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Abstract: In this paper, we introduce a new type of integral transforms, called the ARA integral

transform that is defined as: Gn[g(t)](s) = G(n, s) = s
∞∫
0

tn−1e−stg(t)dt, s > 0. We prove some

properties of ARA transform and give some examples. Also, some applications of the ARA transform
are given.
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1. Introduction

The integral transforms play a vital role in finding solutions to initial value problems and initial
boundary value problems. An integral transform T [1] has the form

T[g(t)](u) =

t2∫
t1

g(t)K(t, u)dt, (1)

where the input function of the transform is g(t) and the output is T[g(t)](u), and the function K(t, u)
is a kernel function. Moreover, the inverse transform related to the inverse kernel function is given by:

g(t) =

u2∫
u1

T[g(t)](u) K−1(u, t)du. (2)

The integral transform was introduced by the French mathematician and physicist P.S. Laplace [2,3]
in 1780. In 1822, J. Fourier [4] introduced the Fourier transform. Laplace and Fourier transforms form
the foundation of operational analysis, a branch of mathematics that has very powerful applications,
not only in applied mathematics but also in other branches of science like physics, engineering,
astronomy, etc.

In recent years, mathematicians have been interested in developing and establishing new integral
transforms. In 1993, Watugula [5] introduced the Sumudu transform. The natural transform was
introduced by Khan and Khan [6] in 2008. In 2011, the Elzaki transform [7] was devised by Elzaki.
Atangana and Kiliçman [8] in 2013, introduced the Novel transform. In 2015, Srivastava, Luo and
Raina [9] introduced the M-transform. In 2016, many transforms were introduced, like the ZZ transform
by Zafar [10], Ramadan Group (RG) transform [11], a polynomial transform by Barnes [12], also, a new
integral transform was presented by Yang [13]. In the year 2017, other transforms were introduced,
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such as the Aboodh transform [14] and Rangaig transform [15], while the Shehu transform [16] was
established in 2019, by Shehu and Weidong.

In this paper, we proclaim a new integral transform called the ARA integral transform.
This transform is a powerful and versatile generalization that unifies some variants of the classical

Laplace transform, namely, the Sumudu transform, the Elzaki transform, the Natural transform, the
Yang transform, and the Shehu transform.

In Section 2, we state our definition of the ARA transform and some related theorems. In Section 3,
we provide the properties of the ARA transform, and in the last section, we give some applications.

2. Definitions and Theorems

Definition 1. The ARA integral transform of order n of the continuous function g(t) on the interval (0,∞) is
defined as:

Gn[g(t)](s) = G(n, s) = s

∞∫
0

tn−1e−stg(t)dt, s > 0 (3)

Definition 2. The inverse of the ARA transform is given by

g(t) = G−1
n+1[Gn+1[g(t)]]

=
(−1)n

2πi

c+i∞∫
c−i∞

est

(−1)n
 1

sΓ(n−1)

s∫
0
(s− x)n−1G(n

+1, x)dx +
n−1∑
k=0

sk

k!
∂kG(0)
∂sk

)
)ds,

(4)

where

G(s) =

∞∫
0

e−st g(t) dt,

is (n− 1) times differentiable.

In fact, from the definition of ARA transform of a function g(t), we have

G(n + 1, s) = Gn+1[g(t)](s) = s

∞∫
0

tne−stg(t)dt = (−1)n s
dnG(s)

dsn ,

thus

1
s Γ(n− 1)

s∫
0

(s− t)n−1G(n + 1, t)dt = (−1)n

G(s) −
n−1∑
k=0

sk

k!
∂kG(0)
∂sk

,

and so,

(−1)n

s Γ(n− 1)

s∫
0

(s− t)n−1G(n + 1, t)dt +
n−1∑
k=0

sk

k!
∂kG(0)
∂sk

= G(s).

It follows that:

(−1)n

2πi

c+i∞∫
c−i∞

est

(−1)n
 1

sΓ(n−1)

s∫
0
(s− x)n−1G(n + 1, x)dx

+
n−1∑
k=0

sk

k!
∂kG(0)
∂sk

)
)ds = (−1)n

2πi

c+i∞∫
c−i∞

est
(
(−1)nG(s)

)
ds.
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G
−1
n+1[Gn+1[g(t)]] =

(−1)2n

2πi

c+i∞∫
c−i∞

estG(s)ds = g(t).

