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Abstract: Motion and radiative transitions of an electron in a magnetic field under the influence of
an external electromagnetic wave are studied for various confining conditions in semiconductor,
graphene, in quantum wells, and relativistic generalization in terms of the Klein-Gordon equation
are considered. In particular, the following problems are discussed. The so-called cyclotron
resonance, which may appear in graphene, is studied with indication for appearance of the
so-called frequency-halving. The problem is solved for two-dimensional massless charged particle,
whose gapless nature is protected by sublattice symmetry. The exact classical calculation of this effect
is undertaken in the framework of a 2D classical equation for a zero-mass electron. We also find an
exact solution of the Schrédinger equation for charge carriers in semiconductors under the influence of
an external magnetic field and in the field of electromagnetic wave with an account for their radiative
transitions. Solutions of the relativistic Klein-Gordon equation in this configuration of electromagnetic
fields are found as a certain generalization of the results obtained for the non-relativistic case.
These results may serve as a first step for further efforts to find exact solutions of wave equations for
quasiparticles in solid state structures in external fields.

Keywords: synchrotron radiation; cyclotron resonance; frequency-halving; semiconductor; graphene;
sublattice symmetry; quantum well

1. Introduction

Synchrotron radiation (SR) is a well-known phenomenon. Its theory developed already in the
middle of the last century is in perfect agreement with experiment [1-3]. The very well-known
properties of SR have found a great deal of theoretical and technical applications both in studying
optical properties of materials and in high-energy physics, as well as in astrophysics, where superstrong
magnetic fields of the order of the Schwinger value Hg., = 4.41 x 103G are expected [4,5] to exist.
An outstanding phenomenon called “Sokolov-Ternov effect” [6] have found numerous applications
in the high-energy physics. Just for an example, we mention here the relation between Unruh and
Sokolov-Ternov effects, studied by E.T. Akhmedov and D. Singleton [7]. Another example of an
experimental use and verification of the theoretical study of SR and related topics, we mention an
experiment of the VEPP-2000 [8] to measure the cross—sections of hadron production in e™e™ collision
that clearly indicates an interference of scattered radiation caused by the bend of electron trajectory,
which demonstrated very good correspondence with the theoretical calculations [9].

Cyclotron radiation contrary to synchrotron radiation is emitted by non-relativistic charged
particles. Its emission in graphene and a possibility of Landau-level laser was studied in several
papers (see, e.g., [10]). This physical situation is related to the so-called cyclotron resonance (CR), see,
e.g., [11-13], which may appear in graphene, the planar monoatomic layer of carbon [14].

The higher intensities of laser radiation and of the constant magnetic and electric fields, as well as
the increased interest in the physics of narrow-band semiconductors, call for further development of
the theory. The influence of a strong alternating electric field on crystals with narrow forbidden band of

Symmetry 2020, 12, 1367; doi:10.3390/sym12081367 www.mdpi.com/journal /symmetry


http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
http://dx.doi.org/10.3390/sym12081367
http://www.mdpi.com/journal/symmetry
https://www.mdpi.com/2073-8994/12/8/1367?type=check_update&version=2

Symmetry 2020, 12, 1367 2 of 27

width comparable with intraband motion energy in external fields was first considered by Keldysh [15].
The advent of powerful optical-radiation sources has stimulated experimental and theoretical
investigations of undulators and free-electron lasers (see, e.g., [16], where high-harmonic x-ray
undulator radiation for nanoscale-wavelength free-electron lasers was investigated, and Refs. [17,18]),
as well as of semiconductors in strong electromagnetic fields.

These investigations are carried out in many cases in the presence of an external constant
magnetic field that plays a major role in the study of the electronic states in semiconductors.
A 2D graphene model, where the gapless nature is protected by sublattice symmetry, was studied
in various papers with particular forms of magnetic field. As some of the numerous examples
we mention paper [19], where generation of electric and vacuum currents was demonstrated in
a superposition of a homogeneous magnetic field and an Aharonov-Bohmvortex in graphene,
and also [20], where, in particular, chiral symmetry breaking due to appearance of condensates and
phase transitions under external conditions like temperature, chemical potential and Aharonov-Bohm
magnetic fields were studied.

Recent advances in semiconductor technology considerably extended possibilities of
microelectronic devices. Theoretical study of the optical absorption in a quantum well with the
semi-parabolicOscillations of the optical absorption coefficient in crossed electric and magnetic fields
potential plus the semi-inverse squared potential (SPSIS) was carried out in [21]. The higher intensities
of laser radiation and of the constant magnetic field, as well as the increased interest in the physics of
narrow-band semiconductors, call for further development of the theory.

The general aim of this paper is to find most common interesting features of excitations and
radiative transitions of charge carriers in external fields in low-dimensional quantum systems, such as
semiconductors or graphene. The exact classical calculation of cyclotron resonance in graphene with
indication for appearance of the so-called frequency-halving is presented in Section 2.

The behavior of charge carriers in semiconductors under the influence of an external magnetic
field and in the field of electromagnetic wave is of long-lasting interest. We present in this paper
an exact solution of the Schrodinger equation for such a system (Section 3) with an account for its
radiative transitions (see Section 4). Further generalization of the method of Section 3 are made in
Section 5, where we used results obtained for the solution of the non-relativistic Schrodinger equation
to construct some wave functions as solutions of the relativistic scalar wave equation—Klein-Gordon
equation. These solutions may be of interest as a first step for further efforts to find exact solutions of
wave equations for quasiparticles in semiconductors in external fields.

