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Abstract: Working in the setting of Banach spaces, we give a simpler proof of a result concerning the
Ulam stability of the composition of operators. Several applications are provided. Then, we give
an example of a discrete semigroup with Ulam unstable members and an example of Ulam stable
operators on a Banach space, such that their sum is not Ulam stable. Another example is concerned
with a C0-semigroup (Tt)t≥0 of operators for which each Tt is Ulam stable. We present an open
problem concerning the Ulam stability of the members of the Bernstein C0-semigroup. Two other
possible problems are mentioned at the end of the paper.
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1. Introduction

Let E, F be normed spaces and A : D(A) ⊂ E → F a linear operator. Denote by N(A), R(A),
the kernel, respectively the range of A:

N(A) := {x ∈ D(A)| Ax = 0} , R(A) := {Ax| x ∈ D(A)} .

There are several equivalent definitions of the Ulam stability of A; see, e.g., [1] and the references
therein. One of them is (see, e.g., [2]):

Definition 1. We say that A is an Ulam stable operator if a constant K ≥ 0 exists such that for each x ∈ D(A),
there exists y ∈ N(A) with ‖x− y‖ ≤ K‖Ax‖. In this case, K is called an Ulam constant for A.

Define:

KA := sup
{

d(x, N(A))

‖Ax‖

∣∣∣∣ x ∈ D(A) \ N(A)

}
,

where d(x, N(A)) := inf {‖x− z‖ | z ∈ N(A)}.

Proposition 1. A is Ulam stable if and only if KA < ∞. If A is Ulam stable, then:

KA = inf {K |K is an Ulam constant for A} . (1)

Proof. Let K be an Ulam constant for A and x ∈ D(A) \ N(A). Then, there exists y ∈ N(A) with
‖x− y‖ ≤ K‖Ax‖. Therefore,

d(x, N(A)) ≤ ‖x− y‖ ≤ K‖Ax‖, and so KA ≤ K < ∞.
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Conversely, suppose that KA < ∞, and let ε > 0. Let x ∈ D(A) \ N(A). Then:

d(x, N(A)) ≤ KA‖Ax‖ < (KA + ε)‖Ax‖,

so that there exists y ∈ N(A) with ‖x − y‖ ≤ (KA + ε)‖Ax‖. If x ∈ N(A), we can take y = x.
Summing up, KA + ε is an Ulam constant for each ε > 0, and so, A is Ulam stable.

The above considerations show also that (1) is valid.

Concerning the following result, see, e.g., [3], Remark 18, p.47, and Ex. 2.14, p.51.

Proposition 2. Let E, F be Banach spaces, and let A : D(A) ⊂ E → F be a closed operator. Then, the
following assertions are equivalent:

(i) There exists C ≥ 0 such that d(x, N(A)) ≤ C‖Ax‖, x ∈ D(A);
(ii) R(A) is closed.

Combining Propositions 1 and 2, we get the following:

Corollary 1. Let E, F be Banach spaces, and let A : D(A) ⊂ E → F be a closed operator. Then, A is Ulam
stable if and only if R(A) is closed.

Ulam stability theory is multifaceted. The above definitions and results will be used in the
next sections, but much more information concerning the state-of-the-art can be found in [1,4,5] and
the references therein. Relevant publications concerning the Ulam stability for the composition of
operators are [2] ([Chapter 2]), [4,6,7]; our paper is motivated by these existing results and, to a certain
extent, is a continuation of them. To the best of our knowledge, problems concerning the Ulam stability
of the operators forming a semigroup are addressed here for the first time.

The paper is organized as follows. Section 1 is devoted to a result from [6], concerning the Ulam
stability of the composition of two operators acting between Fréchet spaces. Working in the setting of
Banach spaces, we give a simplified proof; the resulting Theorem 1 generalizes the results from [7,8].
In Section 2, we provide several applications and then construct a discrete semigroup with Ulam
unstable members and an example of Ulam stable operators on a Banach space such that their sum is
not Ulam stable. Section 3 is concerned with a C0-semigroup (Tt)t≥0 of operators for which each Tt is
Ulam stable. Moreover, we present an open problem concerning the Ulam stability of the members
of the Bernstein C0-semigroup. Conclusions, further projects, and other two possible problems are
mentioned in Section 4.

