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Abstract

:

The present study is devoted to explore the existence of a new family of compact star solutions by adopting the Karmarkar as well as Pandey–Sharma condition in the background of   f ( R , T )   modified gravitational framework. For this purpose, we consider static spherically symmetric spacetime with anisotropic fluid distribution in absence of electric charge. In respect of Karmarkar condition, we assume a specific model of   g  r r    metric potential representing a new family of solutions which is also compatible with the Pandey–Sharma condition. This assumed model permits us to calculate the   g  t t    component of metric tensor by making the use of Karmarkar condition. Further, we investigate the interior solutions for   V e l a  X − 1    model of compact star by utilizing this new family of solutions for different values of parameter  λ . We have tuned the solution for   V e l a  X − 1    so that the solutions matches the observed mass and radius. For the same star we have extensively discussed the behavior of the solutions. It is found that these solutions fulfill all the necessary conditions under the observational radii and mass attribute data for small values of parameter  λ  and hence physically well-behaved and promising. Through graphical analysis, it is observed that our obtained analytical solutions are physically acceptable with a best degree of accuracy for   n ∈ [ 1.8 , 7 ) − { 2 , 4 , 6 }  , where parameter n is involved in the discussed model. It is also noticed the causality condition is violated for all   n ≥ 7   and the tangential sound velocity   v t   is observed as complex valued for all   0 < n < 1.8  . Likewise, we explore these properties by considering large parameter  λ  values. It is seen that the presented model violates all the physical conditions for   n ∈ { 2 , 4 , 6 }  , while some of these for large values of  λ . Consequently, it can be concluded that the parameters n and  λ  have a strong impact on the obtained solutions.
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1. Introduction


The study of relativistic compact stars in the background of general relativity (GR) and extended theories of gravity is considered as one of the most promising subjects among the researchers during last few decades. The exact solution of Einstein’s field equations (EFEs) for the first time was calculated by Schwarzschild [1] in 1916 for the interior of a compact object. Later various researchers made efforts to obtain the new exact solutions of EFEs in reference to different astrophysical and cosmological aspects. Tolman [2] and Oppenheimer [3] both studied some more realistic and convoluted models of non-traversable relativistic objects in proximity with data-based actuality. In 1939, Oppenheimer and Snyder [4] examined the phenomenon of gravitational collapse with homogeneity based dust sphere and they presented an interesting and simple collapse mode in this respect. In 1922, Jeans [5] introduced the anisotropic pressure in self gravitational bodies in the context of Newtonian gravity. Further, in 1933, Lemaitre [6] used the anisotropic model for the first time in the background of GR by taking constant energy density with a radial pressure source. Later on, Bowers and Liang [7], in 1974, employed anisotropic spheres in GR. Ruderman [8] argued that the existence of nonzero anisotropy is regarded as a significant component of a stellar object without an electric charge. Gleiser and Dev [9] argued that pressure anisotropy impacts the structure, mass and other physical properties of extremely compact spheres. Herrera and Santos [10] described the effect of anisotropy on the characteristics of the stellar stars. The MIT bag model arising from observations in fundamental particle physics relates the pressure to the density of the star via a linear relation of the form   p = α ρ − B   where B is the Bag constant. This equation of state has been successfully used to model compact objects in general relativity ranging from neutron stars through to strange star candidates.



The most interesting fact of modern cosmology is the accelerated expanding nature of our cosmos which is also supported by the suggestions coming from different recent observational experiments like LSS, CMB, BAO and Supernovae-Ia [11,12,13,14]. It is argued that the standard GR theory fails to describe the hidden exotic nature of its responsible factor labeled as dark energy (DE). It is realized that exotic cosmological astral structures may be determined by reviewing the relativistic astral objects in the framework of modified theory of gravity. It is also argued that recent data from solar system tests of gravity might also be compatible with some other theories of gravity [15,16]. In the literature, many alternative theories of gravity are available including   f ( R )   theory,   f ( T )   gravity,   f ( G )   theory,   f ( T ,  T G  )   modified framework, braneworld scenario, Gauss–Bonnet gravity, Kalb–Ramond background and scalar-tensor theories especially Brans–Dicke gravity [16,17,18,19,20,21,22,23]. It is argued that GR theory faced stringent constraints for describing the galactic scale, the strong lensing regime and CMBR tests. In this respect, its recently proposed extended version namely   f ( R )   theory is considered as quite successful and interesting because of its correspondence to scalar-tensor gravity, i.e., the GR with an extra scalar-field candidate, whose scalar-potential is in double correspondence to the generic function f [24].



Recently, another interesting modification of   f ( R )   theory has been proposed in the literature [25] by taking an arbitrary function into account namely   f ( R , T )  , where  T  represents the trace of energy-momentum matter of the ordinary matter lagrangian part of the action. This modification is acknowledged as   f ( R , T )   modified theory. The   f ( R , T )   theory has drawn much attention of the investigators and many interesting results have been found in the cosmological aspects [26,27,28,29,30]. Sharif et al. [31] explored   f ( R , T )   theory of gravity to investigate some features related to the stability of a locally isotropic self-gravitating system. Zubair et al. [32] discussed the possible formation of compact objects by employing the Krori and Barua metric in the background of   f ( R , T )   theory. Alhamzawi and Alhamzawi [33] described the phenomenon of gravitational lensing in the framework of   f ( R , T )   theory. The topic of stability has been investigated numerically by Moraes et al. [34] using TOV equation in   f ( R , T )   theory. Das et al. [35] calculated an exact solution of compact objects using modified field equations by taking the conformal symmetry motion into account in the background of   f ( R , T )   theory.



In the literature, numerous researchers have recommended an embedding spacetime metric for the basic structure of compact stars which is consistent with Karmarkar condition defined by    R 1414  =  (  R 1212   R 3434  +  R 1224   R 1334  )  /  R 2323    [36]. The Karmarkar condition provides a connection between the two main parts of metric potentials of a spherically symmetric spacetime. By adopting Karmarkar condition, one of the metric components can be calculated which is further capable of generating the second metric component [37,38,39]. In this respect, various families of solutions are generated by Bhar et al. [40,41], Maurya et al. [42,43,44] and Newton Singh et al. [45,46,47,48] which are physically acceptable for embedding spacetimes and can be used to describe the interior solution of stellar objects. These new families of solutions satisfying the EFEs along with Karmarkar condition are termed as embedding class-I solutions. Further, many different stellar models have been assumed to investigate the new well-behaved classes of solutions by considering the connection of metric potentials in embedding class-I solutions [49,50,51]. Recently, Mustafa et al. [51,52] have explored the realistic stellar anisotropic model with well behaved nature solutions satisfying Karmarker condition in   f ( R , T )   gravity.



The present study investigates the existence of spherical symmetric solutions for   V e l a  X − 1    model of compact stars in the framework of   f ( R , T )   theory of gravity. For this purpose, we shall adopt the Karmarkar as well as Pandey Sharma condition for simplification purposes. The paper is designed in the following order of sections. In the next section, we shall present the mathematical formulations of modified   f ( R , T )   theory of gravity along with its field equations for a spherically symmetric geometry with anisotropic matter source. Here we shall discuss a new configuration of embedding class-I solutions in   f ( R , T )   theory and the physical boundary conditions in the same section. Section 3 will provide a detailed graphical analysis of some physical properties and the stability of   V e l a  X − 1    model of compact stars for different values of  λ . Final section concludes the whole work by focusing on major findings.




