symmetry MBPY

Article

Lie Symmetry Analysis, Exact Solutions,
Conservation Laws and Backlund Transformations of
the Gibbons-Tsarev Equation

Huanhuan Lu and Yufeng Zhang *

School of Mathematics, China University of Mining and Technology, Xuzhou 221116, China;
TS19080020A31@cumt.edu.cn
* Correspondence: zyfxz@cumt.edu.cn; Tel.: +1-362-616-6486

check for

Received: 3 August 2020; Accepted: 17 August 2020; Published: 18 August 2020 updates

Abstract: In this paper, we mainly put the Lie symmetry analysis method on the Gibbons-Tsarev equation
(GTe) to obtain some new results, including some Lie symmetries, one-parameter transformation
groups, explicit invariant solutions in the form of power series. Subsequently, the self-adjointness of
the GTe is singled out. It follows that the conservation laws associated with symmetries of GTe are
constructed with the aid of Ibragimov’ method. Finally, we present the Backlund transformations so
that more abundant solutions can be worked out.
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1. Introduction

During the last decades, searching for the symmetries of the nonlinear differential equations
has attracted increasing attention from researchers for their wide applications in investigating the
integrability of the original equation. In early reference documentations, various powerful approaches
were put forward, one after another, to obtain the symmetries of equations [1-5]. Among them,
the Lie symmetry analysis method proposed by Olver is regarded as the most classic and verified to be
extremely effective for studying Lie symmetry and related group transformations, conservation laws
and invariant solutions [1]. With the aid of the classical Lie symmetry analysis method, a large
number of differential equations have been discussed, such as the new fifth-order nonlinear integrable
equation [6], the Heisenberg equation [7] and some others [8-11]. However, it is worth noting that the
method has not been applied to the Gibbons-Tsurev equation

Upp = UxUpy — Upllxy + 1, (1)

which was introduced in Reference [12] to classify finite reductions of the infinite Benney system.
In Reference [13], the differential constraints compatible with the Gibbons-Tsarev equation are
constructed by generalizing the classical determining equations. Besides that, H.Baran, et al.
constructed an infinite series of conservation laws and the algebra of nonlocal symmetries in the
covering associated with these conservation laws of GTe by means of the known lax pair [14]. It is well
known that exact solutions of nonlinear partial differential equations have played an essential role in the
study of many complex physical phenomena and other nonlinear engineering problems. Those leading
to constructing exact solutions to nonlinear evolution equations are significant. The investigation
of these exact solutions involves a variety of powerful methods, among which the Lie symmetry
analysis method is a very effective one. Thus, it is very necessary to investigate the solutions of the
Gibbons-Tsurev equation by employing the Lie symmetry analysis method.

Symmetry 2018, 12, 1378; doi:10.3390/sym12081378 www.mdpi.com/journal /symmetry


http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
http://www.mdpi.com/2073-8994/12/8/1378?type=check_update&version=1
http://dx.doi.org/10.3390/sym12081378
http://www.mdpi.com/journal/symmetry

Symmetry 2018, 12, 1378 20f 13

In this article, we aim to calculate the Lie point symmetry and invariant solutions of the
Gibbons-Tsarev equation in Section 2. The symmetry generator can be directly derived with the
aid of Maple software. It follows that the corresponding one-parameter transformation groups also
can be obtained. That means the relation between old solutions and new solutions can also be clearly
presented. Subsequently, via the characteristic equation we discuss the group-invariant solutions of
Equation (1). The series of solutions can be further generated by taking a particular objective function.
In Section 3, we are committed to proving that Equation (1) is nonlinearly self-adjoint according to
the related theorem introduced in Reference [15]. Based on that, the new conservation laws can also
be constructed by utilizing the new conservation theorem proposed by Ibragimov in Reference [16].
Not only that, there are many other approaches to constructing conservation laws that have been put
forward by scholars in succession, including the multiplier method, Noether’ method, direct method
and some others [17-19]. The Noether” method is not applicable to all differential equations due to the
fact that the Noether theorem requires existence of a lagrangian and lagrangian exists only for some
special types of differential equations. Compared with Noether’s approach, the Ibragimov’s method
shows greater superiority in constructing conservation laws because the existence of lagrangian is
not required by the new theorem. Moreover, the new conservation theorem is based on the concept
of an adjoint equation for the original equation and the precondition that the differential equation
is nonlinearly self-adjoint must be guaranteed before constructing conservation laws. The Biacklund
transformations of the the Gibbons-Tsarev equation in the reduced form are investigated in terms of
the Tu scheme in Section 4. Finally, some conclusions and a summary are given in the last section.

