) = (11)
m—0<z_051(m )<7‘> m!)

By (4), we have

n
nl =

AR A F (1) M

ﬁMz

Hy (x, y/ZW)

E(n) g E(n )y p(een)

k=0 H H J!

H

, (12)
v 10g(1+ﬂ) n— n! t" & (xlog(1+pu)\/ ¥
7;; (2 > yk Zkk(n—Zk)) 2() —

Iz ) W !

n3k

i i i log1+y) n—2k—I ZRylxn=3k=21 1 (1 — 3k)! &
o\ e k!t(n —3k)!(n — 3k — 21)! | n!”

If we compare the coefficients fl—n, on the both sides of (12), we have representation of
Hy(x, y,z|p).

51 1%5%] /16 n—2k—1 k. I n—3k—2l
B g(1+ ) 5y x n!(n — 3k)!
Ha(x,y,2l1) —,}g l; ( I ) KU1 (n — 3k)1(n — 3k — 21)1"

and [ | denotes taking the integer part.

The following elementary properties of H; (x,y, z|it) are deduced form (4). We delete
the details.
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Theorem 3. For any positive n, we have

_, n!
1. Hy(x,0,0[u) :m;nsl(m,n)x”ym ”ﬁ.
11
2. Hu(xq+x,y,zlp) = Z Z ( ) 1 (x1, v, 2| 1) S1 (m, 1) xh ™= l%.
=0m=l :
A o
_ g(1+p) n!
3. Hu(x,y1+y2,2|p) —EJW-%(%%JIH)( i ) e Tk
8 o 5y (m k)
1(m, ]/2?/‘
4 Hu(x,y1 +y22lH) = kZ%]mZk i n—Zk) "H, a1, 2ln).

(5] lo k 1

g(1+y)) k n
5. Hy(x,y,z1+z = H, 3.(x,v,z ( z .
(x, 4,21 2|H) k;) n—3k(%, ¥, z1|p) i zk!(n 3K)!

n
3

6. Hy(x,y,z1 +2zp) = )
k=0m=k

© Sy (m, k)Zp"F*n

il (1 — 3001 Hn—Sk(x/yle|V)~

n

n
7. Hu(x1+x2,y1+y2,21 +2lp) =) (l>Hz(xl,w,zlIpt)Hn_z(Xz,yz,Zz!ﬂ)-
1=0

The paper is written by this process: We make symmetric identities about 3-variable
degenerate Hermite Kampé de Fériet polynomials in Section 2. We also get formulas of
3-variable degenerate Hermite Kampé de Fériet polynomials. We induce the differential
equations getting from the generating function of 3-variable degenerate Hermite Kampé
de Fériet polynomials in Section 3:

d N
(35) 31002000 = a0 (N, 23,2005, 5,9, 210) = n (N, 5,9, 21085 e 3,9, 200) -

—an—1(N, x,y, 2| N TUE (%, z[n) — an (N, x,y, z|u) N § (t, x,y,z|p) = 0.

In Section 4, we study distribution of computer graphic about the roots of the 3-
variable degenerate Hermite Kampé de Fériet equation H, (x, y, z|pt) = 0. Finally, we see
the symmetric pattern of the roots of polynomials H, (x,y,z|¢) = 0 and indicate some
open problems.

2. Symmetric Identities for the 3-Variable Degenerate Hermite Kampé de Fériet
Polynomials

In this section, we give symmetric identities for the 3-variable degenerate Hermite
Kampé de Fériet polynomials. We also get some formulas and properties of the 3-variable
degenerate Hermite Kampé de Fériet polynomials.

Theorem 4. Let a,b > 0and a # b. Then
a™H,, (bx, b*y, b3z| ) = b"H (ax, a’y, a®z|u).

