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Abstract

:

In this paper, heat transfer and entropy of steady Williamson nanofluid flow based on the fundamental symmetry is studied. The fluid is positioned over a stretched flat surface moving non-uniformly. Nanofluid is analyzed for its flow and thermal transport properties by consigning it to a convectively heated slippery surface. Thermal conductivity is assumed to be varied with temperature impacted by thermal radiation along with axisymmetric magnetohydrodynamics (MHD). Boundary layer approximations lead to partial differential equations, which are transformed into ordinary differential equations in light of a single phase model accounting for   C u  -water and   T i  O 2   -water nanofluids. The resulting ODEs are solved via a finite difference based Keller box scheme. Various formidable physical parameters affecting fluid movement, difference in temperature, system entropy, skin friction and Nusselt number around the boundary are presented graphically and numerically discussed. It has also been observed that the nanofluid based on   C u  -water is identified as a superior thermal conductor rather than   T i  O 2   -water based nanofluid.
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1. Introduction


The study of nanofluid flow and heat transfer has gained importance in the current era due to its significant importance in engineering applications. In many processes, nanofluids are used as a coolant in several industrial refrigeration systems and used in the process of oil extraction, computer processors, car radiators and thermal solar collectors, etc. Nanofluids are solid additive enriched fluids with enhanced thermal transport abilities. The heat transfer characteristics of ordinary fluids have been improved by nanofluids. The innovative idea of construction of nanofluids was practically implemented by Choi and Eastman [1,2,3]. The prominent nanoparticles used are made up of metals (  A l ; C u )  , carbides   ( S i C )   or oxides   ( A  l 2   O 3  )   with water and ethylene glycol as base fluids. Experimental studies have shown that the concentration, scale, form and composition of nanoparticles have a substantial effect on the thermal capability of traditional fluids (Lomascolo et al. [4]). The increase in thermal conductivity is in fact due to nanoparticles, but the improvement and efficacy of heat transfer depends mainly on the shape of the material and the composition of the scattered particles.



The study of nanofluids over a stretching surface has gained much interest. Sakiadis [5] initiated the concept of boundary layer flow over a stretching surface. Hakeem et al. [6] pondered over the impact of MHD on the 2nd order partial slip flow of thermally radiating nanofluids over sheets that can either shrink or stretch. In their work, they implemented the analytical hyper-geometric function and numerical shooting techniques and concluded that the skin drag is highest for alumina-water and lowest for silver-water nanofluids in both cases of stretching and shrinking sheets. In addition, their research involves increasing the values of the magnetic parameter that disappear in the lower branch solution of the shrinking sheet. Khalil et al. [7] performed a study on dual convection fluid flow and concluded that in a magnetized thermally stratified medium, the fluid velocity is an increasing function of mixed convection parameters but inverse trends are seen towards the magnetic field parameter. In [8], Usman et al. modeled Newtonian nanofluid flow manifested with thermal radiation and heat generation in the form of coupled differential equations. They concluded that the temperature depicts the uplift for thermal radiation. The effect of Lorentz forces and viscous dissipation of micropolar nanofluid that passes through a stretching surface using the mathematical model of Buongiorno has been investigated by Hsiao [9]. With the elevation of Eckert and Prandtl numbers, the increase in thermal profile has been observed. In addition, to enhance the values for these numbers, the rate of heat transfer is also increased. Another study related to the impact of an unsteady MHD flow over a horizontal stretching sheet on its thermal and solutal transfer in the presence of heat generation/absorption was analyzed and enlightened by Mukhopadhyay [10]. By introducing the uniform stress that was first studied by Crane [11], the sheet contains an incompressible flow. Ishak et al. [12] considered a KBM solution of MHD fluid flow over a stretched surface. The concept of the slip effect was created by Dorrepaal [13]. In [14], Noghrehabadi et al. reprised the partial slip condition on the heat transfer rate across a stretching sheet of nanofluids. Computational analysis of forced convection of nanofluids in terms of power law was done by Farhan et al. [15]. Recently, the same authors [16] analyzed the heat transfer of the MHD power law for nanofluid flow passing through an annular cavity. Sharma et al. [17] evaluated the slip effect of   C u O  -water nanofluid on the heat transfer rate across a stretching sheet. Though its effects of viscous dissipation are often minimal, their impacts are more important when the viscosity of the fluid is very high. Notable contributions regarding thermal and solutal diffusion nanofluids in different physical situations are presented by [18,19,20,21,22,23,24,25,26,27].