2. Lie Point Symmetries and Related Invariant Solutions

In this section, we consider employing the classical Lie symmetry analysis method to study the
Lie point symmetries and group-invariant solutions associated with symmetries of the Gibbons-Tsarev
equation. We first assume a vector field has the following infinitesimal generator

V= é(x,t,u)i —i—;y(x,t,u)3 + 1(x,t,u) J

dx ot ou’
and its second prolongation pr(2)V can be expressed as
d ] d d
2y — t 9 x 9 XX 9 tx 9
prev V+¢E)ut+¢ aux+¢ auxx_H'b autﬂL"’ oUpy

where
(Px = Dx(T —Cuy — 7’]ut) + Uy + Nlixt,

¢ = Dy(T — Cuy — quy) + Cuys + nug,
™ = DDy (T — Cuuy — 1uig) + Cllyxt + Hlsex, 2
¢ = D?(T — Gy — qus) + Cixyt + Nuip,
¢** = D2(T — Euy — Nutg) + Clxy + llxxt
and the total derivative operator D; is defined by

_9 9 9 . 1.2y _
Dl—axi+ulau+u,]auj+ , =12, (x',x°) = (fx).

As a matter of fact, the Lie point symmetry is obtained if Equation (1) satisfies the following
invariance condition
prAV (A1) a—0 =0,

here A1 = uy — uyiyy + usityy — 1. It follows that

9" — ¢ urx — 9 ux — @litx — g ur = 0. ®)
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Substituting Equation (2) into Equation (3) and equating the coefficients of the polynomials to
zero yields a system of equations with respect to ¢, #, T. Solving these algebraic equations, one has

1 3
¢ = —§C3t + Eclx +c5, § =cit+cy, T=2c1U+ c3x +c4.
Thus, we obtain the following vector fields

3 9 0 0 1.0 0 0 0

9
Vi=ox2 419 10 =l o L9209 o2 o9
1 Tl tatgy 2=y BTl T iT o 5T o

2 dx ot ou’

Meanwhile, it is not difficult to find that these vector fields V;(i = 1,2, - - -,5) form a Lie algebra
and the corresponding Lie bracket table is given in Table 1.

Table 1. The commutator table.

Vi, Vj] Vi V2 V3 Vy Vs
1% 0 - -lvi 2y 3w
Vs Vs 0 -1vs 0 0
V3 Vs 1Vs 0 -V
Va 2V, 0 0 0 0
Vs 35 0 Vi 0 0

In order to investigate the invariant solutions for Equation (1), it is very important to search for
Lie group transformations which can be generated by solving the following initial problems

) _ g(x(e) o), 1(e)), #(0) =x,
M) y(xe) He) a(e)), ) =+,
) _ t(2(e),He) ae), A(0) =u

where € is a parameter. Therefore, the one-parameter Lie symmetry group generated by the
infinitesimal generator V;(i = 1,2, - - -,5) can be expressed as below, respectively.

3€x, ¢°t, e%¢ u),

X, €+tu),

&
Ny
N

x,t,u+e),
x+et,u).

