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Abstract: We introduce g-Lindelof, u-Lindelof, p-Lindelof, s-Lindelof, g-countably-compact,
u-countably-compact, p-countably-compact, and s-countably-compact as new covering concepts in
bigeneralized topological spaces via g-open sets and u-open sets in bigeneralized topological spaces.
Relationships between them are studied. As two symmetries relationships, we show that g-Lindelof
and u-Lindelof are equivalent concepts, and that g-countably-compact and u-countably-compact are
equivalent concepts. We focus on continuity images of these covering properties. Finally, we define
and investigate minimal g-open set, minimal u-open set, and minimal s-open sets as three new types
of minimality in bigeneralized topological spaces.

Keywords: generalized topology; bigeneralized topology; Lindelof; countably compact; continuous
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1. Introduction

We list the notations used in this paper before the conclusion section. In 1963, Kelly [1] introduced
the notion of bitopological spaces as an ordered triple (X, 7,7) of a set X and two topologies T, v,
the order is important (i.e., two bitopological spaces (X, 7,7) and (X, 7/,7') are identical if, and only
if, T = v and y = /). After Kelly’s initiation of the bitopological notion, many authors generalized
many topological concepts to include bitopological spaces. Let X be a nonempty set and ¢ be a family
of subsets of X. Subsequently, ¢ is called a generalized topology (GT) on X and (X, ¢) is a generalized
topological space (GTS) [2] if ¢ contains @ and arbitrary union of elements of ¢ is an element of ¢.
Let (X,0) be a GTS and let B C X. Afterwards, B is called a c-open set if B € ¢. B is called a
o-closed set if X — B is o-open. (X, u) is said to be a strong GTS [3] if X € u. Research in GTS is
still a hot area of research in which researchers introduced several types of continuity, compactness,
homogeneity, and sets are extended from ordinary topological spaces to include GTSs in [4-14],
and others. As a generalization of bitopological spaces, the author in [15] defined bigeneralized
topological space, as follows: an ordered triple (X, o, d) of a set X and two generalized topologies ¢
and J on X is called a bigeneralized topological space (BGTS). A BGTS (X, 7, ¢) is said to be strong if
(X,0) and (X, ) are strong. Throughout this paper, we will assume that all GTSs, as well as BGTSs,
are strong.

In [15], Datta defined quasi-open sets in bitopological spaces, as follows: a subset A of
a bitopological space (X, 7, y) is said to be quasi-open if for every x € A there exists U € T, such that
x € UC AorV € v,such that x € V C A. The authors in [16] have introduced quasi-open sets in
BGTSs, as follows: a subset A of a BGTS (X, 0, d) is called quasi-open (g-open) if for every x € A
there exists a y-open U, such thatx € U C A or c-open V € o, such that x € V C A. A subset A of
a BGTS (X, 0, 9) is u-open if A € u Uc. One of the main goals of the present work is to show how the
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definitions of g-open sets, u-open sets in bitopological spaces, and some of their related concepts can
be modified in order to define analogous concepts in BGTSs.

In Section 2, we mainly use g-open sets and u-open sets in BGTSs to introduce and study certain
covering concepts in BGTSs. Symmetric relationships between them are introduced.

In Section 3, we define two new concepts of continuity between BGTSs. We give several
relationships regarding the new continuity concepts and an old continuity concept. We focus on
continuity images of covering properties that are defined in Section 2.

In Section 4, we define three types of minimality in BGTSs; we give several relationships regarding
them and we focus on continuity images of each of them.

2. Covering Properties

In this section, we mainly use g-open sets and u-open sets in BGTSs to introduce and study certain
covering concepts in BGTSs. Related to the new covering concepts we will give characterizations,
implications, and examples.

Definition 1 ([16]). Let (X,0,6) bea BGTS. A subset A of X is said to be quasi-open (q-open) if for all x € A
there exists a py-open set U, such that x € U C A, or there exists a c-open set V,such that x € V C A.
The family of all g-open sets in (X, o, 6) will be denoted by q(c, ). A subset A of X is said to be quasi-closed
(g-closed) if the complement of A is g-open.

Theorem 1 ([16]). Let (X, 0,0) bea BGTS and A C X. Subsequently, A is g-open of (X, o, ) if and only if
A=UUV wherelU € pandV € 0.

Theorem 2 ([16]). Let (X,0,6) be a BGTS. Then q(c,6) is a GT on X.
Finite intersection of g-open sets of a BGTS need not to be g-open in general [15]:

Example 1. In (R, p,0) where 0 = {Q} U{(—o0,a) :a € R,a <7} and 6 = {@} U{(a,0):a € R,a >
0} the sets U = (—o0,5) and V = (2, 00) are g-open sets, but U NV = (2,5) is not g-open.