Across most of the above research, Newtonian nanofluid models are proposed for convective transfer, but in the real world, nanofluids do not respond as Newtonian fluids, hence it is more likely to fit the non-Newtonian fluid framework for the nanofluid analysis. Hussain et al. [28] performed an analysis of the MHD flow and heat transfer of ferrofluid in a channel with non-symmetrical cavities. They investigated and addressed the thermal transport properties of ferrofluid in the non-symmetric cavity in the channel with the magnetic field enforced on it. Ibrahim and Negera [29] carried out the analysis based on numerical computation of the two-dimensional upper convected Maxwell (UCM) with the effect of magnetohydrodynamics and heat transfer through quite a linear flexible surface. Their work has shown that the indicated mass transfer parameter reduces the velocity, temperature and concentration profiles by using the Keller-box approach. In [30], Patel et al. addressed the heat transport phenomenon of   F  e 3   O 4    micropolar nanofluid on the stretching/shrinking sheet through the use of the Brinkman nanofluid model. The Homotopy analysis approach was used to investigate the effect of significant physical parameters on thermal transmission. Their study yielded that micro-rotation and velocity fields minimize mass transfer parameters with an increased magnetic field in the stretching scenario. Ghobadi and Hassankolaei [31] addressed the two-dimensional Carreau nanofluid under the influence of Lorentz forces and nonlinear thermal radiation. They noted that fluid motion decreases by the increase in the local Weissenberg and Hartman numbers of shear thinning fluids, but increases by rising the local Weissenberg number of shear thickening fluids. Aziz et al. [32] analyzed the implications of a partial slippery and heated surface on Maxwell nanofluid over a stretching sheet using the Keller box method (KBM). The entropy production is associated with heat transfer, magnetic field, viscous dissipation, heat and mass transfer. Very recent studies on non-Newtonian nanofluids can be found in [33,34,35,36,37,38,39,40,41,42] and references therein.



The primary concern of this study is to study Williamson nanofluid’s steady two-dimensional boundary layer flow due to various non-uniform velocities of a stretching surface. In this regard the findings of the work done by Jamshed and Aziz [43] have been extended and analyzed the steady case. In the present study, the Tiwari and Das model [44] is considered. The fluid, velocity and temperature are considered the same as in the Tiwari and Das model (single phase model). The benefit of a single step model is that since we neglect the slip frameworks, the model becomes simple and can be solved easily by a numerical technique. However, the drawback of this approach is that in certain situations, the numerical results vary from those obtained by the experiments. The volume concentration of nanoparticles in this model volume varies from 3% to 20%. With the use of a similarity transformation, basic fundamental PDEs are achieved and converted into nonlinear and coupled ODEs and finally the Keller box scheme is used to obtain the numerical solution of the problem. The graphical and tabular representation of numerical results sheds light on the effect of the related parameters on the heat transport system.




2. Mathematical Modeling


A two-dimensional flow of Williamson nanofluid is assumed over a stretching sheet. The fluid is deemed to be incompressible and, due to the supremacy of the viscous forces in the boundary layer flow, the flow is believed to be laminar. As the sheet is extended in the positive x-direction with a non-uniform velocity, the fluid properties are known not to differ with time.


   U w   ( x , t )  =  c x  ,  



(1)




where the value of c denotes an initial stretching rate. The insulated sheet temperature is    ¥ w   ( x , t )  =  ¥ ∞  +  ( c x )    and for convenience it is presumed to be fixed at   x = 0  , where   ¥ w   and   ¥ ∞   show the temperature of the wall and surroundings, respectively. A surface is considered to be slippery and a temperature gradient is applied to the sheet. The uniform magnetic field of intensity   B  ( t )  =  B 0    is introduced in the normal flow direction.



Model Assumptions and Conditions


The mathematical model is considered under the following assumptions and conditions:




	
Two-Dimensional laminar steady flow;



	
Boundary layer approximation;



	
Tiwari and Das model;



	
Non-Newtonian Williamson nanofluids;



	
Magnetohydrodynamics (MHD);



	
variable Thermal conductivity;



	
Thermal radiation;



	
Nanoparticles shape factor;



	
Porous stretching sheet;



	
Convective and slip boundary conditions.








The mathematical form of Williamson fluid stress tensor is given by (see for example, Dapra [45])


   S *  = − p I +  τ  i j   ,  



(2)




where,


      τ  i j   =   μ ∞  +   (  μ o  −  μ ∞  )   ( 1 − φ  γ ˜  )     A 1  ,     



(3)




where   τ  i j   ,   μ o  ,   μ ∞  ,   φ > 0   and   A 1   are the extra stress tensor, limiting viscosity at zero shear rate, limiting viscosity at infinite shear rate, time constant and the first Rivlin–Erickson tensor, respectively, and   γ ˜   is defined as:


      γ ˜  =    1 2  π   ,     



(4)






     π = t r a c e (    A 1   2  ) .     



