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Abstract: In this paper, we propose a new type censoring scheme named a generalized adaptive
progressive hybrid censoring scheme (GenAdPrHyCS). In this new type censoring scheme,
the experiment is assured to stop at a pre-assigned time. This censoring scheme is designed to
correct the drawbacks in the AdPrHyCS. Furthermore, we discuss inference for one parameter
exponential distribution (ExD) under GenAdPrHyCS. We derive the moment generating function
of the maximum likelihood estimator (MLE) of scale parameter of ExD and the resulting lower
confidence bound under GenAdPrHyCS.

Keywords: adaptive progressive hybrid censoring; exact likelihood inference; generalized adaptive
progressive hybrid censoring scheme; moment generating function

1. Introduction

There are many situations in reliability and survival analysis in which units are removed or lost
(may occur carelessly or unconsciously) from experimentation before observed. This case is called to
as censoring, and a type I and II censoring schemes are typical censoring scheme.

However, type I and II censoring schemes cannot be used if the experimenter wants to remove
the live experimental unit at a point other than the final end point of the experiment. Removal during
experimentation may be desirable when the surviving units in the experiment that are removed
early on can be used for other experiment, or when a compromise between termination time of
experimentation and the observation of some extreme lifetimes is required. Therefore, the loss of
survival units at points other than the end point may not be avoidable, as in the case of loss of contact
with experimental units or unexpected breakage of experimental units. In this reasons and motivations,
reliability theoreticians and practitioners considered progressive censoring scheme [1].

Progressive censoring scheme (PrCS) proposed by the Reference [2] can be described as follows.
If the first failure is observed, the <1 survival units are removed randomly from the test. Furthermore,
if the second failure is observed, the <2 survival units are removed randomly from the test. Finally,
if the m-th failure is observed, all the survival units (<m = n−<1− · · · −<m−1−m) are removed from
the test. In this test, the PrCS<<< = (<1,<2, · · · ,<m) is pre-assigned. The m ordered time of observed
failure is called PrCS data. Furthermore, we denoted by X1:m:n, X2:m:n, · · · , Xm:m:n. See References [3–6].
The joint probability density function (PDF) of PrCS data can be expressed by

f (x1:m:n, x2:m:n, · · · , xm:m:n) =

[
m

∏
j=1

m

∑
k=j

(<k + 1)

]
m

∏
j=1

f
(

xj
) [

1−F
(
xj
)]<j , (1)
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where −∞ < x1:m:n < x2:m:n < · · · < xm:m:n < ∞.
One of the disadvantages of the PrCS is that the time of the experiment can be very long if units

are highly reliable. Hence, Reference [7] introduced a progressive hybrid censoring scheme (PrHyCS)
in which the reliability test is stopped at a mimimum time of Xm:m:n and T, where T ∈ (0, ∞) and
integer m are pre-assigned. In PrHyCS, the total time required to terminate the experiment does not
exceed T. Reference [8] derived the exact conditional distribution as well as an interval estimation
of the MLE f ExD based on the PrHyCS. A schematic representation of the PrHyCS is presented in
Figure 1.

Figure 1. Schematic representation of PrHyCS.

However, the drawback of the PrHyCS is that the number of observed failures is random.
Accordingly, it can turn out to be a small number of observed failures (even equal to zero). Therefore,
the statistical inference process may not be applicable. Hence, Reference [9] suggest an adaptive
progressive hybrid censoring scheme (AdPrHyCS) in which the number of effective sample size m is
pre-assigned. In AdPrHyCS, the PrCS is pre-assigned, but the values of some of the <i may change
accordingly during the test. Suppose the experimenter provides a pre-assigned time T, which is an
ideal total time on test. However, assume that we still allow the experiment to run over time T. If the
Xm:m:n occurs before pre-assigned time T, the test stops at the Xm:m:n. Otherwise, once the test time
passed pre-assigned time T but the number of failures has not reached m, we would want to end the
test as soon as possible. A schematic representation of the AdPrHyCS is presented in Figure 2.

This setting can be viewed as a design in which we are assured of getting observed failure times
for efficiency of statistical inference plus the total time on test will not be too far away from the ideal
time T. That is to say, after the test passed pre-assigned time T, we set <D+1 = · · · = <m−1 = 0 and
<m = n−∑D

i=1 <i −m. See References [10–14]. This formulation leads us to end the test as soon as
possible if the (D+ 1)-th failure time is greater than T. Then, there are Cases I and II as follow:

Case I: {X1:m:n, X2:m:n, · · · , Xm:m:n < T}, if Xm:m:n < T,
Case II: {X1:m:n, X2:m:n, · · · , Xd:m:n, · · · , Xm:m:n}, if T < Xm:m:n, <d+1 = · · · = <m−1 = 0.

Though the AdPrHyCS assure a pre-assigned number of failures, it has the drawback that it might
take a long time to observe a pre-assigned number of failures and terminate the test. In this reason and
motivation, we suggest a generalized adaptive progressive hybrid censoring scheme (GenAdPrHyCS)
in which the test is assured to end at a pre-assigned time. This censoring scheme is designed to correct
the drawbacks in the AdPrHyCS. The survival test based on the GenAdPrHyCS can save both the total
time and cost on tests. If the experimenter has prepaid for the use of the facility for T units of time,
GenAdPrHyCS can be applied. The detailed GenAdPrHyCS description will be described in Section 2.

Furthermore, we will derive the distribution of the MLE of parameter as well as confidence
interval for MLE of parameter. In Section 3, we present the results of a numerical study to investigate
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the MSE, bias, confidence length (CL), and coverage percentages (CP) of the MLE under various
GenAdPrHyCS. Furthermore, an illustrative example is presented. Finally, summary and conclusion
are presented in Section 4.

Figure 2. Schematic representation of AdPrHyCS.