Theorem 1. The sufficient condition for the existence of ARA transform. If the function g(t) is piecewise
continuous in every finite interval 0 ≤ t ≤ α and satisfies:∣∣∣tn−1g(t)

∣∣∣ ≤ Keβt, (5)

then ARA transform exists for all s > β.

Proof of Theorem 1. We have

s

∞∫
0

tn−1e−stg(t)dt = s

α∫
0

tn−1e−stg(t)dt + s

∞∫
α

tn−1e−stg(t)dt,

since the function g(t) is piecewise continuous then the first integral on the right side exists.
Also, the second integral on the right side converges because:∣∣∣∣∣∣s ∞∫α tn−1e−stg(t)dt

∣∣∣∣∣∣ ≤ s
∞∫
α

e−st
∣∣∣tn−1g(t)

∣∣∣dt ≤ s
∞∫
α

e−stkeβtdt

= sk
∞∫
α

eβt−stdt = lim
b→∞
− sk e−t(s−β)

s−β

∣∣∣∣b
α
= sk

s−β e−α(s−β),

and this improper integral is convergent for all s > β. Thus, Gn+1[g(t)](s) exists. �

3. Dualities between ARA Transform and Some Integral Transform:

Duality between ARA and Laplace Transforms [17]:
i:

G0[ f (t)](s) = s

∞∫
0

t−1e−st f (t)dt = s L
[

f (t)
t

]
= s

∞∫
s

F(u)du, (6)

where F(u) = L[ f (t)] =
∫
∞

0 e−st f (t)dt
ii:

G1[ f (t)](s) = s
∞∫
0

t1−1e−st f (t)dt = s
∞∫
0

e−st f (t)dt = s L[ f (t)]

= s F(s).
(7)

iii:
L
−1[Gn[ f (t)](s)] = tn−2(2H(t) − 1)((n− 1) f (t) + t f ′(t)) (8)

where

H(t) =

t∫
−∞

δ(s)ds,

is a Heaviside function (integral of Dirac delta).
There are some functions in which the Laplace transform does not exist.
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Proof: Relations i and ii are obvious. Here, we prove relation iii.

L
−1[Gn[ f (t)](s)] = 1

2πi

α+i∞∫
α−i∞

est
Gn[ f (t)](s)ds

= 1
2πi

α+i∞∫
α−i∞

est

s
∞∫
0

e−sttn−1 f (t)dt

ds

= 1
2πi

α+i∞∫
α−i∞

ests L
[
tn−1 f (t)

]
ds = L−1

[
s L

[
tn−1 f (t)

]]
= L−1[s] ∗ L−1

[
L

[
tn−1 f (t)

]]
= δ′(t) ∗ tn−1 f (t)

=
t∫

0
δ′(t− τ)τn−1 f (τ)dτ

= t−2+n(−1 + 2H(t))((−1 + n) f (t) + t f ′(t)).

and for relation iv, the Laplace transform for the function e−t

t does not exist, while:

G2

[
e−t

t

]
(s) = s

∞∫
0

t2−1e−st e−t

t
dt =

s
s + 1

.

The duality between ARA and Laplace Carson transforms [18]

L∗[g(t)] = G1[g(t)](s)

Gn[g(t)](s) = L∗
[
tn−1g(t)

]
where

L∗[g(t)] = s

∞∫
0

e−stg(t)dt.

Duality between ARA and Aboodh Transforms [19]

A[g(t)] =
1
s2G1[g(t)](s)

Gn[g(t)](s) = s2A
[
tn−1 g(t)

]
where

A[g(t)] =
1
s

∞∫
0

g(t)e−stdt.

Duality between ARA and Mohand Transforms [20]:

M[g(t)] = sG1[g(t)](s)

Gn[g(t)](s) =
1
s

M
[
tn−1 g(t)

]
where

M[g(t)] = s2

∞∫
0

g(t)e−stdt.

�
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4. Properties of ARA Transform

In this section, we establish some properties of the ARA transform, which enable us to calculate
further transform of functions in applications.

