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Abstract: The purpose of this article is to explore the asymptotic properties for a class of fourth-order
neutral differential equations. Based on a comparison with the differential inequality of the first-order,
we have provided new oscillation conditions for the solutions of fourth-order neutral differential
equations. The obtained results can be used to develop and provide theoretical support for and
to further develop the study of oscillation for a class of fourth-order neutral differential equations.
Finally, we provide an illustrated example to demonstrate the effectiveness of our new criteria.
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1. Introduction

In recent years, there has been growing interest in exploring neutral differential
equations, with applications in many areas, including fluid dynamics, physics, chemistry,
and biology. Problems in these areas have often guided researchers and physicists to
expend great efforts to investigate interesting phenomena, such as the effect of vibrating
systems fixed to an elastic bar. Examples of such problems can be found in the Euler
equations and the Taylor-Goldstein equation in fluid dynamics, and the perturbed vertical
velocity in stratified flow with the effect of viscosity.

The oscillatory properties of neutral differential equations also play crucial roles in
mechanical engineering, civil engineering, and application-oriented research—which can
support research with the potential of developing the ship building, airplane, and rocket
industries—along with the fabrication of microelectromechanical systems (MEMS) and
gyroscopes; see [1-3]. In this paper, we aim to effectively study the oscillation criteria of
the following equation.

L+ q(x)w(pzfl)(z(x)) =0, x > xp, (1)

where

Lei= &) (1" (x)) "V, sothat y(x) i=w(x) + r(x)w((x)). @)

The operator Ly is the canonical form if f ;Oo i 1 ds = oo; otherwise, it represents

the noncanonical form.
Here, our significant novel outcomes are obtained by considering the following condi-
tions:
S1: r € Clxg,00), 0 <r(x) <ry< oo,
S2: 4,z,q € Clxg,0), g(x) > 0,6(x) < x, limy ;00 () = limy—00 2(X) = 00,
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S3: ¢ e Clxg,),¢&(x)>0,&(x)>0,and

o 1

o TS T ©

S4: p; >1, i =1,2are constants and

PLZ0 14281 if pp > 2

By a solution of Equation (1) we mean a function w € Cs [x,00), x > xg, which has the
property &(x)(y" (x))* € Cl[xo, ), and satisfies Equation (1) on [xg, o).

Definition 1. A solution of Equation (1) represents oscillatory behavior if it has arbitrarily large
zeros on [xg, o). Otherwise, a solution can be known as nonoscillatory.

Definition 2. Equation (1) is known as oscillatory if each solution of it is oscillatory.

Definition 3. If the highest-order derivative of the unknown function occurs with and without
delay, then the differential equation is defined as neutral.

Over the past few years, the asymptotic behavior of solutions of differential equations
has become a key research area in different disciplines. In particular, in mathematics, many
researchers investigated the oscillatory properties of solutions to neutral differential equa-
tions; see [4-12]. For differential equations of neutral type, we present the following results
that are closely related to our work. For example, Bazighifan [13], obtained oscillation
conditions for solutions of Equation (1). In [14], the authors considered the equation

(EF(" @) +pF (3" V() + () F((x) =0,

where F = |s|f ~25 and obtained some new oscillation conditions.

In [6,15] the authors studied oscillation for equations of Emden-Fowler neutral type
where a criterion of Kamenev-type oscillation was found.

The authors in [16,17] considered the equation

Y7 (2) +g(x)w(z(x) =0,

and proved that it is oscillatory if

liminf [ K(s)ds > 20-00-2 =1 (4)
x—00  Jo(x) e
and N I
lim inf K(s)ds > (r—1t )
x—00 J(x) e

where K(t) := z'~1(x)(1 — b(z(x)))g(x) and r is an even number.
In [18,19], the authors considered the equation

(€0 (3" @) + e =) =0,

and it was found to be oscillatory if

lim inf [ w(s”*l)“ds > <1+ Yo )“n_l)!)a, 6)

x=00 J5-1(z(x)) §(5) zo  zodo e
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and

o
x (T ()" ((n—1))"
lim inf ——————— | q(s)P;(z(s))ds > ~——, (7)
x=e0 J51(y(x)) (C”“(él(n(S))) 1) e

where 7 € C!([xp, %), R) and 7(x) := min{q(z"}(x)),q(z"1(6(x))) }.

Inspired by the work of [16-18], we concentrate on establishing the oscillatory proper-
ties of solutions of (1). We aim also to provide some examples that can ensure the validity
of the proposed criteria.

2. Main Results

This section aims to present the main contribution in this article which lies in its
potential to empower systematic analysis and understanding the oscillatory properties of
solutions of (1).