(5)




Here, we assumed    μ ∞  = 0   and    γ ˜  < 1  . Hence, Equation (3) can be written as


      τ  i j   =    μ o   ( 1 − φ  γ ˜  )     A 1  ,     



(6)




or by utilizing the binomial expansion we get


      τ  i j   =   μ 0   ( 1 + φ  γ ˜  )    A 1  .     



(7)







Figure 1 is the schematic flow model of the present problem.



The constitutive equations [46] of flow pertaining to a viscous Williamson nanofluid along with entropy equation aptly modified under usual boundary layer approximations along with thermal radiation and temperature dependent thermal conductivity. The dynamics of fluid flow could be presented in the following equation.


  ρ    d V   d t    = − ∇ . P + ∇ .  S *  .  



(8)




While eliminating   S *   in Equations (2) and (8), we find the following (9) and (10) equations,


    ∂  v 1    ∂ x   +   ∂  v 2    ∂ y   = 0 ,  



(9)






      v 1    ∂  v 1    ∂ x   +  v 2    ∂  v 1    ∂ y   =   μ  n f    ρ  n f        ∂ 2   v 1    ∂  y 2     −  2  φ   μ  n f    ρ  n f        ∂  v 1    ∂ y        ∂ 2   v 1    ∂  y 2      −    σ  n f    B 2   ( t )   v 1    ρ  n f    ,     



(10)






      v 1    ∂ ¥   ∂ x   +  v 2    ∂ ¥   ∂ y   =  1   ( ρ  C p  )   n f      ∂  ∂ y    (  κ  n f  *   ( ¥ )    ∂ ¥   ∂ y   )   −  1   ( ρ  C p  )   n f       ∂  q r    ∂ y    ,     



(11)






     E G     =   k  n f    ¥ ∞ 2        ∂ ¥   ∂ y    2  +   16  σ *   ¥ ∞ 3    3  k *        ∂ ¥   ∂ y    2   +   μ  n f    ¥ ∞       ∂  v 1    ∂ y    2  +    σ  n f    B 2   ( t )   v  1  2     ¥ ∞    .     



(12)







The following boundary conditions are assumed:


   v 1   ( x , 0 )  =  U w  +  W *   μ  n f      ∂  v 1    ∂ y    ,   v 2   ( x , 0 )  =  V w  ,  −  k f     ∂ ¥   ∂ y    =  h f   (  ¥ w  − ¥ )  ,  



(13)






   v 1  → 0 ,  ¥ →  ¥ ∞     a s    y → ∞ .  



(14)




Here the velocity of the flow is of the form    v →  =  [  v 1   ( x , y )  ,  v 2   ( x , y )  , 0 ]   . Whereas the time is represented by t,  ¥  is a temperature of the fluid. While   V w   describes the permeability of the stretching surface. The velocity slip factor is represented by   W *  . The other parameter   h f   represents the heat transfer coefficient.      κ  n f  *   ( ¥ )  =  k  n f    1 + ϵ   ¥ −  ¥ ∞     ¥ w  −  ¥ ∞       denotes the variable thermal conductivity.



Radiation only moves a short distance in Williamson’s nanofluid due to fluid thickness. Because of this phenomena, the Rosseland [47] radiation approximation is used in Equation (11) and is given as Equation (11)     ∂  q r    ∂ y   = −   16  ¥ ∞ 3   σ *    3  k *       ∂ 2  ¥   ∂  y 2     . The non-dimensional entropy generation (NG) can be given as follows:   N G =      ¥ ∞   2   c 2   E G     k f     ¥ w  −  ¥ ∞   2     .



Material parameters for the Williamson nanofluid are defined in Table 1 (for details, see [48,49]).



Hamilton and Crosser model [50] is adopted for the problem under consideration,


    κ  n f    κ f   =     (  κ s  +  ( m − 1 )   κ f  )  −  ( m − 1 )  ϕ  (  κ f  −  κ s  )     (  κ s  +  ( m − 1 )   κ f  )  + ϕ  (  κ f  −  κ s  )     .  



(15)







The particle shape factor m is defined in Figure 2 (for details, see for example, Xu and Chen [51]).



The material properties of the base fluid water and various nanoparticles being used in the current work are given in the Table 2 (for details, [52,53,54]).