(x,tu) = e (x,t,u) = (e
(v, tu) = e (x, tu) = (x
o(x,t,u) =e3(x, tu) = (— fte+x tex+u),
(x,tu) = e (x, tu) = (
(x,tu) = e (x,t,u) = (

If we denote the action of the above symmetry group generated by V; on a solution f(x, ) to
Equation (1) by g;(€) f(x, t), we can get the corresponding new solutions:

g1(€)f(xt)
g()f(x,1) = flx,t =€),
$()f (3,1) = f(—te-+x,1) —ex
su(@)f(x,1) = f(1) e,
$5(f(x,t) = flr—e.1)
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In what follows, we seek invariant solutions of GTe with the aid of characteristic equations.
For the vector field V;, we have the following characteristic equation

dx dt du
il 4
T @
which has the group-invariant solution
u=1g(f), €= x5t (5)

Substituting Equation (5) into Equation (1) gives rise to

29(8) - 205 (€) + 8"() — 58§20 + o6 8D (©) — 5T DOF@ ~1=0.  ©

In order to construct power series solution, we assume g (&) has the following form

[e.9)

g(¢) = Z cnd". (7)

n=0

Substituting Equation (7) into Equation (6) and equating the coefficients of {"(n > 0) to zero,
one has A
CO : —§c0c1 =0,
2
& —gc% + gcocz =0,
> 8
G 2¢c — §c102 +4coc3 —1=0,

20 80
C3 1201 + ?Clcg, + 66064 =0,

54 1 3c1¢4 + €03 + 7cocs = 0,
CS 1 9¢3 4 58cqc5 + 36¢0c4 + 27C§ 4 108¢cyce = 0,
and solving the above equations, we get
1—2¢co —c3—3c}  —4c+8co—3

, = O, = O, = =
ey AT T T g 1923

co #0,c1 =0,c0=0,c3 =

PRIEEN

Thus, the explicit form of ¢(&) can be written as

1-—- ZCO
4Co

—4c% +8c)— 3

6
T T I

&+

g(&) =co+

where ¢ is an arbitrary constant. Hence, we acquire the following analytic power series solution

1—2¢ —4c2 +8co—3
u(x,t):t2 <C0+ 0§3+ 0 0 é’6+>

4co 192¢3

In terms of Equation (4), we can also introduce the following group-invariant solution

u= x%f(c;‘), &= X1, 8)
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Substituting Equation (8) into Equation (1) yields
2F(E) +EF() + SEFRS @)+ gEF@F(Q) — 2§ ~1=0. ©)

Similar to the above discussion, we still suppose f(¢) is of the form f(&) = OZO‘, cnl".

Thus Equation (9) can be transformed into

2 i (n41)cy 183 + i (n+1)(n+2)cu 28" + 29—0c0c1i§2 + % i i(n +1—k)cpCya1_x&" 2+ 19—6c062§3
n=0 n=0 n=1k=0
o 1 o (10)
+ g 2 2 n+2—k)(n+1—k)cgeppo_i"3 — gc%gS — % Yo Y k(42— k)epen k" —1=0.
n=1k=0 n=1k=1
Obviously, Equation (10) has no solution because of the existence of the single term 1.
For V3, one has the characteristic equation
dr _du_dt
—%t o 0
Similarly, we introduce the following group-invariant solution
£2
u=f@) -5, =t (11)
And inserting Equation (11) into Equation (1), we get
/
¢
that is equivalent to
¢f'(@) —2f (@) -¢=0. (12)
!/
Substituting &£ (&) = /(&) + &2 (f 5)) into Equation (12) gives
f’(é‘))' 1) 1
-2 =0. 13
() -7 )
Setting % = y({), then Equation (13) becomes
1 1
—Zy=z, 14
Al (14)
whose solution reads .
1 " 1
y=el t% (/ Ee*f dz 4 Cl) =018 —1. (15)
Inserting @ = y(¢) into Equation (15) and integrating once with respect to ¢ produces
c 1
f(@) = 3153 - Eé‘z +c2, (16)

where ¢y, ¢y are arbitrary integration constants.
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Hence, we have the following invariant solutions