2. Basic Structure of   f ( R , T )   Gravitational Framework


In this part, we shall explain the essential structure of modified   f ( R , T )   gravitational framework with all the necessary assumptions taken for this work. The action of   f ( R , T )   modified theory is defined by [24]:


  S =  1  16 π   ∫ f  ( R , T )    − g    d 4  x + ∫  L m    − g    d 4  x ,  



(1)




where   L m   symbolizes the ordinary matter Lagrangian density. By taking variation of the above action in Equation (1), we get the following set of dynamical equations


     8 π  T  μ ν   −  f T   ( R , T )   T  μ ν   −  f T   ( R , T )   Θ  μ ν    =  −  1 2  f  ( R , T )   g  μ ν   +  f R   ( R , T )   R  μ ν   +  (  g  μ ν   □ −  ∇ μ   ∇ ν  )   f R   ( R , T )  .     



(2)







In this set of field equations, the notations ∇ and □ are, respectively introduced for the covariant derivative and the d’Alembert operator defined by   □ =  ∂ μ   (   − g    g  μ ν    ∂ ν  )  /   − g    . Further, the function f with subscripts refer to the derivatives given by    f R   ( R , T )  = ∂ f  ( R , T )  / ∂ R   and    f T   ( R , T )  = ∂ f  ( R , T )  / ∂ T  . In addition, the term   Θ  μ ν    is defined by


   Θ  μ ν   =    g  α β   δ  T  μ ν     δ  g  μ ν     = − 2  T  μ ν   +  g  μ ν    L m  − 2  g  α β      ∂ 2   L m    ∂  g  μ ν   ∂  g  α β     .  











For this work, we assume the matter contents as anisotropic fluid distribution defined by the following energy-momentum tensor


   T  μ ν   =  ( ρ +  p t  )   υ μ   υ ν  −  p t   g  μ ν   +  (  p r  −  p t  )   ξ μ   ξ ν  ,  



(3)




where   υ μ   and   ξ μ   represent the 4-velocity vectors defined by    υ μ  =  e  − μ    δ 0 μ    and    ξ μ  =  e  − ν    δ 1 μ    which satisfy the relations    υ μ   υ μ  = −  ξ μ   ξ μ  = 1  . Here   ρ ,   p r    and   p t   are the notations for ordinary matter density, radial and tangential pressures, respectively.



The set of field Equation (2) can be further arranged to the following form:


      G  μ ν    =   1   f R   ( R , T )      ( 8 π +  f T   ( R , T )  )   T  μ ν   +  (  ∇ μ   ∇ ν  −  g  μ ν   □ )   f R   ( R , T )   1 2   ( f  ( R , T )  − R  f R   ( R , T )  )   g  μ ν   − ρ  g  μ ν    f T   ( R , T )   .     



(4)







The geometry of an object exhibiting static and spherically symmetry properties is defined by the line element given by


  d   s  2  = −  e  μ ( r )   d  t 2  +  e  ν ( r )   d   r  2  +  r 2  d  Ω 2  ,  



(5)




where   d  Ω 2  = d  θ 2  + s i  n 2  θ d  ϕ 2   . Further, we consider an interesting and simple linear model of   f ( R , T )   modified theory which is defined by


  f ( R , T ) = R + λ T .  



(6)







Utilizing the metric components of Equation (5) in Equation (4), the expressions of energy density function and pressure components take the following form


     8 π ρ    =      e  − ν ( r )    4  ( λ + 1 )   ( 2 λ + 1 )   r 2     − 4 λ + 4 λ  r 2   μ  ′ ′    ( r )  +  ( 2 λ + 1 )   r 2   μ ′    ( r )  2  −  ( λ + 1 )   2  r 2   μ  ′ ′    ( r )           −      r 2   μ ′   ( r )   ν ′   ( r )  +  r 2   μ ′    ( r )  2  + 4 r  μ ′   ( r )  − 4 r  ν ′   ( r )  − 4  e  ν ( r )   + 4  + 2  r 2   μ  ′ ′    ( r )         −      ( 2 λ + 1 )  r  μ ′   ( r )   r  ν ′   ( r )  − 4  + 4 λ r  ν ′   ( r )  + 4 λ  e  ν ( r )    ,     



(7)






     8 π  p r     =      e  − ν ( r )    4  2  λ 2  + 3 λ + 1   r 2     − 2   ( 2 λ + 1 )   r 2   μ  ′ ′    ( r )  + 2 λ   e  ν ( r )   − 1   +  ( 2 λ + 1 )   r 2   μ ′   ( r )   ν ′   ( r )          −     ( 2 λ + 1 )   r 2   μ ′    ( r )  2  +  ( λ + 1 )   2  r 2   μ  ′ ′    ( r )  −  r 2   μ ′   ( r )   ν ′   ( r )  +  r 2   μ ′    ( r )  2  + 4 r  μ ′   ( r )          −      4 r  ν ′   ( r )  − 4  e  ν ( r )   + 4  + 4  ( λ + 1 )  r  ν ′   ( r )   ,     



(8)






     8 π  p t     =      e  − ν ( r )    4  2  λ 2  + 3 λ + 1   r 2      ( λ + 1 )   2  r 2   μ  ′ ′    ( r )  −  r 2   μ ′   ( r )   ν ′   ( r )  +  r 2   μ ′    ( r )  2  + 4 r  μ ′   ( r )  − 4 r  ν ′   ( r )           −      4  e  ν ( r )   + 4  + 2  −  ( 2 λ r + r )   μ ′   ( r )  + 2  ( λ + 1 )    e  ν ( r )   − 1  + r  ν ′   ( r )    ,     



(9)






     8 π (  p t  −  p r  )    =      e  − ν ( r )    4  ( λ + 1 )   r 2     r  2 r  μ  ′ ′    ( r )  +  μ ′   ( r )   r  μ ′   ( r )  − r  ν ′   ( r )  − 2  − 2  ν ′   ( r )   + 4   e  ν ( r )   − 1   .     



(10)







Here, the expression   8 π (  p t  −  p r  )   defines the measurement of anisotropy, and is represented by ▵, i.e.,   ▵ = 8 π (  p t  −  p r  )  . The isotopy of the configuration can be achieved in the limit of zero anisotropy factor, i.e.,   ▵ = 0  .



2.1. The Karmarker Condition


Here we shall define the well-known Karmarker condition and the resulting expression of unknown functions. The Karmarkar condition is defined by the relation


   R 1414  =    R 1212   R 3434  +  R 1224   R 1334    R 2323   ,  



(11)




where    R 2323  ≠ 0  . In this respect, the Pandey–Sharma criterion, i.e.,    R 2323  ≠ 0   defines a new spacetime with an embedding class-I. Here by correlating the space-time and Karmarker as well as Pande–Sharma condition, we get the following differential equation in terms of metric potentials


   ν   ′    ( r )   μ   ′    ( r )  +  μ    ′ 2     ( r )  − 2  (  μ    ′ ′     ( r )  +  μ    ′ 2     ( r )  )  =    μ   ′    ( r )   ν   ′    ( r )    1 −  e ν    ,  



(12)




where we have assumed that    e  μ ( r )   ≠ 1  . Consequently, the solution to the above equation can be written as


   e  μ ( r )   =   B ∫    e  ν ( r )   − 1   d r + A  2   



(13)




with B and A as arbitrary parameters. Further, we shall find the solution of field Equations (7)–(9) by using the relationship of metric coefficients   g  t t    and   g  r r    given by Equation (13). Let us consider an interesting and significant ansatz for the metric coefficient   g  r r    [53] which is given by


   e  ν ( r )   = 1 +     ( a  r 2  + 1 )  n  c  r 2     ( b  r 2  + 1 )  2   ,  



(14)




where   a ,  b ,  c   and n are all arbitrary parameters. Utilizing Equation (14) in Equation (13), we obtain the metric coefficient   g  t t    as follows


   e  μ ( r )   =     B  b  r 2  + 1      a b  r 2  + b   a b  r 2  + a     −  n 2       c  r 2    a  r 2  + 1  n     b  r 2  + 1  2      2   F 1   −  n 2  , −  n 2  ; 1 −  n 2  ;   a − b   a b  r 2  + a      b n r   + A  2  .  