Semiconductor crystals with wide forbidden bands (E, large compared with the intraband
motion energy) are the subject of papers [21-24], where a quantum well with the SPSIS potential
was considered in the presence of a static magnetic field. The influence of a constant magnetic field
was also taken into account in Refs. [25,26] . In this paper, we included in our calculations, moreover
SPSIS potential and a static magnetic field, an electromagnetic wave field. We followed the method
developed in Section 3, where the magnetic field and radiation field were taken into account exactly.
Then, due to inclusion of the confining potential, the optical absorption coefficients become strongly
affected by cumulative influence of both a static magnetic field and the confinement frequency and the
intensity of incident electromagnetic wave. These factors are exactly taken into account in our solution
(Section 6).

2. Cyclotron Resonance

The energy of electrons and holes in graphene are described by the following linear equation with
zero effective mass:
gi(P) = :EUfP = :*:Z)f|P|, (1)

where P = (Py, Py) is the 2D electron momentum, and v R 108 cm/s is the Fermi velocity.
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A free charged massive particle (e.g., electron), with charge e = —e¢p < 0 and mass m, placed in a
magnetic field B, moves in a circular orbit in the plane perpendicular to the field B with the cyclotron
frequency (for non-relativistic velocities, v < ¢, with ¢ = 3 x 10'% cm/s)

we = egB/mc. ()

If the frequency of an applied electromagnetic wave w is getting near the cyclotron frequency,
w =~ we, the cyclotron resonance [11-13] takes place. It is quite useful in solid state physics for studies
of metals and semiconductors. It is interesting to note that as it will be seen in what follows, the CR line
in graphene turns out to be rather broad, which is characteristic for relativistic or massless particles.

2.1. Equations of Motion

The equation of motion for a massless quasi-particle with the linear dispersion relation (1) in
a constant magnetic field B = (0,0, B) and under the influence of an applied electromagnetic wave

E(t) reads
‘;—I; - SVXBJreE(t), v:vf% 3)
One should note that the electromagnetic wave propagates along the z—direction, and hence the
electric field and magnetic field of the wave are both in the X — Y plane, where, as we assumed,
an electron is confined. Since the Fermi velocity vy is about 1/300 that of the velocity of light ¢,
the magnetic field of the wave Hy(t) can be neglected.
How can one relate this equation to the Hamilton method? Equation (3) should follow from the

Hamiltonian function. For m # 0 we have
L= —mc*V/1—02/c2+e/c(vA) — eAy. 4)

Variation gives the Lagrange equation of motion

d mv e

For m = 0, we have ambiguity withm — 0 and v — c.
Now via Hamiltonian equations. We have

H=vs/(p—e/cA)?>+eAy, p—e/cA=P. (6)

Hamiltonian equations read

oH _ o P —e/eA @)

op V(p—e/cA)?

9H dp  dP  dA

or  dt  dt E/Cdt’ ®)
where OH o JcA)  9A

oH _d(v,p—e/c 9dAg

or or te or ’ ©)
and dA  9A . A
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Here
dv,p—e/cA) d(v,A)
or = —elc or
0A 0
= —(e/c)(vg) —(e/c)v x (g x A), (11)
so that
P dA 0A 04 0
T —e/cﬁ +e/c(v§) e + (e/c)v x (5 x A)
B d 0A 04y
= (E/C)V X (g X A) — (B/C)g —EX
=¢E+ (e/c)v X B, (12)

which is just Equation (3). Without the electromagnetic field, E(t) = 0, the energy of the particle is
conserved & = vy P =const, and the particle rotates in the magnetic field with the frequency

wp = egBuy/Pc = EOBU]Zc/Cg (13)
that depends on its energy & = v P.

2.2. Circular Polarization

To study the cyclotron resonance of the massless particle with the dispersion law (1), we assume
that the radiation frequency w coincides with the electron rotation frequency wp. Moreover, we propose
that the wave is circularly polarized in the direction coinciding with the sense of the particle rotation

Ey(t) = Ep(cos wt, sinwt). (14)
Thus, we have the equation of motion

dP () P

First consider the case without an electric field. Then

dP 6 N
P =-—_(PvxB)=0, (16)

and P? = const, £+(P) = +&, £ = v¢|P| = v¢P = const.
We have P = (P, P,) = P(cos ¢, sin¢), then
. . EQB .
Py(—sing,cos¢,0) = —?vf(cos ¢,sing,0) x (0,0,1)

eoBv
= u(— sin ¢, cos ¢, 0), (17)

so that ¢ = eof# and
P = (Py, Py) = P(cos(wpt + ¢g), sin(wpt +¢o)).

Let us emphasize that contrary to the non-relativistic case, rotation frequency of the massless
particle wp (13) depends on its energy.
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Now let us include electric field into consideration

% = —E?OV x B — EOEo(t), vV = Uf%,
E(t) = Ep(cos wt, sinwt). (18)

Now instead of (16) we have

dP
PE = —eg(P, Eg) = —egPEqcos(¢p — wt). (19)
Next, we have
dpP €
EOE = *?(EO,V X B) — EOE%
_ —%O(B, Eo x v) — egE2
= —%OBEOUJ: sin(¢ — wt) — egE3. (20)

Equation (19) can be rewritten as

ap

i —egEg cos(¢ — wt). (21)

While Equation (20) is transformed as follows:

dp do . _
I cos(¢p — wt) — PE sin(¢p — wt) =
— f%Ovi sin(g — wt) — egEo, (22)

and recall here Equation (21). It should be noted that Equations (21) and (22) to within a change of
notations coincide with corresponding Equations (4) and (5) from [11]. In fact, trivial transformations
give for Equation (22)

de
P =

Now let Ey — 0 in Equations (21) and (23). Then

%Ovi + egEp sin(¢ — wt), (23)

%3 = —egEgcos(¢ —wt) — 0, (24)
pde _ oy Eosi - Lp 25
e vf +eo 0s1n((p—w)—>? vy (25)

To simplify solution and according to initial statement of the problem, let us assume resonance
condition w = wp, and hence