2

c 1 X
u(x t) = 28 =58+ - (17)

3. Nonlinear Self-Adjointness and Conservation Laws

Since Ibragimov proposed a direct and effective method for constructing conservation laws,
which overcomes the shortcomings of previous methods, more and more experts and scholars have
devoted themselves to utilizing this method to construct conservation laws associated with symmetries
of nonlinearly self-adjoint equations [16]. After that, the approach for constructing conserved vectors
of fractional differential equations also has been put forward and applied in References [20,21] by using
the explicit Formula (40) shown in Reference [22]. It is worth emphasizing that we must prove that a
given differential equation is nonlinearly self-adjoint before constructing corresponding conservation
laws. So in this section, we first focus on proving Equation (1) is nonlinearly self-adjoint. Before that,
let us give some fundamental definitions and notations associated with nonlinear self-adjointness and
conservation laws [15].

Let us consider a system of m differential equations

Fu(x, U U1y, U(p), " -,u(s)) =0, a=1,2,---,m, (18)

with m dependent variables u = (u!,- - -,u™) and n independent variables x = (x!,- - -, x™).

Definition 1. The adjoint equations to Equation (18) are given by
Fy(x,u,0,u1),00), UG, 0) =0, a=12,---,m, (19)

with oL
P;(x/ulvlu(l)’v(l)r’ . .,u(s)/v(s)) = ml

where L is the formal Lagrangian for Equation (18) defined by
m
ﬁID‘BFﬁI ZUﬁFlg.
p=1

Here v(y), - - -, v(s) are the sets of the partial derivatives of new dependent variables v = (ol -, 0m),
the Euler-lagrange operator is

é = s 9
mzw‘f'zl(_l) Dil"'Dismr a=1,.,m
o

and the total differentiations D; with two dependent variables u,v are defined by

]

) P) P) P)
D= +uf s o +ofs ot ulis g+ ot
Y

dxi ' ou® ovr il @
Definition 2. The system Equation (18) is nonlinearly self-adjoint if there exist functions
v = ¢*(x,u)(a =1,2,---,m) that solve the adjoint system Equation (19) for all solutions u(x) of
Equation (18) and satisfy the condition ¢*(x, u) # 0.

In addition, we have the following equivalent definition
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Definition 3. The system Equation (18) is nonlinearly self-adjoint if there exist a substitution v = ¢(x,u) # 0
such that the equation

Fy(xw, @,11), 91, -+ U(s) P(s)) = AaFa (w1 a1t ))

is satisfied identically in the variables, x, U, (), U, where Ay = Au(x, u, (), ~,u(s)) is an
undetermined variable coefficients.

Theorem 1. Let the system Equation (18) be nonlinearly self-adjoint. The any Lie point, contact or
Lie-Biicklund symmetry

X = gl(x,u,ux,. . )ﬁ +77”‘(x,u,ux,' . '>W'
leads to conservation laws
Di(cl)‘ﬁx:o = 0/

where

i oL oL JL
[— (3 [ — . JE— . — —_— e
LI RLIE

oL

o
au,jk

oL JoL
+D; (W%) — Dy + e
J au;?;. au’;j.k

+D; Dy (W*) [

_} (20)
W =g —§ju;‘.

Based on the given definitions and notations, the formal lagrangian for Equation (1) can be
written as
£ = v(utt — UxUtx + UtlUyxyxy — 1) (21)

And substituting Equation (21) into Equation (19) gives the following adjoint equation to
Equation (1):
F* = D?(v) 4 Dy (vityt) — DDt (11x0) + D2 (u40) — Dy (vtiyy ) )
= Ut — 2Uxx Ut — Uy Uxt + 2UxtUx + UpOxy = 0.