Theorem 3 ([16]). Let (X,0,8) bea BGTS and B C X. Afterwards, B is q-closed of (X, o, ) if and only if
B = M NW where M is o-closed and W is 6-closed.

Definition 2. A subset B of a BGTS (X, 7, 0) is called u-open if B € y U o. The family of all u-open sets in
(X, 0,6) will be denoted by u(c,9).

Theorem 4. Let (X, 0,0) bea BGTS and A C X. Then u(c, ) C q(0,6).

Proof. Let A € u(0,0). Then A € por A € 0. Since® € yNoand A = AUQ, then by Theorem 1,
we have A € q(c,6). O

Theorem 5. Let (X,0,8) be a BGTS. Then q(0,6) is the smallest GT on X containing both p and o.

Proof. By Theorem 2, q(c,d) is a GT on X. Because y C u(c,d) and o C u(c,d) and by Theorem 4,
u(o,d8) C q(o,9), then g(c, §) containing both y and ¢. Let -y be a GT on X containing y and o, and let
A €q(0,0). By Theorem1, A=UUV,whereU € pand V € 0. Because y C yand o C y then U € v
and V € v, and, hence, A=UUV € 4. Thus q(c,6) C . O

Definition 3 ([17]). Let (X, o) be a GTS.

(a) A collection F of subsets of X is said to be a o-cover of X if the union of the elements of F is equal to X.
(b) A o-subcover of a o-cover F is a subcollection G of F which itself is a o-cover.



Symmetry 2020, 12, 1145 3o0f12

(c) A o-cover F of X is said to be o-open cover if the elements of F are o-open subsets of X.
(d) A o-subcover of a o-open cover F is a subcollection G of F which itself is a c-open cover.

Definition 4. Let (X, 0,8) be a BGTS.

(a) A collection F of subsets of X is called a cover of X if the union of the elements of F is equal to X.
(b) A sub-cover of a cover F of X is a subcollection G of F, which itself is a cover of X.

(c) A cover F of X is called g-open cover if F C q(c, ).

(d) A cover F of X is called u-open cover if F C u(c,9).

(e) A u-open cover F of X is called p-open cover if F N (u —{D}) # @and F N (0 — {D}) # D.

Definition 5. A GTS (X, o) is said to be o-Lindeldf if each o-open cover of X has a countable subcover.

Definition 6. Let (X, 0,8) be a BGTS. Subsequently,

(a) (X,0,9) is called g-Lindeldf if every q-open cover of X has a countable sub-cover.
(b) (X,0,9) is called u-Lindeldf if every po-open cover of X has a countable sub-cover.
(c) (X,0,0) is called p-Lindeldf if every p-open cover of X has a countable sub-cover.
(d) (X,0,0) is called s-Lindelof if (X, u) is pu-Lindelof and (X, o) is o-Lindelof.

Theorem 6. A BGTS (X, 0, 9) is g-Lindeldf if and only if it is u-Lindeldf.

Proof. Suppose (X, 0,6) is g-Lindelof and let F be a u-open cover of X. Subsequently, by Theorem 4,
F is a g-open cover of X. Since (X, 0, 6) is a g-Lindelof, F has a countable subcover. Therefore, (X, 7, d)
is u-Lindelof.

Conversely, suppose that (X, 0,6) is u-Lindelof and F = {F, : « € A} be a g-open cover of
X. For every & € A, by Theorem 1, there exists B, € ¢ and C; € 6 such that F, = B, U C,.
Set G ={By:a € A} U{Cy:a € A}. Afterwards, G is a u-open cover of X. By u-Lindeldfeness
of (X, 0,6), there exist countable sets A, Ay C A where {By : &« € A1} U{Cy : & € Ay} is a countable
sub-cover of G. It is not difficult to check that {F, : « € Aj UAy} is a countable sub-cover of F.
Thus, (X, 0,6) is g-Lindelof. [

Theorem 7. Every u-Lindelof BGTS is s-Lindelof.

Proof. Let (X, 0, ) be a u-Lindelof BGTS.

(X,0) is o-Lindelof: let F be a oc-open cover of X. By u-Lindeldfeness of (X, 0,6), there is
countable subcover F; of F. Hence, (X, o) is o-Lindelof.

The proof that (X, §) is J-Lindeldf is similar to that used in the proof of (X, ) is o-Lindelof. O

Theorem 8. Every u-Lindelof BGTS is p-Lindelof.

Proof. Let (X, 0,6) be a u-Lindelof BGTS and let F be a p-open cover of X. Then F is a u-open cover
of X. Since (X, 0,6) is a u-Lindeldf, F has a countable subcover. Therefore, (X, 0,6) is p-Lindelof. O

Theorem 9. Let (X, o) be a BGTS. Then the following are equivalent:

(a) (X,0) is o-Lindeldf.