L d egBv
P = const = P, —(P:const: 0 Af = wp = w. (26)
dt cP

Now let us introduce deviations Pe and ¢ from these constant solutions

P=P(1+e), ¢ =+ ¢ where § = w.t+ @y. (27)
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Let us start with Equation (21). We have
Pé = —egEgcos(¢ + @p),
and
pde _

€0 .
i ?vi + egEp sin(¢ — wt),

P(1+ S)Z—f = %Ovi +egEpsin(¢ — wt),

. d

P(1+e¢)(w+ d—‘f) = %Ovi + eoEo sin(¢ + o),
d¢ dp _ eoEpsin(¢ + @)
P T R
dj o eoEp sin((]) + (po)
dt(1+e)+ew——p ,

We introduce a dimensionless parameter

so that Equations (28) and (31) take their final form

W14 6) +ew = wisin(p + gu),

¢ = —wdcos(¢p+ ¢p).
Now let us study the case of a weak field

eoE
g=2%«1
wP

with ¢ ~ /¢ < 1. Then Equations (32) and (33) take linearized form

%} = —ew + wsin(¢ + @o),

¢ = —wgcos(¢p + @o).

Let g9 = 71/2, then we have
o _
at

¢ = wsing,

—we + wg cos ¢,

or

d d
di(rp — _% + \/Ecos ¢, £ = \/Zsing,

where T = /Cwt. Since ¢ ~ /€ < 1, and % ~ 1 we have

dp e de .
E__ﬁ, E— ésmqﬁ,

6 of 27

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)
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then

A

ﬁ = —sin 47, (40)

which is the equation for nonlinear oscillations. Its solution can be linearized, ¢ < 1, and then the
solution for ¢ is found from the second equation in (39).

2.3. Linear Polarization

Let us assume that the external electric field Ey(f) = Ey(coswt,0) is linearly polarized in the
direction along the x-axis. Now instead of (16) we have

P
P% —eo(P, Eg) = —egPE cos ¢ cos wt. 41)

Next, we have

dP €
Boo = —?(Eo,v x B) — egE5 =

— E?O(B,EO X V) —EQE% =

= —%OBEva sin ¢ cos wt — eOE% (42)

Equation (41) can be rewritten as

apr
T —egEp cos ¢ cos wt (43)
Now we transform Equation (42)
P
E
Odr ~
apP dg .
= Ep cos wt cos P EPEO coswtsing =
_ %OBEovf sin ¢ cos wt — egE2 (44)
or simplifying
( > PeOEO coswtsing =
2
—OBEovf sin @ cos wt + e3E3 (45)

Now let us study the case of a weak field

eoE
F=20 <1
wP

Then, with the use of variables ¢ and ¢, introduced via equalities P = P(1+¢), ¢ = ¢ +
¢, where ¢ = wct + @o, we obtain

o (de\? | d
P2 (;) +( d(f + w)PeyEg cos wt sin(¢ + wt + @g) =

2
%OBEva sin(¢ + wt + @g) cos wt + e5E3. (46)
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Dividing by (wP)?

wdt wdt
€0

S P

Bugsin(¢ + wt + @o) cos wt + .

EoBUf

5 we find

Since w = wp =

wdt wdt
Esin(¢p + wt + @) cos wt + &2,

and since \/Cwt = T, we arrive, dividing by ¢, at
de \? d
<di> + (7\/5;1) +1)x
(1+¢€) cos(t/+/3)sin(¢ +T//C+ 9o/ VE) =
sin(¢ + 7/ /& + 9o/ /) cos(t/\/E) + &

Now, since € ~ /¢, we leave in the last equation only the following terms ~ /¢

(@ +¢e)=0.

Now let us turn to Equation (43) for P

de _ EOEO

T - cos pcos(T/\/€) =
VEsin(¢ + 1/ \/€) cos(t//E),

where we put ¢g = 71/2. Now we deal with equations

dp ¢
iR
Z—i = /Esin(¢p + T/+/F) cos(T/\/E) =

T

%\/E [sin((l) + 2\/3) + sinq)} :
We put Equation (52) together

d%¢ T

P f% [sin(<p+2\/§) +sin<p} )

One can see that for small ¢ (large t) one has ¢ ~ ¢ and then

P LinpT

a2~ 2 Ve
and

dp 1 T, dp ¢
FEi EﬂCOS(Zﬁ), T E

2
< de > +(di+1)(1+s)§coswtsin(¢+wt+(Po) =

2
( de ) +(d—(i)+1)(1—|—£)§coswtsin(q‘)+wt+(Po) =

8 of 27

(47)

(48)

(49)

(50)

(51)

(52)

(53)
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or

d 1 1
£ = —\/§£ = —Z(ZCOS(Z%) = —chcos(Zwt), (54)

that is the frequency is doubled (which should be compared with the exceptional frequency-halving
solution (64)).
In the opposite case of small t — 0 we have

dZ
d—jz) = —sin¢g, (55)

which is just Equation (40) for circular polarization.

