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Abstract: Pairwise interactions of particle-like waves (such as solitons and breathers) are important
elementary processes that play a key role in the formation of the rarefied soliton gas statistics. Such
waves appear in different physical systems such as deep water, shallow water waves, internal waves
in the stratified ocean, and optical fibers. We study the features of different regimes of collisions
between a soliton and a breather in the framework of the focusing modified Korteweg–de Vries
equation, where cubic nonlinearity is essential. The relative phase of these structures is an important
parameter determining the dynamics of soliton–breather collisions. Two series of experiments with
different values of the breather’s and soliton’s relative phases were conducted. The waves’ amplitudes
resulting from the interaction of coherent structures depending on their relative phase at the moment
of collision were analyzed. Wave field moments, which play a decisive role in the statistics of soliton
gases, were determined.

Keywords: breather; soliton; modified Korteweg–de Vries equation; soliton turbulence; breather
turbulence

1. Introduction

Solitons and breathers are a part of different wave systems’ dynamics, primarily hydrodynamics
and optics [1,2]. Such waves have a particle-like behavior. In accordance with the analytical theory,
solitons restore their shape after interaction and continue to propagate without loss of their identity,
except for some phase shifts. Breathers are periodically pulsating or oscillating isolated wave forms.
They are not waves of permanent form, unlike solitons, but they also propagate without loss of
energy for a long time. If a wave field consists primarily of such waves, then this physical system can
be considered as soliton turbulence or soliton gas, usually studied within the integrable equations
(such as the nonlinear Schrödinger equation (NLS) or the Korteweg–de Vries equation (KdV) and its
modifications). Thus, so-called integrable soliton turbulence takes place, actively studied in the last
few years [3]. Two particles placed in the periodical domain correspond to the case of highly rarefied
gas. Analysis of two soliton interactions as an elementary act of soliton turbulence has shown the key
role of such processes in rarefield soliton gas statistics within the KdV-like models: [4]—within the
KdV equation, [5,6]—within the modified KdV equation, [7–9]—within the extended KdV equation
(Gardner equation). Several works have been devoted to the study of such processes within the NLS
equation and its non-integrable analogue—the Dyachenko–Zakharov equation [10–12]. Three soliton
collisions in warm magnetized plasmas were investigated in [13]. An increase in the number of
interacting particles leads to rarefied and dense soliton gases [14–25]. An ensemble of interacting
solitons can appear from the evolution of some initial conditions or as a result of modulation instability
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driven by random perturbations of an unstable plane wave. Multiple soliton and breather interactions
may lead to the abnormally large wave appearance (so-called rogue or freak waves) [26–30]. Analytical
solutions of solitons and breathers optimal focusing into rogue wave were obtained in [31,32] for
mKdV and Gardner equation.

Solitons and breathers are usually observed in internal wave records in symmetrically stratified
fluids and may play a significant role in the wave field dynamics [33–35]. The classical model of
internal wave description is the extended Korteweg–de Vries model, which includes quadratic and
cubic nonlinear terms. The breather’s explicit expression was obtained from the inverse scattering
transform in [36], and later in [37] from the coalescence of two solitons with complex parameters, using
the Darboux transformation. The expressions describing the interaction of a soliton and a breather
within the focusing Gardner equation using the Hirota bilinear transform were obtained in [38]. While
the quadratic nonlinearity is much smaller than the cubic one, the Gardner equation can be reduced to
the modified KdV equation with the exact soliton and breather solutions [39,40]. A breather has more
difficult dynamics than a soliton in some sense [41].

In this paper, we conduct a series of numerical experiments of the interaction between a soliton
and a breather in the framework of the modified Korteweg–de Vries equation for different initial wave
phases. The structure of the work is as follows. The exact breather and soliton solutions of the mKdV
equation are given in Section 2. In Section 3, we consider soliton–breather interaction properties,
such as the maximum wave amplitude in the interaction moment, the shapes of resulting pulses,
and the higher wave field moments which play a decisive role in the statistics of soliton gases. Section 4
is the concluding one.