2. Ulam Stability for the Composition of Operators

The following theorem can be found, in the more general setting of Fréchet spaces, in [6]. Here,
we work in the setting of Banach spaces, which allows us to give a simplified proof based on [3]
([Theorem 2.10, p. 37]).

Theorem 1. Let X, Y, Z be Banach spaces, and let S : X → Y, T : Y → Z be linear, bounded, Ulam stable
operators. The following statements are equivalent:

TS : X → Z is Ulam stable, (2)

R(S) + N(T) is closed in Y. (3)

Proof. First, suppose that (3) holds, i.e., R(S) + N(T) is closed in Y. Since S is Ulam stable,
Corollary 1 shows that R(S) is closed. N(T) is also closed, because T is bounded. Now, Ref. [3]
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([Theorem 2.10, p. 37]) showed that a constant C ≥ 0 exists such that for each y ∈ R(S) + N(T) there
exist u ∈ R(S), v ∈ N(T) with:

y = u + v, ‖u‖ ≤ C‖y‖, ‖v‖ ≤ C‖y‖. (4)

Let:
z ∈ X, ‖TSz‖ ≤ 1. (5)

Let Kt, Ks be Ulam constants for T and S, respectively.
Since Kt is an Ulam constant for T, from (5), we infer that there exists a ∈ N(T) such that:

‖Sz + a‖ ≤ Kt. (6)

Now, Sz + a ∈ R(S) + N(T). According to (4) and (6), there exist u ∈ R(S), v ∈ N(T) such that:

Sz + a = u + v, (7)

‖u‖ ≤ C‖Sz + a‖ ≤ CKt. (8)

Let x ∈ X with Sx = u. From (8), it follows that ‖Sx‖ ≤ CKt. By using the Ulam stability of S (with
constant Ks), we infer the existence of r ∈ N(S) such that:

‖r− x‖ ≤ CKtKs. (9)

Let p := z− x + r. Then Sp = S(z− x). On the other hand, (7) yields Sz− u = v− a. However, u = Sx
and a ∈ N(T) and v ∈ N(T); we deduce that S(z− x) ∈ N(T), and so, Sp ∈ N(T). Thus, TSp = 0,
i.e., p ∈ N(TS). Moreover, according to (9), ‖z− p‖ = ‖x− r‖ ≤ CKtKs.

To resume, starting from (5), we proved that there exists p ∈ N(TS) with ‖z − p‖ ≤ CKtKs.
Due to the linearity of TS, this shows that it is Ulam stable (with Ulam constant CKtKs).

Conversely, suppose that TS is Ulam stable. Then, Corollary 1 shows that R(TS) is closed in Z.
It is easy to verify (see also [6]) that:

R(S) + N(T) = T−1(R(TS)).

Consequently, R(S) + N(T) is closed in Y, and this concludes the proof.

Remark 1. Briefly speaking, the proof of Theorem 3 in [6] has a “topological” character: it uses neighborhoods.
Our proof of Theorem 1 has a “metric” character; it allows us to emphasize the relationship between the Ulam
constants of T, S, and TS.

Remark 2. Theorem 3 in [6] and, in particular, the above Theorem 1 improve the following results:

(1) ([7]) If S is surjective, then TS is Ulam stable;
(2) ([8]) If N(T) ⊂ R(S), then TS is Ulam stable.

More general results, in the setting of linear operators on linear spaces endowed with semigauges, can be found
in [4] and [1] ([Chapter 2]).

3. Applications

Theorem 1 can be applied, in particular, in the following situations.

Corollary 2. Let Y, Z be Banach spaces, T : Y → Z a linear, bounded, Ulam stable operator, and X ⊂ Y a
closed linear subspace. Then, T|X, the restriction of T to X, is Ulam stable if and only if X + N(T) is closed
in Y.



Symmetry 2020, 12, 1159 4 of 7

Proof. Let S : X → Y, Sx = x, x ∈ X. Then, S is Ulam stable and TSx = Tx, x ∈ X. Thus, T|X = TS
and R(S) = X. To conclude the proof, it suffices to apply Theorem 1.

Corollary 3. Let Y be a Banach space, and let T : Y → Y be a linear, bounded, Ulam stable operator.
If dim(N(T)) < ∞, then Tk is Ulam stable, k ≥ 1.

