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Abstract: In a uniformly convex and g-uniformly smooth Banach space with q € (1, 2], one use VIP
to indicate a variational inclusion problem involving two accretive mappings and CFPP to denote the
common fixed-point problem of an infinite family of strict pseudocontractions of order 4. In this paper,
we introduce a composite extragradient implicit method for solving a general symmetric system of
variational inclusions (GSVI) with certain VI and CFPP. We then investigate its convergence analysis
under some weak conditions. Finally, we consider the celebrated LASSO problem in Hilbert spaces.
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1. Introduction-Preliminaries

Throughout this article, one always supposes that H is a real infinite dimensional Hilbert space
endowed with norm || - || and inner product (-, -). Let the nonempty subset C C H be convex and
closed, and let the mapping P¢ be the nearest point (metric) projection of H onto C. Let A: C — H
be a nonself mapping. The celebrated variational inequality problem (VIP) is to find an element
x* € Cs.t. (y—x*, Ax*) > 0, for all y € C. One denotes by VI(C, A) the set of all solutions of the
VIP. The VIP acts as a unified framework for lots of real industrial and applied problems, such as,
machine learning, transportation, image processing and economics; see, e.g., [1-7]. One knows that
Korpelevich’s extragradient algorithm [8] is now one of the most popular algorithms to numerically
solve the VIP. It reads as follows:

xj+1 = Pc(x]‘ — fAy]) V] Z 0,
}/j = Pc(Xj — EAXJ’),

with £ € (0, 1), where L is the Lipschitz constant of the mapping A. If its solution set is not empty,
it was obtained that sequence {x;} is weakly convergent. The price for the weak convergence is that
A must be a Lipschitz and monotone mapping. To date, now, the extragradient method and relaxed
extragradient methods have received much attention and has been studied extensively; see, e.g., [9-13].
Next, one assumes that B is monotone set-valued mapping defined on H and A is a monotone
single-valued mapping defined on H, respectively. The so-called variational inclusion problem is to
find an element x* € Hs.t. 0 € (A + B)x* and it has recently been studied by many authors based on
splitting-based approximation methods; see, e.g., [14-17]. This model provides a unified framework
for a lot of theoretical and practical problems and was investigated via different methods [18-22].
To the best of the authors” knowledge, there are no few associated results obtained in Banach spaces.
Next, one will turn our attention to Banach spaces.

Next, E* will be used to present be the dual space of Banach space E. Let ® # C C Ebea
convex and closed set. Given a nonlinear mapping T on C, one uses the symbol Fix(T) to denote the
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set of all the fixed points of T. Recall that the mapping T is said to be a Lipschitz mapping if and
only if, Vx,y € C, || Tx — Ty|| < L||x —y||. If the Lipschitz constant L is just one, one say that T is a
nonexpansive mapping whose complementary mappings are monotone.

Recall that the duality mapping J, : E — 2F" is defined by

Jo(x) = {¢ € E": {x,¢) = |lx[|", llgll = [|x]"~*}.

For a particular case, one uses | to stand for J, which is commonly called the normalized duality.
Recall that a mapping T defined on C is said to be a strict pseudocontraction of order g if, Vx,y € C,
there is j;(x —y) € J;(x — y) such that the following inequality holds (Tx — Ty, j;(x —y)) < |[x —
yl|7—¢|[(I=T)x — (I — T)y||7 for some ¢ > 0.

The convexity modulus of space E, g, which maps the interval (0, 2] to the interval [0, 1], is defined

as follows
2 —|[x + x|

2
The smoothness modulus of space E, pg, which maps the interval [0, o0) to the interval [0, o), is defined
as follows

Se(€) = inf{ X, x€E e<|x —x|, [|¥] =1= x|}

o= + x| + v’ — x| -2
pr(7) = sup{ ! X, x € E, ¥ = =l = 1}.

Recall that a space E is said to be uniformly convex if ég(e) > 0, Ve € (0,2]. Recall that a space E is
said to be uniformly smooth if lim,_,q+ £ Ey) = 0. Further it is said to be g-uniformly (g > 1) smooth
if 3c > 0s.t. ¢ > s79pg(s), Vs > 0. In g-uniformly (g > 1) smooth spaces, one has the following

celebrated inequality, for some j;(x +y) € J;(x +y),

I+ y1l7 = 219 < gl jylx+v)) Vxy € E. 8

One says that an operator IT : C — D, where D is convex and closed subset of C, is said to be a
sunny mapping if, (1 — {)II(x) 4+ ¢x € Cfor & > 0and x € C, IT(x) = IT[II(x) 4+ &(x — II(x))]. If ITis
both nonexpansive and sunny, then (¥ — «/, J(TT(x) — T1(x))) > ||[T1(%) — T1(x")||?, V%, x" € C.