2. Breather and Soliton Solutions of the mKdV Equation

We use the canonical form of the modified Korteweg–de Vries equation:

∂u
∂t

+ 6u2 ∂u
∂x

+
∂3u
∂x3 = 0. (1)

Its exact soliton solution is:

u(x, t) = 2s·q·sech
(
2q(x− 4q2t− x0)

)
, (2)

where the soliton velocity is c = 4q2 = A2 (A is soliton amplitude) and s = ±1 is soliton’s polarity,
x0 is soliton initial phase.

Its exact breather solution has the following form:

u(x, t) = −4q·sech(R)

cos( f ) − q
p sin( f )tanh(R)

1 +
( q

p

)2
sin2( f )sech2(R)

, (3)

where:
R = 2q·x + 8q

(
3p2
− q2

)
t + R0, (4)

f = 2p·x + 8p
(
p2
− 3q2

)
t + f0, (5)

where p, q, R0, f0 are the free parameters. Initial phases R0 and f 0 can be removed by the appropriate
coordinate and time conversions. The physical meaning of the other constants is as follows: p affects
the number of waves in a packet, and q determines the breather’s amplitude. If the q >> p, a breather
has few cycles and resembles the superposition of the two mKdV solitons (2). A breather containing
many oscillations can be interpreted as an envelope soliton of the nonlinear Schrödinger equation.
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In general case, nonlinear «phase» and «group» velocities can be easily determined from
Equations (4) and (5):

v f = 4
(
3q2
− p2

)
, (6)

vg = 4
(
q2
− 3p2

)
. (7)

A more complicated expression for the multi-soliton breather solution was obtained in [31].

3. Breather’s Extrema

We study soliton–breather interactions as an elementary act of soliton–breather turbulence.
Such collisions are the most frequent in the rarefied soliton gases [27].

The two series of numerical experiments with different soliton’s phases were conducted.
Two breathers with q >> p and q << p took part in the interaction processes with the same soliton.
The series consist of 29 and 57 experiments differ by the soliton initial phase. These numbers of
experiments allowed covering all variants of the soliton–breather interactions with given parameters.
The periodical boundary conditions were used. In each experiment, a soliton and a breather initially
were separated by the level 10−5 and the calculations stopped when the distance between waves after
their interactions became the same as at t = 0. During the calculations, the maximum amplitude of the
resulting pulse, and higher moments of the wave field (M3,4(t) =

∫ +∞

−∞
u3,4(x, t)dx) were registered.

Equation (1) is solved numerically by the pseudo-spectral method [42]. Numerical simulations are
controlled by retaining of the first and second moments with precision of 10−14 and 10−7, respectively.

3.1. Interaction Process

The first series of experiments demonstrates the interaction process between soliton (A = 1)
and breather (p = 2, q = 0.25, R0 = f0 = 0). According to (6) and (7), the breather moves to the
left, and the soliton always moves to the right. We change the soliton’s initial phase from −39.8 to
−42.6. This scatter of phases corresponds to all the possible soliton–breather interactions with given
parameters, and covers one period of maximum maximorum function (as well as relative variations of
wave field moments functions)—see below. In total, 29 experiments were conducted for the first series
of experiments.

The breather, participated in the second series of experiments, has the following parameters:
p = 0.05, q = 0.25, R0 = f0 = 0. The soliton again has an amplitude A = 1. In this case, the phase of
soliton was changed from −30to −120. The soliton overtakes the breather moving the same direction.

The snapshots of the soliton–breather interactions from both series of experiments are presented
in Figure 1.
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Figure 1. Soliton–breather interaction with breather parameters: (a) p = 2, q = 0.25, (b) p = 0.05, q = 0.25.

3.2. Extrema of the Wave Fields

“Optimal” focusing gives the sum of initial waves’ amplitudes in the interacting moment, as it was
shown in [31]. In both series of experiments, the maximum wave amplification is equal to 2 (x0 = −41.1
and x0 = −99 correspondingly), see Figure 2. Since the two regimes differ significantly, the horizontal
scale is different in the two panels on the Figure. The pulse’s shapes at the “optimal” interacting
moment are shown in Figure 3. These graphs are symmetrical unlike the other experiments.
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Figure 3. The shapes of the resulting pulse during the “optimal” soliton–breather interaction: (a) in the
first series of experiments (p = 2, q = 0.25), (b) in the second series of experiments (p = 0.05, q = 0.25).