Property 1. (Linearity property) Let u(t) andv(t) be two functions in which ARA transform exists, then

Gn[αu(t) + βv(t)](s) = αGn[u(t)](s) + βGn[v(t)](s) (9)

where α and β are nonzero constants.

Proof of Property 1:

Gn[αu(t) + βv(t)](s) = s
∞∫
0

tn−1e−st(αu(t) + βv(t)) dt

= αs
∞∫
0

tn−1e−stu(t)dt + βs
∞∫
0

tn−1e−stv(t) dt

= αGn[u(t)](s) + βGn[v(t)](s).

�

Property 2. Change of scale property

Gn[g(at)](s) =
1

an−1
Gn[g(t)]

( s
a

)
=

1
an−1

G
(
n,

s
a

)
. (10)

Proof of Property 2: Using the definition of ARA transform for g(at), we get

Gn[g(at)](s) = s

∞∫
0

tn−1e−stg(at)dt (11)

and a substitution of u = at in Equation (5) yields:

Gn[g(at)](s) = s
an

∞∫
0

un−1e−
s
a ug(u)du = 1

an−1
s
a

∞∫
0

un−1e−
s
a ug(u)du

= 1
an−1 G

(
n, s

a

)
�

Property 3. Shifting in s− Domain

Gn
[
e−ctg(t)

]
(s) =

s
s + c

G(n, s + c). (12)

Proof of Property 3:

Gn
[
e−ctg(t)

]
(s) = s

∞∫
0

tn−1e−ste−ctg(t)dt = s
∞∫
0

tn−1e−(s+c)tg(t)dt

= s
s+c (s + c)

∞∫
0

tn−1e−(s+c)tg(t)dt

= s
s+c G(n, s + c).

�



Symmetry 2020, 12, 925 6 of 15

Property 4. Shifting in n− Domain

Gn[tmg(t)](s) = Gn+m[g(t)] = G(n + m, s). (13)

Proof of Property 4:

Gn[tmg(t)](s) = s
∞∫
0

tn−1e−sttmg(t)dt = s
∞∫
0

tm+n−1e−stg(t)dt

= Gn+m[g(t)](s) = G(n + m, s).

Also, Gn

[
g(t)
tm

]
= Gn−m[g(t)] = G(n−m, s). �

Property 5. Shifting on t− domain

Gn[uc(t)g(t− c)](s) = e−cs
G1

[
g(v)(v + c)n−1

]
(14)

Proof of Property 5:

Gn[uc(t)g(t− c)](s) = s

∞∫
c

tn−1e−st uc(t) g(t− c)dt

= s

∞∫
c

tn−1e−st g(t− c)dt,

letting t− c = v and substituting in the above equation we get

s

∞∫
0

(v + c)n−1e−s(v+c) g(v)dv = se−sc

∞∫
0

e−sv g(v)(v + c)n−1dv

= e−sc
G1

[
g(v)(v + c)n−1

]
.

�

Property 6. ARA transform for derivatives

Gn
[

f (m)(t)
]
(s) = (−1)n−1s

dn−1

dsn−1

 G1
[

f (m)(t)
]
(s)

s

 (15)

Proof of Property 6:

Gn
[

f (m)(t)
]
(s) = s

∞∫
0

tn−1e−st f (m)(t)dt = s
∞∫
0

(
tn−1 f (m)(t)

)
e−stdt

= G1
[
tn−1 f (m)(t)

]
(s)

= (−1)n−1s dn−1

dsn−1

(
G1[ f (m)(t)](s)

s

)
.
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Moreover:

Gn
[

f (n)(t)
]
(s) = (−1)n−1s

dn−1

dsn−1

sn−1
G1[ f (t)](s) −

n∑
j=1

sn− j f ( j−1)(0)

 (16)

Since
Gn

[
f (n)(t)

]
(s) = (−1)n−1s dn−1

dsn−1 L

[
f (n)(t)

]
= (−1)n−1s dn−1

dsn−1

(
sn−1
G1[ f (t)](s)−sn−1 f (0) − · · ·

− f (n−1)(0)
)

= (−1)n−1s dn−1

dsn−1

(
sn−1
G1[ f (t)](s)

−

n∑
j=1

sn− j f ( j−1)(0)
)
.