2.4. Particular Solution

Now we study a particular solution of our equations. From Equation (32) together with

Equation (33) we find
de _ —ﬂwécos( + ¢o) (56)
dp —  do ¢+ o)
dt 1+¢
“r , 57
dp  wisin(¢p+ @o) — ew ©7)
so that
de (1 +e)Ecos(p+ go) -
d¢ gsin(p+ o) —¢ ’
Let {sin(¢ + ¢o) = y, then
E 1+
dy e—y
or p
(e—y) ,_1te-y+y
dy e—y
then putting e —y = x,
dx 14y
dy  x '
ie.,
2/ _ .2
(e —&sin(@ + 0))* = (Esin(@ + o)) + 28 sin(¢ + o) +2C,
where C = const is a constant of motion. Thus, we have a solution
e =¢sin(¢p + o)+
V(@sin(@ + p0))2 + 28 sin(¢ + go) +2C (59)

Let us choose C = 1/2 (let us note that this is a sort of an “instanton” solution (see, e.g., [27])), then

28 sin(¢ + ¢o) +1,

e=¢sin(p+ o) £ (sin(¢p+ @) +1) = { o
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If we choose “—" sign (take ¢ = —1), then according to above equations, we shall have ambiguity
in Equation (57), dt/d¢ = 0, and P = 0. With the other choice we shall have in Equation (57)

dt _ 2(Gsin(¢ + ¢o) +1) _ 2
dp  w(Csin(¢p + @o) —28sin(p+ o) —1) '
thatis ¢ = —w/2, (60)
Finally, we have the solutions
w
t
e =2¢sin(¢g — %) +1, (62)
and in Equations (27)
A A . wt
P=P(1+¢) =2P(1+ {sin(¢po — ?))
w wt
(Pzwf+¢o—5t=7+(po,wzﬂ (63)
To simplify calculations, let us change notations
2D = Py, w/2 = @, 2P = 2p%EL _ y%F0 _ @Fo
wP w w
then
P=DP(1+e) =P — ? sin(@t — gp),
o=@t + ¢y, w=0=2d. (64)
For components of P we now have
Py = Pcos ¢ = Pycos(wt+ ¢o)—
E
— E(EZJO sin(@t — ¢g) cos(@t + @g) =
E
= Py cos(@t + ¢o) — eg—d)o(sin 2@t — sin2¢y), (65)
Py = Psin ¢ = Pysin(@t + ¢p)—
E
— eod)o sin(@t — o) sin(@t + ¢o) =
E
= Pysin(@t + ¢o) + eg—a)o(cos 200t — cos2¢y). (66)
We can now rewrite the result in the form
wt eoEp , . .
Py =Dy cos(7 + ¢o) — 7(smwt —sin2¢yp), (67)
. wt eoEo
P, =Py sm(7 + @o) + T(COS wt — cos2¢y), (68)

where w =20 = Q) = eovi/Pc = 2e0Buvy/ Pyc.
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As is seen, the above solution describes the motion that is a superposition of “free” motion in a
magnetic field with “cyclotron” frequency

w = %w = egBoy/Poc,
and forced motion with doubled frequency w = 2eoBv/ Pyc (quasiresonance condition). When the
wave field is switched off, Ey = 0, the momentum P is a transversal momentum of an electron in a
magnetic field Py = /P? + P7|g,—0.

We note however that our exact solution (67) and (68) is different from approximated solutions
of papers [11,12] (they, by the way, were obtained numerically and demonstrated in a graphical
form). The principle difference is that we obtained the so-called frequency-halving or period-doubling
(quasiresonance) (for an example, see [28,29]) of the cyclotron frequency in a magnetic field wp with
zero electromagnetic wave field Eg = 0, as compared to the frequency w

wp = eovi/Poc =w/2. (69)

Thus, we can say that the exact solution obtained in this section under the condition of
“quasiresonance” (69), i.e., with frequency-halving, differs from the “resonance” condition of the
previous Section

Q =eoBvs/Pc = w. (70)
We emphasize that in that case one was able to consider analytically only the case of a weak field.

3. Non-Relativistic Electron in a Magnetic Field and in a Plane Wave

In this Section we consider an exact solution of the Schrodinger equation in the electromagnetic
field that is a superposition of a homogeneous magnetic field B = const, directed along the z axis
(B||Oz), and an electromagnetic wave circularly polarized in the xOy plane. The vector potentials of
the fields, neglecting the space dispersion of A(t) thanks to expected low frequency of the wave,
are as follows

A(B) = (0,xB,0), A(t) = b(coswt, sinwt, 0). (71)

Assume that 77 = ¢ = 1 in what follows due to the appropriate choice of system of units.
For the Schrodinger equation for the electron wave function @ in a magnetic field and in an
electromagnetic wave in our particular case (71) we have

P ki B 72
10t - T ’ ( )
where
Py = —idy + B cos wt,
Py = —idy + egxB + Bsin wt. (73)
Here B = egb and e = —ep < 0 is the electron charge, and in the framework of the effective

mass approximation, to simplify notations, we will denote the electron effective mass by m instead
of m*. The y- and z-moment components are conserved —id, — p, = const, —id; — p, = const.
Thus we have
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0P = L {pz — (0x +iB cos wt)z] )
2m L7F
. 2
egBx wt
o pyteoBrt peineot]” (74)
2m
Let
P =exp 1pgt elPvy elP:= &(t, x) (75)
2m !
then
0P = 1 [—(8 + iﬁcoswt)z} d
t o x
. 2
+e9gBx + Bsinwt|” _
+ [p]/ 0 ﬁ ] CI), (76)
2m
or in the form of the Schrodinger equation
i0;® = A, (77)
with the Hamiltonian
A= L(A + B cos wt)?
= om P
2 2
wg B ..
—= - —— t 7
+ 5 <x xo—i—EOBsmw) , (78)
where xg = — e%, we = i%—f. Now we go over to new dimensionless variables
_ ., R Px
X —x9 — X =+\eyB(x —xp), —p= , 79
0 VeoB( 0), Px = P JeoB (79)
and we arrive at this form of the Hamiltonian
N We T, a 2, (= . 2
H:7 {(p—i—ncoswt) + (¥ 4+ sinwt) }, (80)
where 11 = $/+/egB. We may now introduce the operators
f= L (p—ix), it = ——(p+i%) (81)
NG p , NG p
with the standard commutation relation
[4,a7] =1 (82)
Then

2
> 72 +1ysinwt) . (83)
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After transformation and with notation « = %17 el“! we arrive at the following form of

. 1 2
0= w, (aﬂﬂ) L (84)
2 We

Define the operator
D, = exp(ua* — u*a)

with the property
—14 A~ —1a A
D, 'aDy =d+pu, D, 'a"Dy =a* +p*.