According to Definition 3, the nonlinear self-adjointness condition for Equation (1) has the
following form

Ot — 2uxx 0t — UxUxt + 2UxtOx + UpOxx = AUt — Uxlipx + Upliex — 1), (23)
where A = A(x,t,u). Denoting v = ¢(x, t,u), and substituting into Equation (23) yields

Pt + Prulhs + Qulle + Quuti? + Prilit — Pithxy — Prplly — Prutis + 2@yt + Qutlylizs + Prxlls

+ Quxtixlly — Qpllyy — Qullplxy = A(Upr — Uxllpy + Upliy — 1).

Equating the coefficients for the different derivative terms of u(x,t) and their product terms to
zero yields

§0t:0/ Qox:O/ q)u:O/
which indicates ¢ = constant # 0. Thus, Equation (1) is nonlinearly self-adjoint. It follows that we can
obtain some conservation laws of Equation (1) according to Theorem 1 .
For the generator V; = %x;—x + t% + Zu%, we have W = 2u — %xux — tu;. Thus, formulas
Equation (20) yield the following conserved vector

oL oL oL oL oL
1 dad adl dadl fdad)
c=w L)ut D: <Buxt>} +Dx(W) {auﬂ} +Di(W) {au”} Dr <8uﬁ>

3 5 3 1,
= 4UDUxy + 2UlVy — 200 — BXVUxUyy — Exuxvx + Exu,vt — 2tUp VU — LU U0y + U0 — Euxv

3 3
+ Exuxuxxv + tupUy0 + oUp — Exuxtv — touy,
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aL aL aL aL aL
2 _ Rl _
c _W{Bux D"(aum> D‘<auxt>] +Di(W) [auﬂ] +Dx(W) {aum}

3 3 3
= —2UVUyt — 2UUVy + 2UULV; + Exuxvufx + Exutuxvx — Exuivf + tourusy + tu?vx — U UL D — UpUD

3 1 3
+ Exuxtuxv + tupu v + Euxutv — Exuxxutv — tu 0.

For the generator V, = %, we have W = —u;. Thus formulas Equation (20) yield the following
conserved vector
Cl = —2up0ly — UsllxVx + UpD + Uxtlx0 — Uy,

C? = u%vx — Uply Ut + Ul 0.

For the generator V3 = —%t% + x%, we have W = x + 3 tu,. Thus formulas Equation (20) yield
the following conserved vector

1 t 1 5, 1 1 1
C* = 2x0Uyy + XUV — XVt + Evuxuxx + Etuxvx — Etuxvt — U v+ Evux + Etuxtv,

) 1 1., 1, 1
C* = —XUUp — XUVx + XUV — FOU U — Etu,cutvx + Etuxvt - Euxv + uo 4+ Etuxxutv.
For the generator V; = %, we have W = 1. Thus formulas Equation (20) yield the following
conserved vector
cl = 20Uyy + UxTVy — U4,

C? = —Vlipx — UpOy + UxVL.

For the generator V5 = f—x, we have W = —u,. Thus formulas Equation (20) yield the following
conserved vector
cl = —VUyyly — u%vx + UV — Uy,

CZ

2
20Uyt Uy 4+ UyUpOx — UVt — Uxx U0,

Remark 1. Obuviously, it can be clearly seen that the derived conservation laws involve not only the solution
u(x, t) of the original equation, but also the solution v(x,t) of the adjoint equation. Hence, what is worth
emphasizing is that the above given conservation laws are for Equation (1) and the adjoint equation Equation (22).
In order to obtain the conservation laws of the original equation, we must solve v(x, t) from the adjoint equation.
To this end, we set § = t + Bx in Equation (22). Thus obtaining

0"(§) = 2uxx?(¢) = Puxv” (§) +2Puxi’ (§) + pruse (8) = 0,
that is equivalent to
(1= Buy + 2us)v" (&) + (2Buxt — 212y )0 () = 0. (24)
Letting v' = y(&), then Equation (24) gives
dy _ 2Buyt — 2Uyy
¢~ T 1- pux + PPu’

whose solution reads

_ 2Buyp —2uxx
y= ef 1—ﬁ5ix+ﬁ2”td§,

ie.,
_ 2PBuy—2uxy d
U= /ef 1—Pux+B2u; gdC (25)