The graphs from Figure 2 have periodical behavior. There is a slight change in the maximum wave
amplitude during the soliton–breather interaction when the breather has many oscillations (from 1.78
to 2). On the contrary, when the “N-shape” breather with a few cycles participates in the interaction,
there is a huge deviation in the resultant pulse’s amplitude: from 1.1 to 2. In the “optimal interaction”,
the resultant wave has a shape of high thin pulse with two adjacent small hills of elevation (Figure 3b
(right)). The waves attract each other in the collision moment and the amplitude significantly increases.
When the wave field has the minimum amplification during the soliton–breather interaction, waves’
repelling plays a dominant role. The resultant wave has decreased amplitude and a shape of two
almost equal positive pulses surrounded by two small hills of depression (see Figure 1b).

3.3. Moments of the Wave Fields

The collisions of solitons and breathers change the statistics of integrable turbulence. Their impact
on the statistics of the rarefied soliton and breather gases is the most significant. In this section,
we study the wave field moments, defined as M3,4(t) =

∫ +∞

−∞
u3,4(x, t)dx, corresponding to skewness

and kurtosis in the turbulence theory. The first two moments, corresponding to mean and variance,
are invariants of the Korteweg–de Vries equation and constant in time. We use them to control
numerical simulations.

The significant increase in wave moments was observed in the dominant interaction region of two
waves (Figure 4). The initial values of non-interacting waves can be found analytically [41]. The third
moment of symmetrical individual breather is equal to zero. Thus, only the soliton contributes to
M3 =M3_sol in the initial moment and it is equal to 1.57. The fourth moment consists of both, soliton
and breather components: M4 = M4_sol + M4_br = 2.3 (Figure 4a). Since, the breather is not horizontally
symmetric in the initial moment in the second series of experiments, the analytical expressions satisfy
the time moment t = 30.75, when the soliton and the breather are still far from each other, and the
breather is represented by the sum of two identical solitons with different polarity. The moments are
M3 = 1.57, M4 = 1.73 (Figure 4b).

The moments of the breather with many oscillations change very slightly in time, so the total
moments are almost constant before and after the soliton–breather collision (Figure 4a). On the other
hand, the moments of the N-shape breather change significantly and they contribute to the strong
variations in Figure 4b.
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Figure 4. 3rd and 4th wave field moments during one experiment with the maximum wave field
amplification from: (a) the first series of experiments (p = 2, q = 0.25), (b) from the second series of
experiments (p = 0.05, q = 0.25).

Relative variations of the 3rd and 4th wave field moments (Mn* = (Mn_max − Mn_min)/Mn_max,
n = 3, 4) for the first set of the experiments showed that the maximum variations correspond to the
optimal focusing case (Figure 5a). For some wave phases, the tails of M3* are even higher than those of
M4*. The behavior of these variations is non-monotonic in the second series of experiments (Figure 5b).
Deviations of M3* are always larger than M4*. When the maximum elevation of resultant pulse is the
smallest in the series, there is huge depression of M4*. Its biggest variation corresponds to the “optimal
interaction” case.
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4. Conclusions

Various scenarios of interaction between a soliton and a breather were considered within the
modified Korteweg–de Vries equation. Two series of experiments with limited breather’s shapes (when
a breather has many oscillations, p >> q, and when an N-shape breather has a few cycles, p << q)
were conducted. It is shown that an important parameter that determines the dynamics of collisions
between breathers and solitons is the relative phase of these structures. The influence of the relative
soliton’s phases on the wave field amplification during the interaction was investigated. The maximum
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wave field amplification corresponds to the linear sum of initial waves’ amplitudes, as was predicted
analytically. The wave field moments, corresponding to skewness and kurtosis in the turbulence
theory, and their relative variations have shown maximum increase during the “optimal interaction”.
This research will be used further to describe the complex dynamics of wave fields consisting of many
solitons and breathers (so-called soliton–breather turbulence).
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