2. Model Description and Inference

2.1. Model Description

Consider a life-testing experiment in which n identical units are put on test. GenAdPrHyCS
can be explained as follows. The times T1, T2, and integer m are pre-assigned such that m ≤ n and
0 < T1 < T2 < ∞, and also pre-assigned PrCS (<1,<2, · · · ,<m) are satisfied ∑m

i=1 <i + m = n. Let D1

and D2 represent the number of failures up to pre-assigned times T1 and T2, respectively. Likewise,
let d1 and d2 be the observed value of D1 and D2, respectively. When the first failure is observed, the <1

survival units are removed randomly from the test. Furthermore, when the second failure is observed,
the <2 survival units are removed randomly from the test and so on. If Xm:m:n < T1, terminate the
test at Xm:m:n (Case I). If T1 < Xm:m:n < T2, then instead of terminating the test by removing the
all survival units at pre-assigned time T1, continue to observe failures, without any removals, up to
time m-th failure (Case II). Therefore, <d1+1 = · · · = <m−1 = 0. If T2 < Xm:m:n, terminate the test at
pre-assigned time T2 (Case III). This GenAdPrHyCS modifies the AdPrHyCS by assuring that the test
will be terminated by pre-assigned time T2. Here, the pre-assigned time T2 expresses the longest test
time that the experimenter is willing to allow the test to continue. In the GenAdPrHyCS, therefore,
there are Cases I, II and III as follow:

Case I: {X1:m:n, X2:m:n, · · · , Xm:m:n}, if Xm:m:n < T1.
Case II: {X1:m:n, X2:m:n, · · · , Xd1 :m:n, · · · , Xm:m:n}, if T1 < Xm:m:n < T2, <d1+1 = · · · = <m−1 = 0.
Case III: {X1:m:n, X2:m:n, · · · , Xd1 :m:n, · · · , Xd2 :m:n}, if Xm:m:n > T2, <d1+1 = · · · = <d2−1 = 0.

Here, Xd1 :m:n < T1 < Xd1+1:m:n, Xd2 :m:n < T2 < Xd2+1:m:n, and Xd2+1:m:n, · · · , Xm:m:n are not
observed for Case III. A schematic representation of the GenAdPrHyCS is presented in Figure 3.

2.2. MLE

Assume that the observed failure times are independent and identically exponential distribution
(ExD) as;

f (x; β) =
1
β

e−x/β, x > 0, β > 0.
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Figure 3. Schematic representation of GenAdPrHyCS.

Based on the three scenarios as discussed in the Section 2.1, the likelihood function (L) can be
expressed as;

L(β|x) =



[
∏m

j=1 ∑m
k=j (<k + 1)

]
∏m

j=1 f
(
xj:m:n

) [
1−F

(
xj:m:n

)]<j , D1 = m,

[
∏m

j=1 ∑m
k=j (<k + 1)

]
∏m

j=1 f
(
xj:m:n

) [
1−F

(
xj:m:n

)]<j , D1 = 0, 1, · · · , m− 1, D2 = m,

[
∏D2

j=1 ∑m
k=j (<k + 1)

]
∏D2

j=1 f
(
xj:m:n

) [
1−F

(
xj:m:n

)]<j [1−F (T2)]
<′D2 , D2 = 1, 2, · · · , m− 1,

(2)

where <′d2
= n−∑d1

i=1 <i − d2. From 2, we obtain the MLE of β as

β̂ =



1
m

[
∑m

j=1
(
1 +<j

)
xj:m:n

]
, D1 = m,

1
m

[
∑d1

j=1

(
1 +<j

)
xj:m:n + ∑m

j=d1+1 xj:m:n

]
, D1 = 0, 1, · · · , m− 1, D2 = m,

1
d2

[
∑d1

j=1

(
1 +<j

)
xj:m:n + ∑d2

j=d1+1 xj:m:n +<′d2
T2

]
, D2 = 1, · · · , m− 1.

2.3. Exact Inference for MLE

The following Lemma 1 established in Reference [15] is used to derive the explicit expression of
the conditional moment generating function (MGF) of MLE.

Lemma 1. Let νj > 0 where j = 1, 2, · · · , m, and let X denote the absolutely continuous random variable with
PDF f (x) and CDF F(x). Then for m ≥ 1, we have
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∫ xm+1

−∞
· · ·

∫ x3

−∞

∫ x2

−∞

m

∏
j=1

f
(

xj
) {

1−F
(

xj
)}νj−1 dx1dx2 · · · dxm =

m

∑
i=0

ζi,m (νmνmνm) {1−F (xm+1)}ϕi,m(νm) ,

where νmνmνm = (ν1, ν2, · · · , νm); ζi,m (νmνmνm) = (−1)i{
∏i

j=1 ∑
m−i+j
k=m−i+1 νk

}{
∏m−i

j=1 ∑m−i
k=j νk

} , ϕi,m (νmνmνm) = ∑m
j=m−i+1 νj with

the usual conventions that ∏0
j=1 ξ j ≡ 1 and ∑0

j=i ξ j ≡ 0.

Lemma 2.

(a) The conditional joint density (ConJD) of X1:m:n, X2:m:n, · · · , Xm:m:n given D1 = m, is

f (x1:m:n, x2:m:n, · · · , xm:m:n|D1 = m) =
ζ ′ (n, m)

P (D1 = m)

m

∏
j=1

f
(

xj:m:n
) {

1−F
(
xj:m:n

)}<j ,

−∞ < x1:m:n < x2:m:n < · · · < xm:m:n < T1,

where ζ ′ (n, d) = ∏d
j=1 ∑m

k=j (<k + 1) for d = 1, 2, · · · , m.
(b) For D1 = 0, 1, · · · , m− 1 and D2 = m, the ConJD of X1:m:n, X2:m:n, · · · , Xm:m:n given D1 = d1 and

D2 = m, is

f (x1:m:n, x2:m:n, · · · , xm:m:n|D1 = d1,D2 = m) =
ζ ′ (n, m)

P (D1 = d1,D2 = m)

m

∏
j=1

f
(

xj:m:n

) {
1−F

(
xj:m:n

)}<j
,

−∞ < x1:m:n < x2:m:n < · · · < xd1 :m:n < T1 < xd1+1:m:n < · · · < xm:m:n < T2.

(c) For D2 = 1, · · · , m− 1, the ConJD of X1:m:n, X2:m:n, · · · , Xd2 :m:n given D2 = d2, is

f
(
x1:m:n, x2:m:n, · · · , xd2 :m:n|D2 = d2

)
=

ζ ′ (n, d2) {1−F (T2)}
<′d2

P (D2 = d2)

d2

∏
j=1

f
(

xj:m:n
) {

1−F
(

xj:m:n
)}<j ,

−∞ < x1:m:n < x2:m:n < · · · < xd2 :m:n < T2.