(b) (X,0,0) is u-Lindeldf.
(c) (X,0,0) is p-Lindeldf.
(d) (X,0,0) is s-Lindeldf.

Proof. Straightforward. [
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The following two examples will show that the concepts s-Lindelof and p-Lindelof are
independent, and they will also show that the converse of each of Theorems 7 and 8 is not true
in general:

Example 2. Consider the BGTS (R, u,0) where p = {Q,R}U{U:UCQ} and ¢ = {Q,R} U
{U:UucCcqQy:

(1) (R, u,0) is not p-Lindelof and by Theorem 8, it is not u-Lindelof: {{x} : x € R} is a p-open cover of R
which has no countable sub-cover.

(2) (R, u,0) is s-Lindeldf: let F be a p-open cover of R. Subsequently, R € F and {R} is a countable subcover
of F. Therefore, (R, ) is p-Lindelof. Similarly, we can see that (R, o) is o-Lindelof.

Example 3. Consider the BGTS (R, u,0), where p = {@Q,R} U{QUU : U C Q°}, and o = {D,Q°, R}.
Then (R, u, o) is p-Lindeldf but not s-Lindeldf and by Theorem 7, it is not u-Lindeldf.

Proof. (R, u,0) is p-Lindelof: (R, u,0) is p-compact: let F be a p-open cover of R. Because FN
(c—{2})#0O,Re ForQ e F.

Case 1. R € F. Subsequently, {R} is a countable sub-cover of F and we are done.

Case2. Q° € Fand R ¢ F. Choose U € F, such that 0 € U. Afterwards, Q C U and so {U, Q°}
is a countable sub-cover of F.

(R, u,0) is not s-Lindelof: {QU {x} : x € Q°} is a y-open cover of X, which has no countable
subcover. This implies that (R, j¢) is not p-Lindelof and, hence, (R, y, ) is not s-Lindelof. [

The converse of Theorem 7 is true for an s-Lindelof BGTS, as in the following result:

Theorem 10. Let (X, 0,d) be a BGTS. Subsequently, the following are equivalent:

(a) (X,0,0) is u-Lindelof.
(b) (X,0,9) is s-Lindeldf and p-Lindelof.

Proof. (a) = (b) Theorems 7 and 8.

(b) = (a) Let F be u-open cover of X. We have two cases:

Case 1. F is a p-open cover of X. Subsequently, F has a countable subcover of X because (X, c,6)
is p-Lindelof.

Case 2. F is not a p-open cover of X. Afterwards, F is either a o-open cover of X or a o-open
cover of X. Because (X, o) is o-Lindelof and (X, o) is o-Lindelof, in either of the two cases F will have
a countable subcover. [

Definition 7. A GTS (X, 0) is said to be o-countably-compact if each countable o-open cover of X has
a finite subcover.

Definition 8. Let (X,0,8) be a BGTS. Then

(a) (X,0,9) is called g-countably-compact if every countable q-open cover of X has a finite subcover.
(b) (X,0,9) is called u-countably-compact if every countable u-open cover of X has a finite subcover.
(c) (X,0,0) is called p-countably-compact if every countable p-open cover of X has a finite subcover.
(d (X,0,6) is called s-countably-compact if (X,0) is o-countably-compact and (X,6) is

d-countably-compact.

Theorem 11. A BGTS (X, o, 9) is q-countably-compact if and only if it is u-countably-compact.
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Proof. Suppose that (X, c,9) is g-countably-compact and let F be a countable u-open cover of X.
Afterwards, by Theorem 4, F is a countable g-open cover of X. Since (X, 7, §) be a g-countably-compact,
F has a finite subcover. Therefore, (X, 7, d) is u-countably-compact.

Conversely, suppose that (X, 0, ) is u-countably-compact. Let F = {F, : « € A} be a countable
g-open cover of X. By Theorem 1, for each « € A, thereis A, € y and B, € o, such that Fy, = A, U B,.
SetG ={As:a € A U{By: a € A}. Afterwards, G is a countable u-open cover of X. Since (X, 0, 6) is
u-countably-compact, there exist countable sets A1, Ay C A, such that {A, : a0 € Aj} U{By: a0 € Ay}
is a finite sub-cover of G. It is not difficult to check that {F, : « € A; UA;} is a finite subcover of F.
Thus, (X, 0, 6) is g-countably-compact. [

Theorem 12. Every u-countably-compact BGTS is s-countably-compact.