(15)







Further, we substitute the values of   e  μ ( r )    and   e  ν ( r )    from Equations (14) and (15) in the field Equations (7) and (8) and consequently, we get the following expressions for the energy density function, the radial and tangential pressure components and measure of anisotropy parameter:


     8 π ρ    =      b  r 2  + 1    ( λ + 1 )   ( 2 λ + 1 )  r  a  r 2  + 1    c  r 2    a  r 2  + 1  n  +   b  r 2  + 1  2   2           ×        c  r 2    a  r 2  + 1  n     b  r 2  + 1  2     A b n r     a b  r 2  + b   a b  r 2  + a     n / 2   + B  b  r 2  + 1     c  r 2    a  r 2  + 1  n     b  r 2  + 1  2      2   F 1   −  n 2  , −  n 2  ; 1 −  n 2  ;   a − b   a b  r 2  + a             ×    b n  b  r 2  + 1      a b  r 2  + b   a b  r 2  + a     n / 2    A  ( 2 λ + 1 )    b  r 2  + 1    r 2   a  b  ( 2 n − 1 )   r 2  + 2 n + 3             −        b  + 3  + c  r 2    a  r 2  + 1   n + 1       c  r 2    a  r 2  + 1  n     b  r 2  + 1  2    + B λ r   b  r 2  + 1    r 2   a  b  ( n + 1 )   r 2              +         n + 3  + b  + 3  + 2 c  r 2    a  r 2  + 1   n + 1     + B c  ( 2 λ + 1 )  r   a  r 2  + 1  n    b  r 2  + 1    r 2   a  b            ×          ( 2 n − 1 )   r 2  + 2 n + 3  − b  + 3  + c  r 2    a  r 2  + 1   n + 1      2   F 1   −  n 2  , −  n 2  ; 1 −  n 2  ;   a − b   a b  r 2  + a     ,     



(16)






     8 π  p r     =      − ( b  r 2  + 1 )    ( λ + 1 )   ( 2 λ + 1 )  r  a  r 2  + 1    c  r 2    a  r 2  + 1  n  +   b  r 2  + 1  2   2           ×        c  r 2    a  r 2  + 1  n     b  r 2  + 1  2     A b n r     a b  r 2  + b   a b  r 2  + a     n / 2   + B  b  r 2  + 1     c  r 2    a  r 2  + 1  n     b  r 2  + 1  2      2   F 1   −  n 2  , −  n 2  ; 1 −  n 2  ;   a − b   a b  r 2  + a             ×    b n  b  r 2  + 1      a b  r 2  + b   a b  r 2  + a     n / 2    A  ( 2 λ + 1 )   a  r 2  + 1   c  r 2    a  r 2  + 1  n  +   b  r 2  + 1  2           ×        c  r 2    a  r 2  + 1  n     b  r 2  + 1  2    + B r  b  r 2  + 1    r 2   λ  a  b  ( n − 3 )   r 2  + n − 1  − 3 b  − 2  a b  r 2  + a + b            −      λ − 2  − 2 B c  ( λ + 1 )   r 3    a  r 2  + 1   n + 1    + B c  ( 2 λ + 1 )  r   a  r 2  + 1   n + 1    c  r 2    a  r 2  + 1  n          +        b  r 2  + 1  2     2   F 1   −  n 2  , −  n 2  ; 1 −  n 2  ;   a − b   a b  r 2  + a     ,     



(17)






     8 π  p t     =      c r    ( λ + 1 )   ( 2 λ + 1 )     c  r 2    a  r 2  + 1  n     b  r 2  + 1  2      c  r 2    a  r 2  + 1  n  +   b  r 2  + 1  2   2           ×       a  r 2  + 1   n − 1    A b n r     a b  r 2  + b   a b  r 2  + a     n / 2   + B  b  r 2  + 1     c  r 2    a  r 2  + 1  n     b  r 2  + 1  2      2   F 1   −  n 2  , −  n 2  ; 1 −  n 2  ;   a − b   a b  r 2  + a             ×    b n     a b  r 2  + b   a b  r 2  + a     n / 2    − A  ( 2 λ + 1 )   b  r 2  + 1   a b  ( n − 1 )   r 4  +  r 2   ( a n + a − b )  + 1     c  r 2    a  r 2  + 1  n     b  r 2  + 1  2            +     B r  b  r 2  + 1    r 2   a  λ  b  ( n − 1 )   r 2  + n + 1  + b n  r 2  + n + 2  − b λ  + λ + 2  + B c  r 3    a  r 2  + 1   n + 1           −     B c  ( 2 λ + 1 )  r   a  r 2  + 1  n   a b  ( n − 1 )   r 4  +  r 2   ( a n + a − b )  + 1    2   F 1   −  n 2  , −  n 2  ; 1 −  n 2  ;   a − b   a b  r 2  + a     ,     



(18)






    ▵   =      r  b  r 2  + 1     c  r 2    a  r 2  + 1  n     b  r 2  + 1  2      8 π   ( λ + 1 )   a  r 2  + 1    c  r 2    a  r 2  + 1  n  +   b  r 2  + 1  2   2            ×      c   a  r 2  + 1   n + 1   −  b  r 2  + 1   b  a  ( n − 2 )   r 2  − 2  + a n    A b n r     a b  r 2  + b   a b  r 2  + a     n / 2   + B  b  r 2  + 1     c  r 2    a  r 2  + 1  n     b  r 2  + 1  2      2   F 1   −  n 2  , −  n 2  ; 1 −  n 2  ;   a − b   a b  r 2  + a             ×    b n  b  r 2  + 1      a b  r 2  + b   a b  r 2  + a     n / 2    A    c  r 2    a  r 2  + 1  n     b  r 2  + 1  2    − B r  + B c r   a  r 2  + 1  n         ×       2   F 1   −  n 2  , −  n 2  ; 1 −  n 2  ;   a − b   a b  r 2  + a     .     



(19)








2.2. Boundary Conditions


In this subsection, we shall define the boundary conditions required by taking the obtained solutions as interior geometry while the exterior geometry is described by the Schwarzschild line-element which is defined as


  d   s  2  = − Ψ d  t 2  +  Ψ  − 1   d   r  2  +  r 2  d  Ω 2  ,  



(20)




where   Ψ = ( 1 − 2 M / r )   and consequently,    Ψ  − 1   =   ( 1 − 2 M / r )   − 1    . In addition,   d  Ω 2  = d  θ 2  + s i  n 2  θ d  ϕ 2   . Here we shall apply a constraint on the radial coordinate given by   r >  r s   , where   r s   is the Schwarzschild radius. It is worthwhile to specify here that without applying this condition, black hole solutions can be obtained.