In the setting of g-uniformly smooth spaces, we recall that an operator B is said to be accretive
if, for some j,(x' — %) € J;(x' = %), (u —v,j;(x' — X)) > 0, for all u € Bx’, v € BX. An accretive
operator B is said to be inverse-strongly of order g if, for each x’, ¥ € C, Jj;(x' — %) € J;(x' — %) s.t.
(u—v,j,(x' = %)) > alju —o||, for all u € Bx', v € Bx for some « > 0. An accretive operator B
is said to be m-accretive if (I + AB)C = E for all A > 0. Furthermore, one can define a mapping
J8: (I+AB)C — Cby J® = (I+AB)~! for each A > 0. Such J? is called the resolvent of B for
A > 0. In the sequel, we will use the notation T := J¥(I —AA) = (I+ AB)~}(I — AA) VA > 0.
From [9], we have Fix(Ty) = (A+B)"!0VA > 0and ||y — Tyy| < 2|ly — Ty|| for 0 < A < r and
y € C. From [23], one has [5x = ]5(%36 +(1—§)JBx) forall A,y > 0, x € E and Fix(J¥) = B710,
where B~10 = {x € C: 0 € Bx}.

Let A1, Ay : C — E and By, B, : C — 2E be nonlinear mappings with Byx # @ Vx € C,k=1,2.
Consider the symmetrical system of variational inclusions, which consists of finding the pair (x*, y*)
inCx Cs.t.

{ 0 € 01(A1y* + Bix*™) + x* — v, 2
0e §2(A2x* + Bzy*) +y* —x¥,

where (j is a positive constant for k = 1,2. Ceng, Postolache and Yao [24] obtain the fact that
problem (2) is equivalent to a fixed point problem.

Based on the equivalent relation, Ceng et al. [24] suggested a composite viscosity implicit rule for
solving the GSVI (2) as follows:

yj = ]522 (xj — L2 A2x;),
xj = aif(xj-1) + 8xj 1+ BV 1 + i [pSxj + (1= g vy — GAwy)] Vi>1,
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where p € (0,1), S = (1 —a)l+aT with 0 < a < min{l, %}, and the sequences
{ai}, {9} {Bj} {7} € (0,1) are such that (i) a; +6; + Bj +7; = 1Vj > 1; (ii) limj,0; = O,
lim; o % = 0; (iii) lim; o0 7; = 1; (iv) Z}?‘;O aj = co. They proved that {x;} converges strongly to a
point of Fix(G) N Fix(T), which solves a certain VIP.

In this article, we introduce and investigate an implicitly composite solution method to solve the
GSVI (2) with certain VIP and CFPP constraints. We then analyze convergence of the suggested method
in the setting of real Hilbert spaces under some mild conditions. An application is also considered.

From now on, one always uses x; > 0 to denote the smoothness coefficient; see [25,26]. One also
lists some essential lemmas for the strong convergence theorem next.

Lemma 1 ([27]). Let E be g-uniformly smooth with q € (1,2], and @ # C C E a closed convex set.

Let T : C — C be a g-strict pseudocontraction of order q. Given « € (0,1). Define a single-valued nonlinear

mapping Ty : C — C by Tax = (1 — a)x + aTx. Then T, is nonexpansive with Fix(T,) = Fix(T) provided
1

0<a< (%)ﬂTl

Lemma 2 ([28]). Let E be g-uniformly smooth with q € (1,2]. Suppose that A : C — E is an
a-inverse-strongly accretive mapping of order q. Then, for any given A > 0,

Mag = 1A D) [[Ax = Ay |7+ [[(I = AA)x — (I = AA)y|7 < x—yl9, VxyeC.

Lemma 3 ([26,28]). Let g € (1,2] be a fixed real number and let E be a g-uniformly smooth Banach space.
Then ||x +y||7 < q{y, Jo(x)) + ||x||" + x4|ly||9, Vx,y € E. Let By, B, : C — 2E be two m-accretive operators.
Let A; : C — E (i = 1,2) be o;-inverse-strongly accretive mapping of order q for each i = 1,2. Define an
operator G : C — C by
B B
G:=J (I-0A)] (1= 02A,).
1

If0< g < (%j)ﬂj (i =1,2), then G is a nonexpansive mapping.