Proof. Leta, b > 0 and a # b. We start with

abxt 2bzyt‘2 a’p3zt3

Ftxyzp)=04p) ¥ (1+p) ¥ (Q+p) F

Then the expression for F(t, x,y, z, it) is symmetric in 2 and b

F(t,x,y,z,u) = Z Hm(ax,azy,a3z|ﬂ)% Z b"H,, (ax, a? y,a z|‘u)—'

m=0 ' m=0
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We can get that
F(t,x,y,z, 1) = i H,, (bx, b*y b3z|y)(at)m = i a™H,, (bx, by b3z|y)ﬂ
rrr Y~y = m ’ ’ m, = m 7 ’ m' .
tm
When we compare the coefficients of — on the right hand sides of the last two

m!
equations, the proof is completed. [

When we let 4 — 0 in Theorem 4, we have the corollary
Corollary 1. Let a,b > Q0and a # b. Then
a™Hy, (bx, bzy, b3z) = b"H,,(ax, a2y, a3z).
Again, we now use

abxt a?b?yt? a’p3zt3 abt

abt(Lp) F (g F () B Q) B—1

g(t,x,]/,Zr}l) = at bt

(1—1—],1)%—1 1+uH -1

For u € C, we define the degenerate Bernoulli polynomials related to the generating

function
xt

T+mH.

t}’l

nt t

io Bu(xln)

(1—|—y)V -1

If we give x = 0, B, (1) = B (0, u) are called the degenerate Bernoulli numbers. Let
us look at few terms:

H
B =—
O(XLIJ) log(1+y)
1
Bixlp) = x5,
x2log(1 + xlog(1 + log(1 +
By(x|y) = S 108U+ ) _ xlog(+p) | log(1+p)
4 14 6
x3log(14+u)?  3x2log(l+u)?  xlog(1l+ u)?
By(x|) = gLZ B i;(ﬂ me ggyz I
B _x4log(1+y)3 2x3log(1+y)3 leog(1+y)3 log(1+y)3
4 (x[u) = 13 - 13 + 13 T

Let each integer k > 0. S (1) = 0 + 1% + 2K - ... + (n — 1) is called sum of integers.
A generalized falling factorial sum oy (n, jt) can be defined by the generation function
(n+1)t

a e (1+
Uk(”z,‘”)ﬁz( #)

-1

M
=0 t
(1—|—‘u)7/‘ -1

We look at this lim, o oy (1, ) = Sg(n).
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Theorem 5. Leta,b > 0and a # b. Then
noi n i ) i
3 3 () (1) Bt b, B2 00— 10

n i . ) )
Lk (711) <r1n> ba" By (1) Hi (ax, @y, a%z| ) oy —i(b — 1, o).
Proof. From G(t,x,y,z, ), we get the following result:

G(t,x,y,z,p)
abxt 2b2yt2 a’h3zt3 abt

abt(l+u) ¥ 1+u) H (Q+u H (14+p) ¥ -1

- it b
A+pH 1| A+ H -1

abt
abxt a’b*yt b33 | (1 +H) -1
abt TR
= af T+w B Q) B Qtp) F o
1+ -1 1+u)H -1
oo 00 n
=b) Bu(n) (n ZH" (bx, b%y, b° ox(a—1,u) <bt)
n=0 n=0
S N AV A 2. 13 £
= Y ) L, )e b B (1)H;_, (bx, b*y, bz|p) oy _i(a — 1, ) -
n=0 \i=0m=0 :
If we follow a similar way, we have
G(t,x,y,z,p)
abt
abxt a’b?yt? Bp3z | (1) Fo-1
abt R
= b I+w B Otp) B Qtp F i
1+mh -1 1+uH -1
<] b 0 at n
:”28”(7”(,11 ZHnuxay, a—ly(n')
n=0 n=0
R A WA AW 2, 3 t"
= Z Z i m b'a Bm(ﬂ)Hifm(ax/ﬂ y,a Z|]’l)0'7’lfi(b - 11 V) E
n=0 \i=0m=0 :

. t" . . .
If we compare the coefficients of pon the right hand sides of the last two equations,

then the proof is completed. [

If we give u — 0 in Theorem 5, we have the corollary
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Corollary 2. Let a,b > 0and a # b. Then

=
MN

(?) (;) a'b" T By Hi_y (bx, b2y, b32)S,_i(a — 1)
0

i N ‘
Y (n) <nl1> b'a" B, H_y(ax,a%y,a%2)S,_i(b— 1),

i—0m=0 \}!

i=0

Il
3
i

I
=

where By, are Bernoulli numbers (see References [8—10]).