Proof. Part (a) and (b) are straightforward, in view of (1). Part (c) is obtained by writing the event
{D2 = d2} as {Xd2 :m:n ≤ T2 < Xd2+1:m:n} and integrating with respect to xd2+1:m:n (from T2 to ∞) in
the joint density function X1:m:n, X2:m:n, · · · , Xd2+1:m:n obtained from (1). Hence, the lemma.

Theorem 1. The MGF of β̂ is given by

φβ̂ (ω) =E
(

eωβ̂
)

=
1

1− ρn
2

[
ζ ′ (n, m)

(1− βω/m)m

m

∑
i=0

ζi,m (<1 + 1, · · · ,<m + 1) ρ
(1−βω/m)<∗m−i+1
1

+
m−1

∑
d1=0

ζ ′ (n, m)

(1− βω/m)m

d1

∑
i1=0

m−d1

∑
i2=0

ζi1,d1

(
<1 + 1, · · · ,<d1 + 1

)
ζi2,d2

(
111m−d1−1,<m + 1

)
× ρ

(1−βω/m)∑
m−i2
j=d1−i1+1(<j+1)

1 ρ
(1−βω/m)∑m

j=m−i2+1(<j+1)
2

+
m−1

∑
d2=1

ζ ′ (n, d2)

(1− βω/d2)
d2

d2

∑
i=0

ζi,d2

(
<1 + 1, · · · ,<d1 + 1,111d2−d1 ,<′d2

+ 1
)

ρ
(1−βω/d2)<∗d2−i+1
2

]
,

where <∗i = ∑m
k=i (<k + 1), ρ1 = e−T1/β and ρ2 = e−T2/β.
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Proof. The proof of Theorem 1 is given in Appendix A.

Theorem 2. With conditional D2 ≥ 1, the conditional PDF of β̂ is given by

f β̂ (x) =
1

1− ρn
2

[
ζ ′ (n, m)

m

∑
i=0

ζi,m (<1 + 1, · · · ,<m + 1) ρ
<∗m−i+1
1 γm

(
x,

T<∗m−i+1
m

)

+
m−1

∑
d1=0

ζ ′ (n, m)
d1

∑
i1=0

m−d1

∑
i2=0

ζi1,d1

(
<1 + 1, · · · ,<d1 + 1

)
ζi2,d2

(
111m−d1−1,<m + 1

)
× ρ

∑
m−i2
j=d1−i1+1(<j+1)

1 ρ
∑m

j=m−i2+1(<j+1)
2 γm

x,
T1 ∑m−i2

j=d1−i1+1

(
<j + 1

)
+T2 ∑m

j=m−i2+1
(
<j + 1

)
m


+

m−1

∑
d2=1

ζ ′ (n, d2)
d2

∑
i=0

ζi,d2

(
<1 + 1, · · · ,<d1 + 1,111d2−d1 ,<′d2

+ 1
)

ρ
<∗d2−i+1
2 γd2

(
x,

T2<∗d2−i+1

d2

)]
.

where γm (x, a) = (m/β)m

(m−1)! ||x− a||m−1e−
m
β (x−a), and ||a|| = max (a, 0).

Proof. The proof of Theorem 2 is given in Appendix B.

Corollary 1. Conditional on D2 ≥ 1, the expectation and mean squared error (MSE) of β̂ are given by

Eβ

(
β̂
)
=β +

1
1− ρn

2

[
T1

ζ ′ (n, m)

m

m

∑
i=0
<∗m−i+1ζi,m (<1 + 1, · · · ,<m + 1) ρ

<∗m−i+1
1

+
m−1

∑
d1=0

ζ ′ (n, m)

m

d1

∑
i1=0

m−d1

∑
i2=0

ζi1,d1

(
<1 + 1, · · · ,<d1 + 1

)
ζi2,d2

(
111m−d1−1,<m + 1

)
× ρ

∑
m−i2
j=d1−i1+1(<j+1)

1 ρ
∑m

j=m−i2+1(<j+1)
2

{
T1

m−i2

∑
j=d1−i1+1

(
<j + 1

)
+T2

m

∑
j=m−i2+1

(
<j + 1

)}

+T2

m−1

∑
d2=1

ζ ′ (n, d2)

d2

d2

∑
i=0
<∗d2−i+1ζi,d2

(
<1 + 1, · · · ,<d1 + 1,111d2−d1 ,<′d2

+ 1
)

ρ
<∗d2−i+1
2

]

and

MSEβ

(
β̂
)
=

1
1− ρn

2

[
ζ ′ (n, m)

m

m

∑
i=0

ζi,m (<1 + 1, · · · ,<m + 1) ρ
<∗m−i+1
1

{
β2 +

T2
1 <∗

2

m−i+1
m

}

+
m−1

∑
d1=0

ζ ′ (n, m)

m

d1

∑
i1=0

m−d1

∑
i2=0

ζi1,d1

(
<1 + 1, · · · ,<d1 + 1

)
ζi2,d2

(
111m−d1−1,<m + 1

)
ρ

∑
m−i2
j=d1−i1+1(<j+1)

1

× ρ
∑m

j=m−i2+1(<j+1)
2

β2 +

[
T1 ∑m−i2

j=d1−i1+1

(
<j + 1

)
+T2 ∑m

j=m−i2+1
(
<j + 1

)]2

m


+

m−1

∑
d2=1

ζ ′ (n, d2)

d2

d2

∑
i=0

ζi,d2

(
<1 + 1, · · · ,<d1 + 1,111d2−d1 ,<′d2

+ 1
)

ρ
<∗d2−i+1
2

β2 +
T2

2 <∗
2

d2−i+1

d2


 .

In order to derive a lower confidence bound for β, the expression for P(β̂ > t) which is presented
in the following theorem is needed.