Proof. Let (X, 0,0) be a u-countably-compact BGTS. To see that (X, 0) is c-countably-compact, let F
be a countable o-open cover of X. Subsequently, F is a countable u-open cover of X. Because (X, 7, J)
is u-countably-compact, F has a finite sub-cover F7. Therefore, F; is a finite y-sub-cover of F. Hence,
(X, o) is o-countably-compact.

The proof that (X, d) is d-countably-compact is similar to that used in the proof of (X, o) is
o-countably-compact. [J

Theorem 13. Every u-countably-compact BGTS is p-countably-compact.

Proof. Let (X,0,5) be a u-countably-compact BGTS and let F be a countable p-open cover of X.
Subsequently, F is a countable u-open cover of X. Because (X, 7, ) is u-countably-compact, F has
a finite sub-cover. Therefore, (X, o, d) is p-countably-compact. [

Theorem 14. Let (X, o) be a BGTS. Subsequently, the following are equivalent:

(a) (X,0) is o-countably-compact.

(b) (X,0,0) is u-countably-compact.
(c) (X,0,0) is p-countably-compact.
(d) If (X,0,0) is s-countably-compact.

Proof. Straightforward. O

The following two examples will show that the concepts s-countably-compact and
p-countably-compact are independent, and they will also show that the converse of each of Theorems 12
and 13 is not true in general:

Example 4. Let X = E U O where E and O are the set of even natural numbers and the set of odd natural
numbers, respectively. Consider the BGTS (X, 0,0), where o = {@, X} U{U:U C E}and 6 = {@,X} U
{U : U C O}. Subsequently,

(1) (X,0,0) is not p-countably-compact and, by Theorem 13, it is not u-countably compact: {{x} : x € X}
is a countable p-open cover of X, which has no finite sub-cover.

(2) (X,0,0) is s-countably compact: let F be a countable o-open cover X. Afterwards, X € F and {X} is
a finite sub-cover of F. Therefore, (X, o) is o-countably-compact. Similarly, we can see that (X, J) is
d-countably-compact.

Example 5. Consider the BGTS (X,0,), where X, as in Example 4, 0 = {0, X} U{EUU : U C O},
and 6 = {D,0,X}. Afterwards, (X,0,0) is p-countably-compact, but not s-countably-compact and,
by Theorem 13, it is not u-countably-compact.
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Proof. (X, 0,6) is p-countably-compact: let F be a countable p-open cover of X. Since F N (§ — {D}) #
0, XeForOeF.

Case 1. X € F. Subsequently, { X} is a finite sub-cover of F and we are done.

Case2. O € Fand X ¢ F. Choose U € F, such that 2 € U. Afterwards, E C U and so {O, U} is
a finite subcover of F.

(X,0,06) is not s-countably-compact: {EU{x}:x € O} is a countable o-open cover of X,
which has no finite sub-cover. This implies that (X, ¢) is not o-countably-compact and, hence, (X, 7, J)
is not s-countably-compact. [

The converse of Theorem 13 is true for s-countably-compact BGTS, as in the following result:

Theorem 15. Let (X, 0,8) be a BGTS. Afterwards, the following are equivalent:

(a) (X,0,0) is u-countably-compact.
(b) (X,0,9) is s-countably-compact and p-countably-compact.

Proof. (a) = (b) Theorems 12 and 13.

(b) = (a) Let F be a countable u-open cover of X. We have two cases:

Case 1. F is a countable p-open cover of X. Afterwards, it has a finite subcover of X, because
(X,0,6) is p-countably-compact.

Case 2. F is not a p-open cover of X. Subsequently, F is either a countable o-open cover
of X or acountable J-open cover of X. Because (X,0) is o-countably-compact and (X, o) is
o-countably-compact, in either of the two cases F will have a finite subcover. [

3. Continuity

In this section, we define two new concepts of continuity between BGTSs. We will give several
relationships regarding the two new continuity concepts and an old continuity concept. We focus on
continuity images of covering properties that are defined in Section 2.

Definition 9 ([18]). A function g : (Y,0) — (Z,6) is called (o, 8)-continuous if forall H € 5, ¢~ (H) € 0.

Definition 10. A function g : (Y,0q,01) — (Z,02,67) is called

(a) g-continuous [16] if for all H € q(02,67), ¢~ (H) € q(o1,61).

(b)  u-continuous if for all H € u(0,6,), g~ (H) € u(oy,61).

(c) s-continuous if ¢ : (Y,01) — (Z,02) is (01, 02)-continuous and g : (Y,61) — (Z,0,) is
(61, 62)-continuous.

Theorem 16. For any function ¢ : (Y,01,61) — (Z, 02, 67) between the BGTSs (Y, 01,61) and (Z, 02, 53),
the following are equivalent:

(a) g is gq-continuous.
b)) g:(Y,q(01,61)) — (Z,9(02,82)) is (q(01,61),9(02, 82) )-continuous.
(c) Forall H € u(0y,6,), g (H) € q(01,61).