Theorem 6. Let m,n, N be nonnegative integers. Then,

¥ () () " i 2l)

_ z (g)nw—k<w>N‘ka+k(x_n(wﬂ),y,zu).

Proof. If we take N-th many derivative with respect to t in (4), we have

N N X 12 zt3
d d m e o
2 = (= K M H
(5) sz =(5) @rmbaem# aep .
[eo) tm
= Y Hun(oyzlp)
m=0 :
Wltm

If we use the Cauchy product and multiplying the exponential series e* = Y% x

on both sides of (13), we get

m!

_n(log(1+y))t S\
e K (at> F(tx,y,z|p)

= <i (W"(w)mg) (i Hm+N(x,y,ZIV)Z,> (14)
m=0 ') \n=o !

I3
-3 (kfo (T,f)<—n>m-k(1°g“lf”)m_kHN+k<x,y,z|u>) o

When we use (14) and the Leibniz rule, we have
—n(log(];:l—i_ l/l)>t a N
: (5) stz
log(1 + )

NG E) R (N

m a

- E (R (0 () s ) )

m
If we use (14) and (15), and compare the coefficients of %, then the proof is com-

pleted. O .
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If we plug in m = 0 in (15), then we obtain the following theorem

Theorem 7. For N =0,1,2,..., we have

- £ (O () (2 )

3. Differential Equations Related to 3-Variable Degenerate Hermite Kampé de
Fériet Polynomials

Many researchers have studied differential equations which are related to the generat-
ing functions of special numbers and polynomials in References [13—18] in order to make
formulas for special numbers and polynomials. Recall that

xt yt2 zt3

F=3txyzu)=0+pH a+u) ¥ 1+pu)H

[ tn
=) Hn(x,y,z|y)ﬁ, u,x,t €C.
n=0 .

(16)

In this section, we study the differential equations with coefficients a;(N, x,y,z|u)
coming from the generating functions of the 3-variable degenerate Hermite Kampé de
Fériet polynomials:

) N
(35) 50210 (N %0, 20300, =+ = o (N, %9, 205 05,21 = 0

From (16), it follows

d
O
5 A URAAD
xt yt2 zt3

“2lasnFasn e ¥

(17)
2 o o i

_ ((x+2yt+3Z; )log(1+y)>(l+y)” (Ltp) B (L) F

_ ((x+2yt+3zt2)log(1+ll)
K

)su,x,y,zw),

3% = %{3’(1)(t,x,y,2|y)

2
_ ((2y+6zt)ﬂlog(1+ﬂ)>%(t,x’ylzy) N ((x+2yt+3z; )log(l+y))g(1)(t’x,y12|y)

— ((W)Zy + (lm‘g(l;mfﬁ) St x,y,z|u)

log(1+ u) log(1+ 1)
o (o e (SBGE s )

2

(4> + 6xz)> 3 (t,x,y,2|1)
2
12yz> B3t x, v, 2|1

2
(32)2>t2$(t/ Xy, z|p).
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When we continue this process, we can guess that

N a\"
3N = (at) St x,y,z|p)
N ,
=Y a;(N,x,y,z|W)t'S(t, x,y,z|lu), (N =0,1,2,...).
i—0

If we differentiate (19) with respect to t, we have

aS(N) 2N i
at = Zai(N’x’y’Z“'l)lt g(trx/]/,ZW)
i=0

8;(N+1) —

2N ,
+ Y ai(N,x,y, z|p)EFV (4, x,y, 2| )
i=0

=Y (ai(N,x,y, z|u)t 1§t 2y, 2|

2N xlog(1+
Ly MosEm)
i=0
2N+1 291 1
ylog(1+p)
LT
i=1
2042 37 log(1 + 1)

i=2

N, x,y,z )t (t, x, y,z|n)
ai_1 (N, x,y,z|p)t§(t, x,y,z|p)
+

Now we plug in N + 1 instead of N in (19) to find

N .
FONFD = ¥V (N +1,x,y, 2[p)EF(t %, y, 2| ).
i=0

+
juy

ai_o(N,x,y,z|p)t§(t, x,y,z|p).
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Comparing the coefficients from (20) and (21), we get

xlog(1 +
ao(N +1,x,y,z[u) = a1(N, x,y,z|u) + Og(ymao(N,x,y,ZI;t),
xlog(1+
a(N+1,x,y,zlu) =2ay(N,x,y,z|u) + Og(yy)m(N,x,y,zm)