Using the metric components   g  t t    and   g  r r    from Equations (14) and (15) over the boundary   r = R  , we obtain the following relations


     1 −   2 M  R     =        B  b  R 2  + 1      a b  R 2  + b   a b  R 2  + a     −  n 2       c  R 2    a  R 2  + 1  n     b  R 2  + 1  2      2   F 1   −  n 2  , −  n 2  ; 1 −  n 2  ;   a − b   a b  R 2  + a      b n R   + A  2  ,     



(21)






      1 −   2 M  R    − 1     =    1 +     ( a  R 2  + 1 )  n  c  R 2     ( a  R 2  + 1 )  2   ,     



(22)






      p r   ( r = R )     =    0 .     



(23)







Further, by taking boundary conditions in Equations (21) and (22) into account, expressions for the unknowns can be obtained as follows


    c   =    −   2 M   b  r 2  + 1  2    a  r 2  + 1   − n      r 2   ( 2 M − r )    ,     



(24)






    A   =       r − 2 M    r   −   B F     a b  r 2  + b   a b  r 2  + a     −  n 2      c   a  r 2  + 1  n      b n   ,     



(25)






    B   =    −   b  B 1   ( 2 λ + 1 )  n r   r − 2 M      r   b  B 2  n r  b  r 2  + 1  −  B 3   B 4  F  ( 2 λ + 1 )   a  r 2  + 1     ,     



(26)




where


    F   =      2   F 1   −  n 2  , −  n 2  ; 1 −  n 2  ;   a − b   a b  R 2  + a    ,       B 1    =     c    a  r 2  + 1    n 2  + 1       a b  r 2  + b   a b  r 2  + a     n / 2    c  r 2    a  r 2  + 1  n  +   b  r 2  + 1  2   ,       B 2    =        a b  r 2  + b   a b  r 2  + a     n / 2     b  r 2  + 1    r 2   λ  a  b  ( n − 3 )   r 2  + n − 1  − 3 b            −       2  a b  r 2  + a + b   − λ − 2  − 2 c  ( λ + 1 )   r 2    a  r 2  + 1   n + 1    ,       B 3    =     b  r 2  + 1    c   a  r 2  + 1  n       c  r 2    a  r 2  + 1  n     b  r 2  + 1  2    − c r   a  r 2  + 1  n  ,       B 4    =    c  r 2    ( 1 + a  r 2  )  n  +   ( 1 + b  r 2  )  2  .     











Other remaining parameters   a , b   and n can be considered as free and dimensionless whereas notations M and R refer to the mass and radius of an object, respectively. In this study, for further calculations and discussions, we consider the   V e l a  X − 1  ( 1.77  M ⊙  ,   9.56 km) compact star model along with a = 0.001 km    − 2    and b = 0.0015 km    − 2   .





3. Graphical Analysis of Some Physical Properties of Presented Model in   f ( R , T )   Theory


In the present section, we shall investigate graphically our presented stellar object model in   f ( R , T )   modified gravity by focusing on some necessary physical properties and conditions satisfied by an astronomical compact star object. For this purpose, we shall concentrate on some physical features of the stellar interior like metric potential, energy density distribution, pressure profile, Zeldovich’s condition and gradients of energy density and pressure profile with respect to radial coordinate. In this respect, we shall discuss an astronomical object like   V e l a  X − 1  ( 1.77  M ⊙  ,   9.56 km) under the present model. Since the parameter  λ , which is present in the linear form of   f ( R , T )   function, is very significant as it indicates the deviation from GR, therefore we shall investigate the physical properties of this model by taking two cases of parameter  λ  into account: its small values like   λ = 0.35   and large values like   λ = 2  .



3.1. Analysis of Some Features of the Model for   λ = 0.35  


3.1.1. Metric Potential


Herein this segment, we shall describe the graphical behavior of metric potentials for an astronomical object, i.e.,    g  t t   =  e μ   , and    g  r r   =  e ν   . From Equations (31) and (33), it can be observed that the metric functions satisfy    e  ν ( r = 0 )   = 1   and    e  μ ( r = 0 )   ≠ 0  , which indicated that our obtained model is physically interesting and acceptable. Further, it can be seen from the left panel of Figure 1 that both metric components exhibit regular, increasing and hence monotonic behavior in the inner side of astronomical object. Therefore, it is concluded that the metric potential components satisfy the required necessary condition which ensures physical viability of the obtained model.




3.1.2. Zeldovich’s Condition


Here, we explore the energy density distribution and radial pressure profile at central values   r = 0  , i.e.,   ρ ( r = 0 )   and    p r   ( r = 0 )   , which are defined as


     ρ c    =      3 c   8 π ( λ + 1 ) ( 2 λ + 1 )   ,     



(27)






     p  r c     =       c   b n    b a    n / 2    B  ( λ + 2 )  − A  c   ( 2 λ + 1 )   − B c  ( 2 λ + 1 )    2   F 1   −  n 2  , −  n 2  ; 1 −  n 2  ; 1 −  b a      8 π  ( λ + 1 )   ( 2 λ + 1 )   A b n    b a    n / 2   + B  c    2   F 1   −  n 2  , −  n 2  ; 1 −  n 2  ; 1 −  b a      .     



(28)







The Zeldovich’s condition is defined as a ratio of density and pressure given by Equations (27) and (28), i.e.,    p  r c   /  ρ c   , which turns out be


    b n    b a    n / 2    B  ( λ + 2 )  − A  c   ( 2 λ + 1 )   − B c  ( 2 λ + 1 )    2   F 1   −  n 2  , −  n 2  ; 1 −  n 2  ; 1 −  b a     3  c   A b n    b a    n / 2   + B  c    2   F 1   −  n 2  , −  n 2  ; 1 −  n 2  ; 1 −  b a      ≤ 1 .  



(29)







It is evident from the Equation (29) and Table 1 that the Zeldovich’s condition is satisfied for all suitable values of involved parameters in   f ( R , T )   gravity under the present model. From the consistency of Zeldovich’s condition, it is confirmed that our presented model is physically acceptable for a stellar object.




3.1.3. Energy Density


In this segment, we shall explore the graphical behavior of energy density for our obtained model under the Karmarker condition for a compact star   V e l a  X − 1   in   f ( R , T )   modified theory. The graphical illustration of energy density has been provided in the right plot of Figure 1. Here, it is noted that the density function exhibits positive decreasing behavior versus radial coordinate for   r ≤ 9.56   along with   1.8 ≤ n < 7   excluding the values   n = 2 ,  4   and   n = 6  . In this plot, the solid graphs illustrate the current development of the energy density function for   1.8 ≤ n < 7   and the dashed graphs refer to its behavior for   n = 7  .




3.1.4. Pressure


Here, we shall provide the graphical behavior of radial and tangential pressure profiles for a   V e l a  X − 1   compact star model representing a new family of solutions under the Karmarker condition in   f ( R , T )   theory. The graphical development of radial and pressure components have been presented in Figure 2. It can be seen from these plots of Figure 2 that both radial and tangential pressures admit positive decreasing behavior for the radial coordinate satisfying   r ≤ 9.56   with   1.8 ≤ n < 7   (excluding even numbers between   1.8 ≤ n < 7  ).




3.1.5. Anisotropy Distribution


In this part, we shall describe the graphical behavior of anisotropy measurement parameter denoted by ▵ versus radial coordinate which is provided in the left panel of Figure 3. It indicates that the measure of anisotropy distribution, i.e.,   ▵ = 8 π (  p t  −  p r  )   is positive throughout the region of the compact star   V e l a  X − 1   in   f ( R , T )   modified theory of gravity. It is observed that for   ▵ > 0  , i.e.,    p t  >  p r   , the anisotropic force is seen as outward-directed while for   ▵ < 0  , this force is inward-directed. Since, in the present study, as we have   ▵ > 0   and consequently, it indicates that the anisotropic pressure is repulsive and hence supports to the structure of compact object.