Proof. (a) <= (b) Obvious.

(a) = (c) Follows from the definition and Theorem 4.

(c) <= (a) Suppose ¢~ (H) € g(01,61) for all H € u(0,6,) and let G € q(02,6,). By Theorem
1,G = AUB where A € 03 and B € &,. By assumption ¢~'(A) € g(0y,61) and g~ (B) € g(0y,61).
Thus, by Theorem 2, g1 (AU B) = ¢~ 1(A)U ¢~ 1(B) € q(o1,61). Therefore, g is g-continuous. [

Corollary 1. u-continuous functions between BGTSs are g-continuous.
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Proof. Follows from Theorems 2 and 16. [

The converse of Corollary 1 is not true in general, as can be seen from the following example:

Example 6. Let Y = Z = R,;q = {Q,R}U{(—o0,a):ac R} and 6 = o» = 5 = {O,R}U
{(a,00) :a € R}. Define g : (Y,01,81) — (Z,02,82) by g (y) = y?. Then

(1) g is g-continuous: let H € q(09, ) = 3. Then

R if H=Ror H= (b,c0) whereb <0
¢ 1 (H) = (—oo,—ﬁ) U <\/E,oo> if H= (b,00) whereb >0
%) ifH=0

Therefore, g1 (H) € q(o1,61).
(2) g is not u-continuous: Since (0,00) € u(os,8,) while g~ ((0,00)) = (—00,0) U (0,00) & u(cy,61).

Theorem 17. A function g : (Y,01,81) — (Z,02,8,) is s-continuous if and only if g~ (H) € oy for all
H € oyand g~ (H) € &, forall H € 5.

Proof. Straightforward. 0O
Corollary 2. s-continuous functions between BGTSs are u-continuous.

The converse of Corollary 2 is not true in general, as it can be seen from the following example:

Example 7. Let Y = Z = R,oq = 6 = {O,R}U{(—o0,a):a € R} and 6 = o» = {O,R}U
{(a,0) :a € R}. Define g : (Y,01,01) — (Z,02,62) by ¢ (y) = y. Then

(1) g is u-continuous: let H € u(02,02) = 0o Udp = Sy U0y = 09 Ud = u(oy,d1). Subsequently,
g (H) = H € u(o1,6).

(2) g is not s-continuous: since (1,00) € o while g~ ((1,00)) = (1,00) & 01, then g : (Y,01) — (Z,02)
is not (01, 0 )-continuous. Therefore, g is not s-continuous.

Theorem 18. The g-continuous image of a g-Lindelof BGTS is g-Lindelof.

Proof. Let g : (Y,01,61) — (Z, 02, 6,) be g-continuous and surjective with (Y, 01, d1) is g-Lindelof.
Let F be a g-open cover of Z. By g-continuity of g, g7'(F) € gq(o1,6;) for all F € F.
PutH ={g ' (F): F € F}. Because

Y = ¢g7(2)
= g (U{F:FeF}
_ U{g—l(F);Fef},

then # is a g-open cover of Y. Since (Y,0q,d1) is g-Lindelof X has a countable subcover ;.
Choose a countable collection F;C F with Hy={g~! (F) : F € F1 }. By surjectivity of g

zZ = g(Y)
= eU{s'(r):FeR})
_ U{g<g*1(P));Fef1}

= (J{F:Fe RA}.
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Therefore, F; is a countable sub-cover of F and, hence, (Z, 03, 4;) is g-Lindelof. [
Corollary 3. The u-continuous image of a u-Lindelof BGTS is u-Lindeldf.
Proof. Theorems 6 and 18, and Corollary 1. O
Theorem 19. The s-continuous image of a p-Lindelof BGTS is p-Lindelof.

Proof. Let g : (Y,01,61) — (Z, 03, 6,) be s-continuous and surjective with (Y, 0y, d1) is p-Lindelof.
Let F be a p-open cover of Z. By Corollary 2, g is u-continuous. Therefore, g~! (F) € u (01, 61) for all
Fe F.PutH ={g ' (F):F e F}. Since
Y = g2
= ¢ (J{F:FeF})
= U{s'(m):FeF},
then # is a u-open cover of Y. Since F is p-open cover, there exist A € F N (02 — {@}) and B €
F N (6 — {D}). By s-continuity of g, ¢ 71 (A) € 07 and g~1(B) € 4;. By surjectivity of g, g1 (A) €
HN (01— {@}) and g7 (B) € H N (61 — {D}). Therefore, H is a p-open cover of Y. Since (Y, 01,d1)
is p-Lindelof H has a countable subcover H;. There exists a countable subfamily F;C F such that
Hy={g ' (F) : F € F1}. By surjectivity of g,
z = g(y)
= eU{g ' (M:FeR})
= U{s(s7'p):Fer}
= U{F:Fe RA}.
Therefore, F; is a countable sub-cover of F and, hence, (Z, 03, 8,) is p-Lindelof. O

Theorem 20. The g-continuous image of a g-countably-compact BGTS is q-countably-compact.