Proof. It is well known (see, e.g., [9]) and easy to prove that for A, B : Y → Y,

dim N(AB) = dim N(B) + dim (N(A) ∩ R(B)) .

In particular,
dim N(T2) ≤ 2 dim N(T)

and by induction,
dim N(Tk) ≤ k dim N(T), k ≥ 1. (10)

Now, R(T) is closed, and N(T) is finite-dimensional; it follows that R(T) + N(T) is closed,
and Theorem 1 shows that T2 is Ulam stable. By induction, we find that Tk is Ulam stable, k ≥ 1.

Corollary 4. Under the hypotheses of Theorem 1, suppose that Z = Y and dim N(T) < ∞. Then, TkS is
Ulam stable for all k ≥ 1.

Proof. According to (10), N(Tk) is finite-dimensional. S is Ulam stable; hence R(S) is closed. It follows
that R(S) + N(Tk) is closed, and Theorem 1 shows that TkS is Ulam stable.

Example 1. Let Y be a Banach space, T : Y → Y a compact linear operator, I the identity operator on Y,
and λ 6= 0. It is known (see, e.g., [1] ([Chapter 2, Theorem 49])) that T − λI is Ulam stable. On the other hand,
dim (N(T − λI)) < ∞; see, e.g., [10] ([Theorem 8.3-3]).

Now, Corollary 3 shows that (T − λI)k is Ulam stable for all k ≥ 1. This conclusion can be obtained also
from [10] ([Corollary 8.3-6]), according to which R

(
(T − λI)k

)
is closed for all k ≥ 1.

Let B(p, q) :=
∫ 1

0
tp−1(1 − t)q−1dt, p, q > 0, be Euler’s Beta function. In what follows,

let α, β ≥ −1, and consider the Beta type operators Bα,β
n : C[0, 1]→ C[0, 1], n ≥ 1, defined by (see [11]

and the references therein):

Definition 2. For f ∈ C[0, 1] and x ∈ [0, 1], we define:

(i) in case α = β = −1:

B−1,−1
n ( f ; x) =


f (0), x = 0,∫ 1

0 tnx−1(1− t)n−nx−1 f (t)dt
B(nx, n− nx)

, 0 < x < 1,

f (1), x = 1;

(ii) in case α = −1, β > −1:

B−1,β
n ( f ; x) =


f (0), x = 0,∫ 1

0 tnx−1(1− t)n−nx+β f (t)dt
B(nx, n− nx + β + 1)

, 0 < x ≤ 1;
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(iii) in case α > −1, β = −1:

Bα,−1
n ( f ; x) =


∫ 1

0 tnx+α(1− t)n−nx−1 f (t)dt
B(nx + α + 1, n− nx)

, 0 ≤ x < 1,

f (1), x = 1;

(iv) in case α, β > −1:

Bα,β
n ( f ; x) =

∫ 1
0 tnx+α(1− t)n−nx+β f (t)dt

B(nx + α + 1, n− nx + β + 1)
, 0 ≤ x ≤ 1.

Theorem 2. (i) For each n ≥ 1, Bα,β
n is not Ulam stable.

(ii) Consider the discrete semigroup
(
Bα,β

n

)j

j=0,1,...
. For j = 0, one has the identity operator, which is Ulam

stable. For each j ≥ 1,
(
Bα,β

n

)j
is not Ulam stable.

Proof. Bα,β
n is injective. For α = β = −1, respectively α = β = 0, proofs can be found in [12],

respectively [8]. The proof in the general case is similar, and we omit it.
For each fixed n, the numbers

λn,0 = 1, λn,k :=
nk

(n + α + β + 2)(n + α + β + 3) · · · (n + α + β + k + 1)
, k = 1, 2, . . . ,

are eigenvalues of Bα,β
n ; see [11].

Let qn,k be an eigenpolynomial associated with λn,k, ‖qn,k‖ = 1, where ‖ · ‖ stands for the uniform
norm on C[0, 1]. Suppose that Bα,β

n is Ulam stable with Ulam constant Kn. Since Bα,β
n is injective,

‖qn,k‖ ≤ Kn‖Bα,β
n qn,k‖, k = 0, 1, . . . ,

i.e.,
1 ≤ Knλn,k, k = 0, 1, . . . .