Lemma 1 ([15]). If u satisfies u') (x) > 0,i = 0,1, ..., j, and uU*V) (x) < 0 eventually, then for
every €1 € (0,1), u(x)/u’'(x) > e1x/j eventually.

Lemma 2 ([20] (Lemma 1 and 2)). Let mq,my > 0; then

2p-1 (m*f +m2ﬂ) for B>1;

(1 +m2)F <
mf +m§ for B <1.

Lemma 3 (([21] Lemma 2.2.3)). Let u € C/([xg,00),(0,00)) and ul=V) (x)ul)(x) < 0. If
limy o0 t4(x) # O, then

u(x) > (],fl)!xjfl‘u(jfl)(x)’forx > Xy,

forevery u € (0,1).
These are some of the important hypotheses of Equation (1):
Hypothesis 1. w is an eventually positive solution of Equation (1).

Hypothesis 2. The inequality

i (x) +

(p1—1) \6g!/ (-1

ux (p2—-1) 200 (p2=1)/(p1-1) -
—T Glx)n -/ =D (671(z(x)) ) <0, (8)
o) () (57 eto)

is oscillatory where

() = min{qg(=" (1)) 4(= " (6(x)) |

Hypothesis 3. The inequality

19/( )+ 1 yx3 (p2—1) & "( )ﬁ(pz—l)/(pl_l)( ( )) <0 (9)
: (p1—1) \6¢ (P1=1)(x) 50+1’(()p2_1) q{x z(x)) <

is oscillatory.

It can be noted that the first order of equations (H2) and (H3) has been discussed pre-
viously by different authors—for example, [10,22,23], and they proved that these equations
are oscillatory. In our current study, we use them as a point of comparison so that (H2) and
(H3) can be assumed to be oscillatory.
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Theorem 1. Let us assume that
(z‘l(x))/ > 29 >0 and &' (x) > 6y > 0. (10)
If (H2) holds, then Equation (1) is oscillatory.
Proof. Let x be a non-oscillatory solution of Equation (1) on [xg, o0); we get x > 0. Then,

0
there exists a x; > xg such that w(x) > 0, w(d(x)) > 0 and w(z(x)) > 0 for x > x;. Since
&'(x) > 0, we have

/

y(x) >0, v/(x) >0, ¥ (x) >0, y¥(x) < 0and (g(x)(y”'(x))“’f”) <0, (11

for x > x1. From Equation (1), we get

(Zf(x)), (c(z‘lm) (v" (z‘%x)))(’””)/ (@) @ =0 @2

By using Lemma 2 and the definition of y in (2), we get

P = () +rwE) Y
< (m-1) (w(P2—1>(x) + ré”z‘”w(m—l)((s(x))). (13)

From Equations (12) and (13), we obtain

il

+7’ép2 1) ( x)) ( /// 2 1(5(3())))(1011)>/_|_q(z_l(é(x)))w(pz_l)(5(9()))
(C( )( ///( l(x )) ) (pz B (@’(z‘l(d(x))) (y///(z—l(5(x))))(l71—1))/
(z (%) (z71(6(x)))’

(=27 @)l @)+ Vg (271 6000) Jwl D (6(x)

((’,‘(Z‘l(x)) (y”’(z‘l(x)))(pl_l))/ +r(p27l) (6(2_1(5(3()))( (2 (5(x)))) ))/
(z1(x)) ° (z1(8(x)))’

Gy (x),

1

+(P1—1)

which with (10) gives

% (C (z’l (x)) (]/" (zj’l (x)) ) (pl_l)) |
(p2—1) -0y’
#0 (o () (o)) g <o (14

Since y'(x) > 0, we find limy_,0 y(x) # 0, and by Lemma 3 we obtain

y(x) = £y (x). (15)

Combining (14) and (15), we obtain
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n'(x) +

p2—1)

N 4L o
210<C (@) (v (57 ®))" 1)) o (g(zl(é(x))) (v (=)™ ”)

n(x) = —¢

1

L g A (p2—1)
- (P1—1)q(x)(gx) (v" (%) <0. a8

If we set

(p2—1)

() (s )™+ e ) (v (o))

200o
then it is easy to see that
(p2—1)

1(¢7 @) < (M>€<x> (v () Y.

2000

From (16), we find

(p1—1)

(

6¢1/ (-1

3 (p2—1) 200 (p2=1)/(p1—1)
—_ qA(x)ﬂ(Pz—l)/(m—l) 5 (z(x))) <0,
@) () (5 e00)

which is a contradiction. Therefore, this contradiction completes the proof. [
Theorem 2. Let (10) and (H3) hold; then (1) is oscillatory.