3.1.6. Gradients


Here, we shall present the graphical illustration of radial derivatives of energy density and radial pressure profile, i.e.,   d ρ / d r ,  d  p r  / d r  . The corresponding graphical illustration is provided in the right panel of Figure 3. Here seperate visible curves refer to the derivatives of the energy density function, while the overlapping curves correspond to the derivative of pressure profiles with respect to radial coordinate for a   V e l a  X − 1   compact object. From this graph, it can be easily observed that all curves representing derivatives show negative decreasing response and consequently, satisfy the primary conditions, i.e.,   d ρ / d r < 0 ,  d  p r  / d r < 0   and    d  p t  / d r < 0  . It is also seen that these derivatives are zero at the central radius, i.e.,   d ρ  ( r = 0 )  / d r = 0 ,  d  p r   ( r = 0 )  / d r = 0  , and    d  p t   ( r = 0 )  / d r = 0  . Hence it can be concluded that these gradients meet the required constraints in this modified theory.




3.1.7. Equilibrium Condition


In this section, we shall explore the stability of the obtained new family of solutions by taking the equilibrium equation into account. For this purpose, we shall employ a well-known and fundamental equation, known as Tolman–Oppenheimer–Volkov (TOV) equation for checking the stability of the present configuration. This equation is given as follows


   2 r   (  p t  −  p r  )  −   d  p r    d r   −    μ   ′    ( r )   2   ( ρ +  p r  )  = 0 ,  



(30)







The above equation describes the equilibrium condition by considering three forces namely anisotropic, hydrostatic and gravitational forces into account. The forces are defined by the following mathematical relations:


   F a  =  2 r   (  p t  −  p r  )  ,          F h  = −   d  p r    d r   ,          F g  = −    μ   ′    ( r )   ( ρ +  p r  )   2   



(31)




and consequently, Equation (30) takes the form


   F a  +  F h  +  F g  = 0 .  



(32)







Further, we discuss the graphical response of these three compulsory forces in reference to the equilibrium equation. In this respect, the behavior of anisotropic force is provided in the left panel of Figure 4, while the plot of gravitational force is given in its right panel. Likewise, the graphical response of hydrostatic force is presented in the left panel of Figure 5, while the stability of the configuration can be observed by the graphical representation of equilibrium condition provided in the right panel of Figure 5. It can be easily observed that these forces balance each other’s effect for   V e l a  X − 1   in   f ( R , T )   modified theory of gravity and hence the stability of the model has been achieved under the mass and radii which are described in Table 1. Thus, another necessary required condition is satisfied in our case.




3.1.8. Energy Conditions


The study of energy constraints for checking the viability of a constructed model in GR as well as modified theories is regarded as one of the most interesting topic. These constraints also help to fix the values of arbitrary constants. These constraints are defined in terms four different inequalities which are labeled as   D E C  ,   S E C  ,   W E C   and   N E C   and are defined as


     N E C :      ρ ≥ 0 ,                     W E C :  ρ −  p t  ≥ 0 ,  ρ −  p r  ≥ 0 ,       S E C :      ρ −  p r  − 2  p t   ≥ 0 ,          D E C :  ρ > |   p r   | ,  ρ > |   p t   | .      











Here, we discuss the graphical response of these different energy conditions in the connection of   N E C  ,   W E C  ,   S E C   and   D E C  . The   N E C   and   D E C   expressions have been already discussed in the previous section of energy density and pressure profile which indicated that these constraints are consistent in our case. Further, the graphical illustration of remaining   W E C   and   S E C   constraints are provided in the right and left panels of Figure 6 and Figure 7. It can be easily observed that these all energy bounds remain satisfied in the current scenario which is a necessary condition for the physical acceptance of compact stars under the observational data (as given in Table 1) in   f ( R , T )   theory.




3.1.9. Mass Function, Compactness Parameter and Surface Red-Shift Function


In this segment, we shall discuss the relation of mass and radius of a compact star graphically. In this connection, we shall discuss mass function, mass-radius ratio and surface red-shift function, which are listed below in detail.



The expression of mass function for a compact star with radius r is defined as


  m  ( r )  = 4 π  ∫ 0 r   (  r 2  ρ )  d r .  



(33)







In the current scenario, we use the radius under our presented model and the corresponding graph is presented in the left part of Figure 8. It can be easily observed that the mass function exhibits positive increasing behavior throughout the interior of stellar object, i.e.,   m ( r ) > 0  , for   r ≤ 9.56  . Further, it can be noticed that   m ( r ) → 0   as   r → 0   and consequently, it can be concluded that this condition leads to the regularity of the mass function at the center.



Next we shall discuss graphically the mass-radius function, i.e., compactness parameter, which is defined by the following mathematical expression


  u  ( r )  =   2 m ( r )  r  .  



(34)







From the right part of Figure 8, the graphical development of compactness parameter can be noticed which indicates that parameter   u ( r )   remains positive and increasing. It is also easy to verify from this graph that the mass-radius function satisfy the Bhuchdahl [54] condition, i.e.,   u ( r ) < 8 / 9  .



Now, with the help of mass-radius function, we investigate the graphical response of surface red-shift function for the considered stellar object, which is defined as


   Z s  =  1   1 − 2 u ( r )    − 1 .  



(35)







The graphical response of surface red-shift function, i.e.,   Z s   against the radial coordinate r is presented in the left panel of Figure 9. From this graph, it is found that   Z s   vanishes at   r = 0   and gradually increases with the increasing values of r. It is also worthwhile to mention here that in our case,   Z s   satisfy the Bohmer and Harko [55] condition under the anisotropic configuration, i.e.,    Z s  < 5  .




3.1.10. Equation of State


In this segment, we calculate the equations of state for both radial and tangential components of pressure, which are denoted by   w r   and   w t  , respectively. These parameters are defined in the normal and transverse directions as follows


     w r    =      p r  ρ  ,     



(36)






     w t    =      p t  ρ  .     



(37)







These two ratios define the equations of state. Here, we explore the graphical response of these two ratios, i.e.,   w r   and   w t  , in the reference of the equation of state parameter. It is noticed from the right part of Figure 9, that both these ratios are less than 1, which is a mandatory condition for a stellar object. It is also shown that both ratios exhibit decreasing behaviors under the current scenario. Hence it can be concluded that the equations of state satisfy the necessary requirement in   f ( R , T )   theory for   V e l a  X − 1   model.




3.1.11. Causality Stability Analysis


In this segment, we shall describe the causality stability analysis for the obtained solutions. In this reference, we shall discuss two sorts of the speed of sound parameter (radial and tangential) for   V e l a  X − 1   compact star model. These speed of sound parameters are represented by   v t 2   and   v r 2   for radial and tangential components, respectively and can be calculated as


   v t 2  =   d  p t    d ρ   ,                  v r 2  =   d  p r    d ρ   .  



(38)







It is worthwhile to mention here that the casuality stability of a configuration can be achieved if both the tangential and radial speed of sound parameters take values less than 1. In addition, the difference between these velocities denoted by    v t 2  −  v r 2    must satisfy Abrea condition [56,57], which is given by   − 1 ≤  v t 2  −  v r 2  ≤ 0  .