The following lemmas was proved in [29], which is a simple extension of the inequality established
in [26].

Lemma 4. In a uniformly convex real Banach space E, there is a convex, strictly increasing, continuous function
g, which maps [0, 4+00) to [0, 4-00) with g(0) = 0 such that

[Ax" + p + vE(|T < AT+ pl|2 )7+ vIIZ]T - Wag(ll% - %)),

where q > 1 is any real number and Wy is a real function associated with y and v, for all x',%,% € {x € E :
|x|| < r} (ris some real number) and A, y,v € [0,1] such that A +v + pu = 1.

Lemma 5 ([26]). If E be a uniformly convex Banach space, then there exist a convex, strictly increasing,
continuous function h, which maps [0, +o0) to [0, +00) with h(0) = 0 such that

h(llx =yll) < [I1x[17 = q{x, ja (v)) + (g = Dlyll7,
where x and y are in some bounded subset of E and j;(y) € J;(v).

Lemma 6 ([30]). Let {S,}5 be a sequence of self-mappings on C such that

[e0)
Y sup [|Sux — S,_1x|| < .
n=1 xeC
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Then, for each y € C, {Sny} converges strongly to some point of C. Moreover, let S be the self-mapping on C
defined by Sy = lim;, o Spy for all y € C. Then limy, oo sup,.. ||Sux — Sx|| = 0.

Lemma 7 ([31]). Let E be a strictly convex Banach space. Let T, be a nonexpansive mapping defined on
a convex and closed subset C of E for each n > 1. Let (N, Fix(T,,) be nonempty. Let {A,} be a positive
sequence such that y ;> Ay = 1. Then a mapping S on C defined by Sx = Y 7> AnTux Vx € C is well defined,
nonexpansive and Fix(S) = Ny Fix(Ty,) holds.

Lemma 8 ([32]). Let E be a smooth Banach space. Let T : C — C, where C is convex and closed set
in E, be a self-nonexpansive mapping. Suppose that \ is constant in the interval (0,1). Then {z'}, where
2" = (1= A)Tz" + Au, converges strongly to a fixed point x* € Fix(T), which solves {u — x*, J(x* —x)) > 0
forall x € Fix(T).

Lemma 9 ([33]). Let {a,} be a sequence in [0,00) such that a, 1 < (1 — sy)an + Spvy Vn > 0, where {s, }
and {vy } satisfy the conditions: (i) {s,} C [0,1], L sn = oo; (ii) imsup,,_, ., vy < 00r Y07 |Spvn| < c0.
Then limy, 00 4, = 0.

Lemma 10 ([34]). Let {T',} be a real sequence such that there exists a real sequence {Ty,}, which is a
subsequence of {I'y} such that T\, 1 > 1Ty, for each integer i > 1. Let {T(n)}u>n, be a integer Define
the sequence defined by T(n) = max{k < n : Ty,q > T}, where the integer ny > 1 is chosen in such
a way that {k < ng : Ty} > Tp # D () Tppyyq = Doy and Ty g > T for each n > ng;
(ii) T(ng) < T(ng+1) < --- and T(n) — oo.

2. Results

Throughout this section, suppose that C is a convex closed set in a Banach space E, which is both
uniformly convex and g-uniformly smooth with g € (1,2]. Let both By : C — 2F and B, : C — 2F be
m-accretive operators. Let Ay : C — E be single-valued oy-inverse strongly accretive mapping for each
k = 1,2. Further, one assumes that G : C — C is a self mapping defined as G := ]gll (1-— §1A1)]g; (I-—
(2 Ay) with constants {1, (> > 0. Let S, be a g-uniformly strictly pseudocontractive mapping for each
n>1. Let A:C — Eand B :C — 2F be a g-inverse-strongly accretive mapping of order g and an
m-accretive operator, respectively. Assume that the feasibility set Q := (0>, Fix(S,) N (A + B)~10N
Fix(G) is nonempty.

Algorithm 1: Composite extragradient implicit method for the GSVI (2) with VIP and
CFPP constraints.

1
Initial Step. Given ¢ € (0,1), a € (0, min{1, (%)ﬂj}) Let xg € C be an arbitrary initial.
Iteration Steps. Compute x,;1 from the current x, as follows:
Step 1. Calculate

wy =5y (1= &)xy + EGwy) + (1 —s,) (1 — a)xy + aSpxy),
n = J2N (I = L1 A1) J22 (w5 — G2 Aqwn);

Step 2. Calculate y,, = ]fn (un — ApAuy);

Step 3. Calculate z;, = ]/I\gn (un — AnAyy + 10 (Yn — Un));

Step 4. Calculate x,, 1 = anu + Bpty + vn((1 — )zy + aSpzy), where u is a fixed element in C,
{rat {sn} {an}, {Bn}, {7} C (0,1] with {A,} C (0,00) and & + B + vn = 1.