N 2ylog(1+ p)

ap(N,x,y,z|n),
" o(N, x,y,z|p)

xlog(1l+ p)

aNn(N+1,x,y,z|u) = aN (N, x,y,z|u)

N 2ylog(1+ p) )+ 3zlog(1+ ) (22)

" aN—2(N, x,y,z|p),

aN—1(N,x,y,z|pu

2ylog(1+ p)

” an(N, x,y,z|u)

mN+1(N+1,x,y,z|p) =

3zlog(1 +
+ MQZNfl(N/ x/y/Z“’l)’

3zlog(1+u)

aN+2(N+1,x,y,zlp) = aN(N, x,y,z|u),

and .
a;(N+1,x,y,zlp) = (i+1)a; 1(N,x,y,z|u)

xlog(1 4+
+Mai(N,x,y,2|y)

H
L >
+ 321Og;l—i_y)ai_z(N,x,y,zy), (2<i<2N-1).
In addition, by (16), we have
(txy,2ln) = F0 (v, 2lp) = a0(0,%,y, 2l ) (8, 2,y 2| ). (24)
By (24), we get
ap(0,x,y,z|u) = 1. (25)

It is easy to show that

xlog(1+p) )+ 2y log (1 + p) i3
p

St x,y,z|u t,x,y,z|u)

2zlog(1

Dt x,y,2ln) (26)

a;(1,%,y,z[0) ' §(t x,y, z|u)

I
™

i=0
ao(1,x,y,z|w)&(t, x, v, z|p) + a1 (1, x, y, 2| )3 (t, x, y, z|p)
+a(1,x,y, 2|23 (L x, y, 2| p).
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Thus, by (26), we also get

xlog(1 +
a(](l/x/y/ ,u) - g(yy)/
2ylog(1 +
(1,2l = 2L, 27)
3zlog(1 +
a1, 2|p) = OB
From (22), we note that
xlog(1 +
ag(N+1,x,y,z|lu) = a1(N,x,y,z|u) + Mﬂo(N,x,yrZIV)r
xlog(1 +
a0(N, 3y, 201) = a1 (N — 1,2l + 08U 00 1,2,z
(28)
N /xlog(14p)\' ‘
ag(N+1,x,y,z|u) = Z(]/t) a (N —i,x,y,z|p)
i=0
N <log(1y+ V)>N+1XN+1,
Fori =1, we have
N/ xlog(1+ k
a1 (N+1,x,y,zlp) =2) (g(y)) a(N =k, x,y,z|u)
k=0 : (29)
2ylog(1+p) & [ xlog(1+ p) k
+ Z( ) ﬂO(N—k,x/y/Z“/l)/
M =0 M
Continuing this process, we can deduce that, for2 <i <2N —1,
. N/ xlog(1 k
N+ 1200 = (1) (S o (v = )
k=0
N k
N 2ylog(1+ u) 5 (xlog(l + ]/l)) 4 A(N—kxyzn) (30
H k=0 U
log(1 N/ xlog(1 k
. 3z og; +u) y <x og(y + y)) a2 (N =k x,,2|j1).
k=0
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Fori = 2N, we get

aN (N, x,y,z|i)

log(1
’ZZN(N _|_ 1’ x[ylzh/[) — xog(yw

3zlog(1+ )

. an—2(N, x,y,z|n),

2y log(1 +
+ yg;(l‘u)QZN—l(N’x’y’ZV) +

xlog(1+u)

i aN-—2(N—1,x,y,z|n)

an—2(N,x,y,zlu) =

3zlog(1l+ )

aN-4(N —1,x,y,z|u), (31)

2ylog(1 +
+WQZN1(N—1,x/y/Z|V)+

ey

a2N(N+ 1/x/ylz|]’l)

*log( 1+V <3210g 1+p) ) aon- (N =k, x,y,2| )

k=0

2ylog(1 + 3zlog(1+ u
+< g; K 2( g )> aN—2k—1(N =k, x,y,z[u).
k=0

Fori = 2N + 1, we obtain

aN+1(N+1,x,y,z|u)