Using the properties of the convolution of Laplace transform, we get the following property. �

Property 7. Convolution

Gn[ f (t) ∗ h(t)](s) = (−1)n−1s
n−1∑
j=0

cn−1
j F( j)(s)·H(n−1− j)(s) (17)

Proof of Property 7:

Gn[ f (t) ∗ g(t)](s) = s
∞∫
0
( f (t) ∗ g(t))tn−1e−stdt

= G1
[
tn−1 f (t) ∗ g(t)

]
= (−1)n−1s dn−1

dsn−1
G1[ f (t)∗g(t)]

s

= (−1)n−1s
n−1∑
j=0

cn−1
j F( j)(s)·H(n−1− j)(s),

where ck
n is the binomial coefficient. �

Now, we introduce some practical examples for finding ARA transform for some functions.
Example 4.1:

Gn[1](s) = s
∞∫
0

tn−1e−stdt = Γ(n)
(

1
s

)n
s
∞∫
0

tn−1e−st

Γ(n)( 1
s )

n dt = Γ(n)
(

1
s

)n
s

=
Γ(n)
sn−1 =

(n−1)!
sn−1 .

Example 4.2:

Gn[t](s) = s
∞∫
0

tn−1e−stt dt = s
∞∫
0

tne−st dt

= Γ(n + 1)
(

1
s

)n+1
s
∞∫
0

tne−st

Γ(n+1)( 1
s )

n+1 dt

=
(

1
s

)n+1
Γ(n + 1)s = Γ(n+1)

sn .

Example 4.3:

Gn[tm](s) = s
∞∫
0

tn−1e−sttm dt = s
∞∫
0

tm+n−1e−st dt

= Γ(m + n)
(

1
s

)m+n
s
∞∫
0

tm+n−1e−st

Γ(m+n)( 1
s )

m+n dt

=
(

1
s

)m+n
Γ(m + n)s = Γ(m+n)

sm+n−1 .
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Example 4.4:

Gn
[
eat

]
(s) = s

∞∫
0

tn−1e−t(s−a) dt = Γ(n)
(

1
s−a

)n
s
∞∫
0

tn−1e−t(s−a)

Γ(n)( 1
s−a )

n dt

= s
(s−a)n Γ(n), for all s > a.

Example 4.5:

Gn
[
tmeat

]
(s) = s

∞∫
0

tm+n−1e−t(s−a) dt

= Γ(m + n)
(

1
s−a

)m+n
s
∞∫
0

tm+n−1e−t(s−a)

Γ(m+n)( 1
s−a )

m+n dt

= s
(s−a)m+n Γ(m + n).

Example 4.6:

Gn[sin(at)](s) = Gn
[

eiat
−e−iat

2i

]
= 1

2i

(
Gn

[
eiat

]
−Gn

[
−e−iat

])
= s

2i Γ(n)
(

1
(s−ia)n −

1
(s+ia)n

)
= s

2i Γ(n)
(

2i
(s2+a2)

n
2

sin
(
n tan−1

(
a
s

)) )
=

(
1 + a2

s2

)− n
2 s1−nΓ(n) sin

(
n tan−1

(
a
s

))
.

Example 4.7:

Gn[cos(at)](s) =
(
1 +

a2

s2

)− n
2

s1−nΓ(n) cos
(
n tan−1

(a
s

))
.

With similar arguments to example 4.6, we obtain the result.
Example 4.8:

Gn[sinh(at)] = Gn
[

eat
−e−at

2

]
= 1

2

(
Gn

[
eat

]
−Gn

[
−e−at

])
= 1

2

(
s

(s−a)n Γ(n) − s
(s+a)n Γ(n)

)
= s

2 Γ(n)
(

1
(s−a)n −

1
(s+a)n

)
= s

2 Γ(n) 1
sn

(
1

(1− a
s )

n −
1

(1+ a
s )

n

)
.