For the present case, the graphs of these parameters are provided in Figure 10 and Figure 11. It is observed form the left part of Figure 10 that the expression   v r 2   attains values less than 1. It is also noted from the right part of Figure 10 that the expression   v t 2   takes values less than 1. Further, it is seen that for   1.8 ≤ n < 7  , both the radial and tangential velocities satisfy the necessary condition, but for   n = 7  , both radial and tangential velocities take values greater than 1 and hence violate the necessary condition in this case. Furthermore, it can be noticed from Figure 10 that our model is not compatible with the causality stability criterion for   n = 7  , which is represented by dashed graphs for both velocities. From the left panel of Figure 11, it can be observed that the difference    v t 2  −  v r 2    is consistent with the condition   − 1 ≤  v t 2  −  v r 2  ≤ 0  . Hence it can be concluded that our obtained model is potentially stable.




3.1.12. The Adiabatic Index Stability Analysis


In this portion, we shall explore an important and necessary ratio of two specific heats given by


   Γ r  =  v r 2    ρ +  p r    p r   .  



(39)







It is significant to mention here that the stability of Newtonian sphere can be obtained under the restriction of    Γ r  > 4 / 3  . In literature, it is pointed out that this expression is used to define a neutral equilibrium when the condition    Γ r  = 4 / 3   holds. In the present case, the graphical development of   Γ r   parameter is provide in the right panel of Figure 11. It is easy to check that the relation   Γ r   shows monotonic increasing behavior for   n < 7   and also is compatible with the condition    Γ r  > 4 / 3   for   V e l a  X − 1   compact star, while it exhibits decreasing trend for   n = 7  . Hence, the adiabatic index is satisfied with the stability condition in the reference of   f ( R , T )   theory for   n < 7  . In Table 2, we have presented a summary of our obtained solutions. All the physical properties can be seen from Table 2.





3.2. Graphical Analysis of Some Physical Properties for   λ = 2  


Here we shall investigate the behavior of presented model by exploring different physical properties graphically (as discussed in previous subsections) for large values of parameter  λ . For this purpose, we fix the parameter as   λ = 2   and the corresponding calculated values of unknowns   c ,  A   and B under   V e l a  X − 1  ( 1.77  M ⊙  ,   9.56 km) are provided in Table 3. Further the graphical analysis of different properties of our obtained solution is given in Figure 12, Figure 13, Figure 14, Figure 15, Figure 16, Figure 17, Figure 18, Figure 19, Figure 20, Figure 21 and Figure 22. From Figure 12, it is easy to verify that the metric potentials satisfy the necessary condition required for a realistic compact star model. Further, the density function shows positive decreasing behavior versus radial coordinate which is also physically acceptable. In Figure 13, it can be seen that radial pressure exhibits physically valid behavior while the tangential pressure shows negative behavior near the boundary and hence refers to non-realistic compact star model. The measure of anisotropy parameter takes negative values as shown in Figure 14 which corresponds to    p t  <  p r    and hence the force on the compact star will be inward directed. In addition, the radial derivatives of density and radial pressure exhibit negative decreasing behavior which also favor to a realistic model. The graphical response of gravitational, hydrostatic and anisotropic forces is provided in Figure 15 and Figure 16 which indicate the stability of compact star configuration.



The graphical behavior of energy constraints is provided in Figure 17 and Figure 18 which showed that these constraints are valid for the present compact star model. The curves for mass function, compactness parameter and surface red-shift function are provided in Figure 19 and Figure 20, which indicate positive increasing behavior and hence favors to the physically acceptable model of compact star. Figure 21 and Figure 22 provide the graphical response of speed of sound parameters (radial and tangential) as well as adiabatic index. It can be easily observed that for large values of  λ , the conditions   − 1 <  v t 2  −  v r 2  < 0   and    Γ r  >  4 3    fail to hold and hence refer to a non-realistic compact star model.





4. Conclusions


In the present paper, we have investigated a new family of solutions of embedding class-I model to find the physically acceptable solutions for   V e l a  X − 1   compact star in modified   f ( R , T )   theory of gravity. For this purpose, we have adopted the well-known Karmarkar condition in the reference of Pandey–Sharma condition. Herein this study, we have explored some interesting physical properties related to the compact star configuration graphically and analytically. For the present study, we have taken spherically symmetric geometry with the matter contents involving anisotropic pressure profile without any net electric charge. Here we have assumed    e  ν ( r )   = 1 +     ( a  r 2  + 1 )  n  c  r 2     ( b  r 2  + 1 )  2     model for   g  r r    metric component. It is seen that the parameter n has an important role in the discussion as the the compact star solutions for the choices   n = 2 ,  n = 4 ,  n = 6   can not be calculated. It is also observed that some important physical properties are also not satisfied for   n = 7  . Likewise, it is found that the solutions for   n > 7   can not be calculated. In addition, we have used a simple linear model given by   f ( R , T ) = R + λ T   for this study. In this model, the parameter  λ  has also an important role for the present discussion. In order to check its impact on the obtained solution, we have considered its two values given by   λ = 0.35   and   λ = 2  . It is seen that the obtained solutions exhibited stable and realistic behavior for   n ∈ [ 1.8 , 7 ) −  2 , 4 , 6   . For   λ = 0.35  , the graphical illustration of different physical properties have been presented in Figure 1, Figure 2, Figure 3, Figure 4, Figure 5, Figure 6, Figure 7, Figure 8, Figure 9, Figure 10 and Figure 11. In the following, we shall summarize our major findings.



	
From Figure 1, it is seen that the metric components, i.e.,    g  t t   =  e μ   , and    g  r r   =  e ν   , are calculated as    e  ν ( r = 0 )   = 1   and    e  μ ( r = 0 )   ≠ 0  , which shows that this model is physically realistic and acceptable for   V e l a  X − 1   compact star;



	
The Zeldovich’s condition, i.e.,    p  r c   /  ρ c  ≤ 1  , has been observed to be satisfied which can be confirmed From the Table 1;



	
The energy density function has remained positive throughout in the stellar interior   V e l a  X − 1   compact object for this current model which can be seen from Figure 1;



	
Both the radial and tangential pressure components has remained positive throughout in the stellar interior for   V e l a  X − 1   compact star. This behavior of both components can be verified from Figure 2;



	
It is found that the measure of anisotropic pressure   ▵ ( r )   is positive throughout the region of the compact star and consequently, it supports to the structure of compact star which has been provided in Figure 3;



	
The derivative of energy density function and radial pressure with respect to radial coordinate are calculated as negative and it is also confirmed form their graphical behavior given in Figure 3;



	
From the Table 2 and Figure 4 and Figure 5, it is found that the forces    F a  ,   F h    and   F g   are consistent with the equilibrium Condition for   V e l a  X − 1   model. It is also observed that these forces balanced each other’s effect and hence left the whole configuration stable;



	
The energy conditions, i.e.,  ρ ,   p r  ,   p t  ,   ρ −  p r   ,   ρ −  p t   ,   ρ −  p r  − 2  p t   , are observed to be satisfied for this model. Their graphically illustration has been provided in Figure 6 and Figure 7;



	
The mass-radii function   m ( r )   has remained positive, increasing and regular. Its graphical behavior can be observed from Figure 8;



	
The compactness parameter   u ( r )   has remained positive and it also satisfied the Buchdahl limit, i.e.,   u ( r ) ≤ 8 / 9   which can be seen from Figure 8;



	
From the graph, it is observed that the surface red-shift function, i.e.,   Z s   turned to be zero at   r = 0   and gradually increased with the increasing radial coordinate. In addition, it satisfied the Bohmer and Harko condition under the anisotropic configuration, i.e.,    Z s  < 5  ;



	
In radial and tangential directions, we have defined two equation of state (EoS), namely   w r   and   w t  . It is noticed that the values of these EoS parameters remained positive inside the stellar object and also both assumed values less than 1 which can be seen from Figure 9;



	
It is expressed From the Table 2 and Figure 10 and Figure 11 that the radial and tangential speeds of sound for compact stars, which are denoted by   v r 2   and   v t 2   satisfied the necessary condition for   1.8 ≤ n < 7  , while for   n = 7  , these radial and tangential velocities are observed greater than 1, and consequently, violated the necessary condition. Further, the causality stability condition for   n = 7   is also violated for the present model;



	
In reference of adiabatic index, it is found From the Table 2 and Figure 11 that the adiabatic index   Γ r   satisfied the inequality    Γ r  > 4 / 3   and showed increasing behavior.