Set n :=n+1and go to Step 1.

Lemma 11. Let the vector sequence {x,} be constructed by Algorithm 1. One has that the sequence {x, }
is bounded.
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Proof. Putting v, = ]522 (wn — {pArwy) and Sy = (1 — &)l + aS, Vn > 0, we know from Lemma 1
that each S, : C — C is nonexpansive with Fix(S,,) = Fix(S,). Let p € Q := N Fix(5,) N
Fix(G) N (A + B)~10. Then we observe that p = Gp = S,p = ]fn((l —r)p+ra(p— ’r\—:Ap)). By use
of Lemmas 2 and 3, we deduce that [ — (1A, [ — (A, and G := ]?11(1 — §1A1)]522(I — {pAy) are
nonexpansive mappings. It is clear that there is only one element w, € C satisfying

wy = 5p((1—§)xn + EGwy) + (1 —su) (aSnxy + (1 — a)xy).
Since G and S, are both nonexpansive mappings, we get

l[wn = pll - < sn((1=E)l[xn — pll + Sl Gwn = pll) + (1 = 50) | Sanxn — pll
< su(Gllwn — pll + (1 =) llxn —pll) + (1 =sn)llxn — pll,

and hence ||w, — p|| < ||x, — p|| ¥n > 0. Using the nonexpansivity of G again, we deduce from
uy = Gwy, that ||u, — p|| < [[wn — p|| < ||xn — pl|- By use of Lemmas 2 and 4, we have

lyn = pllT < I(T=AnA)p = (1 - AnA)unlllq
< lun = pllT = An(eq — kgA%) | Aun — Apll7,

which leads to ||y, — p|| < ||un — p||. On the other hand,

lza = pll7 = I3, (1 = ru)un + fn(ynA— 32 AY) =I5 (L= ra)p +ra(p — 52 Ap)) |17
< rull(1 = 32 A)yn — (1= 22 A)p||7+ (1= 1a) un — p7

P
< rulllyn — pll7 — 22(0q — KZH Ay — Apl|7] + (1 — 1) [|un — pl|7

Kq)\Z
q

< M (P55 = 0q) || Ay — Ap||9 + rn)‘n(’(q/\z_l —oq)||Auy — Ap|T+ [Jun — p||7.

n

This ensures that ||z, — p|| < ||un — p|. So it follows from (3.2) that

w1 = pll - < anllp —ull + Bullun = pll + vl Sanzn = pll
< anllp—ull+ 1 = an)lxn = pl,

which leads to ||x, — p|| < max{||p —ul, ||p — xo||}. O

Theorem 1. Suppose that {x,} is the vector sequence generated/defined by Iterative Algorithm 1. Assume that
the parameter sequences satisfy Y ;> gy = o0 and lim, yeoty = 0,0 < a < B, < b <1land0 < ¢ <

1 g L
sn§d<1;0<r§rn<1and0</\§/\n</r\—:§y<(ﬂ)4*1;0<5i<(%7)'7*1,1':1,2.

Kq
Suppose Y 7 g sup,cp [|Sn+1X — Sux|| < oo, where D is a bounded set in set C. Define the mapping S by
Sx = limy_ye0 Sy for all x € C. Then the sequence {x,} converges to x* € Q) strongly. The solution also
uniquely solves (x* —u, J(x* — %)) <0 forall ¥ € Q.

Proof. First, we setv,, = ]g; (wy — {pArwy), x* € Qand y* = ]522 (x* — {pAxx™). Since uy, = ]gBll(I —
(1A1)vy and vy, = ]522 (I — {pAp)wy,, we have u, = Gwy,. Using Lemma 2 yields that
-1 %
lon —y* |7 < Ca(keld " — 02g) | Agwn — Apx*||? + [Jwy — x* |7

and
* -1 % *
[n = 211 < T (x00] " — 1) [ Aron — Ay |7 + [lon — y* |7

Combining the last two inequalities, we have

lun = 37 < 2(kgl3 ™ — 02q) | Agwn — Apx™ ||+ Ca (gl — 1) [ Aron — Ary* |17 + flwn — x*||7.
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Using (1) and Lemma 4, we obtain that