Define the function
t
X = chi: exp <1/ 'y(t)dt> , (85)
0

where y(t) = J(pa + p*a®).
An equation for x can be found as follows

idpx =i0; {Dylcﬁexp i/
0

7 N\
)
—
[~
N—
QU
~~

N———

| I |

t
—(i3D; ") exp <i / y(t)dt)
0
- . t
+D;1(iat<1>) exp (l/o 'y(t)dt)
t
+(—9D, )P exp (:/O 'y(t)dt). (86)
With the use of the identity
de’ (dv 1[ oo v
- (5eal)-

under the condition that v and dv/9t commute with [v, %} , with D;l — e M1 e have in
Equation (86)
D1 = [_;w + e+ Y upr — y*y)} D, . (88)
Then

1 & _ =17 —1&
D, 'id;® = D, 'AD, D}, ',

g _ .1 al?
D,'AD, =D, (wc(a+a+ E) + |w|c —l—txa—i-«x*a"’) D,

|

1
_ At a - *
= we(a a+2)+wm y+—wc

+ wedtp + wedp® + ad +a*at +ap + oyt (89)

Now we come to the equation for x
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-t
i0sx =10; [D;léexp (i/o 'y(t)dt)}

. PN .k A 1 .k ke
=i[—pat A+ S (it — W)X

1
+we(ata+ E)X

+wedt p + welp* + wep 4 ap + o u)x

—i—[% +ad+a*at]y
We
—%(W +ptat)x. (90)
Let y satisfy the equation
i 4 iwep = —in*, where a* = || e~ ! (91)

Its solution apart from the solution of the homogeneous equation can be found

plt) = et

It is easy to show, using Equation (91) that the terms proportional to 4 and @", as well as terms
proportional to u and u* cancel between themselves in the above equation and we arrive at the final
equation for x

, JUIPE |
oy = we(ata+ E)X'
This is the standard equation for an oscillator with the solution

X =exp(—ient)u,(X),
en =wc(n+1/2), n=0,1,2,... 92)

and the wave function of our problem ® is defined through Equations (75) and (85) , and is finally
expressed in terms of the wave function u, (%) of an electron in a magnetic field [2,30] with the help of
the operator A

A =exp [—;l /Ot'y(t/)dt’ + uat — y*ﬁ} , (93)
so that the final solution takes the form
@y, pon = elPvy efPzZ e iEnp:t Ay, (%)
— elPul elP=% e~ ienr=t Dy, (%) exp <—i /O t 7(t)dt> , (94)
where

(803)1/4 e—xz/z

up(x) = Hy,(x). 95
0 = e () 95)
and the energy spectrum
p2
Enp, = wc(”l + 1/2) + 72;1/ (96)

Here H, (%) is a Hermite polynomial.
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This result for an exact solution of the equation for a non-relativistic electron in a magnetic field
and an electromagnetic wave was for the first time published in [31] in 1967 with an application to
radiative transitions in a semiconductor. This solution was once again reproduced by other authors [32]
later in 1982.

4. Electron Radiative Transitions

4.1. Intraband Transitions

If the electron is at a level n in the absence of the electromagnetic wave at t = 0, then a strong
alternating field with photon energy iw < €, (€4 is the width of the forbidden zone in a semiconductor)
makes possible transitions at f > 0 to the level [ inside the band with the following amplitude

Ay =< Il|Aln >= / dxuj Auy,

(eB) 1/2 7xz/2 effz/z
- [ W T AT
- \/W / dxe~"/2 Hy(¥) AHy (2) e */2
exp y(t) dt 5 2
N [ 7'[21+nllnl /d < */2H (#)D-Ha(x) e . ©7)
We have
D, f(x) = exp(pa™ — p*a)f(x)
= explp— (p+ i) = ' (i)} (5)
— exp é[(uu*)mi(ﬂw*)ﬂ}f(f)
- eXp[\iﬁ(ﬂ a)DIf(E+ \%(#* — ). 98)

We can now rewrite the expression for the amplitude (97) in the following way:
IS O )
i v 7T2l+”l'n!
dye V3 Hy(y + — ) Hy(y +
/ Yy Yy \[

i
—u"). 99
A" (99)
We shall use the integral

—+00
/ dy eV H (v +w)Hu(y + z) = 2"/7z" ' QI (—2wz),

where | < 1, and Ql”_l (—2wz) is the Laguerre polynomial. We take w = ﬁ U, z= %y*. Then we
obtain for the amplitude
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R G ()
ol V2]
1 * l
e M N S (g n—I yn—I *
f(\/iu) Q' (up™)

exp [y ()t + E (w2 = i2) - L] (

V! i)
< QI (). (100)
Since
. s\H— . io\n— Bl s is\n—
(i)~ = (ilu| €)' = (up*) "= (i)
_ (W*)”T’l eliwt+in/2)(n=1) (101)

(6 = wt), we finally arrive at the following expression for the amplitude (7 = 1):

e D2l () — 90 1y (p), (102)

I'n!

A = e'?(t)

where p = p*p and

p(t) = — </Ot’y(t’)dt’ —(wt+7/2)(n—1)) + In;p@) .