2ylog(1+ 1) \F & /3zlog(1+ ) \* (32)
_ <yg<ﬂ>> y (8<#>> aany o (N — k%, 2|j1).
H k=0 H
Fori = 2N + 2, we have
3zlog(1+ pu)\ V1
mN2(N+1,x,y,zlp) = <zog§1y)) . (33)
As a matrix, 4;(j, X, ¥, z|p)o<i<aN+2,0<j<N+1 1S given by

1 xlog(1+ u) (Jclog(1+]4)>2+ 2ylog(1+ u)

H H H

2

0 2ylog(1+ p) 6zlog(1+ p) N <log(1 + y)) 4y

H H H

2 2

0 3zlog(1+u) <2ylog(1 + y)) N <log(1 + y)) 6x2

H u H

2
0 0 (1<%<1+W> 1292
H
2
0 0 <3z log(1+ ]J))
H
N+1

0 0 0 <3zlogl(41+y)>

Therefore, by (28)-(33), we get the following theorem:
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Theorem 8. Let N =0,1,2,.... The differential equation

i=0

A N ‘
(at> S(t %y, z|w) — (ﬂai(N,x,y,zﬂ)t’>5(t,x,y,2|u) =0

has a solution
xt yt2 zt3

F=3txyzp)=Q+wHF Q+pu) ¥ Q+p #,

where

N <xlog(1 + 1)

i
ao(N+1,x,y,zlu) =) » > a1 (N —i,x,y,z|p)
i=0

N (loguy + u))N“xNH

7

N /xlog(1+ k
a1 (N+1,x,y,z|p) —ZZ(g(yy)> ay(N —k, x,y,z|p)
k=0

N k
+2ylog;1+ﬂ) Z(xlog(;ﬂ)) ao(N =k, x,y,z|u)
k=0

xlog(1+ u) % <3z log(1+ u
Z

2y log(1 N=1 log(1
. ylog(1+p) Z(SZ og; + )
k=0

k
aN(N+1,x,y,z|p) = )> aN-2(N =k, x,y,z|p)

K k=0

k
) aoN—2k—1(N =k, x,y,z|u)

aN+1(N+1,x,y,z|n)

- (e £ ()

I aN—2k(N =k, x,y,z|u),

k=0
3zlog(1+u) > N+
Pt 4

G(N+ Ly zp) = (i4+1) ) (g(ﬂ“‘)) a1 (N —k x,y,2l1)

k=0

2ylog(1+p1) §h (xlog(1+p)\*
L ylog(1+p) E(x = +V)> ai-1(N =k x,y,2[p)
K k=0 ¥
(

N k
N BZlogyl 1 <x1°g(;+ﬂ)) ai_o(N —k,x,y,2|u), (2 < i <2N —1).
k=0

aon+2(N+1,x,y,z|p) = <

We have a picture of the surface for this solution.
In Figure 1a, we choose -1 < x <1,-1 <t <1,y =1/3,andy =2,z=1.In
Figure 1b, we choose -2 <y <2,-1<t<1,u=1/3,and x =5,z = 3.
When we take N-th many derivative with respect to ¢ for (4) , we have
a\" °° tm
(5) 3w = ¥ Huenmali (34)

m=0

From (19) and (34), we have the following theorem:
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Theorem 9. For N =0,1,2,.. ., one obtains

" H, i(x,v,z|lu)a;(N,x,vy,z|u)m!
Hyn (v y,zlp) =), — iy |(Z1) _l(l')l Yozt :
i=0 :

From (35) with m = 0 one obtains the following corollary:
Corollary 3. For N =0,1,2, ..., one obtains

Hyn(x,y,z|p) = ao(N, x,y,z|p),

where
ay(N+1,x,y,z|u) =1,

N <xlog(1 + 1)

i
ao(N+1,x,y,zlu) =) i > a1 (N —i,x,y,z|p)
i=0

N (loguy + 1) )N“xm

The first 3-variable degenerate Hermite Kampé de Fefiet polynomials read
Ho(x,y,2[n) = 1,

_ xlog(1+p)