3. Solution of the Problem


The (BVP) Equations (9)–(14) are transformed in light of a similarity technique that converts the governing PDEs into ODEs. Introducing stream functions  ψ  of the form


   v 1  =   ∂ ψ   ∂ y   ,   v 2  = −   ∂ ψ   ∂ x   .  



(16)




and similarity variables of the form


  η  ( x , y )  =   c  ν f    y ,  ψ  ( x , y )  =    ν f  c   x f  ( η )  ,  χ  ( η )  =   ¥ −  ¥ ∞     ¥ w  −  ¥ ∞    .  



(17)




into Equations (9)–(14). We get


   f  ‴   +  ϕ 1   ϕ 2   f  f  ″   −  f  ′ 2    + λ  (  f  ″    f  ‴   )  −  ϕ 1   ϕ 4  M  f ′  = 0 ,  



(18)






   χ  ″    1 + ϵ χ +  1  ϕ 5   P r N r  + ϵ  χ  ′ 2   + P r   ϕ 3   ϕ 5    f  χ ′  −  f ′  χ  = 0 ,  



(19)






  N G = R e   ϕ 5   ( 1 + N r )   χ  ′ 2   +  1  ϕ 1     B r  Ω    f  ″ 2   +  ϕ 1   ϕ 4  M  f  ′ 2     .  



(20)




With


  f  ( 0 )  = S ,   f ′   ( 0 )  = 1 +  Λ  ϕ 1    f  ″    ( 0 )  ,      χ ′   ( 0 )  = −  B i   ( 1 − χ  ( 0 )  )  ,  



(21)






   f ′   ( η )  → 0 ,  χ  ( η )  → 0 ,    a s    η → ∞ ,  



(22)




where    ϕ i ′  s   is   1 ≤ i ≤ 5   in Equations (18)–(20) describes the preceding thermophysical charactersitic for Williamson nanofluid


   ϕ 1  =   1 − ϕ   2.5   ,   ϕ 2  =  1 − ϕ + ϕ   ρ s   ρ f    ,   ϕ 3  =  1 − ϕ + ϕ    ( ρ  C p  )  s    ( ρ  C p  )  f    ,  



(23)






   ϕ 4  =  1 +   3 (   σ s   σ f   − 1 ) ϕ    (   σ s   σ f   + 2 )  −  (   σ s   σ f   − 1 )  ϕ    ,   ϕ 5  =     (  k s  +  ( m − 1 )   k f  )  −  ( m − 1 )  ϕ  (  k f  −  k s  )     (  k s  +  ( m − 1 )   k f  )  + ϕ  (  k f  −  k s  )     .  



(24)




and all the derivatives are considered with respect to  η . Non-Newtonian fluid and magnetic parameters are labeled here by   λ = φ x    2  B 3    ν f      and   M =    σ f   B  0  2    c  ρ f     , respectively. Whereas   P r   =    ν f   α f    shows the Prandtl number. The thermal diffusivity parameter, mass transfer parameter and thermal radiation parameter are given by   α f   =    κ f    ( ρ  C p  )  f   ,   S = −  V w    1   ν f   c      and   N r   =    16 3     σ *   ¥ ∞ 3     κ *   ν f    ( ρ  C p  )  f     , respectively.   Λ =  W 0    c  ν f     μ f    is the velocity slip parameter and    B i  =   h f   k f      ν f  c     represents the Biot number.   R e   and   B r   in Equation (20) show the Reynolds and Brinkman number, respectively. A dimensionless temperature gradient is given by   Ω =    ¥ w  −  ¥ ∞     ¥ ∞     .



After implementing the non-dimensional transformations (17) on reduced skin friction   (  C f  )   and Nusselt numbers   ( N  u x  )  , the following equations are acquired (see for example, Nadeem and Hussain [46])


   C f  R  e x  1 2   =    f  ″    ( 0 )     ( 1 − ϕ )   2.5     1 +  λ 2   f  ″    ( 0 )   ,  N  u x  R  e x  −  1 2    = −   k  n f    k f    1 + N r   χ ′   ( 0 )  .  



(25)







The nonlinear system of ordinary differential Equations (18) and (19), arising from mathematical modeling of the physical system of nanofluid flow are difficult to solve analytically. Hence, the Keller box method [55] scheme is implemented to obtain the numerical approximate solutions. The numerical scheme is inherently stable and is second order convergent and also known as the implicit finite difference method. The Keller box method is defined in the form of flow map as depicted in Figure 3.