Theorem 3. Conditional on D2 ≥ 1, the tail probibility of β̂ can be expressed as



Symmetry 2020, 12, 1149 7 of 15

Pβ

(
β̂ > t

)
=

1
1− ρn

2

[
ζ ′ (n, m)

(m− 1)!

m

∑
i=0

ζi,m (<1 + 1, · · · ,<m + 1) ρ
<∗m−i+1
1 Γ

(
m, Gm

(
T1<∗m−i+1

)
/m
)

+
m−1

∑
d1=0

ζ ′ (n, m)

(m− 1)!

d1

∑
i1=0

m−d1

∑
i2=0

ζi1,d1

(
<1 + 1, · · · ,<d1 + 1

)
ζi2,m−d1

(
111m−d1−1,<m + 1

)
ρ

∑
m−i2
j=d1−i1+1(<j+1)

1

× ρ
∑m

j=m−i2+1(<j+1)
2 Γ

(
m, Gm

([
T1

m−i2

∑
j=d1−i1+1

(
<j + 1

)
+T2

m

∑
j=m−i2+1

(
<j + 1

)]
/m

))

+
m−1

∑
d2=1

ζ ′ (n, d2)

(d2 − 1)!

d2

∑
i=0

ζi,d2

(
<1 + 1, · · · ,<d1 + 1,111d2−d1 ,<′d2

+ 1
)

ρ
<∗d2−i+1
2

×Γ
(

d2, Gd2

(
T2<∗d2−i+1/d2

))]
,

where Γ (a, z) =
∫ ∞

z ta−1e−tdt, and Gm (a) = (m/β) ||t− a||.

Proof. The proof of Theorem 3 is given in Appendix C.

We shall assume that Pβ

(
β̂ > t

)
is an increasing function of β. Then, a 100(1 − α)% lower

confidence bound for β is βL, where βL satisfies the equation α = PβL

(
β̂ > β̂obs

)
, and β̂obs is the

observed value of β̂. Similarly, a 100(1− α)% confidence interval for β is (βL, βU), where βL and βU
satisfy the equations α/2 = PβL

(
β̂ > β̂obs

)
and 1− α/2 = PβU

(
β̂ > β̂obs

)
, respectively.

3. Real Data Analysis and Simulation Results

3.1. Real Data Analysis

A PrCS data generated from the log-times to breakdown data on insulating fluid tested at 34 kV by
Reference [16] is used to illustrate the test statistics discussed earlier. Table 1 represents the PrCS data.

Table 1. Log-times to breakdown data on insulating fluid tested at 34 kV.

i 1 2 3 4
xi:m:n 0.18999 0.77997 0.95993 1.30996
<i 0 0 3 0

i 5 6 7 8
xi:m:n 2.77986 4.84962 6.49999 7.35000
<i 3 0 0 5

In this example, we take T1 = 8, T2 = 10 (Case I), T1 = 2, T2 = 10 (Case II) and T1 = 2,
T2 = 7 (Case III). Table 2 presents the 100(1− α)% confidence intervals for β with α = 0.05 and
0.1 of GenAdPrHyCSs. Furthermore, in Table 2, we have contained the standard error (SE.) and MSE
calculated from Corollary 1.

Table 2. Inference for β.

C.I for β

Case β̂obs MSE SE. α = 0.05 α = 0.10

Case I 9.08855 14.9261 3.6217 (4.99597, 20.96100) (5.48302, 18.17892)
Case II 10.80235 23.2914 4.5846 (5.98840, 25.00965) (6.56902, 21.69869)
Case III 11.89555 45.7945 6.6352 (9.88020, 41.89090) (10.85072, 36.28145)
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The PDF of β̂ based on the example data is shown in Figure 4. From the PDF of β̂ in Figure 4,
it can be seen that PDF of β̂ is almost symmetrical.

0 10 20 30 40

0
.0

0
0

.0
2

0
.0

4
0
.0

6
0
.0

8
0
.1

0
0
.1

2

The log−times to breakdown data on insulating fluid tested at 34kV

x

f
θ^
(x

)
Case I

Case II

Case III

Figure 4. The PDF of β̂ for example

3.2. Simulation Results

We consider various n, m, T1 and T2. We have used three different PrCS as; Scheme I :<m = n−m
and<i = 0 for i 6= m. Scheme II :<1 = n−m and<i = 0 for i 6= 0. Schemes III :<1 = <m = (n−m)/2
and <i = 0 for i 6= 1 and m.

For three PrCS, we generate PrCS data. If Xm:m:n < T1, we have Case I and the corresponding
GenAdPrHyCS data is {X1:m:n, X2:m:n, · · · , Xm:m:n}. If T1 < Xm:m:n < T2, we have Case II and
the corresponding GenAdPrHyCS data is {X1:m:n, X2:m:n, · · · , Xm:m:n}, and <d1 = · · · = <m−1 = 0.
If T2 < Xm:m:n, we have Case III and we find D2 such that XD2 :m:n < T2 < XD2+1:m:n.
The corresponding GenAdPrHyCS data is

{
X1:m:n, X2:m:n, · · · , XD2 :m:n

}
. Without loss of generality,

we take β = 1 in each case. We reiterate the procedure 1000 times in each GenAdPrHyCS. We calculate
the average biases of the estimaor, and the corresponding MSEs. The simulation results are presented
in Table 3. Furthermore, we calculate the average CL and the corresponding CP. The results are
presented in Table 4.

From Table 3 and Figure 5a, the following general observations can be made. The MSEs decrease
as sample size n increases. For fixed sample size n, the MSEs decrease generally as the number of PrCS
data size m increases. For fixed sample size n and PrCS data size m, the MSEs decreases generally as
the time T2 increases. Furthermore, we can observed that the estimaor for PrCS I has smaller MSE and
bias than the corresponding estimaor for the other two PrCS.

From Table 4 and Figure 5b, the CL decrease as sample size n increases. For fixed sample size n,
the CL decrease generally as the number of PrCS data size m increases. For fixed sample size n and
PrCS data size m, the CL decreases generally as the time T2 increases. Furthermore, we can observed
that the estimaor for PrCS I has smaller CL than the corresponding estimaor for the other two PrCS.
It is observed that the CI works well for all GenAdPrHyCS.
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Table 3. The MSE and bias of estimator for various GenAdPrHyCS.