Hi(x,y,z|n) "

x2(log(1+ u))? 2ylog(1l+
Ha(x,y, 2|p) = * g(2 Y% g; 28

*(log(14+p))®  6xy(log(1+u))*  6z(log(1+p))*
Hs(x,y, 2l1) — (g;3 m)” , 6xy( g}EZ m)” (g(y2 )

7

xt(log(1+p))* | 12x%y(log(1+p))* | 24xz(log(1+p))
4 + 3 + 2
K K H
122 (log(1 + 1))
+ e

Hy(x,y,z[p) =

7

¥(log(1+u))5  20x3y(log(1+ u))*  60x2z(log(1+ u))3
Hs (x, , 2|p) = (g;5 1) | 202y( E‘E M) (% )

60xy?(log(1+u))®  120yz(log(1 + u))?
+ }13 + ]42 .

+
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@u=1/3,y=2,andz=1 (b)yu=1/3,x=5,andz =3
Figure 1. The surface for the solution §(¢, x,y, z|p).

4. Roots of the 3-Variable Degenerate Hermite Kampé de Fériet Equations

In this section we give a theoretical prediction via numerical experiments by finding
a regular pattern for the roots of the 3-variable degenerate Hermite Kampé de Fériet
equations Hy (x,y, z|it) = 0. To do this, we examine examples of several cases.

We look for the roots of H,(x,y,z|u) = 0 forn = 40,y = 2,-2,2+i,—2—i,z =
2,-2,2+4+i,—2—1i,u =1/3,and x € C (Figure 2).

40t 40t

20

20

Imz) 0

Imz) 0

40

L L L L
-40 -20 0 20 40
Re(z)

(@n=40,y =2, andz=2 (b) n

401 40

20 20

Imz) 0 Imz) 0

40

. . . . . . . .
-40 -20 0 20 40 -40 -20 0 20 40
Re(z) Re(z)

()n=40,y=2+i, andz=2+1 (dn=40,y=-2—i,andz=-2—1i
Figure 2. Zeros of Hy(x,y,z|i) = 0.
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In Figure 2a, we select n = 40, y = 2, and z = 2. In Figure 2b, we select n = 40,
y = —2,and z = —2. In Figure 2c, we select n =40,y = 2+, and z = 2 4 i . In Figure 2d,
we selectn = 40,y = —2 —i,and z = —2 —i. A picture of the roots of the 3-variable
degenerate Hermite Kampé de Fériet equation Hy (x,y,z|p) =0for1 <n <40,y =1/3
from a 3-D structure are shown in Figure 3.

In Figure 3a, we select y = 2 and z = 2. In Figure 3b, we selecty = —2 and z = —2.
In Figure 3c, we select y = 2+ i and z = 2 +4i. In Figure 3d, we select y = —2 —i
and z = —2 —i. Our distributions for approximated solutions of real roots of equation

H, (x,y,z|p) = 0 are shown in Tables 1 and 2.

We can observe a regular pattern of the complex roots of the 3-variable degenerate
Hermite Kampé de Fériet equation H, (x,y,z|it) = 0. We hope to prove regular pattern
of the complex roots of the 3-variable degenerate Hermite Kampé de Fériet equations
H, (x,y,z|u) = 0 (Table 1).

A picture of real roots of equations Hy(x,y,z|u) = 0for1 < n < 40,u = 1/3 are
displayed in Figure 4.

Table 1. Numbers of real and complex zeros of Hy (x, y,z|u) = 0.

y=2z=2u=1/3 y=-2—iz=-2—i,u=1/3
Degree n
Real Zeros Complex Zeros Real Zeros Complex Zeros
1 0 1 0
2 0 2 0 2
3 1 2 0 3
4 0 4 0 4
5 1 4 0 5
6 2 4 0 6
7 1 6 0 7
8 2 6 0 8
9 1 8 0 9
10 2 8 0 10
In Figure 4a, we select y = 2 and z = 2. In Figure 4b, we selecty = 2and z = —2. In
Figure 4c, we select y = —2 and z = 2. In Figure 4d, we selecty = —2and z = —2.

Next, we obtain an approximate solution satisfying Hy (x,y,z|u) = 0,x € C for given
n,y =2,z =2,and y = 1/3 in the Table 2.
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Table 2. Approximate roots of H, (x,y,z|u) =0,x € C,y=2,z=2, and p = 1/3.

