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Abstract: In this paper, we introduce a new type of integral transforms, called the ARA integral

transform that is defined as: G,[g(t)](s) = G(n,s) = s ft”_le_Stg(t)dt, s > 0. We prove some
0

properties of ARA transform and give some examples. Also, some applications of the ARA transform

are given.
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1. Introduction

The integral transforms play a vital role in finding solutions to initial value problems and initial
boundary value problems. An integral transform T [1] has the form

ty

T(g(H)(u) = f S(OK (b, u)dt, W

ty

where the input function of the transform is g(#) and the output is T[g(t)](u), and the function K(t, u)
is a kernel function. Moreover, the inverse transform related to the inverse kernel function is given by:

Uz

g(t) = f T(g(6)] () K™ (u, t)d. @

uq

The integral transform was introduced by the French mathematician and physicist P.S. Laplace [2,3]
in 1780. In 1822, J. Fourier [4] introduced the Fourier transform. Laplace and Fourier transforms form
the foundation of operational analysis, a branch of mathematics that has very powerful applications,
not only in applied mathematics but also in other branches of science like physics, engineering,
astronomy, etc.

In recent years, mathematicians have been interested in developing and establishing new integral
transforms. In 1993, Watugula [5] introduced the Sumudu transform. The natural transform was
introduced by Khan and Khan [6] in 2008. In 2011, the Elzaki transform [7] was devised by Elzaki.
Atangana and Kili¢gman [8] in 2013, introduced the Novel transform. In 2015, Srivastava, Luo and
Raina [9] introduced the M-transform. In 2016, many transforms were introduced, like the ZZ transform
by Zafar [10], Ramadan Group (RG) transform [11], a polynomial transform by Barnes [12], also, a new
integral transform was presented by Yang [13]. In the year 2017, other transforms were introduced,
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such as the Aboodh transform [14] and Rangaig transform [15], while the Shehu transform [16] was
established in 2019, by Shehu and Weidong.

In this paper, we proclaim a new integral transform called the ARA integral transform.

This transform is a powerful and versatile generalization that unifies some variants of the classical
Laplace transform, namely, the Sumudu transform, the Elzaki transform, the Natural transform, the
Yang transform, and the Shehu transform.

In Section 2, we state our definition of the ARA transform and some related theorems. In Section 3,
we provide the properties of the ARA transform, and in the last section, we give some applications.

2. Definitions and Theorems

Definition 1. The ARA integral transform of order n of the continuous function g(t) on the interval (0, 00) is
defined as:

Gnlg()](s) = G(n,s) =s | " le™Stg(t)dt, s >0 (©)]

oz

Definition 2. The inverse of the ARA transform is given by

§(t) =G, 11[Gn(g(1)]]

c+ico

2(52‘” f eSt((_l)n[sr(i—l) Of(s—x)n_lG(n (4)

c—ioo

+1,x)dx + Z kakG(O)) )ds,

where

is (n — 1) times differentiable.

In fact, from the definition of ARA transform of a function g(t), we have

r anG
G(n+1,5) =Gui1lg sft”e‘“g =(-1)"s ds'SS) ,
0
thus
-1
n l
T f G(n+1,t)dt = [ Z ]
0 k=0
and so,
Srn 0 f n+1t)dt+ k' &sk = G(s).
0 k=
It follows that:

(s—x)"'G(n +1,x)dx

o,

c—ico

n CHico
(5711)1' / es{(‘l)n(sr(;_l)
c+ico

n-1 n
L £280) o= e

c—ioo
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(_ 2n

Grta[GnalsOl = 5~

Theorem 1. The sufficient condition for the existence of ARA transform. If the function g(t) is piecewise
continuous in every finite interval 0 < t < a and satisfies:

|t”_1g(t)| < Keft, (5)
then ARA transform exists for all s > B.
Proof of Theorem 1. We have
(&) o4 (&)
s ft”_le_“g(t)dt =5 ft”_le_“g(t)dt +s ft”‘le_“g(t)dt,
0 0 a

since the function g(t) is piecewise continuous then the first integral on the right side exists.
Also, the second integral on the right side converges because:

[

s [ Testg(t)dt

o

<s }oe_“ |t 1g(t)|dt < s }oe_“keﬁtdt
a a

* b
= pt—st =i — eit(Siﬁ) = sk _a(s_ﬁ)
skafe dt bh_r)go sk — 'a p¢ ,

and this improper integral is convergent for all s > B. Thus, G,,11(g(#)](s) exists. O

3. Dualities between ARA Transform and Some Integral Transform:

Duality between ARA and Laplace Transforms [17]:
i

Golf(01(s) = [ e f(pa = L[—] s f Flu)du, ©

where F(u) = L[f(t)] = [} e~ f(t)dt

GULFDN(S) = s [ A1 f(1)dt = s [ (1)t = s LIF(D)]
0 0
=sF(s).

@)

| L7Galf(D)()] = "2 (2H (1) = 1) ((n = 1) f (1) + £ (1)) ®)

where
H(t) = fé(s)ds,

is a Heaviside function (integral of Dirac delta).
There are some functions in which the Laplace transform does not exist.
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Proof: Relations i and ii are obvious. Here, we prove relation iii.

a+ico
GalfDI6)] = 2 [ eGulf(D)](s)ds
= 7 a}imes{s }Oe_Stt”_lf(t)dt]ds
a—ico 0

a+ico

=& [ ets L[ fn]as = £ s L[5 (0]
= Ll L[ o] = 00+
—fjﬁ’t— )T f()dr
— (£ 2H () (14 m () + ().

and for relation iv, the Laplace transform for the function é%t does not exist, while:

SftZl—stet S
s+ 17
0

The duality between ARA and Laplace Carson transforms [18]
L.[g(t)] = Gi[g(H)](s)
Gulg(D](s) = L[ g(1)]

where

where

Duality between ARA and Mohand Transforms [20]:
Mg(t)] = sG1[g(t)](s)

Gals(0](s) = ~M[" g(0)]

where

o0

Mig(0)] =< [ gle

0
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4. Properties of ARA Transform

50f15

In this section, we establish some properties of the ARA transform, which enable us to calculate

further transform of functions in applications.

Property 1. (Linearity property) Let u(t) andv(t) be two functions in which ARA transform exists, then

Gulau(t) + po(t)](s) = aGnlu(t)](s) + Gu[v(t)](s)

where a and B are nonzero constants.

Proof of Property 1:
Gnlau(t) + po(t)](s) =s }ot"‘le‘“(au(t) + po(t)) dt
0
=as [ " Letu(t)dt + ps [ 1e~sto(t) dt
0 0
= a@n[u(t)](s) + pGn[v(H)](s).
i

Property 2. Change of scale property

Gols(@)](5) = —=6ls0](3) = 56(n. ).

Proof of Property 2: Using the definition of ARA transform for g(at), we get

[se]
gn sftnl—st
0

and a substitution of u = at in Equation (5) yields:

(59 [Se]
gn _ %f n—-1 —fu du = nl_lgfun—le—zug(u)du
0 0

o
Property 3. Shifting in s— Domain

gn[e—ctg(t)](s) =3 j_ CG(n,s +¢).

Proof of Property 3:

gn[e‘“g(t)](s) =s [t lestetg(t)dt = s [#1le~ (T g(1)dt
0 0
=2Z=(s+¢) ft”_le_(s”)tg(t)dt
0

= :73:G(n,s+c).

)

(10)

(11)

(12)
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Property 4. Shifting in n— Domain
Galt"g(](5) = Grimlg(H)] = G+ m,s). (13)
Proof of Property 4:
Galt™3()(s) = s [ et (t)dt = s [ 1rlestg (1)t
= Guinlg(0)(5) = Gln+m,5).
Als0, G| 52| = Gl (1) = Gln-m,s). ©

Property 5. Shifting on t— domain

Gulue(t)g(t=)](s) = eG1[8(v) (v +¢)""] (14)

Proof of Property 5:
Gnluc(t)g(t—c)l(s) =s ft”_le_St uc(t) g(t—c)dt

[ee)

:sft”_le_“ g(t—c)dt,

[

letting t — ¢ = v and substituting in the above equation we get

sf(v—i—c)”_le_s(”“) fe Y0 +c)" o
0 0

=G, [g(v) (v+ c)”_ll.