Proof. Let ¢ : (Y,04,01) — (Z,02,6;) be g-continuous and surjective with (Y,03,61) is
g-countably-compact. Let F be a countable g-open cover of Z. By g-continuity of ¢, ¢! (F) € q (01,61)
forall F € F.Put H = {g ! (F): F € F}. Because

Y = ¢g'(2)
= ¢ (U{F:FeF}
_ U{g—l(F);Fef},

then # is a countable g-open cover of Y. Since (Y, 0y, 41 ) is g-countably-compact  has a finite subcover
H;. Choose a finite collection 71 C F with Hy={g~ ! (F) : F € F }. By surjectivity of g

z = gY)

= eU{s'(r):Fe R}
= Uls(s'(m):Fem}
= J{F:Fe RA}.

Therefore, F is a finite sub-cover of F and, hence, (Z, 03, 6,) is g-countably-compact. []
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Corollary 4. The u-continuous image of a u-countably-compact BGTS is u-countably-compact.
Proof. Theorems 11 and 20, and Corollary 1. [
Theorem 21. The s-continuous image of a p-countably-compact BGTS is p-countably-compact.

Proof. Let ¢ : (Y,09,61) — (Z,02,02) be s-continuous and surjective with (Y,0q,471) is
p-countably-compact. Let F be a countable p-open cover of Z. By Corollary 2, g is u-continuous.
Therefore, g1 (F) € u(01,61) forall F € F. Put H = {g~! (F) : F € F}. Because

Y = g7(2)
= ¢ WJ{F:FeF}
_ U{g—l(F);Pef},

then # is a countable u-open cover of Y. Since F is p-open cover, there exist A € F N (0» — {D})
and B € F N (5, — {@}). By s-continuity of ¢, ¢~ !(A) € o1 and g~1(B) € 4. By the surjectivity
of g, g7 (A) € HN (0q — {@}) and g~ 1(B) € H N (07 — {@}). Therefore, H is a countable p-open
cover of Y. Because (Y, 07, 01) is p-countably-compact H has a finite subcover H;. There exists a finite
subfamily 73 C F such that H1={g~! (F) : F € F;}. By surjectivity of g,

zZ = g(Y)
= eU{s'(r:FeR})
= U{s(s7'p):Fer)}
= (J{F:Fe RA}.
Therefore, 7 is a finite subcover of F and, hence, (Z, 03, é,) is p-countably-compact. [

4. Minimality

In this section, we define types of minimality in BGTSs, we give several relationships regarding
them, and we focus on continuity images of each of them.

Definition 11 ([18]). A nonempty o-open subset B of a GTS (Y, o) is said to be a minimal p-open set if the
only nonempty o-open set, which is contained in B is B.

Definition 12. Let (Y, 0, ) be a BGTS and B a nonempty subset of Y. Subsequently, B is called a

(a)  minimal q-open set if B is g-open and the only nonempty q-open set which is contained in B is B.
(b)  minimal u-open set if B is u-open and the only nonempty u-open set that is contained in B is B.
(c) minimal s-open set if B is a minimal o-open in (Y, o) and B is a minimal 6-open in (Y, 5).

Theorem 22. A subset B of a BGTS (Y, 0,6) is a minimal g-open set if and only if it is a minimal q(c, 6)-open
setin (Y,q(c,9)).

Proof. Straightforward. O
Lemma 1. If B is a minimal g-open set in a bi-generalized topological space (Y, 0, 5), then B € u(c, ).

Proof. By Theorem 1, B = UUV where U € o and V € é. By Theorem 4, U € g(c, ). Since U €
g(c,6), U C B and B is a minimal g-open set in (Y, ), then U = @ or U = B. Similarly, we can
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conclude that V. =@ or V = B. Since B # @, U # @ or V # @. Therefore, B = U or B = V. In both
cases, Be cUd =u(c,d). O

Theorem 23. Let (Y,0,0) bea BGTS and B C Y. Subsequently, B is a minimal g-open set if and only if B is
a minimal u-open set.

Proof. Necessity. Suppose that B is a minimal g-open set. By Lemma 1, B is a nonempty u-open set.
Let C € u(0,6) — {@} with C C B. By Theorem 4, C € q(c, ). Since B is minimal g-open, then C = B.
It follows that B is a minimal u-open set.