Degree n
1
2 —2.15281, 2.1528i
3 —1.0705, 0.5352 +3.8424i, 0.5352 — 3.8424 i
4 —1.1238 — 09119, —1.1238+0.9119:, 1.1238 +5.43161
1.1238 — 5.4316 i
5 —2.6937, —0.3500 —2.3168i, —0.3500 +2.3168 i
1.6969 + 6.90007, 1.6969 — 6.9000 i
6 —3.6974, —1.1016, 0.1447 —3.6924 i
0.1447 +3.6924 i, 22548 +8.2725i, 22548 —8.2725i
- —4.8260, —1.0340+1.3912i, —1.0340 —1.39127, 0.6498 +4.9794 i

0.6498 — 4.9794i, 27972 —9.5687 i, 2.7972+9.5687 i

(@y=2andz=2

(Qy=2+4+iandz=2+1 dy=—-2—id,andz=—-2—1i
Figure 3. Stacks of zeros of Hy, (x,y,z|u) = 0,1 < n < 40.
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re [} 0 () L o 0 00 o 0 0 0 0 0 U () (] ()
[} () [} () o 0 0 0 ¢ 0 0 0 ¢ U 0 0 0
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Figure 4. Real zeros of H, (x,y,z|p) = 0for 1 < n < 40.

5. Conclusions and Future Directions

In this article, we constructed the 3-variable degenerate Hermite Kampé de Fériet
polynomials and got symmetric identities for 3-variable degenerate Hermite Kampé de
Fériet polynomials. We also made the differential equations which are related to the
generating function of H, (x, y, z|u). We also studied the symmetry of pattern of the roots
of the 3-variable degenerate Hermite Kampé de Fériet equations H,(x,y,z|i) = 0 for
various variables x,y, and z. As a result, we found that the distribution of the roots of
3-variable degenerate Hermite Kampé de Fériet equations H, (x, y,z|it) = 0 has regular
pattern. So, we make the following series of conjectures with numerical experiments:

We use some notations. Ry, (

xyzln

) denotes the number of real zeros of Hy (x, y, z|p) =

0 on the real plane, that is, Im(x) = 0, and Cy,,(y,,-|4) denotes the number of complex
zeros of H, (x,y,z|p) = 0. Since n is the degree of the polynomial H, (x, y,z|it), we obtaine
Ret(epzln) =1 = Chy ey zlp)-

We can see a regular pattern of the complex roots of the 3-variable degenerate Hermite
Kampé de Fériet equations Hy,(x,y,z|u) = 0 for y,z, and pu. Therefore, we can make
thebelow conjecture.

Conjecture 1. Let n = 2,3,...,and y € C. Prove or disprove that

Ry, (xy,zln) = 0

where C is the set of complex numbers.

CH, (vy,zln) = 10
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Conjecture 2. Forn =2,3,...,and z € C, prove or disprove that
Re, ey zl) =0 Coy oy zlp) = 1-

The Conjectures 1 and 2 are unsolved problems for all variables v,z and p.

We see that the solutions of the 3-variable degenerate Hermite Kampé de Fériet
equations Hy, (x,y,z|u) = 0 does not show reflection symmetry about Re(x) = afora € R
(see Figures 2—4).

Conjecture 3. Prove that H,(x,y,z|u),x € C,y,z € R as an analytic complex function has
reflection symmetry Im(x) = 0.

Finally, we consider the more general problems. How many roots does H, (x,y, z|i) =
0 have? We are not able to decide whether H, (x, y, z|t) = 0 has n distinct solutions. We
would like to know the number of complex roots Cy, (xy - |) of Hu(x,y,2[u) = 0.

Conjecture 4. Prove or disprove that Hy, (x,y, z|it) = 0 has n distinct solutions.

The conjecture 4 is unsolved problem for all variables 7 (see Tables 1 and 2).

If we can theoretically prove the above problems by drawing new ideas from various
numerical results, we look forward to contributing to research related to the 3-variable
degenerate Hermite Kampé de Fériet equations H, (x,y, z|u) = 0 in applied mathematics,
mathematical physics, and engineering.
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