In the above Equation (102)

_ L e w2 qn-t
Inl (P) - \/W e 2 P Ql (p) (103)
is the Laguerre function (see, e.g., [2]). The distribution of probability of finding an electron at the
levels [ is as follows:
2,(p), n>1I,
W, = { ! (p), (104)
I (o), 1>n,

We know that [30]
Y. =mIy(e) =p, Y I2(0) =1,
1

l
hence for the total probability we have

and

and hence the average energy in the final states / (similar mathematical expression for another problem
can be found in [33] Section 3, Problem 19)

<E>=w.<1+1/2>=E; + wcp.
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We now consider the case of a weak electromagnetic wave with |p(t)| < 1, when p < 1. Then we
have the following limiting expression for the Laguerre function:

n! 1 _
Lu(p) = /7 72,

Letn — 1 =1, then

In,nfl (P) — \/ﬁpl/Z/

<1 (105)

4.2. Interband Transitions

Let the external electromagnetic field of the electromagnetic wave be linearly polarized. The vector
potentials of the fields are as follows

A(B) = (0,xB,0), A(t) = b(0, sin(k7 — wt), 0), (106)
where B
b= (Ey/w), k= w(sinbh,0,cosb),
then we have the Schrodinger equation
2
Y = (2% LAY, (107)
where

N 1 R .
H= >m {—8,25 + [py + eoBx — B sin(kr — cut)}z} ,B = egb. (108)

Here we may put py, — py=const, p; — p. =const, and introduce

_ Py

Xp = .
0 EOB

The Hamiltonian operator (108) depends on t and the Schrodinger equation does not have
stationary solutions. Now we introduce Heisenberg operators 4(t) and 4% (¢) related to operators (81)

a(t)y=a—i P sin(kr —wt) =4 — i sin(kr — wt),

\/ZEOB ﬁ
p
= , 109
"= VeB 1
so that
[a(t),a" (t)] = 1+ncos(kr — wt), 1 = pw sin 0
4 7 me 7
then the Hamiltonian (108) takes the form
A =2 (at(Da(t) +a(at (1) (110)
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The Heisenberg equation
da(t)  0a(t)

dt ot
proves to be inhomogeneous and nonlinear
da(t) . Pw
I l\/m cos(kr — wt)
—iwc[a(t),a’t (t)]a(t) — i% [a(t)[a(t),a*(v)]], (111)

which for the free harmonic oscillator goes over to the equation
i _ iwea

e T

It should be noted that (111) is an exact equation, taking into account interaction of an electron

with the magnetic field and the electromagnetic wave. Its nonlinearity may be neglected if the last
term in (111) is small

wev/200By _ wey/2e0Bpw _ \/27;? _ E<< 1 (112)

Bw Bwmw,
which is evidently true for any laboratory magnetic fields B < By, where By = m? /ey = 4,4 x 10'3G. Then
[a(®)[a(t),a™(1)]] ~ 0,

and cos (k7 — wt) & cos(¢y — wt), Py =const. As a result, we obtain the equation for parametric oscillator

da ) .
‘[f) i \/% cos(o — wt) — iw(t)a(t), (113)

where
w(t) = we (141 cos(¢pg —wt)).

One should note that once again

wel v2e9B
= <1,
Bw/\/2eB m

so that we can put w(t) ~ we.
Now, we may write the solutions of (113) in two ways

t

a(t) = @i (t) + /_too aex () exp H

/

w(r)dr} , (114)

t

8(t) = dour () — /too dt' x(#') exp {i /t w(r)dr} . (115)
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In these formulas we introduced the following operators:

i (t) = @iy exp [iwct + i% sin(wt — 470)} ,

out (1) = Aout €XP [iwct + i% sin(wt — gbo)] , (116)
x(H) =i pw cos(wt — ¢p), (117)

\/ZeoB

where 4;,, doyr are some yet undefined constant operators. Let potential A'(t) is switched on
adiabatically at t = —oco and is switched off at t — oo

b— 0, at t — Foo, @<<wc.

Under the influence of external magnetic and wave fields in the infinite time interval (—oo, +-00)
the operator d;, goes over to 4,y = dj, + fi, where

- T . .eob . /
fi :/ dt'x(t') exp | —iwct —HW sin(wt’ — ¢o) | - (118)

Relation of operators d,,; and 4;,, can be written down with the help of the so-called S—matrix

A

Bowt = ST2,S, S =exp [fia} — f*d;,], STS =1 (119)

With the use of this matrix one may find an exact analytic expression for the probability of
transition of an electron under the influence of a magnetic field and a strong electromagnetic wave field.

Moreover, if we consider the transition from the valence band to the conduction band under
the influence of the alternating field E = eEyexp(—iw’t), then in such a transition, the selection
rules are satisfied for the wave numbers k.1 = k3, kj1 = ky, but not for the quantum numbers n,
since transitions to the states n’ # n are possible when 7 # 0. Then the optical absorption coefficient
can be found, which is an exact expression in the magnetic field B and wave field F = bw (see [31])

(p12e)’¢*B(2m*)!/

«(F,B) = nomw’

2 Irzl’n (’71,2)
n'n

X [w'+ (0 —n)w —wer(n+1/2) —wea(n' +1/2) — ¢
_ ¢’F? ~1/2
2m* (w + wer) (W — weo) '

(120)

where pq; is the matrix element of the dipole transition at k = 0, and the dimensionless parameter
is introduced

e’ F?
[m*ro(w + wer) (w — wea)]

Mp =

Here wci and we; are the cyclotron frequencies in bands 1 and 2, and m* is the reduced mass.
The maximum absorption will be observed for resonant values of the frequency «’, i.e., for zero values
of the expression in square brackets in the above expression, but with this « will nevertheless be
finite due to the presence of damping. When n’ — n is large, the function I/, behaves like the Bessel
function J,_, (2,/71,2), leading to oscillation of « depending on the value of 7 5. For strong field
with #12 > 1, for transitions between small quantum numbers, the matrix element proportional to
e~ 2/2 will yield an exponential damping of the transition probability.

When w < wc the electron moves in an almost constant field and the result (120) goes over into
the corresponding formula obtained by Aronov [34] for constant crossed fields. The parameter #; » for
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intense microwave or infrared radiation can become close to unity (112 ~ 1). To this end it is necessary
to specify, for example, the values m* = 10~28g, w = 10!3sec, B = 10*G, and an electric field intensity
F = 10* V/cm, which are typical values for experimental conditions.