Substituting Equation (25) and { = t + Bx into the derived conservation vectors, we can derive the
conservation laws for the original equation Equation (1).
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4. Backlund Transformations

The main purpose of this section is to find the Backlund transformations of the reduced form of
Equation (1). For the sake of brevity, we restrict our consideration to the Gibbons-Tsarev equation in
the following reduced form

Wit = WyWiy — WiWxy. (26)

To begin with, we let F(w) = wywiy — wiwyy, 4 = w+w', v = w — w', where w and w’ are
solutions to Equation (26), that is

wy = F(w), wj; = F(w'). (27)

By adding and subtracting the above two equations, we can get

utt:F(u;—Z])—i-F(u;U), (28a)

vtt—F(u;U>—F(uzv>. (28b)

UxUpy + UxOVpy — Uplhxxy — UfUxx
Uy = 5 , (29a)

Direct calculation yields

UxUtx + UxlUiy — UpDxx — Upllxyx
5 .
Based on the selection of the Backlund transformation in [23,24], here we suppose the Backlund
transformation of Equation (1) has the following form

Uy = (29b)

up = f(u,0,ux,vx), (30a)
vy = g(u, v, Uy, V). (30b)
Then we have
upr = futle + foor + fubxt + fo, Uxt, (31a)
Uyt = futlx + foOr + fu,Uxx + fo, Uxx, (31b)
Ot = QoUt + Qullt + o, Uxt + Guy Uxt, (31c)
Uxt = 8oUx + ulbx + GuyUxx + §o, V- (31d)

Substituting Equations (30a), (30b), (31b) and (31d) into Equation (31a) yields

up = fuf + fo§ + fu futtx + fu fovx + fli”xx + fuy foOxx + fo,§o0x + fo,Sukx + fo,gu txx + fo, 8o, Vxx  (32)
Substituting Equations (30a), (30b), (31b) and (31d) into Equation (31c) yields

Uy = §u8 + guf + 80,.800x + v, ulhx + §v, u, Uxx WLg%XUxx + guxfuux + guvavx WLguxfuxuxx + guvaxvxx~ (33)

Substituting Equations (30a), (30b), (31b) and (31d) into Equations (29a) and (29b) yields, respectively

_ fuugzc +fvuxvx + fuxuxuxx + fvxuxvxx + ng% + QuUxVx + Qu, UxxUx + §0, UxUxx — fuxx — 8Uxx (34)

Ut 5 ,

_ QollxUx + ”,%gu + Qu UxUxx + o, UxUxx JFfuvxux + fvvgzc Jrfux UxxOx JFfvxvxvxx - fvxx — SUxx (35)

Ott 5
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Setting the coefficients of the same terms on the right of the equations Equations (32) and (34) be
equal, one gets

Uxx 3f3x + fo,Su, = %fuxux =+ %guxvx - %f/ (36a)

Dux  fuefor + Fougo. = gfoct + 380,05~ 58 (360)

Wi fu=0, v3:g =0, (36¢)

e fufut fougn = 5o+ 0w 00t fufot fogo =0, (36d)
ffu+fog=0. (36e)

For Equations (33) and (35), by carrying out similar procedures as above, one has