Sufficiency. Suppose that B is a minimal u-open set. Subsequently, by Theorem 4, B is a non-empty
u-open set. Let C € g(0,0) — {@} with C C B. Because C is g-open then, by Theorem 1, C = UUV
where U € 0 Cu(c,d)and V € § C u(c,d). Since U € u(c,6), U C C C B, and B is a minimal u-open
set, then U = @ or U = B. Similarly, we can conclude that V = @ or V = B. Because C # @, U # @ or
V # @. Thus, U = Bor V = B and, hence, C = B. It follows that B is a minimal g-open set. [

Theorem 24. Let (Y,0,6) bea BGTS and B C Y. If B is a minimal s-open set, then B is a minimal u-open set.

Proof. Suppose that B is a minimal s-open set. Subsequently, B is nonempty and B € 0 Nd C u (7, 9).
Let C € u(c,d) — {@} with C C B. Afterwards, C € cor C € §. If C € 0, then, as B is a minimal
og-openset, C = B. If C € J, then as B is a minimal J-open set, C = B. Therefore, B is a minimal u-open
set. [

Remark 1. The converse of Theorem 24 is not true in general; indeed, in Example 3 Q is a minimal u-open set
that is not a minimal s-open set.

Theorem 25. Let (Y,0,8) be a BGTS and B a minimal u-open set in (Y,0,6). Then

(a) If B € o, then B is a minimal o-open set.
(b) If B € ¢ then B is a minimal é-open set.
(c) IfB € oné,then Bisaminimal s-open set.

Proof. (a) Suppose that B is a minimal u-open setand B € 0. Let B € ¢ — {®} with C C B. Since B
is minimal u-open and C € ¢ C u(c, ) with C C B, then C = B. Thus, B is a minimal c-open set.
(b) Similar to the proof of (a).
(c) Follows from (a) and (b).
O

Corollary 5. Let (Y,0,0) bea BGTS and B € o N J. Subsequently, the following are equivalent:

(a) B isaminimal s-open set.
(b) B is a minimal u-open set.

Proof. (a) = (b) Theorem 24.
(b) = (a) Theorem 25 (¢). O

Theorem 26. Let ¢ : (Y,0) — (Z,9) be injective and (o, 6)-continuous function. If B is a minimal o-open
set, such that g(B) € 8, then ¢(B) is a minimal 6-open set.

Proof. Since B # @, then g(B) # @. Suppose C C g(B) with C € § — {@}. Theng~!(C) C ¢! (g (C)).
Since g is injective, ¢! (¢ (B)) = B. Because g is (¢, §)-continuous and C € J, then g7 (C) € 0. AsC
¢(B), §71(C) # @. Because B is a minimal c-open set, then ¢~!(C) = B. Thus, B = g (¢ '(C)) C
Hence, C = g(B). O

-
C.
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Corollary 6. Let g : (Y,01,61) — (Z,02,62) be injective and s-continuous function. If B is a minimal s-open
set in (Y,01,61) with g(B) € 02 N &y, then g(B) is a minimal s-open set in (Z, 0y, ).

Theorem 27. Let g : (Y,0q,01) — (Z,09,07) be injective and g-continuous function. If B is a minimal
g-open set in (Y,01,61) with ¢(B) € q(0»,82), then g(B) is a minimal g-open set in (Z, 09, 53).

Proof. Since B # @, then g(B) # ©@. Suppose C C g(B) with C € q(02,6,) — {D}.
Afterwards, ¢~1(C) C ¢! (g(B)). Because g is injective, ¢~! (¢ (B)) = B. As g is g-continuous
and C € q(02,0,), then g71(C) € q(02,6,). Because C C g(B), g '(C) # @. Since B is a minimal
g-open set then g~1(C) = B. Thus, B = g (¢7*(C)) C C. Hence, C = f(B). O

Corollary 7. Let g : (Y,01,61) — (Z,02,06,) be injective and u-continuous function. If B is a minimal
u-open set in (Y, 01,61) with g(B) € q(02,82), then g(B) is a minimal u-open set in (Z,03,67).

Proof. Corollary 1, Theorem 23 and Theorem 27. [

5. Conclusions

In this paper, minimal g-open set, minimal u-open set, and minimal s-open sets, g-Lindelof,
u-Lindelof, p-Lindeldf, s-Lindelof, g-countably-compact, u-countably-compact, p-countably-compact,
and s-countably-compact as new concepts of BGTSs are introduced and investigated. In future studies,
the following topics could be considered: (1) the definition of fuzzy u-open sets and fuzzy g-open
sets in fuzzy bigeneralized topological spaces; (2) the extension of the two bitopological concepts
quasi N -open sets and Quasi —-open sets, as they appeared in [19,20] to include bigeneralized
topological spaces.
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Abbreviations