%41 — x*]|7
< qan(u —x*, Jg(Xne1 — x%)) + [|Bn(tn — %) + Yn(Sanzn — x*) |7
* * _1 *
< Ballx* — unl|T+ yu[llun — x*||7T = rnAu(ocq — Kq)\z M Auy — Ax*||9
/\[ZI7] * * *
— An(og — qufl WAy — Ax*[|7) — Wog([[un — Sanznll) + qan (u — x*, Jg(xp11 — x*)) (3)

Tn
-1
< (1= an)lfxn — X*1||q — 1ulC2(02g — 185 ) || Azton — AZT*”q
+ C1(o1q — qu_ WAy — Ary*||T + rnAu(oq — Kq)‘z_ Ay — Ax*||9

/\VI * * *
" MAX™ — Ay ||9] — qu(H“n — Sunznl|) + anq{u —x /]q(anrl —x*)).

q-1
+ An (‘7‘7 !

r

Put
Ty = lxn — x|,

M = YulG2(02q — quzil)HAzwn — Apx*||7+ 1 (019 — qufl)HAlvn — Ay

- * A271 *
— Mata(egAl~ = q0)]| Aty — Ax* [+ (0 — "2 ) Au | Ay — Ax* 1]
— Wag(llun — Sanzall)
On = (u—x%, Jg(xp41 — x7))qan.
Then (3) can be rewritten as the following formula:
Typ1+1n < (1—an)ly + 0n 4

O

We next give two possible cases.

Case 1. We assume that there is an integer nyp > 1 with the restriction that {I'; } is non-increasing.
From (4), we get 1, < I'y — ayl'y — I'jyiq + 6y From limy e 0y = limy 0 9y = 0, one sees that
lim, 00 1n = 0. It is easy to see from Lemma 4 that lim,c0 §(||ttn — Sanznl|) =0,

nlgr;lo |Aw, — Axx™|| = nllg; |A1oy — A1y™|| =0 (5)
and
nlgr.}o |Au, — Ax™|| = nl% | Ay, — Ax*|| = 0. (6)

From the fact that g is a strictly increasing, continuous and convex function with g(0) = 0, one has
lim ||u; — Sanzn|| = 0. 7)
n—o0o

By use of Lemma 5, we get

Wy — G Aoty — (X = 02A2x™), Jq(vn — y¥))

(
tlllewn = 2|9+ (g = Dllon —y* 11 = h([Jwn — x* =05 +y*|)]
+ 0o (Axx™* — Aqwy, Jy(vn — y¥)),

lon =y |11 <
<

where /1 is a convex, strictly increasing, continuous function as in Lemma 5. This hence entails

lon =y 1|7 < llwn — x* |19 = By (lfeon — v — x* + ")) +q22]| A2x™ — Agwwn | [Jon — y*[1971.
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In a similar way, one concludes

ln = > < (0w = G410 = (" = 1 A1y"), Jo (un = x*)
= %[Ilvn Yl (g = Dlfun — 29 = ha(flon —y* — un +27])]
+ 0 <A1]/ — Aoy, ]q(un - X )>

which hence entails

[t = 2|7

< llow =y 17 = hao(l|on — y* — un + *||) + g21 | Ary* — Aron|l[Jun — x*[1971

< lan = 2|7 = By (|[wwn — o0 — x* +y*|1) + 922l Aax* — Agton [ [[on — y* (|77
= Iy([lon = un + 2" = y*|)) + a0l Ary* — Aron]| [l — x* 77

Note that

Allyn —x* 17 < q((un — AnAun) — x* + )\nAX*)/]q(yn —x*))
< |[(un — ApAuy) — x* + A Ax*) |7 — by (|un — yn — An(Aun — Ax*)]|)

+(q = Dlyn — x|},
which leads us to
lyn — 219 < flun — x*|7 = by (| un — yn — An(Auy — Ax¥)]]).
From (8), one has

[[%0 41 — x*||7
< Y (L= 1) lun — x|+ rufllun — x| + an | — |4
—hy([lun — An(Aun — Ax*) = ynl))]} + Ballun — x|
< Bullxn — 27+ anllx* = ull 7+ v {llxn — 17 = B (wn — o0 — x* +y*|)
= hy(|Jon — wn + x* = y*|) + 91| Ary* — Arou | [|un — x*[197
+ 482l Aax* — Agwalll|on — y* 1771 — rultr ([[un — Au(Aun — Ax*) —yn|))}
< lxn = 2|7+ anl[x™ — ull — yu{h1([[wn — 00 —x* +y7|))
+ha(l[on —un +x* —y*|) + rah1 (un — An(Aun — Ax*) —ynl))}
+ 901l Ay — Avou|[lun — x* |77+ gla || Aax* — Agwnl|||on — y* (|77,

which immediately yields that

7n{f11(’|wn —op — X" +y*|) +f12(||7’n —up +x* = y*[))
+ ruhy ([[un — An(Aup — Ax*) —yall) }