MSE (Bias)

n T1 m <<< T2 = 1.50 T2 = 2.00 T2 = 2.50 T2 = 3.00

20 0.8 18 (17*0,2) † 0.0807 (0.0353) 0.0725 (0.0228) 0.0650 (0.0154) 0.0613 (0.0109)
(2,17*0) ‡ 0.0913 (0.0399) 0.0773 (0.0274) 0.0736 (0.0200) 0.0667 (0.0165)
(1,16*0,1) 0.0900 (0.4210) 0.0751 (0.0242) 0.0669 (0.0176) 0.0641 (0.0145)

16 (15*0,4) 0.0914 (0.0286) 0.0779 (0.0165) 0.0698 (0.0081) 0.0681 (0.0070)
(4,15*0) 0.1129 (0.0379) 0.0967 (0.2810) 0.0812 (0.0198) 0.0782 (0.0185)

(2,14*0,2) 0.1005 (0.0355) 0.0841 (0.0231) 0.0774 (0.0168) 0.0710 (0.0101)

14 (13*0,6) 0.0863 (0.0188) 0.0765 (0.0101) 0.0754 (0.0094) 0.0752 (0.0094)
(6,13*0) 0.1288 (0.0522) 0.1077 (0.0377) 0.0914 (0.0267) 0.0852 (0.0207)

(3,12*0,3) 0.1101 (0.0420) 0.0857 (0.0191) 0.0790 (0.0123) 0.0769 (0.0100)

12 (11*0,8) 0.0856 (0.0133) 0.0826 (0.0115) 0.0826 (0.0115) 0.0826 (0.0115)
(8,11*0) 0.1478 (0.0542) 0.1137 (0.0319) 0.1002 (0.0270) 0.0937 (0.0236)

(4,10*0,4) 0.1051 (0.0311) 0.0897 (0.0171) 0.0839 (0.0121) 0.0830 (0.0117)

30 0.8 26 (25*0,4) 0.0502 (0.0168) 0.0431 (0.0075) 0.0408 (0.0023) 0.0395 (0.0007)
(4,55*0) 0.0613 (0.0256) 0.0498 (0.0140) 0.0451 (0.0090) 0.0426 (0.0059)

(2,24*0,2) 0.0551 (0.0223) 0.0464 (0.0129) 0.0428 (0.0067) 0.0408 (0.0030)

24 (23*0,6) 0.0503 (0.0140) 0.0446 (0.0050) 0.0426 (0.0022) 0.0423 (0.0020)
(6,23*0) 0.0658 (0.0247) 0.0531 (0.0123) 0.0490 (0.0081) 0.0463 (0.0061)

(3,22*0,3) 0.0553 (0.0194) 0.0483 (0.0094) 0.0449 (0.0057) 0.0429 (0.0029)

22 (21*0,8) 0.0498 (0.0115) 0.0444 (0.0040) 0.0438 (0.0036) 0.0437 (0.0036)
(8,21*0) 0.0682 (0.0326) 0.0569 (0.0222) 0.0530 (0.0167) 0.0488 (0.0116)

(4,20*0,4) 0.0554 (0.0245) 0.0491 (0.0120) 0.0456 (0.0055) 0.0442 (0.0039)

20 (19*0,10) 0.0548 (0.0060) 0.0512 (0.0036) 0.0511 (0.0036) 0.0511 (0.0036)
(10,19*0) 0.0824 (0.0344) 0.0684 (0.0214) 0.0606 (0.0128) 0.0572 (0.0108)
(5,18*0,5) 0.0649 (0.0205) 0.0558 (0.0077) 0.0522 (0.0042) 0.0513 (0.0037)

40 0.8 36 (35*0,4) 0.0345 (0.0124) 0.0309 (0.0056) 0.0278 (−0.0007) 0.0269 (−0.0031)
(4,35*0) 0.0371 (0.0149) 0.0340 (0.0085) 0.0317 (0.0057) 0.0294 (0.0014)

(2,34*0,2) 0.0359 (0.0122) 0.0325 (0.0085) 0.0295 (0.0025) 0.0279 (−0.0006)

32 (27*0,8) 0.0368 (0.0073) 0.0341 (0.0000) 0.0323 (−0.0023) 0.0323 (−0.0023)
(8,27*0) 0.0438 (0.0132) 0.0389 (0.0095) 0.0360 (0.0051) 0.0349 (0.0033)

(4,26*0,4) 0.0392 (0.0121) 0.0348 (0.0038) 0.0343 (0.0007) 0.0331 (−0.0013)

28 (35*0,12) 0.0382 (0.0027) 0.0358 (−0.0002) 0.0356 (−0.0003) 0.0356 (−0.0003)
(12,35*0) 0.0511 (0.0165) 0.0436 (0.0099) 0.0420 (0.0088) 0.0401 (0.0069)
(6,34*0,6) 0.0435 (0.0129) 0.0388 (0.0042) 0.0363 (0.0004) 0.0356 (−0.0003)

24 (27*0,16) 0.0424 (0.0021) 0.0423 (0.0020) 0.0423 (0.0020) 0.0423 (0.0020)
(16,27*0) 0.0650 (0.0247) 0.0525 (0.0119) 0.0488 (0.0079) 0.0462 (0.0059)
(8,26*0,8) 0.0485 (0.0102) 0.0430 (0.0026) 0.0424 (0.0021) 0.0423 (0.0020)

50 0.8 46 (45*0,4) 0.0265 (0.0070) 0.0235 (0.0031) 0.0216 (−0.0010) 0.0208 (−0.0030)
(4,45*0) 0.0293 (0.0085) 0.0258 (0.0049) 0.0236 (0.0011) 0.0225 (−0.0005)

(2,44*0,2) 0.0275 (0.0069) 0.0243 (0.0040) 0.0224 (0.0003) 0.0215 (−0.0015)

42 (41*0,8) 0.0280 (0.0082) 0.0256 (0.0017) 0.0234 (−0.0025) 0.0234 (−0.0026)
(8,41*0) 0.0324 (0.0094) 0.0288 (0.0042) 0.0272 (0.0033) 0.0263 (0.0030)

(4,40*0,4) 0.0301 (0.0087) 0.0265 (0.0043) 0.0254 (0.0016) 0.0240 (−0.0015)

38 (37*0,12) 0.0305 (0.0021) 0.0275 (−0.0033) 0.0272 (−0.0035) 0.0272 (−0.0035)
(12,37*0) 0.0410 (0.0144) 0.0345 (0.0063) 0.0312 (0.0015) 0.0296 (0.0004)
(6,36*0,6) 0.0340 (0.0089) 0.0298 (0.0017) 0.0282 (−0.0023) 0.0273 (−0.0035)

34 (33*0,16) 0.0295 (−0.0019) 0.0286 (−0.0029) 0.0286 (−0.0029) 0.0286 (−0.0029)
(16,33*0) 0.0396 (0.0048) 0.0341 (0.0012) 0.0323 (0.0007) 0.0311 (0.0000)
(8,32*0,8) 0.0326 (0.0036) 0.0292 (−0.0024) 0.0287 (−0.0030) 0.0287 (−0.0030)