Example 4.9:

Gn[cosh(at)](s) = Gn
[

eat+e−at

2

]
= 1

2

(
Gn

[
eat

]
+Gn

[
−e−at

])
= 1

2

(
s

(s−a)n Γ(n) + s
(s+a)n Γ(n)

)
= s

2 Γ(n)
(

1
(s−a)n + 1

(s+a)n

)
= s

2 Γ(n) 1
sn

(
1

(1− a
s )

n + 1
(1+ a

s )
n

)
Example 4.10:

Gn
[
u3(t)et−3

]
(s) = e−3s

G1
[
g(v)(v + 3)n−1

]
.

For n = 1
G1

[
u3(t)et−3

]
(s) = e−3s

G1
[
ev(v + 3)1−1

]
=

s
s− 1

e−3s.
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For n = 2
G2

[
u3(t)et−3

]
(s) = e−3s

G1
[
ev(v + 3)2−1

]
= e−3s

G1[v ev + 3 ev]

= s e−3s
(

1
(s−1)2 +

3
s−1

)
.

We present a list of ARA transform of some special functions and General properties of the ARA
transform in Table A1 (Appendix A).

5. Applications of the ARA Transform

In this section, we give some applications of ordinary differential equations, in which the efficiency
and high accuracy of ARA transform are illustrated.

Example 5.1:
Consider the initial value problem:

y′(t) + y(t) = 0, y(0) = 1. (18)

Solution:
Applying ARA transform G1 on both side of Equation (18)

G1[y′(t)](s) +G1[y(t)](s) = 0

sG1[y(t)](s) − sy(0) +G1[y(t)](s) = 0

G1[y(t)](s) =
s

s + 1
.

Taking the inverse ARA transform G−1
1 we get:

y(t) = e−t.

Example 5.2:
Consider the initial value problem:

y′(t) − y(t) = e2t, y(0) = 1. (19)

Solution:
Applying ARA transform G1 on both side of Equation (19)

G1[y′(t)](s) −G1[y(t)](s) = G1
[
e2t

]
(s)

sG1[y(t)](s) − sy(0) −G1[y(t)](s) =
s

s− 2

G1[y(t)](s) =
1

s− 1

( s
s− 2

+ s
)

G1[y(t)](s) =
s

(s− 2)(s− 1)
+

s
s− 1

=
s

s− 2
.

Taking the inverse ARA transform G−1
1 we get:

y(t) = e2t.

Example 5.3:
Consider the initial value problem:

y′′ (t) + y(t) = 0, y(0) = 1, y′(0) = 1. (20)
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Solution:
First, we solve the initial value problem (20) applying G1:

G1[y′′ (t)](s) +G1[y(t)](s) = 0

s2
G1[y(t)](s) − s2y(0) − sy′(0) +G1[y(t)](s) = 0

s2
G1[y(t)](s) − s2

− s +G1[y(t)](s) = 0(
s2 + 1

)
G1[y(t)](s) = s2 + s

G1[y(t)](s) =
s2

s2 + 1
+

s
s2 + 1

.

Taking the inverse ARA transform G−1
1 , we get

y(t) = cos(t) + sin(t).

Now, we solve the initial value problem (20) applying G2:

G2[y′′ (t)] +G2[y(t)] = 0

sy(0) − s2
G
′

1[y(t)](s) − sG1[y(t)](s) +
G1[y(t)](s)

s
−G

′

1[y(t)](s) = 0

s2
− s3
G
′

1[y(t)](s) − s2
G1[y(t)](s) +G1[y(t)](s) − sG′1[y(t)](s) = 0

−

(
s3 + s

)
G
′

1[y(t)](s) −
(
s2
− 1

)
G1[y(t)](s) = −s2

G
′

1[y(t)](s) +
s2
− 1

s3 + s
G1[y(t)](s) =

s2

s3 + s

d
ds

(
G1[y(t)](s)

s2 + 1
s

)
=

s2

s3 + s
s2 + 1

s
= 1

G1[y(t)](s) =
s(s + c)
s2 + 1

.

Taking the inverse ARA transform G−1
1 and using the second initial condition y′(0) = 1, we get:

y(t) = cos t + sin t.