<ty l|u — x|+ Ty = Typ1 + 481 | Ary* — Aqon||[fun — x*[|7
+ 02| Axx* — Agwon]|[|on — y* (1771

Since /11 (0) = h1(0) = h1(0) = 0 and the fact that /11, 71, and h; are strictly increasing, continuous and
convex functions, one concludes that lim, e |wy, — v, — x* + y*|| = imy—e0 ||Un — un + x* —y*|| =
limy 0 || 4n — Yn||- This immediately implies that

Jim ||w, — up|| = Tim [Jun — ynl| = 0. )
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Furthermore, borrowing wy, = s,((1 — &)xn + Gwy) + (1 — $,)Sa,nxy defined as the first step in the
iteration procedure, we obtain that

l[wn — x| = (50 ((1 = §)xn + EGwn) + (1 — 50)SanXn — x*, Jg(wn — x*))
= 5n[(1 = &) {xn — X%, Jg(wn — x*)) + E{Gwp — x*, Jg(wn — x*))]
+ (1 —sn){(Sanxn — x*, Jq(wn — x*))
<snl(1—=¢)(xn — x*,]q(wn = x*)) + ¢llwn — x*[9] + (1 — s) (Sanxn — x*,]q(wn —x*)),

which yields

[[wn — x*[|7 1}Tg[5n(1 = &) (xn —x*, Jg(wn — x*)) + (1 = sn) (Sanxn — x*, Jg(wn — x7))]
Ll = %117+ (9 = D)llwn — 2117 = 22 [y (||, — a])

- q
+ 17%%(“5“,”3(” —wal))].
This further implies that

[[un — x*[|7 < |lwy — x|
1 (10)

_ Sng

In a similar way, one further concludes

< e =277 = 5 [sn(1 = )3 (llxn — wall) + (1 = sw)ha([|Sunxn — wn)]-

llzn — x*|T < |[J(x* = ApAX*) — (un — AnAyn + 10 (Yn — un)) |7
—ha (|t + (ruyn — rutin) — (AnAyn — A AX*) — z4||)
< lun — x*|T = ha(lun + (rayn — ratin) — (AnAyn — AnAx™) = zy|).

Using (10) leads us to

lxnir =27 < yulllun — x*(|9 + Ballun — x|7
= ha([Jun + (ruyn — ratin) — (AnAyn — AnAx™) = zu )] + anl[x™ — ul|7
< llan = 217 = v { =5z 50 (1 = )3 ([l — wall)
+ (1= sn)h3([|Sanxn — wall)] + ho (|1t + (rayn — rutin) — (AnAyn — AnAx*) =z )}
Fog ||x — 7.

Hence,
')’n{%sng[sn(l = Oh3([lxn — wall) + (1 = sp) 3 (|| Sanxn — wall)]
+ ho([[tn + (rayn — tatin) — (AnAyn — AnAx™) — zu[|) }
<Ty+ag|lu—x*||7—T,uq.

Note that 11 (0) = h3(0) = h13(0) = 0 and the fact that /,, h3 and 3 are strictly increasing, continuous
and convex functions. From (6) and (9) we have

lim ||x, — wy| = Um ||Synxn — wy| = lim |Ju, —z4|| = 0. (11)
n—co n—00 n—oo
By using (9) and (11), one concludes limy, e || X1 — Un|| = limy—e0 || X1 — 24| = 0. It follows that

[xn — Gxull < lxn — tnl| + [[un — Gxy|

12
< |lxn — tn|| + ||wn — xu]] =0 (1 — o0). (12)

Thanks to (11), we get limy—e0 ||Sa,nXn — Xn|| = 0, which, together with Sy ,x, — X = a(Spxn — Xn),
leads to 1
|Snxn — x| = &HS,mxn —xu] 20 (n— o). (13)
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From the boundedness of {x,} and setting D = conv{x, : n > 0}, we have }7° ; sup,.p [|Sux —
Su—1x|| < co. Lemma 6 yields that lim, e sup,p [|Sux — Sx|| = 0. So, limy, e0 ||Spxn — Sxu|| = 0.
Further, from (13), we have

|2 — Sxn || < ||xn — Suxnll + [|Snxn — Sxu|| = 0 (n — o). (14)

Letting Syx := (1 — a)x + aSx Vx € C, we deduce from Lemma 1 that S, : C — C is a nonexpansive
mapping. It is easy to see from (14) that limy, e ||xy — Saxy|| = 0. For each n > 0, set T), :=
]il (I — A4A). Tt follows that

[0 — Ta,xnll - < [[xn — unl| + lun — Ta,unll + [ Ta, ttn — Ta, Xn|
<2||lxn —un|| + |tth —yull = 0 (n — o).