For the second choice   λ = 2.00  , the following properties are failed to meet the basic criteria for the existence of realistic compact stars.



	
Tangential pressure profile has turned out as negative near the boundary, i.e.,   r = R   of astral objects. The negative tangential pressure components showed that our calculated solutions are non-realistic.



	
The anisotropy function exhibited negative behavior throughout the configuration. The non-zero anisotropy function is a necessary requirement for the existence of realistic objects.



	
The expression    v t 2  −  v r 2    turned out to be inconsistent with the Abrea condition, i.e.,   − 1 ≤  v t 2  −  v r 2  ≤ 0  .



	
Likewise, the Adiabatic index, i.e.,   Γ r   has also been incompatible with the condition    Γ r  > 4 / 3  .






It is found that these solutions fulfill all the necessary conditions under the observational radii and mass attribute data for small values of parameter   λ = 0.35   and hence physically well-behaved and promising. The graphical analysis of different properties of our obtained solution is given in Figure 12, Figure 13, Figure 14, Figure 15, Figure 16, Figure 17, Figure 18, Figure 19, Figure 20, Figure 21 and Figure 22 for   λ = 2  . In fact, the obtained solutions are not confirmed satisfied entirely for   λ > 0.35  . It is not possible to define a limit on parameter  λ  with observational data in this present study. The smaller values of  λ  have provided us a well-behaved results with good accuracy. Hence, to sum-up, it can be concluded that our obtained model exhibited well-behaved nature and physically considerable for   1.8 ≤ n < 7  . For other choices of parameter n and  λ , the solutions do not correspond to a realistic compact star model. If we put   λ = 0  , we can get the results for GR case, which is already discussed by Singh et al. [53].
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Figure 1. It shows the evolution of metric potentials (left) and energy density function (right) versus r for   V e l a  X − 1    by using the parameters values from the Table 1. 






Figure 1. It shows the evolution of metric potentials (left) and energy density function (right) versus r for   V e l a  X − 1    by using the parameters values from the Table 1.
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Figure 2. Provides the graphical response of radial (left) and tangential pressures (right) versus r for   V e l a  X − 1   , using values of parameters From the Table 1. 






Figure 2. Provides the graphical response of radial (left) and tangential pressures (right) versus r for   V e l a  X − 1   , using values of parameters From the Table 1.
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Figure 3. Describes the graphical behavior of anisotropy function (left) and radial derivatives of  ρ  and   p r   (right) versus ℛ for   V e l a  X − 1   , by using the parameters values from the Table 1. 






Figure 3. Describes the graphical behavior of anisotropy function (left) and radial derivatives of  ρ  and   p r   (right) versus ℛ for   V e l a  X − 1   , by using the parameters values from the Table 1.
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Figure 4. Represents the behavior of forces   F a   (left) and   F g   (right) versus r for   V e l a  X − 1    by using the parameters values from the Table 1. 






Figure 4. Represents the behavior of forces   F a   (left) and   F g   (right) versus r for   V e l a  X − 1    by using the parameters values from the Table 1.
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Figure 5. Illustrates the behavior of   F h   (left) and the balanced combine effect of    F a  ,   F h    and   F g   (right) versus r for   V e l a  X − 1    by using the parameters values from the Table 1. 






Figure 5. Illustrates the behavior of   F h   (left) and the balanced combine effect of    F a  ,   F h    and   F g   (right) versus r for   V e l a  X − 1    by using the parameters values from the Table 1.



[image: Symmetry 12 00962 g005]







[image: Symmetry 12 00962 g006 550] 





Figure 6. Shows the evolution of   ρ −  p r    (left) and   ρ −  p t    (right) versus r by using the parameters values from the Table 1. 






Figure 6. Shows the evolution of   ρ −  p r    (left) and   ρ −  p t    (right) versus r by using the parameters values from the Table 1.
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Figure 7. Corresponds to the behavior of   ρ −  p r  − 2  p t    (left) and all energy constraints together (right) against radial coordinate for   V e l a     X −  1. 






Figure 7. Corresponds to the behavior of   ρ −  p r  − 2  p t    (left) and all energy constraints together (right) against radial coordinate for   V e l a     X −  1.
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Figure 8. Shows the graphical behavior of mass-radius relation function (left) and compactness parameter (right) versus r for   V e l a     X −  1. 






Figure 8. Shows the graphical behavior of mass-radius relation function (left) and compactness parameter (right) versus r for   V e l a     X −  1.
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Figure 9. Provides the graph of surface red-shift function (left) and equations of state (right) versus r for   V e l a     X −  1. 






Figure 9. Provides the graph of surface red-shift function (left) and equations of state (right) versus r for   V e l a     X −  1.
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Figure 10. Represents the behavior of   v r 2   (left) and     v t 2    (right) against r for   V e l a     X −  1. 






Figure 10. Represents the behavior of   v r 2   (left) and     v t 2    (right) against r for   V e l a     X −  1.
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Figure 11. Shows the plots of    v t 2  −  v r 2    (left) and   Γ r   (right) versus r by using the parameters values from the Table 1. 






Figure 11. Shows the plots of    v t 2  −  v r 2    (left) and   Γ r   (right) versus r by using the parameters values from the Table 1.
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Figure 12. Shows the evolution of metric potential (left) and energy density function (right) against r for   V e l a  X − 1   , by using the parameters values from the Table 3. 






Figure 12. Shows the evolution of metric potential (left) and energy density function (right) against r for   V e l a  X − 1   , by using the parameters values from the Table 3.
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Figure 13. Provides the behavior of radial pressure (left) and tangential pressure (right) versus r for   V e l a  X − 1    by using the parameters values from the Table 3. 






Figure 13. Provides the behavior of radial pressure (left) and tangential pressure (right) versus r for   V e l a  X − 1    by using the parameters values from the Table 3.
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Figure 14. Describes the graphical response of anisotropy function (left) and radial derivative of  ρ  and   p r   (right) versus r for   V e l a  X −  1, by using the parameters values from the Table 3. 






Figure 14. Describes the graphical response of anisotropy function (left) and radial derivative of  ρ  and   p r   (right) versus r for   V e l a  X −  1, by using the parameters values from the Table 3.
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Figure 15. Refers to the plots of forces   F a   (left) and   F g   (right) versus r for   V e l a  X −  1, by using the parameters values from the Table 3. 






Figure 15. Refers to the plots of forces   F a   (left) and   F g   (right) versus r for   V e l a  X −  1, by using the parameters values from the Table 3.
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Figure 16. The behavior of   F h   (left) and the combine effect of    F a  ,   F h    and   F g   (right) versus r by using the parameters values from the Table 3. 






Figure 16. The behavior of   F h   (left) and the combine effect of    F a  ,   F h    and   F g   (right) versus r by using the parameters values from the Table 3.
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Figure 17. Shows the evolution of   ρ −  p r    (left) and   ρ −  p t    (right) against r. 