60 0.8 54 (53*0,6) 0.0217 (0.0041) 0.0191 (−0.0001) 0.0180 (−0.0048) 0.0177 (−0.0058)
(6,53*0) 0.0249 (0.0069) 0.0210 (0.0013) 0.0194 (−0.0018) 0.0188 (−0.0026)

(3,52*0,3) 0.0228 (0.0052) 0.0198 (0.0008) 0.0187 (−0.0017) 0.0180 (−0.0051)

48 (47*0,12) 0.0231 (0.0016) 0.0213 (−0.0035) 0.0207 (−0.0044) 0.0207 (−0.0044)
(12,47*0) 0.0296 (0.0088) 0.0246 (0.0027) 0.0232 (−0.0011) 0.0219 (−0.0030)
(6,46*0,6) 0.0245 (0.0048) 0.0225 (−0.0003) 0.0216 (−0.0026) 0.0210 (−0.0040)

42 (41*0,18) 0.0244 (−0.0011) 0.0234 (−0.0026) 0.0234 (−0.0026) 0.0234 (−0.0026)
(18,41*0) 0.0323 (0.0094) 0.0288 (0.0043) 0.0271 (0.0034) 0.0263 (0.0030)
(9,40*0,9) 0.0276 (0.0077) 0.0250 (0.0002) 0.0235 (−0.0025) 0.0234 (−0.0026)

36 (35*0,24) 0.0267 (−0.0035) 0.0267 (−0.0035) 0.0267 (−0.0035) 0.0267 (−0.0035)
(24,35*0) 0.0368 (0.0145) 0.0337 (0.0085) 0.0317 (0.0056) 0.0295 (0.0013)

(12,34*0,12) 0.0297 (0.0020) 0.0268 (−0.0034) 0.0267 (−0.0035) 0.0267 (−0.0035)

† (17*0, 2): (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,2); ‡ (2,17*0): (2, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0).
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Table 4. The CP and the corresponding CL of estimator for various GenAdPrHyCS.

Coverage Percentage (Confidence Length)

n T1 m <<< T2 = 1.50 T2 = 2.00 T2 = 2.50 T2 = 3.00

20 0.8 18 (17*0,2) † 94.8 (1.0548) 94.5 (0.9846) 94.4 (0.9525) 94.4 (0.9385)
(2,17*0) ‡ 93.8 (1.1183) 94.0 (1.0371) 94.3 (0.9945) 94.4 (0.9709)
(1,16*0,1) 94.3 (1.0925) 94.8 (1.0069) 94.4 (0.9688) 94.4 (0.9509)

16 (15*0,4) 93.2 (1.0608) 93.1 (1.0083) 93.1 (0.9894) 93.1 (0.9869)
(4,15*0) 93.8 (1.1865) 94.0 (1.1043) 93.5 (1.0559) 93.2 (1.0340)

(2,14*0,2) 93.5 (1.1170) 93.1 (1.0427) 93.1 (1.0112) 93.1 (0.9938)

14 (13*0,6) 93.5 (1.0837) 93.4 (1.0595) 93.3 (1.0577) 93.3 (1.0575)
(6,13*0) 93.5 (1.2875) 93.1 (1.1916) 93.4 (1.1359) 93.4 (1.1056)

(3,12*0,3) 93.5 (1.1650) 93.5 (1.0862) 93.5 (1.0647) 93.3 (1.0591)

12 (11*0,8) 93.8 (1.1490) 93.8 (1.1446) 93.8 (1.1446) 93.8 (1.1446)
(8,11*0) 93.8 (1.3988) 94.2 (1.2792) 94.0 (1.2301) 94.0 (1.2006)

(4,10*0,4) 93.8 (1.2077) 93.8 (1.1580) 93.8 (1.1460) 93.8 (1.4490)

30 0.8 26 (25*0,4) 94.3 (0.8377) 94.8 (0.7898) 94.8 (0.7737) 94.6 (0.7699)
(4,55*0) 94.6 (0.9104) 94.0 (0.8461) 94.7 (0.8145) 94.8 (0.7965)

(2,24*0,2) 93.9 (0.8728) 94.0 (0.8157) 93.8 (0.7879) 93.8 (0.7757)

24 (23*0,6) 93.6 (0.8418) 93.4 (0.8086) 93.5 (0.8023) 93.3 (0.8018)
(6,23*0) 94.1 (0.9456) 94.1 (0.8784) 94.1 (0.8470) 93.8 (0.8295)

(3,22*0,3) 94.1 (0.8855) 93.6 (0.8313) 93.4 (0.8116) 93.4 (0.8038)

22 (21*0,8) 93.4 (0.8574) 93.3 (0.8398) 93.2 (0.8388) 93.2 (0.8387)
(8,21*0) 93.8 (0.9978) 93.1 (0.9292) 93.9 (0.8936) 94.4 (0.8713)

(4,20*0,4) 93.4 (0.9100) 93.5 (0.8589) 93.3 (0.8425) 93.3 (0.8394)

20 (19*0,10) 93.9 (0.8855) 93.9 (0.8799) 93.9 (0.8797) 93.9 (0.8797)
(10,19*0) 93.4 (1.0503) 93.2 (0.9745) 93.1 (0.9331) 93.0 (0.9138)
(5,18*0,5) 93.0 (0.9320) 93.8 (0.8898) 93.9 (0.8811) 93.9 (0.8799)

40 0.8 36 (35*0,4) 94.4 (0.7193) 94.4 (0.6765) 94.4 (0.6573) 94.3 (0.6520)
(4,35*0) 94.5 (0.7607) 94.3 (0.7134) 94.5 (0.6890) 94.1 (0.6726)

(2,34*0,2) 94.3 (0.7376) 94.2 (0.6947) 94.3 (0.6694) 94.3 (0.6580)

32 (27*0,8) 94.2 (0.7208) 94.1 (0.6956) 94.1 (0.6914) 94.1 (0.6914)
(8,27*0) 94.7 (0.8049) 94.5 (0.7580) 94.3 (0.7305) 94.6 (0.7158)

(4,26*0,4) 94.5 (0.7583) 94.4 (0.7134) 94.1 (0.6979) 94.9 (0.6929)