Proof. It is known that (16) holds in the proof of Theorem 1. If we set #(x) := &(z1(x))

— (}71—1) . cys . . . o g .
(" (z L(x))) , then ¢ is a positive solution of (9), which is a contradiction. This
completes the proof. O

Corollary 1. Let py = pp and (10) hold. If {(x) < x and

¥ 3(p1—1) 5 (p1—1) _1elpi-1)
lim inf S g(s)ds > ( 0+ 7 (pr =D
20(5() e

x—00 J&(x) g(s)

, (17)

where &(x) = 6~ 1(z(x)) or z(x), then Equation (1) is oscillatory.

Theorem 3. Let rg < 1and z(x) < x. For some u € (0,1) if

3 (r2-1)
W0+ (1=r0) D () gy e =0 as

is oscillatory, then Equation (1) is oscillatory.

Proof. Itis known that (11) holds in the proof of Theorem 1. By the definition of y in (2),
we find

w(x) y(x) —row(d(x)) = y(x) —roy(6(x))

(1 =ro)y(x),

VvV 1V

which with Equation (1) gives

(6@ (") ") + g0 = ro) P Dy (z(x)) <0 (19)
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From Lemma 3, we obtain

y(x) = £y (x). 20)

Combining (19) and (20), we get

(C(x) (y///(x))(l’lfl)y +a(x)(1— ro)(szl) (%23()()) (p2—1) (y///(z(x)))(pzfl) <o.

If we set i := §(y”’)(p1_1), then the inequality

3 (p2—1)
P+ (Gl ) e e <o

In view of ([10] Corollary 1), Equation (18) has a positive solution, which is a contra-
diction. This completes the proof. [

Corollary 2. Let p1 = p, 19 < land z(x) < x. If

li f X Z3(P1—1)(5) ()d 6(?1—1) (21)
imin ———g(s)ds > ———,
N S EO) (1—ro) " Ve

then Equation (1) is oscillatory.

Lemma 4. If (H1) holds, then

Pr(x) <

zj(x) 3(p2—1)
<)

o1(x) — 01 (1)g(x) (1 — ro) P Uy P2 (e, (

i ZEy
0" (), 22)

—(p1—1
7 )yl2@1/(171*1)(35)(0}/(”171)(x)

for some pq,e1 € (0,1) and every My > 0, where

z(x)\ 32~
¥ (x) i= M2y (x)q(x) (1 = ro) P2 ((x)) e

Proof. Let (H1) hold. In the case where " (x) > 0, let

g0 (y" (x)) 1Y

> 0.
y(l’l—l) (x)

¢1(x) := @1(x)

From (19), we find

@1 (x)
@1(x)

ey UEE)

¢1(x) — @1(x)q(x)(1 — 7o) (71 (x)

)" )Y
Al

p1(x) <

—(p1 — D@1 (x)

Using Lemma 1, we obtain y(x) > §y’(x), and hence,

(24)
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Using Lemma 3, we get
v (x) = By (x), (25)

for all u1 € (0,1). Thus, by (23)-(25), we obtain

@ (x)
@1(x)

Pi(x) < 91(x) = @1 (x)q(x) (1 = 10) " VyP2 2 (x)ey ( (

2 -

. " (x).

1 261/(;71—1) (x)coi/(lﬂl—l) (x)

—(p1—Dpu

This completes the proof. [

Lemma 5. If (H1) holds, then

Ph(x) < =¥ (x) + $3(x), (26)

for some €1 € (0,1) and every My > 0, where

o R A e R
¥ (x) = ((1_;,0)81)(192 1/ (p1 1)w(x)M§Pz p1)/(p1 1)/){ (C(t)/t q(s)zs(pzl()s)ds> dt.

Proof. Let (H1) hold.In the case where y”(x) < 0, by integrating (19) from x to ¢, we find

S 0)" =2 ()" < = [Lae =) By o) @)
By Lemma 1, we get y(x) > xy/(x), and hence,

z(x)

y(E() 2 & -y (). 8)

For (27), letting t — co and using (28), we get

(j(x)(y”’(x))(”l_l) > ((1- ro)gl)(pfl)y(f’z_l)(x) q(s)]i_ls)ds. (29)
x s(PZ )

By integrating (29) from x to co, we get

0 0 (p2—1) 1/(p1-1)
(1 / q(s)zz(s)ds> dt, (30)

" —((1— (p2=1)/(p1=1) ,(p2~1)/ (p1-1)
y'(%) < (1= r)en) y ) [ o oD

X

foralle; € (0,1). Now, we define

Then ¢, (x) > 0 for x > x1. By using (33) and (30), we obtain
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Thus, we find

¢a(x) < —¥1(x) +

This completes the proof. [

Theorem 4. Assume that ro < 1 and z(x) < x. If there exists positive functions @;,
@ € CY([xg,0)) such that

0 2(p1-1) ‘:(S>(‘Di (S))Pl -
Ao <III(S) - pllgl ygplfl)SZ(plfl)(Dgplfl) (S) ds = o, (31)
and 2
/x <T1(5) - ((Zcézs))) )ds = 00, (32)

then (1) is oscillatory.