Example 5.4:
y′′ − y′ + 6y = 8e2t, y(0) = 0, y′(0) = −3. (21)

Solution:
Applying ARA transform G2 on both side of Equation (21)

G2[y′′ (t)] −G2[y′(t)] + 6G2[y(t)] = 8G2
[
e2t

]
sy(0) − s2

G
′

1[y(t)](s) − sG1[y(t)](s) + sG′1[y(t)](s)

+6
(
G1[y(t)](s)

s −G
′

1[y(t)](s)
)
= 8s

(s−2)2

−s3
G
′

1[y(t)](s) − s2
G1[y(t)](s) + s2

G
′

1[y(t)](s) + 6G1[y(t)](s)
−6sG′1[y(t)](s) =

8s2

(s−2)2

−

(
s3
− s2 + 6s

)
G
′

1[y(t)](s) −
(
s2
− 6

)
G1[y(t)](s) =

8s2

(s− 2)2
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G
′

1[y(t)](s) +
s2
− 6

s3 − s2 + 6s
G1[y(t)](s) =

−8s2

(s− 2)2(s3 − s2 + 6s)

d
ds

(
G1[y(t)](s)

s2
− s + 6

s

)
=

−8

(s− 2)2

G1[y(t)](s) =
(
8(s− 2)−1 + c

)(
s

s2−s+6

)
= 8

(s−2)(s2−s+6) +
cs

s2−s+6
= 1

s−2 −
s+1

s2−s+6 + cs
s2−s+6 .

Taking the inverse ARA transform G−1
1 and using second initial condition y′(0) = −3, we get:

y(t) = e2t
− e

1
2 t cos

( √
23
2

t
)
−

9
√

23
e

1
2 t sin

( √
23
2

t
)
.

Example 5.5:
y′′ + 2y′ + 5y = e−t sin t, y(0) = 0, y′(0) = 1. (22)

Solution:
Applying ARA transform G2 on both side of the differential Equation (22):

G2[y′′ (t)] + 2G2[y′(t)] + 5G2[y(t)] = G2
[
e−t sin t

]
sy(0) − s2

G
′

1[y(t)](s) − sG1[y(t)](s) + 2
(
−sG′1[y(t)](s)

)
+5

(
G1[y(t)](s)

s −G
′

1[y(t)](s)
)

=
(
1 + 1

(−1−s)2

)−2/2
s(1

+s)−2Γ(2) sin
(
2 tan−1

(
1

1+s

))
,

−s3
G
′

1[y(t)](s) − s2
G1[y(t)](s) − 2s2

G
′

1[y(t)](s) + 5G1[y(t)](s)
−5sG′1[y(t)](s)

= s
(
(s+1)2+1
(s+1)2

)−1
s

(1+s)2 2 sin
(

tan−1
(

1
1+s

))
cos

(
tan−1

(
1

1+s

))
= 2s2

1+(s+1)2
s+1

1+(s+1)2 =
2s2(s+1)

(1+(s+1)2)
2

−

(
s3 + 2s2 + 5s

)
G
′

1[y(t)](s) −
(
s2
− 5

)
G1[y(t)](s) =

2s2(s + 1)(
1 + (s + 1)2

)2

G
′

1[y(t)](s) +
s2
−5

s3+2s2+5sG1[y(t)](s)

=
−2s2(s+1)

(s3+2s2+5s)(1+(s+1)2)
2

d
ds

(
G1[y(t)](s) s2+2s+5

s

)
=

−2s2(s+1)

(s3+2s2+5s)(1+(s+1)2)
2

s2+2s+5
s

G1[y(t)](s) =
1

1 + (s + 1)2
s

s2 + 2s + 5
= s

1

1 + (s + 1)2
1

4 + (s + 1)2 .

Taking the inverse ARA transform G−1
1 and using the second initial condition y′(0) = 1 we get:

y(t) =
1
3

e−t sin t +
2
3

e−t sin 2t.
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Example 5.6:
Consider the initial boundary value problem

ut = uxx (23)

u(0, t) = u(1, t) = 0

u(x, 0) = sin(2πx).