28 (35*0,12) 94.7 (0.7466) 94.5 (0.7408) 94.5 (0.7406) 94.5 (0.7406)
(12,35*0) 94.0 (0.8650) 94.6 (0.8108) 94.9 (0.7851) 94.5 (0.7688)
(6,34*0,6) 94.7 (0.7854) 94.7 (0.7501) 94.5 (0.7418) 94.5 (0.7406)

24 (27*0,16) 93.3 (0.8020) 93.3 (0.8017) 93.3 (0.8017) 93.3 (0.8017)
(16,27*0) 93.1 (0.9444) 93.1 (0.8773) 93.1 (0.8464) 93.8 (0.8291)
(8,26*0,8) 93.6 (0.8227) 93.4 (0.8031) 93.3 (0.8019) 93.3 (0.8017)

50 0.8 46 (45*0,4) 94.2 (0.6377) 94.4 (0.6011) 94.8 (0.5834) 94.8 (0.5773)
(4,45*0) 94.0 (0.6664) 94.5 (0.6278) 94.5 (0.6056) 94.5 (0.5937)

(2,44*0,2) 94.9 (0.6507) 95.0 (0.6137) 94.7 (0.5927) 94.7 (0.5827)

42 (41*0,8) 94.8 (0.6403) 94.8 (0.6107) 94.7 (0.6035) 94.8 (0.6033)
(8,41*0) 94.5 (0.6984) 94.1 (0.6565) 94.9 (0.6360) 94.1 (0.6245)

(4,40*0,4) 94.8 (0.6668) 94.8 (0.6284) 94.9 (0.6117) 94.8 (0.6050)

38 (37*0,12) 94.6 (0.6461) 94.8 (0.6340) 94.8 (0.6337) 94.8 (0.6337)
(12,37*0) 94.9 (0.7398) 94.9 (0.6919) 94.5 (0.6666) 94.4 (0.6541)
(6,36*0,6) 94.8 (0.6824) 94.7 (0.6462) 94.6 (0.6356) 94.8 (0.6337)

34 (33*0,16) 94.7 (0.6719) 94.7 (0.6703) 94.7 (0.6703) 94.7 (0.6703)
(16,33*0) 94.4 (0.7715) 94.3 (0.7272) 94.6 (0.7050) 94.2 (0.6920)
(8,32*0,8) 94.7 (0.6880) 94.7 (0.6712) 94.7 (0.6702) 94.7 (0.6702)

60 0.8 54 (53*0,6) 94.8 (0.5796) 94.9 (0.5469) 94.3 (0.5332) 94.2 (0.5306)
(6,53*0) 94.4 (0.6136) 94.9 (0.5763) 94.9 (0.5567) 94.5 (0.5465)

(3,52*0,3) 95.2 (0.5956) 95.2 (0.5606) 94.9 (0.5429) 94.2 (0.5337)

48 (47*0,12) 94.1 (0.5814) 94.2 (0.5646) 94.2 (0.5633) 94.2 (0.5633)
(12,47*0) 94.5 (0.6523) 94.1 (0.6123) 94.9 (0.5909) 94.5 (0.5792)
(6,46*0,6) 94.3 (0.6114) 94.0 (0.5776) 94.1 (0.5664) 94.2 (0.5637)

42 (41*0,18) 94.9 (0.6055) 94.8 (0.6033) 94.8 (0.6033) 94.8 (0.6033)
(18,41*0) 94.5 (0.6981) 94.1 (0.6564) 94.9 (0.6359) 94.1 (0.6244)
(9,40*0,9) 94.7 (0.6343) 94.9 (0.6078) 94.8 (0.6034) 94.8 (0.6033)

36 (35*0,24) 94.3 (0.6510) 94.3 (0.6510) 94.3 (0.6510) 94.3 (0.6510)
(24,35*0) 94.5 (0.7592) 94.3 (0.7129) 94.4 (0.6886) 94.0 (0.6725)

(12,34*0,12) 94.3 (0.6621) 94.3 (0.6513) 94.3 (0.6510) 94.3 (0.6510)

† (17*0, 2): (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,2); ‡ (2,17*0): (2, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0).
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(a)

(b)

Figure 5. The MSE (a) and CP (b) of estimator for some GenAdPrHyCS.

4. Conclusions

There are many situations in reliability and survival analysis in which units are removed or lost
(may occur carelessly or unconsciously) from experimentation before observed. This case is called to
as censoring, and a type I and II censoring schemes are typical censoring scheme. However, type I
and II censoring schemes cannot be used if the experimenter wants to remove the live experimental
unit at a point other than the final end point of the experiment. Therefore, the loss of survival units
at points other than the end point may not be avoidable. In this reasons and motivations, reliability
theoreticians and practitioners considered progressive censoring scheme. One of the disadvantages
of the PrCS is that the time of the experiment can be very long if units are highly reliable. Hence,
Reference [7] introduced a PrHyCS. Though the AdPrHyCS assure a pre-assigned number of failures,
it has the drawback that it might take a long time to observe a pre-assigned number of failures and
terminate the test. In this reason and motivation, we suggest a GenAdPrHyCS in which the test is
assured to end at a pre-assigned time. This censoring scheme is designed to correct the drawbacks in
the AdPrHyCS. The survival test based on the GenAdPrHyCS can save both the total time and cost
on tests. Furthermore, we derive the distribution of the MLE of ExD parameter as well as confidence
interval for MLE of ExD parameter under GenAdPrHyCS.

Consequently, the MSEs decrease as sample size increases. For fixed sample size, the MSEs
decrease generally as the number of PrCS data size increases. For fixed sample size and PrCS data
size, the MSEs decrease generally as the time T2 increases. The CL decrease as sample size increases.
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For fixed sample size, the CL decrease generally as the number of PrCS data size decreases. For fixed
sample size and PrCS data size, the CL decrease generally as the time T2 increases. Although we
focused on the inference for scale parameter of the ExD, the suggested GenAdPrHyCS can be extended
to other distributions.
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Appendix A. Proof of Theorem 1

Conditional on D2 ≥ 1, the MGF of β̂ is given by

φβ̂ (ω) =E
(

eωβ̂
)
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1

1− ρn
2

[
E
(
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For D1 = m,
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)}(1+<j)(1−ωβ/m)−1 dx1 · · · dxm.