Proof. Itis known that (11) and (19) hold in the proof of Theorem 3. From (11), we have
that i is of one sign. From Lemma 4, we find that (22) holds.
Since y/(x) > 0, there exists a x, > x7 and a constant M > 0 such that

y(x) > M, (33)

for all x > xp. From the inequality

DC’X

Ew— FpltD/e < =
(“+1)a+1

Extlp—2 F >,

with E = @/ (x)/@1(x), F = (p1 — 1)yx2/2§1/(p1’1)(x)w}/(plfl)(x) and w = ¢, we find

20 g(x)(@) ()"
pfl nglfl)xz(plfl)aﬁpl*l) (x) '

P1(x) < —¥(x) +

This implies that

., (ws) L2 () (@)

ph ‘ugplfl)sz(plfl)wgplfl)(S)

)ds < ¢1(x1),
which contradicts (31). From Lemma 5, we find that (26) holds. This implies that

(@'(x))?
40(x)

a(x) < —¥1(x) +
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Then, we obtain
g (@'(x))"
A <
/ 1 (‘I’l ()~ o) )9 < (),
which contradicts (32). This completes the proof. O

3. Applications

This section presents some interesting examples and applications which are addressed
based on above hypotheses to show some interesting results in this paper. Example 1
is presented to show how to investigate the problem of practical interest to the specific
conditions (0 < r(x) < rp < 1), whereas Example 2 extends the study to be under this
condition (0 < r(x) < ry < ).

Example 1. Consider the following equation:
(w(x) + (7/8)w(x/e))(4)+qou_4w (x/ez) =0,u>1, (34)
where qo > 0 is a constant, and
p=2, E(x) =1, 7(x)=7/8, 6(x)=u/e, g(t)=qou*, z(x) = x/é*.

By applying the conditions (4)—(7) to the above Equation (34), we obtain the desired results in
the following Table 1

Table 1. The values of g for different conditions.

The condition 4) (5) (6) ™)
The criterion qo > 113,981.3 qo > 3561.9 qo > 3008.5 qo > 587.93

Observe that, as shown in Table 1 the value of qq for the condition (7) is smaller than other
values of qo for other conditions. Hence, the condition (7) provides a better result than the results
obtained by conditions (4)—(6) in [16-18]. However, these conditions for oscillation cannot be
applied to the following example where we investigate the problem of practical interest under this
condition (0 < r(x) < ry < 00).

Example 2. Consider the differential equation

(1) ! 0
(((w + row(wx))"l) ) + x3zlizw()tx) =0,x>1, (35)
where @, A € (0,1] and ry,q0 > 0. Let ¢(x) = 1, r(x) = ry, 6(x) = @x, z(x) = Ax and
q(x) = qo/x3P172. Hence, it is easy to see that

1

= — 3p1—2
’1(3‘) - qOA n x3p1—2°

Using Corollary 1, Equation (35) is oscillatory if

(=1 (m—1)
1 @+ 6(P1
qo0 an > (pl - 1) ( @ ) )\3(7"1*1)e' (36)
From Corollary 2, if
(P1—1)
90 ln% > ! 6 , (37)

then (35) is oscillatory.
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Finally, if we set @1 (s) := x*P1=Y) and @ (x) := x2, then we have

¥(x) = go(1 — ro) P DA3m-D L

s
and 1(p1-1)
1 q0 ) e
Yi(x) =z 77—/ 1—rg)A.
Using Theorem 4, Equation (35) is oscillatory if
qo(1 — ro) P 23=1) 5 o113 <<”1 - ”)'”, 39)
P1
and
2 (p—1)
90 > ((1_7,0)/\> 3(p1—1). (39)

4. Conclusions

This paper explored the oscillatory behavior of the fourth-order neutral differential
equation. In particular, we addressed and investigated the oscillation criteria of Equation (1).
We obtained different forms of conditions to expand the application area by using different
methods. These new conditions complement several results in the literature. Additionally,
some interesting examples were presented to investigate the proposed criteria. Further
research based on the results of this article could extend the analysis herein to investigate
a philos type oscillation criteria to ensure that every solution of the desired Equation (1)

is oscillatory . Moreover, some oscillation criteria for (1) if f;; st < 00, can be
S

investigated.
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