Solution:
Applying ARA transform G1 on both side of the Equation (23)

G1[ut] = G1[uxx]

sG1[u(x, t)](s) − su(x, 0) =
d2

dx2
(G1[u(x, t)](s))

G
′′

1 [u(x, t)](s) − sG1[u(x, t)](s) = −s sin(2πx). (24)

The general solution of Equation (24) can be written as

G1[u(x, t)](s) = G1c[u(x, t)](s) +G1p[u(x, t)](s),

where G1c[u(x, t)](s) = c1e
√

sx + c2e−
√

sx, and the solution of the nonhomogeneous part is given by

G1p[u(x, t)](s) = α1 sin(2πx) + α2 cos(2πx),

after simple calculations, we get α2 = 0.
Hence:

G1[u(x, t)](s) = c1e
√

sx + c2e−
√

sx +
s

4π2 + s
sin(2πx).

Using boundary conditions, we get c1 = c2 = 0:

G1[u(x, t)](s) =
s

4π2 + s
sin(2πx).

Taking the inverse ARA transform G−1
1 :

u(x, t) = e−4π2t sin(2πx).

Example 5.7
Consider the initial boundary value problem:

utt = uxx + sin(πx), (25)

u(0, t) = u(1, t) = 0

u(x, 0) = ut(x, 0) = 0.

Solution:
Applying ARA transform G1 on both sides of the Equation (25)

G1[utt] = G1[uxx] +G1[sin(πx)]

s2
G1[u(x, t)](s) − s2u(x, 0) − sut(x, 0)

= d2

dx2 (G1[u(x, t)](s)) + sin(πx)
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d2

dx2
(G1[u(x, t)](s)) − s2

G1[u(x, t)](s) = − sin(πx). (26)

The general solution of Equation (26) can be written as

G1[u(x, t)](s) = G1c[u(x, t)](s) +G1p[u(x, t)](s),

where G1c[u(x, t)](s) = c1esx + c2e−sx, and the solution of the nonhomogeneous part is given by:

G1p[u(x, t)](s) = A sin(πx) + B cos(πx).

To find A and B, we substituting G1p in Equation (26) to get:

G1p[u(x, t)](s) =
1

π2 + s2 sin(πx)

G1[u(x, t)](s) = c1esx + c2e−sx +
1

π2 + s2 sin(πx).

Using boundary conditions, we get:

G1[u(x, t)](s) =
1

π2 + s2 sin(πx).

Taking the inverse ARA transform G−1
1 we get the solution:

u(x, t) =
sin(πx)
π2

(1− cos(πt)).

6. Conclusions

In this paper, we introduced a new integral operator transform called the ARA transform.
We presented its existence and inverse transform. We presented some properties and their application
in the solving of ordinary and partial differential equations that arise in some branches of science like
physics, engineering, etc.
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Appendix A

Table A1. Here we present a list of ARA transform of some special functions and General properties of
the ARA transform.

g(t) G(n, s)

1 s1−nΓ(n)
t s−nΓ(1 + n)
√

t s
1
2−nΓ

(
1
2 + n

)√
π
t

√
πs

3
2−nΓ

(
−

1
2 + n

)
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Table A1. Cont.

g(t) G(n, s)

t2 s−1−nΓ(2 + n)
tm s1−m−nΓ(m + n)

tm−1/2 s
3
2−m−nΓ

(
−

1
2 + m + n

)
eαt s(s− α)−nΓ(n)

e−αt s(s + α)−nΓ(n)
teαt s(s− α)−1−nΓ(1 + n)

tmeαt s(s− α)−m−nΓ(m + n)

sin(at) s
2i Γ(n)

(
1

(s−ia)n −
1

(s+ia)n

)
=

(
1 + a2

s2

)− n
2 s1−nΓ(n) sin

(
n tan−1

(
a
s

))
cos(at) s

2i Γ(n)
(

1
(s−ia)n + 1

(s+ia)n

)
=

(
1 + a2

s2

)− n
2 s1−nΓ(n) cos

(
n tan−1

(
a
s

))
t sin(at)

(
1+ a2

s2

) 1
2 (−1−n)

s−nΓ(n+2) sin((1+n) tan−1( a
s ))

1+n

t cos(at)
(
1 + a2

s2

) 1
2 (−1−n)

s−nΓ(n + 1) cos
(
(1 + n) tan−1

(
a
s

))
sin(at) − a t cos(at)