5. Klein—-Gordon Equation

To begin with, we can try to solve a problem for a “scalar” particle described by the squared Dirac
equation without the spin terms in the space-time with dimensions D = 3 + 1 temporarily with a mass
term mZ2, i.e., the Klein-Gordon equation

—07Y = (=02 + P; + Py +m)Y,
which gives
(PR = {— [0y + iBcosw(t — z)]?
— [3y +ieoBx + ipsinw(t —2)]” +m? } ¥. (121)
Let us introduce new variables
1
T=t—z 5= E(H—Z)'

We will search for a solution

Y = e~ iPrT il oMY (1, x), (122)

where we considered that there is no dependence on 7 and y in the equation, and hence the momenta
py = —idy — py = const and p, = —idy — py = const are conserved, and pr is a new still undefined
quantum number. Thus,

— (07 — )Y = —2(—id-)(—i0y)¥
=2py e PTT giPyll iPyY [(i07) + pr] ¥(T, x) (123)

Equation (121) takes the form

2py [(i07) + po] (T, %) = {— [0x + i cosz}2

— [0y +iegBx + ifsinwt| g mz} ¥(T,x). (124)

The quantum number pr may now be related to the other quantum number p,, if we put
2ppy = m*. Let m*> — 0. One can see that the obtained equation has the form of a certain
Schrédinger equation for a particle of mass p; in an external T-dependent electromagnetic wave
field. Now 2id; = i(d; +0), and id;, = —i(d; — 9), so that we may rename p, = %(po — pz) and
py = (po + pz), and 2p.py = m? — 0 means (p3 — p?) = (po — pz)(po + pz) — 0, and we may put
pr = 5(po — pz) =0, po + p= = py, Py = 2po. We arrive at the following equation:

i0y(t,x) = 2;;7 {[f)x + Beoswrt)?

+ [py + eoBx + Bsin wT]2} (T, x). (125)
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It is evident that the above Equation (125) for the wave function (122) is immediately related to
Equations (77) and (78) with the solution (94)-(96), if the following replacements are made:

B
t—1, m—py, aJC—>Q:ePO—. (126)
Ui

5.1. Pure Magnetic Field

Let us try to prove this result in a pure magnetic field. We havein D =3 + 1:
(—92 +22)¥ = {—a,% — (9 + ieon)z} ¥. (127)
Let us introduce new variables

T=t—z n==(t+2),

N —

then 97 — 92 = —2(—id¢)(—idy). We will search for a solution
Y = e T el P (T, x), (128)
Thus,

— (97 = 92)Y = —2(—idr)(—i0y)¥
=2py e~ PrT @iPyll iPyY [(id7) + p<] ¥(T, x) (129)

Equation (121) in pure magnetic field with 77 = 0 takes the form

2py [(i97) + p<] ¥(T, %)
= {—ai — (0y + ieon)2 + mz} ¥(T,x). (130)

The quantum number pr may now be related to the other quantum number p,, if we put
2prpy = m?. Let m> — 0, then pr = 0. One can see that the obtained equation has the form of a certain
Schrodinger equation for a particle of mass pj in an external magnetic field

i0-(T,x) = 2;17 {[ﬁx]z + [py + eon}z} (T, x). (131)

The operator in the right-hand side of the above equation has eigenvalues

2;7 [+ (0B (x—x0)2} = O+ 3), (132)
then
. 1 €0B
i0:(T,x) = Q(n+ 2)yp(t,x), Q=—. (133)
2 Py

We search for a “stationary” solution (T, x) ~ e ™7, then id. (T, x) = ey(t, x) and

0B 4 iz, x)

eP(t,x) = » 5
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To get the familiar result for D = 3 + 1, we must put

2 2
&—-p
€py = 7 z,
so that ) 5
& —p; 1
— "% —¢yB ~).
2}777 €o (Tl+2)

In the non-relativistic limit p;, — m with p, = 0 we have

EoB(I’l + %)

7

m

which is the well-known result.

5.2. Superposition

22 of 27

(134)

With the help of the result (94) and (95), (96) we now arrive at the following solutionfor
the Klein-Gordon equation in the superposition of a magnetic and a plane circularly polarized

electromagnetic field in the case of a vanishing m — 0, when pr =0
Yooy = PV elPil e €T Ay, (%)

. i i T
=P el e T Dyuy (%) exp (—i/ ’Y(T)dT)
0

= e'Pw &Pl H(1, x).

Following the non-relativistic solution (85),
_ T
X = D;quexp (z/ ’)/(T)dT) ,
0
we define the function x (T, x) ~ e~/7 that satisfies the equation
. - 1 A 2 2
et 3) = 5 {2+ (eoB)? (= 30 f x (.3,

which is just Equation (133), and hence

. 1 eoB
idrx(t,x) = Q(n+ E)x(r,x), Q= ;—
U
and we have
2
& 5 1
= , € =2¢eB =).
el’l Zp” Si’l eo (Tl + 2)
For n > 1 this gives
e — ¢ B
en—en—lznTH:%ZQ.
U U

(135)

(136)

(137)

(138)

(139)

Another proof of the above result let us consider the problem in the magnetic field alone putting
electromagnetic wave field vanishing: b — 0, or 7 — 0. We consider the Klein-Gordon Equation (121)

asitisforD=2+1(p, =0, =0, m>=0)

~OFY = {~32 — (3 +ieoBx)’ } ¥.