However, lim
k→∞

λn,k = 0, which contradicts the previous inequality. This concludes the proof of (i),

and (ii) can be proven similarly.

Remark 3. Let α, β > 0. Then, Bα,β
n has a continuous kernel; hence, it is a compact operator; see, e.g., [10]

([Theorem 8.7-5]). Consequently, according to Example 1, Bα,β
n − I is Ulam stable. Theorem 3.1 shows that

Bα,β
n is not Ulam stable. Now, we have two Ulam stable operators, Bα,β

n − I and I, for which the sum is not
Ulam stable.

4. An Example and an Open Problem

In the definition of a C0-semigroup of operators (Tt)t≥0 on a Banach space X (see, e.g., [13]),
the composition of operators plays an essential role. Concerning the problem of Ulam stability of the
operators Tt, we present an example and an open problem.

Example 2. Let X be the Banach space of all bounded, uniformly continuous functions on [0, ∞) with the
supremum norm. For f ∈ X, define:

(T(t) f ) (s) := f (t + s), t ≥ 0, s ≥ 0.
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Then, (T(t))t≥0 is a C0-semigroup of operators on X; see, e.g., [13] ([Example 1.3.7]). We will prove that each
T(t) is an Ulam stable operator, and its smallest Ulam constant is 1.

Let f ∈ X, ‖T(t) f ‖ ≤ 1 for a certain t ≥ 0. Then:

| f (t + s)| ≤ 1, s ≥ 0. (11)

Define ϕ ∈ X by ϕ(u) :=

{
f (u)− f (t), 0 ≤ u ≤ t,
0, u ≥ t.

Then, (T(t)ϕ) (s) = ϕ(t + s) = 0, s ≥ 0, i.e., T( f )ϕ = 0. Thus, ϕ ∈ N (T(t)). Moreover,

f (u)− ϕ(u) =

{
f (t), 0 ≤ u ≤ t,
f (u), u ≥ t,

and (11) shows that ‖ f − ϕ‖ ≤ 1. Consequently, T(t) is Ulam stable, with Ulam constant 1.
Let K be another Ulam constant for T(t). Consider f ∈ X, f (u) = 1, u ∈ [0, ∞). Then, there exists

g ∈ N (T(t)) such that ‖ f − g‖ ≤ K‖T(t) f ‖. This implies |1− g(t)| ≤ K. Since g(t) = 0, we conclude
that K ≥ 1, and so, one is the smallest Ulam constant for T(t).

Problem 1. Let Bn f (x) :=
n

∑
k=0

(
n
k

)
xk(1− x)n−k f

(
k
n

)
, f ∈ C[0, 1], x ∈ [0, 1], be the classical Bernstein

operators on C[0, 1]. It is known (see, e.g., [14–16]) that for each t ≥ 0, f ∈ C[0, 1], and for each sequence of

positive integers (k(n))n≥1 such that lim
n→∞

k(n)
n

= t, there exists T(t) f := lim
n→∞

Bk(n)
n f , uniformly on [0, 1].

Moreover, (T(t))t≥0 is a C0-semigroup of operators on C[0, 1] with the supremum norm.
At the International Conference on Ulam’s Type Stability, Politehnica University of Timişoara, Department

of Mathematics, 8–13 October 2018, Timişoara, Romania, the second author raised the following problem:
Let t > 0. Is T(t) Ulam stable?
As far as we know, this problem is still open.

5. Conclusions and Future Work

Our paper addresses questions of the following type. Given the Ulam stable operators T
and S acting on Banach spaces, what about the Ulam stability of TS, T + S, Tk, T restricted to a
closed subspace, etc.? Under suitable hypotheses, we simplify some proofs and generalize some
existing results. Speaking about the composition of operators, we consider discrete semigroups and
C0-semigroups with Ulam stable or Ulam unstable members. At the end of the paper, we present
an open problem. We intend to return to it, in the more general context of the Ulam stability of the
operators forming a semigroup. Other possible questions in this context are: (i) Is there a C0-semigroup
(T(t))t≥0 on a Banach space such that for a certain s > 0, T(s) is Ulam stable, and for a certain u > 0,
T(u) is Ulam unstable? (ii) What about the Ulam stability of the operators T(t) and the Ulam stability
of the infinitesimal generator?
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