Figure 17. Shows the evolution of   ρ −  p r    (left) and   ρ −  p t    (right) against r.
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Figure 18. Describes the graphs of   ρ −  p r  − 2  p t    (left) and all energy conditions (right) against r. 






Figure 18. Describes the graphs of   ρ −  p r  − 2  p t    (left) and all energy conditions (right) against r.
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Figure 19. Shows the graphical behavior of mass-radius relation (left) and compactness parameter (right) versus r. 






Figure 19. Shows the graphical behavior of mass-radius relation (left) and compactness parameter (right) versus r.
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Figure 20. Plots correspond to the behavior of surface red-shift function (left) and equation of state (EoS) parameters (right) versus r. 






Figure 20. Plots correspond to the behavior of surface red-shift function (left) and equation of state (EoS) parameters (right) versus r.
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Figure 21. Shows the graphical response of   v r 2   (left) and   ,   v t 2    (right) against r. 






Figure 21. Shows the graphical response of   v r 2   (left) and   ,   v t 2    (right) against r.
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Figure 22. Shows the behavior of    v t 2  −  v r 2    (left) and   Γ r   (right) against r. 






Figure 22. Shows the behavior of    v t 2  −  v r 2    (left) and   Γ r   (right) against r.
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Table 1. Calculated values of   c ,  A   and B under   V e l a  X − 1  ( 1.77  M ⊙  ,   9.56 km) with a = 0.001 km    − 2   , b = 0.0015 km    − 2    and   λ = 0.35   for different suitable values of n






Table 1. Calculated values of   c ,  A   and B under   V e l a  X − 1  ( 1.77  M ⊙  ,   9.56 km) with a = 0.001 km    − 2   , b = 0.0015 km    − 2    and   λ = 0.35   for different suitable values of n





	n
	c
	A
	B
	     p rc  /  ρ c     





	1.8
	0.00711
	3.48530
	0.04329
	0.48013



	2.2
	0.00686
	−4.27640
	0.04342
	0.50382



	2.6
	0.00663
	−1.36860
	0.04355
	0.52824



	3.0
	0.00639
	−0.62393
	0.04368
	0.55319



	3.4
	0.00618
	−0.12125
	0.04381
	0.55319



	3.8
	0.00596
	0.92485
	0.04394
	0.60458



	4.2
	0.00576
	−1.41630
	0.04407
	0.63089



	4.6
	0.00556
	−0.46114
	0.04421
	0.65790



	5.0
	0.00537
	−0.18517
	0.04433
	0.68546



	5.4
	0.00518
	0.00922
	0.04447
	0.71351



	5.8
	0.00500
	0.36662
	0.04466
	0.74225



	6.2
	0.00483
	−0.33038
	0.04474
	0.77137



	6.6
	0.00467
	−0.00888
	0.04487
	0.80142



	7.0
	0.00451
	0.09896
	0.04502
	0.83202
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Table 2. Calculated results for   V e l a  X − 1   compact star under Karmarkar condition in   f ( R , T )   theory for   λ = 0.35  .






Table 2. Calculated results for   V e l a  X − 1   compact star under Karmarkar condition in   f ( R , T )   theory for   λ = 0.35  .











	
	Expressions
	     1.8   ≤   n  <  7     
	    n = 7    





	
	  ρ  
	  ρ > 0  , satisfied
	  ρ > 0  , satisfied



	
	   p r   
	   p r  > 0  , satisfied
	   p r  > 0  , satisfied



	
	   p t   
	   p t  > 0  , satisfied
	   p t  > 0  , satisfied



	
	    p  r c   /  ρ c    
	    p  r c   /  ρ c  ≤ 1   
	    p  r c   /  ρ c  ≤ 1   



	
	   ▵ ( r )   
	  ▵ ( r ) > 0  , satisfied
	  ▵ ( r ) > 0  , satisfied



	
	   d ρ / d r   
	  d ρ / d r < 0  , satisfied
	  d ρ / d r < 0  , satisfied



	
	   d  p r  / d r   
	  d  p r  / d r < 0  , satisfied
	  d  p r  / d r < 0  , satisfied



	
	   F a  ,   F h    and   F g  
	forces are Balance
	forces are Balance



	
	   ρ −  p r    
	  ρ −  p r  > 0  , satisfied
	  ρ −  p r  > 0  , satisfied



	
	   ρ −  p t    
	  ρ −  p t  > 0  , satisfied
	  ρ −  p t  > 0  , satisfied



	
	   ρ −  p r  − 2  p t    
	  ρ −  p r  − 2  p t  > 0  , satisfied
	  ρ −  p r  − 2  p t  > 0  , satisfied



	
	   m ( r )   
	  m ( r ) > 0  , satisfied
	  m ( r ) > 0  , satisfied



	
	   u ( r )   
	  0 < u ( r ) < 8 / 9   satisfied
	  0 < u ( r ) < 8 / 9   satisfied



	
	   Z s   
	  0 <  Z s  < 5  , satisfied
	  0 <  Z s  < 5  , satisfied



	
	   w r   
	  0 <  w r  < 1  , satisfied
	  0 <  w r  < 1  , satisfied



	
	   w t   
	  0 <  w t  < 1  , satisfied
	  0 <  w t  < 1  , satisfied



	
	   v r 2   
	   v r 2  < 1  , satisfied
	   v r 2  > 1  , not-satisfied



	
	   v t 2   
	   v t 2  < 1  , satisfied
	   v t 2  > 1  , not-satisfied



	
	    v t 2  −  v r 2    
	  − 1 ≤  v t 2  −  v r 2  ≤ 0  , satisfied
	  − 1 ≤  v t 2  −  v r 2  ≤ 0  , satisfied



	
	   Γ r   
	  0 <  Γ r  < 4 / 3  , satisfied
	  0 <  Γ r  < 4 / 3  , satisfied
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Table 3. Calculated values of   c ,  A   and B under   V e l a  X − 1  ( 1.77  M ⊙  ,  9.56   km) with a = 0.001 km    − 2    and b = 0.0015 km    − 2    for different suitable values of n with   λ = 2  .






Table 3. Calculated values of   c ,  A   and B under   V e l a  X − 1  ( 1.77  M ⊙  ,  9.56   km) with a = 0.001 km    − 2    and b = 0.0015 km    − 2    for different suitable values of n with   λ = 2  .





	n
	c
	A
	B
	     p rc  /  ρ c     





	1.8
	0.00710
	4.870026
	0.065561
	9.2046



	2.2
	0.00686
	−6.929210
	0.066135
	9.5856



	2.6
	0.00662
	−2.519258
	0.066720
	9.9767



	3.0
	0.00639
	−1.391169
	0.067316
	10.3777



	3.4
	0.00617
	−0.624852
	0.067922
	10.7924



	3.8
	0.00596
	0.998392
	0.068539
	11.2200



	4.2
	0.00576
	−2.674653
	0.069167
	11.6628



	4.6
	0.00556;
	−1.187836
	0.069807
	12.1187



	5.0
	0.00537
	−0.761750
	0.070459
	12.5898



	5.4
	0.00518
	−0.460970
	0.071123
	13.0764



	5.8
	0.00500
	0.071800
	0.106334
	13.5785



	6.2
	0.00483
	−1.027555
	0.072490
	14.0983



	6.6
	0.00467
	−0.515308
	0.073193
	14.6350



	7.0
	0.00451
	−0.346781
	0.073911
	15.1897











© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).
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