1 1 1
Uxx * v, 8uy +guxfux = Eguxux + Efuxvx - Eg/ (37a)
5 1 1 1
Oxx * 8oy +fvxgux = Egvxux + Efvxvx - Ef' (37b)
ujzc 1qu =0, UJZC tfo=0, (37¢)
1
Ux * v, 8u +guxfu = E(gv +fu)vx/ Ox - 8v, 8o +guva =0, (37d)
88v+&uf = 0. (37e)
Equations (36a) and (37b) gives
5 5 1 1
frux — g vy = E(gux_fvx)UX+§(fux_gvx)ux‘ (38)
Equations (36b) and (37a) yields
1 1
(for = &ue) (fux + 8o,) = E(fvx — Qu, )ux + E(gvx = fu,)0x- (39)
Inserting Equation (38) into Equation (39), one infers that
1 \* 1,
(gvx - f”x) fux +gvx - iux - Z’Ux = 0 (40)

Detailed calculation shows that the related constraint conditions can be satisfied only if gy, # fu,.
Then we conclude that

1 \* 1,
fux + 8o, — Fhx | =70 =0 (41)
which presents
1 1
fux +g0x = Eux :t va. (42)

In what follows, we discuss the solution of Equation (30) in two situations if f;,, + g», = %u v+ %vx.
For f,. + gv, = %ux - %vx, it can be directly concluded that there is no solution satisfying the

{ fux =
8oy =

constraint conditions.
In particular, we let

NI=N—
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whose solution reads

f= %uxvx + f1(vx)
{ 8= %uxvx + 91 (ux). (43)

Inserting Equation (43) into Equations (38) and (39) gives gi = fl’ =0. Thatgives g1 =a, f1 =
(« and B are arbitrary constants). It is easily verified that other constraint conditions are automatically
satisfied. Hence, one can obtain the Backlund transformation of Equation (1) as follows

1
U = 5UyUx + &
t B % x0Ux + (44)
U = yUx0x + B
Similarly, we set
fux = %”x
8vx = % Ux
which produces f = }Iu,zc + %v%, g= %ui + %v%. Thus, the second Backlund transformation can be

expressed as

(Y
0

uy +
4
us + #5)

—N—
I =
o
==
RNRN
HS s =
RNRN

According to the above derived Backlund transformations, we can compute the traveling wave
solutions for Equation (44). Firstly, we set w’ = 0 and « = = 0, then u = v = w. Thus Equation (44)
becomes w; = %w% Letting ¢ = x + ct, we further get cw’ = %w’ 2, whose solutions read w = 2c& + 7y
(v is arbitrary constant). Furthermore, it is easy to get a traveling wave solution of Equation (26).
In fact, setting w(x,t) = w(§),§ = x + ct and substituting into Equation (26), we find w = A + u
(A and y are arbitrary constants). Because of the arbitrariness of 7y, A and y, we find that the solutions
of Backlund transformations are just that of the original equation Equation (26). Direct computation
shows that the solutions that Equation (45) produces are the same as those Equation (44) gives.

5. Conclusions and Discussion

In this article, we investigated the Gibbons-Tsarev equation, which arises in reductions of the
Benney equation. It turns out the Lie-group analysis method proposed by Olver is a powerful tool for
studying the symmetries, invariant solutions, conservation laws of differential equations. Based on
obtained symmetry generators, we derive several Lie-group transformations by solving differential
equations with the initial condition, and invariant solutions generated by characteristic equations.
By supposing that g(¢) (or f({)) appearing in the invariant solutions has different rational forms,
we may derive fruitful exact solutions. Particularly, we discuss the series solutions of Equation (1) by

supposing g(¢) = Zo cn¢" in this paper. The new conservation theorem put forward by Ibragimov
n=

establishes a connection between symmetries and conservation laws. Hence, on the basis of obtained
symmetries, the conservation laws can also be directly constructed via Theorem 1. Meanwhile, we
can also obtain different conservation laws of the original equation by substituting different solutions
of the adjoint equation into conserved vectors. In addition, the non-invariant solutions which are
different from group-invariant solutions can also be produced from the obtained conservation laws [25].
Here we no longer discuss it. In the last section, we introduced the Backlund transformations which are
characterized by changing the old solutions into new solutions of the differential equation. Thus, more
abundant solutions can be obtained by inserting obtained solutions into the Bécklund transformations.
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