From Lemma 1 with νj =
(
1 +<j

)
(1−ωβ/m) and then factor (1−ωβ/m) out of all of the νj’s,

the above expression can be easily simplified as

ζ ′ (n, m)

(1−ωβ/m)m

m

∑
i=0

ζi,m (<1 + 1, · · · ,<m + 1) ρ
(1−ωβ/m)<∗m−i+1
1 . (A2)

For D1 = 1, 2, · · · , m− 1 and D2 = m,
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E
(

eωβ̂|D1 = d1,D2 = d2

)
P (D1 = d1,D2 = d2)

=ζ ′ (n, m)
∫ T2

T1

· · ·
∫ T2

xm−1:m:n

∫ T1

0
· · ·

∫ x2:m:n

0

m−1

∏
j=1

f
(
xj:m:n

) {
1−F

(
xj:m:n

)}<j

× eωβ̂dx1 · · · dxd1 dxm · · · dxd1+1

=ζ ′ (n, m)
∫ T2

T1

· · ·
∫ T2

xm−1:m:n

∫ T1

0
· · ·

∫ x2:m:n

0

m−1

∏
j=1

f
(
xj:m:n

)
×
{

1−F
(

xj:m:n
)}(1+<j)(1−ωβ/m)−1 dx1 · · · dxd1 dxm · · · dxd1+1.

From Lemma 1 with νj =
(
1 +<j

)
(1−ωβ/m) and then factor (1−ωβ/m) out of all of the νj’s,

the above expression can be easily simplified as

ζ ′ (n, m)

(1−ωβ/m)d1

d1

∑
i1=0

ζi1 , d1
(
<1 + 1, · · · ,<d1 + 1

)
ρ
(1−ωβ/m)∑

d1
j=d1−i1+1(<j+1)

1

×
∫ T2

T1

· · ·
∫ T2

xm−1:m:n

m

∏
j=d1+1

f
(

xj:m:n
) {

1−F
(
xj:m:n

)}(1+<j)(1−ωβ/m)−1 dxm · · · dxd1+1

=
ζ ′ (n, m)

(1−ωβ/m)m

d1

∑
i1=0

m−d1

∑
i2=0

ζi1 , d1
(
<1 + 1, · · · ,<d1 + 1

)
ζi2 , d2

(
111m−d1 ,<m + 1

)
× ρ

(1−ωβ/m)∑
m−i2
j=d1−i1+1(<j+1)

1 ρ
(1−ωβ/m)∑m

j=m−i2+1(<j+1)
2 . (A3)

Equation (A3) is obtained by the integration process on the basis of identity that

∫ T2

T1

· · ·
∫ T2

xm−1:m:n

m

∏
j=d1+1

f
(

xj:m:n
) {

1−F
(

xj:m:n
)}νj−1 dxm · · · dxd1+1

=
m−d1

∑
i=0

ζi,m−d1

(
νd1+1, νd1+2 · · · , νm

)
[1−F (T2)]

ϕi,m−d1

(
νd1+1,νd1+2,··· ,νm

)
[1−F (T1)]

∑m−i
j=d1+1 νj .

For D2 = 1, 2, · · · , m− 1,

E
(

eωβ̂|D2 = d2

)
P (D2 = d2)

=ζ ′ (n, d2)
∫ T2

0
· · ·

∫ x2:m:n

0

d2

∏
j=1

f
(
xj:m:n

) {
1−F

(
xj:m:n

)}<j eωβ̂dx1 · · · dxd2

=ζ ′ (n, d2)
∫ T2

0
· · ·

∫ x2:m:n

0

d2

∏
j=1

f
(
xj:m:n

) {
1−F

(
xj:m:n

)}<j

× e
ω
d2

{
∑

d2
j=1(1+<j)xj:m:n+T2<′d2

}
dx1 · · · dxd2

=ζ ′ (n, d2) ρ
<′d2

(1−ωβ/d2)

2

∫ T2

0
· · ·

∫ x2:m:n

0

d2

∏
j=1

f
(
xj:m:n

)
×
{

1−F
(

xj:m:n
)}(1+<j)(1−ωβ/d2)−1 dx1 · · · dxd2 .
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From Lemma 1 with νj =
(
1 +<j

)
(1−ωβ/m) and then factor (1−ωβ/m) out of all of the νj’s,

the above expression can be easily simplified as

ζ ′ (n, d2)

(1−ωβ/d2)
m

d2

∑
i=0

ζi,d2

(
<1 + 1, · · · ,<d1 + 1,111d2−d1 ,<′d2

+ 1
)

ρ
(1−ωβ/d2)<′d2−i+1
2 . (A4)

The theorem then follows readily upon substituting (A2)–(A4) into (A1).

Appendix B. Proof of Theorem 2

From Theorem 1, the MGF of β̂ is given by

φβ̂ (ω) =E
(

eωβ̂
)

=
1

1− ρn
2

[
ζ ′ (n, m)

(1− βω/m)m

m

∑
i=0

ζi,m (<1 + 1, · · · ,<m + 1) ρ
(1−βω/m)<∗m−i+1
1

+
m−1

∑
d1=0

ζ ′ (n, m)

(1− βω/m)m

d1

∑
i1=0

m−d1

∑
i2=0

ζi1,d1

(
<1 + 1, · · · ,<d1 + 1

)
ζi2,d2

(
111m−d1−1,<m + 1

)
× ρ

(1−βω/m)∑
m−i2
j=d1−i1+1(<j+1)

1 ρ
(1−βω/m)∑m

j=m−i2+1(<j+1)
2

+
m−1

∑
d2=1

ζ ′ (n, d2)

(1− βω/d2)
d2

d2

∑
i=0

ζi,d2

(
<1 + 1, · · · ,<d1 + 1,111d2−d1 ,<′d2

+ 1
)

ρ
(1−βω/d2)<∗d2−i+1
2

]
.

Because eωT<∗m−i+1/m (1−ωβ/m)−m is the MGF of Y+T<∗m−i+1/m at ω, where Y is a gamma random
variable with PDF γm (x, 0), the theorem readily follows.

Appendix C. Proof of Theorem 3

Let

gm (x, a) =
(m/β)m

(m− 1)!
(x− a)m−1 e−

m
β (x−a).

Then,

∫ ∞

t
γm (x, a) dx =

∫ ∞

max(t,a)
gm (x, a) dx

=
∫ ∞

m
β ||t−a||

ym−1

(m− 1)!
e−ydy

=
Γ (m, Gm (a))
(m− 1)!

.
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