Inlight of 0 < A < Ay, for all n > 0, we obtain
| Taxn — xnl] < 2||Th,xn — xnl| =0 (1 — o0). (15)

We define a mapping ¥ : C — Cby ¥x := 0;S,x + 0,Gx + (1 — 61 — 02)T)x Vx € Cwith6; + 6, < 1
for constants 61,60, € (0,1). Lemma 7 guarantees that ¥ is nonexpansive and

Fix(¥) = Fix(S,) NFix(G) NFix(Ty) = ﬁ Fix(S,) NFix(G) N (A + B)~!0 (=: Q).
n=0

Taking into account that
2w = xnl| < 01][Saxn — xnl| + 62(|Gxn — xn | + (1 — 61 — 62) | Taxn — xa,

we deduce from (12) and (15) that
lgn [¥x, — xu|| = 0. (16)
n—oo

Let z} = Au+ (1—A)¥z}, VA € (0,1). Lemma 8 guarantees that {z*} converges to a point x* €
Fix(¥) = Q innorm, and x* further solves the VIP: (x* —u, J(x* — p)) <0, Vp € Q). From (1), we have

I2* — x| < Agllz* — xul|T+ (1 = 1)7(¥2" = Fotu || + [ ¥xn — xa)T + Aq(u — 2%, Jo (2" — xu))
<Azt = 2|19+ (1= )T ¥on = xu | + 124 = 2 ])7 + Aglu — 2%, Jg (2 — xu)).

Further, from (16), one has

7

lim sup(u — z4, J;(xn — 2¢)) < M(qt ~ D+t
n—sco qt
where M is a constant such that ||z — x,||7 < M foralln > 0and t € (0,1). From the properties
of J; and the fact that z; — x* as t — 0, one gets lim; ¢ ||J;(xy — x*) — J;(x, — z¢)|| = 0. A simple
calculation indicates that
limsup (u — x*, Jo(xn —x*)) <0 (17)
n—o0

and then

[xn11 = xnll < anllue—xn| + Bullun — xn|l + Y (|Se,nzn — vnl| + [[tn — xul])
< apllu— xn|| + |n — xu|| + |Sanzn — tn]] = 0 (1 — o).

Using (17), we have limsup,,_, (4 — x*, J;(x,41 — x*)) < 0. An application of Lemma 9 yields that
I'y, - 0asn — oo. Thus, x,, — x* asn — oo.
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Case 2. We assume that there is {I';, } C {T} s.t. Ty, < Ty, 4q1 Vi € N, where N is the set of
all positive integers. We now give a new mapping 7 : N = N by 7(k) := max{i < k:T; < Ti;1}.
Using Lemma 10, one concludes

Feyrr 2 Tey and Ty > Tk

Putting I'y = ||xx — x*||7 Vk € N and using the same reasoning as in Case 1 we can obtain

U ) = 2o ] = 0 (18)
lirkn sup(u — x%, Jg(xz(r)41 — 7)) < 0. (19)
—00

In view of ar () > 0and I'y4) 1 > I'(x), we conclude that

(=3 Jg (e 11— X)) = e — %1

Consequently, limy o, |[X7(r) — x*[|7 = 0. Using Lemma 3, we have that

[[x(eye1 = X9 = [|x* — 21 |7
< (X041 — X Jg(Xey — X)) + gl Xr )41 — Xe o) 19
< qllxey = N7 e g1 — Xeo | + kgl X1 — X 19 =0 (k= o).

Thanks to I'y < T'7 441, we get

e = 217 < ey = 2717+ gllxey 0 = 2o Moy — 2177+ aeq ey n — 2ol

It is easy to see from (18) that x; — x* as k — oo. This completes the proof.
It is well known that x, = 1 in Hilbert spaces. From Theorem 1, we derive the
following conclusion.