4. Verification of Numerical Results


We compare our results to those already available in the literature [56,57,58,59] as the special case for our analysis to validate the accuracy of derived calculations. So the test case is MHD flow along with heat transfer over a permeable stretching sheet with slip conditions. Results are verified for   λ = 0  ,   ϕ = 0  ,   Λ = 0  ,   ϵ = 0  ,   S = 0  ,   N r = 0  ,   m = 3   and    B i  = 0  . The comparisons shown in Table 3 are found to be in excellent accordance, assuring the accuracy of our obtained results.




5. Numerical Results and Discussion


The following discussion is based on the numerically obtained results by the framework detailed in the previous sections. The effect on the velocity and temperature profiles of the physical parameter and the entropy generation on the Williamson nanofluid is conscious. For   C u   and   T i  O 2    water-based nanofluids, the numerical calculations are performed. In Table 4, a few of the values of the drag and heat transfer rate at the surface corresponding to flow governing parameters are collated in a table. These results have been recorded for   λ = 0.1  ,   M = 0.6  ,   ϕ = 0.2  ,   Λ = 0.3  ,   ϵ = 0.1  ,   N r = 0.3  ,    B i  = 0.2   and   S = 0.1  . In the subsequent graphs, the behavior of   C u  -water nanofluid is embodied in blue color and the behavior of   T i  O 2   -water is shown by red color.



5.1. Effect of Williamson Parameter  λ 


Graphical interpretations in Figure 4, Figure 5 and Figure 6 demonstrate the effects of parameter  λ  on the flow and thermal profiles, respectively. Computations are performed for   λ = 0.1 , 0.3 , 0.5   for water based non-Newtonian Williamson nanofluids. The decay in velocity profile can be seen with an increment in  λ  as a result of which the momentum boundary layer thickness shrinks. The resistance experienced by the fluid declines its motion. The reason behind this is because the Williamson parameter is the ratio of relaxation and retardation time. Whereas when the increase in the Williamson parameter thermal boundary layer expands, temperature boosts due to an upsurge in elasticity stress parameter. A comparison of the momentum boundary layer of   T i  O 2   -water and   C u  -water nanofluid in Figure 4 reveals that it is more pronounced for the former than the latter. The Nusselt number for   C u  -water and   T i  O 2   -water decreases in this case. The temperature of the nanofluid also decreases as the Williamson parameter increases. The entropy of the system rises (see Figure 6) with increasing values of  λ .




5.2. Effect of Magnetic Parameter M


Figure 7, Figure 8 and Figure 9 illustrate the graphical representation of the influence of the external magnetic field on the flow of the nanofluid as well as on the distribution of its temperature in the boundary layer and the generation of entropy. The declining behavior of the velocity profile strengthens with a strong magnetic M; hence, the thickness of the momentum boundary layer decreases. The physical explanation behind the regression of the boundary layer thickness is that the Lorentz force appears when a normally applied magnetic field interacts with an electrically conducting nanofluid. As the strength of the applied magnetic field increases, the strength of Lorentz force also increases and acts opposite to the fluid motion and thus the resulting resistance in fluid reduces the thickness of the momentum boundary layer. In Figure 8, the temperature of nanofluids rises with an upsurge in the strength of parameter M and thus increases the thickening of the thermal boundary layer. It is also found that the parameter M is inversely proportional to the density of the nanofluid, and therefore the increase in M reduces the density as a result of the increase in the temperature of the fluid. The increase in nanofluid temperature within the boundary layer decreases the heat transfer rate at the boundary, but the drag coefficient increases by variation of M. The entropy of the system increases by increasing magnetic parameter strength.




5.3. Effect of Nanoparticle Concentration  ϕ 


The role of the concentration of nanoparticles  ϕ  to fluid motion and temperature distribution is shown in Figure 10, Figure 11 and Figure 12. The velocity is decreased by increasing the  ϕ  parameter, which decreases the momentum of the boundary layer thickness. Greater nanoparticles make the fluid thick, as a result of which the velocity boundary layer shrinks. The thermal conductivity of nanofluids is enhanced due to a rise in the volume of nanoparticles. As a result, the momentum boundary layer showed a downward trend due to an improvement in thermal conductivity. On the other hand, an increase in the thermal conductivity of nanofluids has a positive effect on the fluid temperature as it increases with an increase in the concentration of nanoparticles. The velocity and temperature gradient are shown at the boundary corresponding to the  ϕ  parameter as depicted in Table 4. Figure 12 shows that the process entropy increases by increasing the  ϕ  parameter. It is also apparent that irreversible activity near the wall has increased its maximum value and decreases when moving away from the surface.