The following table summarizes notations used in the paper:

Symbol  Interpretation

GT generalized topology
GTS generalized topological space
GTSs generalized topological spaces

BGTS bigeneralized topological space
BGTS bigeneralized topological spaces
g-open quasi-open

g-closed  quasi-closed

References

Kelly, J.C. Bitopological spaces. Proc. London Math. Soc. 1963, 13, 71-89. [CrossRef]
. Csészar, A. Generalized topology, generalized continuity. Acta Math. Hungar. 2002, 96, 351-357. [CrossRef]

3. Jayanthi, D. Contra continuity on generalized topological spaces. Acta Math. Hungar. 2012, 137, 263-271.
[CrossRef]

4.  Tiwari, RK,; Maitra, ] K.; Vishwakarma, R. Some generalized continuous maps via ideal. Afr. Mat. 2020, 31,
207-217. [CrossRef]

5. Piekosz, A. Locally small spaces with an application. Acta Math. Hungar. 2020, 160, 197-216. [CrossRef]

6. Al Ghour, A. On Slight Omega Continuity and Irresoluteness between generalized topological spaces.
Symmetry 2020, 12, 780. [CrossRef]


http://dx.doi.org/10.1112/plms/s3-13.1.71
http://dx.doi.org/10.1023/A:1019713018007
http://dx.doi.org/10.1007/s10474-012-0211-x
http://dx.doi.org/10.1007/s13370-019-00715-x
http://dx.doi.org/10.1007/s10474-019-00966-x
http://dx.doi.org/10.3390/sym12050780

Symmetry 2020, 12, 1145 12 of 12

10.
11.
12.
13.

14.

15.
16.

17.

18.

19.

20.

Chinnaraman, G.; Ramachandran, M.J. One point compactification of generalized topological spaces.
Afr. Mat. 2019, 30, 345-353. [CrossRef]

Roy, B. On nearly Lindelof spaces via generalized topology. Proyecciones 2019, 38, 49-57. [CrossRef]
Arianpoor, H. On the lattice of principal generalized topologies. Period. Math. Hungar. 2019, 78, 79-87.
[CrossRef]

Al Ghour, S.; Zareer, W. Some mappings and separation axioms via omega open sets in generalized
topological spaces. Nonlinear Stud. 2019, 26, 609-616.

Mukharjee, A.; Roy, R M. On generalized preopen sets. Mat. Stud. 2019, 51, 195-199. [CrossRef]

Sini, P. Hereditarily homogeneous generalized topological spaces. Iran. J. Math. Sci. Inform. 2019, 14, 9-18.
Tyagi, B.K.; Chauhan, H.V.S. On semi-open sets and feebly open sets in generalized topological spaces.
Proyecciones 2019, 38, 875-896. [CrossRef]

Piekosz, A.; Wajch, E. Bornological quasi-metrizability in generalized topology. Hacet. . Math. Stat. 2019, 48,
1653-1666. [CrossRef]

Datta, M. Projective bitopological spaces, ]. Austral. Math. Soc. 1972, 13, 327-334. [CrossRef]

Min, WK.; Kim, Y.K. Quasi generalized open sets and quasi generalized continuity on bigeneralized
topological spaces. Honam Math. J. 2010, 32, 619-624. [CrossRef]

Thomas, J.; John, S. p-compactness in generalized topological spaces. J. Adv. Stud. Topol. 2012, 3, 18-22.
[CrossRef]

Al Ghour, S.; Al-Omari, A.; Noiri, T. On homogeneity and homogeneity components in generalized
topological spaces. Filomat 2013, 27, 1097-1105.

Al Ghour, S.; Saleh, H. Quasi A -open sets and related compactness concepts in bitopological spaces.
Proyecciones 2018, 37, 491-501. [CrossRef]

Al Ghour, S.; Issa, S. On u-w-open and g-w-open sets in bitopological spaces. Missouri J. Math. Sci. 2012, 24,
37-53. [CrossRef]

@ (© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1007/s13370-019-00652-9
http://dx.doi.org/10.4067/S0716-09172019000100049
http://dx.doi.org/10.1007/s10998-018-0266-8
http://dx.doi.org/10.15330/ms.51.2.195-199
http://dx.doi.org/10.22199/issn.0717-6279-2019-05-0057
http://dx.doi.org/10.15672/HJMS.2018.596
http://dx.doi.org/10.1017/S1446788700013744
http://dx.doi.org/10.5831/HMJ.2010.32.4.619
http://dx.doi.org/10.20454/jast.2012.297
http://dx.doi.org/10.4067/S0716-09172018000300491
http://dx.doi.org/10.35834/mjms/1337950498
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Covering Properties
	Continuity
	Minimality
	Conclusions
	References