Corollary 1. Let @ # C C H be a closed convex set. Let {S,}5>, be a family of ¢-uniformly strict
pseudocontraction mappings defined on C. Suppose that By, By : C — 2H are both maximal monotone
operators and Ay : C — H is oy-inverse-strongly monotone mapping for k = 1,2. Define the mapping
G:C—CbyG:= ]511(1 — glAl)]g;(I — (2 Ap) for constants (1,0 > 0. Let A:C — Hand B: C — 2H
be a o-inverse-strongly monotone mapping and a maximal monotone operator, respectively. For any given
x0€C, ¢ €(0,1)and « € (0,min{1,26}), let {x,}5, be the sequence generated by

Wy = 5p((1 = &)xy + EGwy) + (1 —5,)((1 — a)xy + aSpxy),
Up = Igf( - C1A1)J§;(wn — {2 Aywy),

Yn = ]/I\gn(un - /\nAun)/

Zp = ])E\;n (”n - )\nA]/n + Vn(yn — un))/

Xpi1 = aptl + Butty + vn((1 — &)z + aSpzy) Vn >0,

where the sequences {ru}, {sn}, {an}, {Bn}, {vn} are sequences in (0,1] with the additional restrictions
&y + Bn+vn = 1and {A,} C (0,00) are such that Y, oo, = oo, limy oty = 0asn — o00; 0 <
agﬁn§b<1and0<c§sn§d<1;0<r§rn<1and0<)\§/\n</r\—zﬁy<2¢7;
0 < i < 20y for k = 1,2. Assume that };7_osup,.p ||Snq1% — Sux|| < oo, where D is a bounded subset of
C. Define a self mapping S by Sx = lim,_,co Spx Vx € C, and further assume that (N, Fix(S,) = Fix(S).
IFQ = N Fix(Sy) NFix(G) N (A + B) 710 # @, then limy, e ||y — x*|| = 0, where x* € Q uniquely
solves (x* —u,p—x*) >0Vp € Q.
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Next, we recall the least absolute shrinkage and selection operator (LASSO) [35], which can be
formulated as a convex constrained optimization problem:

1 .
ryngI} §||Ty — b3 subjectto ||ly|l; <s, (20)

where T is a bounded operator on H, b is a fixed vector in H, and s > 0 is a real number. In this
section, A is employed to denote the set of solutions of LASSO (20). LASSO, which acts as a unified
model for a number of real problems, has been investigated in different settings. Ones know that a
solution to (20) is a minimizer to the following minimization problem: min,cy g(v) + h(y), where
g(y) :== || Ty — b|13, h(y) := Ally[1. It is known that Vg(y) = T*(Ty — b) is ﬁ—inverse—strongly
monotone. Hence, we have that z solves the LASSO iff z solves the problem, which consists of finding
z € Hsit.
0€0h(z)+Vg(z) & z—AVg(z) € z+ Adh(z)
& z = prox,(z — AVg(z)),

where A > 0 is real, and prox;,(y) is the proximal of h(y) := A||y||1 defined as follows

. 1
prox;,(y) = argmin, cp {Al|ufl1 + 5 [[u —y|3} ¥y € H.

This is separable in indices. So, y € H, fori = 1,2,...,n, prox,(y) = prox/\H,Hl(y) = (PrOX/\|.\ (11),
prox, . (¥2) ..., prox, . (yn)), with prox, (i) = sgn(y;) max{|y;| — A, 0}.

By putting C = H, A = Vg, B=0dhand 0 = in Corollary 1, we obtain the following
result immediately.

1
[Tl

Corollary 2. Let Ay, By (k = 1,2) and {S,};;_, be the same as in Corollary 1 with C = H. Assume that
Q = Ny Fix(5,) NFix(G) N A # @. For any given xo € H, { € (0,1) and « € (0,min{1,2g}),
let {x,,}57_ be the sequence generated by

wy = $p((1—=&)xp + EGwy) + (1 —s,) (1 — a)xy + aSyxy),
n = J2(I = Q1 A1) J22 (w5 — G2 Aqwon),

Yn = prox;, (up — Ay T*(Tu, — b)),

2y = prox, (uy — ApT*(Tyn — b) + (ruyn — rulin)),

Xp1 = anth + (1 — a)ynzn + @YnSnzn + Buttn V1 >0,

where the sequences {ry}, {sn}, {an}, {Bn}, {7n} C (0,1], & + Bn + vn = Land {1} C (0, c0) are such

that the conditions presented in Corollary 3.1 hold where o = \|T1T|\' Then x, — x* € Qasn — co.
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