5.4. Effect of Velocity Slip Parameter  Λ 


Figure 13, Figure 14 and Figure 15 demonstrate the influence of a variation of slip parameters on flow and thermal profiles and entropy generation profiles, respectively, for Williamson nanofluids. Decreasing behavior in the velocity profile is seen for the slip parameter  Λ , the reason may be because an increase in slip effect retards the fluid flow, which decelerates the fluid. It affects the thermal energy of fluid oppositely as the temperature of nanofluid rises with an increase in parameter  Λ . The skin friction coefficient decreases due to the reason that greater slip minimizes friction between the fluid and the boundary bounding it. Here it is significant to distinguish that by increasing the slip velocity, the entropy of the system decreases, as shown in Figure 15. It is clear that the surface temperature and the volume fraction of nano particles are reduced by increasing the slip parameter. The explanation is the positive value of the gradient of the fluid velocity adjacent to the surface of the sheet and thus the decrease in the thickness of the layer.




5.5. Effect of Thermal Radiation Parameter   N r  


Figure 16 ponders upon the thermal radiation parameter   N r   impact on temperature distribution profile of Williamson nanofluids, showing that the temperature of nanofluid decreases for ascending values of   N r = 0.1 ; 0.3 ; 0.5  . The thickness of the thermal boundary layer reduces with fall in temperature. Figure 17 displays the affect imposed by   N r   on the entropy profile for water based nanofluids. There is no change in the velocity profile but the entropy of nanofluids slows down by variating Nr. The results are steady for all the distances into the boundary layer, which validates the benefits of using the thermal radiation in nano scale material exemption processes. Successively, thermal emission enhances the thermal diffusivity of the nanofluid for the rise of the radiation parameter, heat will be added up to the routine and temperature will be increasing. Furthermore, it is evident from Table 4 that at the surface, heat exchange rate rises for both   C u  -water and   T i  O 2   -water; on the other hand, the velocity gradient remains constant.




5.6. Effect of Biot Number   B i  


Figure 18 and Figure 19 display the plots of the nanofluid temperature and entropy generation, respectively. Figure 18 depicted the temperature of the nanofluids, which rises due to a greater Biot number. The lower value of the Biot number indicates a stronger conduction within the surface and the high Biot number concludes an extreme conduction at the surface level. The temperature continues to expand due to increased thermal energy in nanofluids. An increase in   B i   causes the greater heat transfer from the boundary to the fluid, which occurs to increase the conduction of the boundary layer. However, there are marginal effects of the Biot number on the velocity profile of the nanofluid. In this case, entropy increases due to the heat transfer. The internal thermal resistance to the sheet surface is very high and there is no convective heat transfer from the sheet surface to the cold fluid well away from the sheet.




5.7. Effect of the Nanoparticles Shape Factor m


Figure 20 describes the impact of different nanoparticles shapes on the heat transfer abilities of the nanofluid within the boundary layer flow of   C u  –   H 2  O   and   T i  O 2   –   H 2  O   nanofluids, at a fixed volume fraction   ϕ = 0.2  . From the graph, it is shown that the non-dimensional temperature of the nanofluid rises as the values of m increases. Temperature is found lowest for spherical shape nanoparticles, followed by hexahedron, tetrahedron, column and lamina. Whereas the spherical shaped particle due to their enhanced surface area tends to draw more heat from the boundary layer while this effect is less obvious for the rest of the shapes. This accounts for the highest rate of heat transfer at the boundary for the spherical shaped nanoparticles, as can be seen in Table 4. Figure 21 shows that the smooth texture of spherical shaped nanoparticles helps minimizing the entropy of the system, as expected.




5.8. Effect of the Ehanced Frictional Forces via Reynolds Number   R e   and Brinkman Number   B r   on the Entropy


Figure 22 and Figure 23 give an account of the Brinkman number (Br) and Reynolds number (Re) impact on the entropy of the system, respectively. It is clear from the graphs that the entropy of the system rises rapidly when Reynolds number values are increased. Physically this means that at higher Reynolds number the viscous forces dominates by inertial forces thus systems entropy rises. It is found that the overall entropy of system increases with increments in the Brinkman number.