(
1 + a2

s2

) 1
2 (−1−n)

s−nΓ(n)
(
−a n cos

(
(1 + n) tan−1

(
a
s

))
+

√
1 + a2

s2 s sin
(
n tan−1

(
a
s

)))
sin(at) + a t cos(at)

(
1 + a2

s2

) 1
2 (−1−n)

s−nΓ(n)
(
a n cos

(
(1 + n) tan−1

(
a
s

))
+

√
1 + a2

s2 s sin
(
n tan−1

(
a
s

)))
cos(at) − a t sin(at)

(
1 + a2

s2

) 1
2 (−1−n)

s−nΓ(n)
(
s cos

(
(1 + n) tan−1

(
a
s

))
− a(−1 + n) sin

(
(1 + n) tan−1

(
a
s

)))
cos(at) + a t sin(at)

(
1 + a2

s2

) 1
2 (−1−n)

s−nΓ(n)
(
s cos

(
(1 + n) tan−1

(
a
s

))
+ a(1 + n) sin

(
(1 + n) tan−1

(
a
s

)))
sin(at + b)

(
1 + a2

s2

)−n/2
s1−n Γ(n) sin

(
b + n tan−1

(
a
s

))
cos(at + b)

(
1 + a2

s2

)−n/2
s1−n Γ(n) cos

(
b + n tan−1

(
a
s

))
eat sin(bt)

(
1 + b2

(a−s)2

)−n/2
s(−a + s)−nΓ(n) sin

(
n tan−1

(
b
−a+s

))
eat cos(bt)

(
1 + b2

(a−s)2

)−n/2
s(−a + s)−nΓ(n) cos

(
n tan−1

(
b

a−s

))
sinh(at) 1

2 s
(
−

a2

s + s
)−n

Γ(n)
(
−

(
1− a

s

)n
+

(
a+s

s

)n)
cosh(at) 1

2 s
(
−a2 + s2

)−n
Γ(n)

(
(s− |a|)n + (s + |a|)n

)
eatsinh(at) 1

2

(
1− b2

(a−s)2

)−n
s(−a + s)−nΓ(n)

(
−

(
1 + b

a−s

)n
+

(
1 + b

−a+s

)n)
eat cosh(at) 1

2 s
(
−a2 + s2

)−n
Γ(n)

((
(1 +

√

b2

a−s

)−n
+

(
1 +

√

b2

−a+s

)−n
)

G2[y(t)](s) −s d
ds

(
G1[y(t)](s)

s

)
G3[y(t)](s) s d2

ds2

(
G1[y(t)](s)

s

)
Gn[y(t)](s) s(−1)n−1 dn−1

dsn−1

(
G1[y(t)](s)

s

)
G1[t y(t)](s) −s d

ds

(
G1[y(t)](s)

s

)
G1[y′(t)](s) sG1[y](s) − sy(0)
G1[y′′ ](s) s2

G1[y(t)](s) − s2y(0) − sy′(0)
G2[y(t)](s) G1[y(t)](s)

s −G
′

1[y(t)](s)
G2[y′(t)](s) −s d

ds (G1[y(t)](s))
G2[y′′ (t)](s) sy(0) − s2 d

ds (G1[y(t)](s)) − sG1[y(t)](s)
Gn[αu(t) + βv(t)](s) αGn[u(t)](s) + βGn[v(t)](s)
Gn[g(at)](s) 1

an−1 G
(
n, s

a

)
Gn

[
e−ctg(t)

]
(s) s

s+c G(n, s + c)
Gn[tmg(t)](s) G(n + m, s)

Gn

[
g(t)
tm

]
G(n−m, s)

Gn
[

f (m)(t)
]
(s) (−1)n−1s dn−1

dsn−1

(
G1[ f (m)(t)](s)

s

)
Gn

[
f (n)(t)

]
(s) (−1)n−1s dn−1

dsn−1

sn−1
G1[ f (t)](s) −

n∑
j=1

sn− j f ( j−1)(0)


Gn[ f (t) ∗ h(t)](s) (−1)n−1s

n−1∑
j=0

cn−1
j F( j)(s)·H(n−1− j)(s)

Gn[uc(t)g(t− c)](s) e−cs
G1

[
g(u)(u + c)n−1

]
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