(140)
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The operator in the right-hand side of the above equation has eigenvalues

. 1
—0% — (9y + zeon)2 — 2eB(n + E)

and for the stationary solutions ¥ ~ e~#Pof we have

Pt = €, = 2e0B(n + %),
which is the well-known result.
5.3. Limitm — 0, p; — o0
The Klein—Gordon equation
7Y = (=02 + Py + Py +m?)Y,
can be written as
%Y = {[ax +iBcosw(t —z)]?
+ [8y+ieBx+iﬁsinw(t—z)}2—p%—m2}‘l’. (141)

If we put m — 0, we have

RY = {[ax +iBcoswl(t —z))?

+ 3y +ieoBx + ipsinaw(t —2))]* — p} ¥. (142)

We write ¥ = e~/P:! ® and we quantize p, momentum with periodic boundary conditions in the

third direction
2ntn

pr=——, n=0,=£1,%£2,....
L,
For very thin slab in the z—direction, L, — 0, we have z — 0, p, — co. This supplies a restriction on
the maximum extension L, along the z- axis and the minimum value of p,

L, < L;nax — 2771’, P > p;nin _ \/EOB.
- vegB 2r

Then we have

. 1 , 2
0P =— 1 [-id t
10t 2 {[ idx + B cos wi]

+ [~idy + eBx + Bsinwt)]* } . (143)
which is just Equation (125) (or Equation (137) for 7 = 0).

6. Electron in a Quantum Well in the Conduction Band

In recent years, studies of the optical absorption in quantum wells have been made under the
influence of various external factors. Let us assume now that an electron is confined in a quantum well
in the conduction band and it is not only under the influence of an external magnetic field but also
of an electromagnetic wave. Then its free motion along the z-axis described by plane-wave solution
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of Equation (72) exp(ip,z) should be replaced by a solution of the Schrodinger equation with the
confining potential

, 1
i0;® = %(—ag + P+ PP+ V(2)®,

The form of the confining potential V(z) was earlier proposed (see, e.g., [21-24]) in the form
(we here retain physical unit for Planck constant %)

1, 22 Ig
V(z) = {2mwzz Ty (144)

00, z < 0.

Here the following notations were used: w; is the confinement frequency and g is the characteristic
parameter with the inverse squared potential. Since separation of variables can be realized, the motion
in the z-direction is described by the equation for ¢(z) forz > 0

hzq
2mz2

oo 1 5,
Ep(z) = —%BZ + FMwzz +

¢(2).

Defining the new dimensionless variable { and energy parameter A

_(Zv RNV I
gf(az) , where txzf(mwz) , A= o~

the above equation can be rewritten as
¢ 14 1 A
74) 4 774) I T B ¢ =0.
agz = 27dg |4 42 2

The solution of this type of equations in terms of associated Laguerre polynomials is well known
in quantum mechanics in relation, e.g., with the problem of synchrotron radiation or hydrogen atom
and can be found, e.g., in [2,30]. The particular solution of Equation (145) looks like

(145)

s(z) = Nz e ¢/2L2(7), (146)

where s = 0,1,2,..., Ny = /2s!/T(20+s5+1/2), 0 = (\/1/4+q+1/2)/2, and L{(]) is the
associated Laguerre polynomial, § = 20 — 1/2. The energy spectrum of z-oscillations corresponding

to this solution follows [23]
& = w: (2s +1+/q+ 1/4) . (147)

To make an exact account for the electromagnetic wave also, we are able now to combine
the already found above (Section 3) part of the wave function responsible for electron motion
in xOy-plane (94)—(96) with this solution (146), (147) that describes the confined motion along
z-axis, yielding

. . ot
CDP}/,Pz,Yl = e'Pv¥y e—l€nlst Dyun (f) e( lfo fY(”dt) gbs (Z), (148)
with the energy
€ns = €n + Es
= we(n+1/2) + w: (2s+1+ q+1/4). (149)

It was demonstrated, for instance, in [21-23], that due to inclusion of the confining potential,
the optical absorption coefficients are strongly affected not only by a static magnetic field, but also by
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the confinement frequency and the incident optical intensity, which in our solution is exactly taken
into account.

7. Conclusions

In this paper, we considered motion of a massless quasi-particle in graphene and demonstrated
that its motion is principally different from motion of a massive particle in an external field.
The revolution frequency of a quasi-particle (electron) in a magnetic field (“cyclotron frequency”)
depends on its energy. In solving the equation of motion of an electron in the resonance condition,
i.e., when the wave frequency coincides with the “cyclotron frequency”, in the case of a weak wave,
it is shown that equations for the deviation of the phase of motion from its constant value is reduced
to the equation of nonlinear oscillations. In a special case, when the wave frequency is twice that
of the “cyclotron frequency” an exact solution for the equation of motion of an electron in the wave
of arbitrary strength was obtained. This solution can be interpreted from the point of view of the
solution of the equation of motion of an electron as wave frequency-halving. For a relativistic electron,
in the case when its spin states can be neglected, the Klein-Gordon equation in a superposition of a
plane electromagnetic wave and a constant magnetic field was studied. Its relation to non-relativistic
equation and, on the contrary, to the massless limit m — 0 equation was discussed. Moreover,
we studied electron radiative transitions in semiconductor in two cases: intrabank transitions and
interband transitions. We also considered electron in a quantum well in the conduction band, i.e., when
an electron is not only under combined influence of an external magnetic field and electromagnetic
wave, but also is confined in a quantum well in the conduction band. We were able to combine the
already found part of the wave function responsible for electron motion in xOy-plane with the solution
that describes the confined motion along z-axis (148), and hence, according to the results in [21-23],
due to inclusion of the confining potential, the optical absorption coefficients are strongly affected
not only by a static magnetic field, but also by the confinement frequency and the incident optical
intensity. It is, therefore, quite reasonable that corresponding calculations that would generalize our
above estimates of the absorption coefficient (120), be realized with the above wave function, with the
incident optical intensity exactly taken into account in our solution. We are planning to do this in our
forthcoming publications.
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