5.9. Effect of Magnetic M and Radiation   N r   Parameters on the Physical Quantaties


The effect of magnetic parameter M and radiation parameter   N r   on the physical quantities of skin friction coefficient   C f   and Nusselt number   N  u x    profiles of   C u  -water and   T i  O 2   -water nanofluids are shown in Figure 24 and Figure 25, respectively. In Figure 24, computations are performed for   M = 0.6 , 0.8 , 1.2   whereas the parameter  λ  takes the values   0.1 , 0.3 , 0.5  . It is noted when we increase the magnetic parameter M the skin friction coefficient   C f   increases. In Figure 25, computations are performed for   N r = 0.2 , 0.4 , 0.9   whereas the Prandtl number   P r   is fixed on   1.0 , 6.2 , 7.38  . It is seen that with the increase in   N r  , the rate of convective heat exchange also increases, which means that the boundary temperature goes up as the radiation parameter increases while the thickness of the boundary layer decreases.




5.10. Effect of Flow Parameters on Skin Friction and Nusselt Number


For fixed values of   m = 3   and   p r = 6.2  , some values of the Skin friction and the Nusselt numbers are listed in the following Table 4. It is notable that the skin fraction coefficient for the Williamson nanofluid decreases with the increase in the Williamson parameter. So the heat transfer rate at the surface goes down because of local Nusselt number representation. Due to this reason, it can be used as a lubricant in cooling systems because of the suspended nano particles, which may remain in the base fluid for a larger time and cause to magnify the flow parameters of the nanofluid. By increasing the thickness parameter of the wall, skin fraction also increases, while the Williamson parameter is decreased. The Skin friction parameter also gets increased by increasing the values of the magnetic field parameter.





6. Conclusions


The two-dimensional magnetohydrodynamic flow of Williamson nanofluid under the impact of thermal conductivity ranging from temperature to thermal radiation along the stretchable surface was analyzed. By using a proper similarity transformation, the governing nonlinear PDEs of momentum and energy are transformed into ODEs. The mathematical model solution was computed using the second order stable Keller box scheme. The importance of the non-dimensional velocity, temperature and entropy profile effects of the various physical parameters under consideration are graphically delineated. The coefficient of skin friction and the Nusselt number are given in tabular form for the different values of the distinctive governing parameters. We have made the following concluding observation after a detailed review.




	
A decrease in the velocity profile is observed for an increment in the Williamson and volume fraction parameters.



	
Nanoparticles are mainly used in fluids to boost up thermal behavior of fluids. Therefore, an increase in nanoparticle concentration enhances the temperature of the nanofluid and hence the thermal boundary layer thickness.



	
The   C u  -water based nanofluid is detected as a superior thermal conductor instead of   T i  O 2   -water-based nanofluid.



	
A rise in magnetic parameter decreases the thickness of the momentum boundary layer whereas it increases the temperature and entropy profile.



	
Although slipperiness retards the fluid flow and causes to reduce the velocity and temperature profile, it is significant to observe that the entropy of a system decreases by increasing the slip parameter.
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Figure 1. Physical model of the schematic diagram. 
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Figure 2. Nanoparticle types, shapes and factors. 
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Figure 3. Flow sheet of the Keller box method (KBM). 
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Figure 4. Velocity graph for various values of  λ . 
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Figure 5. Temperature graph for various values of  λ . 
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Figure 6. Entropy generation graph for various values of  λ . 
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Figure 7. Velocity graph for various values of M. 
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Figure 8. Temperature graph for various values of M. 
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Figure 9. Entropy generation graph for various values of M. 
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Figure 10. Velocity graph for various values of  ϕ . 
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Figure 11. Temperature graph for various values of  ϕ . 
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Figure 12. Entropy generation graph for various values of  ϕ . 
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Figure 13. Velocity graph for various values of  Λ . 
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Figure 14. Temperature graph for various values of  Λ . 
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Figure 15. Entropy generation graph for various values of  Λ . 






Figure 15. Entropy generation graph for various values of  Λ .



[image: Symmetry 13 00010 g015]







[image: Symmetry 13 00010 g016 550] 





Figure 16. Temperature graph for various values of   N r  . 
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Figure 17. Entropy generation graph for various values of   N r  . 
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Figure 18. Temperature graph for various values of   B i  . 
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Figure 19. Entropy generation graph for various values of   B i  . 
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Figure 20. Temperature generation graph for various values of m. 
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Figure 21. Entropy generation graph for various values of m. 
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Figure 22. Entropy generation graph for various values of   R e  . 
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Figure 23. Entropy generation graph for various values of   B r  . 
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Figure 24. Skin Friction   C f   against the parameter  λ . 
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Figure 25. Nusselt Number   N  u x    against the parameter   P r  . 
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Table 1. Thermophysical properties for Williamson nanofluid.
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	Properties
	Nanofluid





	Dynamic Viscosity   ( μ )  
	  μ  n f    =    μ f    ( 1 − ϕ )   − 2.5    



	Density   ( ρ )  
	  ρ  n f    =    ( 1 − ϕ )   ρ f    +   ϕ  ρ s   



	Heat  Capacity   ( ρ  C p  )  
	   ( ρ  C p  )   n f    =    ( 1 − ϕ )    ( ρ  C p  )  f    +   ϕ   ( ρ  C p  )  s   



	Thermal  Conductivity   ( κ )  
	   κ  n f    κ f    =      (  κ s  + 2  κ f  )  − 2 ϕ  (  κ f  −  κ s  )     (  κ s  + 2  κ f  )  + ϕ  (  κ f  −  κ s  )     



	Electrical Conductivity   ( σ )  
	   σ  n f    σ f    =   1 +   3 (   σ s   σ f   − 1 ) ϕ    (   σ s   σ f   + 2 )  −  (   σ s   σ f   − 1 )  ϕ    
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Table 2. Material properties of base fluid and nanoparticles.
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	Thermophysical
	  ρ   (kg/m    3   )
	   c p    (J/kgK)
	k (W/mK)
	  σ   (S/m)





	Ethylene glycol (  E G  )
	1114
	2415
	0.252
	   5.5 ×  10  − 6     



	Water (   H 2  O  )
	997.1
	4179
	0.613
	   0.5 ×  10  − 6     



	Methanol (  M e O H  )
	792
	2545
	0.2035
	   0.5 ×  10  − 6     



	Ferro (  F  e 3   O 4   )
	5180
	670
	9.7
	   0.74 ×  10 6    



	Copper (  C u  )
	8933
	385.0
	401
	   5.96 ×  10 7    



	Copper oxide (  C u O  )
	6510
	540
	18
	   5.96 ×  10 7    



	Alumina (  A  l 2   O 3   )
	3970
	765.0
	40
	   3.5 ×  10 7    



	Titanium oxide (  T i  O 2   )
	4250
	686.2
	8.9538
	   2.38 ×  10 6    
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Table 3. Numerical results of heat transfer rate (Nusselt Number) for various values of the Prandtl Number.
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Pr

	
Abolbashari

	
Das

	
Jamshed

	
Aziz

	
Present




	
Results [56]

	
Results [57]

	
Results [58]

	
Results [59]

	
Results






	
0.72

	
0.80863135

	
0.80876122

	
0.80876181

	
0.80876181

	
0.80876176




	
1.0

	
1.0000000

	
1.0000000

	
1.0000000

	
1.0000000

	
1.0000000




	
3.0

	
1.92368259

	
1.92357431

	
1.92357420

	
1.92357420

	
1.92357403




	
7.0

	
3.07225021

	
3.07314679

	
3.07314651

	
3.07314651

	
3.07314652




	
10

	
3.72067390

	
3.72055436

	
3.72055429

	
3.72055429

	
3.72055417
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Table 4. Values of Skin Friction   =  C f  R  e x  1 2     and Nusselt Number   =  N u  R  e x   − 1  2     for   P r = 6.2  ,   m = 3  .
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   λ   

	
M

	
   ϕ   

	
   Λ   

	
   ϵ   

	
   N r   

	
   B i   

	
S

	
     C f   Re x  1 2      

	
     C f   Re x  1 2      

	
     N u   Re x   − 1  2      

	
     N u   Re x   − 1  2      




	
 Cu - Water 

	
   T i   O 2   - Water 

	
 Cu - Water 

	
   T i   O 2   - Water 






	
0.1

	
0.6

	
0.2

	
0.3

	
0.2

	
0.3

	
0.2

	
0.1

	
2.2694

	
2.0679

	
0.1426

	
0.1288




	
0.3

	

	

	

	

	

	

	

	
1.5869

	
1.4599

	
0.1412

	
0.1274




	
0.5

	

	

	

	

	

	

	

	
1.4912

	
0.3741

	
0.1409

	
0.1271




	

	
0.1

	

	

	

	

	

	

	
1.5313

	
1.3881
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0.1074




	

	
0.6
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2.0679
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0.1288




	

	
1.6

	

	

	

	

	

	

	
3.6174

	
3.4425

	
0.1632

	
0.1352




	

	

	
0.1

	

	

	

	

	

	
1.8477

	
1.7234

	
0.1809

	
0.1717




	

	

	
0.15

	

	

	

	

	

	
1.9601
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0.1539




	

	

	
0.2

	

	

	

	

	

	
2.2694
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0.0
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0.2
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0.1047




	

	

	

	

	

	
0.1
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2.0679
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0.1288




	

	

	

	

	

	

	

	
0.2
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0.5

	
2.7112

	
2.3755
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