O

Property 6. ARA transform for derivatives

Gl ®)](s) = (-1

(15)

Proof of Property 6:

gn[f(m)( ] —Sft” 1 —stf Sf(t" lf ) st Jt
0

_gl[tn 1f ]S)

(1)l 1(@1[f’” (t]())

dsn—1
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Moreover:
n—-1 1 ..
Gl 0]5) = (1 s TG ]s) - j_le"-fo-”(m (16)
Since -
GalFM (1)](s) = (1) s L] F0 )]
= (1)L ("G L (D) (5) 5" £(0) -
~f"1(0))
n—1

= (1" s = (T GilF(D](s)
n . .
WAty (0))_
=1
Using the properties of the convolution of Laplace transform, we get the following property. O
Property 7. Convolution

Gulf(£) *h(B)(s) = “s2c7 FU)(s)-HI 1 (s) (17)

j=0

Proof of Property 7:

Gulf (1) +g(D)](s) =s [(f(t)*g(1))t" e~'dt
(-1)" s Gilf(t)=g(t)]

= Gi[F"Lf (1) + g(1)] sdT T

= ()" S ) 5) HO10 s),
=

| eo—g

where cf is the binomial coefficient. O

Now, we introduce some practical examples for finding ARA transform for some functions.
Example 4.1:

Gul1)s) = [ =tetat = T()'s [ 2t = T (1)'s
0 0 s

_ Iy _ (=)
— ogn-1 T gn-1
Example 4.2:
Gultl(s) =s [t et dt = s [#est dt
0 0
1 x n —<t
=T (L) s [t gy
(n+ )(s) Sbfr( +1)( )VH—]
1
= (%)nJr IFn+1)s = r(’;jl).
Example 4.3:

g [tm] _ Sftn 1 St dqp — Sftm+n 1 e—st dt
m+n X m+n-1,-s
:F(m—kn)(%) SIW dt
0
= (1)m+nf(m +n)s = Llmtm)

S gm+n-1
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Example 4.4:

el = s it = rin()s

s—a

= (s—sa)” (n), forall s> a.

Example 4.5:
Gult"e](s) = s [ prnlet(s-a) gy
0

1 \mtn P pi-Hi=1,H(s—a)
F(m+n)(s ﬂ) SJWCH’

= Wr(m +n).

Example 4.6:

Gulsin(a)](s) = G| 2257 | = %i(gn[emfg—gn[—e—w])

_ 1 1
= allr )(ﬁ_ﬁ

= 5T(n) (52522)% Sin(n tan‘l(”sl))
- (1 + :—;)_%Sl_nr(l/l) sin (Tl tan—l(g)).
Example 4.7:
Gnlcos(at)](s) = (1 + Z—i) 251_“F(n) cos(n tan_l(g)).

With similar arguments to example 4.6, we obtain the result.

Example 4.8:
sisi) sl Holel ol)
- %((S ST (n) r(n) )
= 5I'(n) ( )
= 51003y - 5y )
Example 4.9:
Gnlcosh(at)](s) = gn[‘f”fz—"’_m] = %(Qn[eﬂt] +gn[_e—at])
— 3T + i)
= 110y + )
— 5T (n)L .
-y +
Example 4.10:
Qn[ua o 3] —35g1[ )(U+3)n—1].
Forn=1

G1 [ug,(t)et_3](s) = e_3s§1[ev(v + 3)1_1] = % e,
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Forn =2
Qz[us(t)et_ﬂ (s) =G [ev(v + 3)2_1] = e ¥G[ve’ +3¢7

_ —3s 1 3
=3se ((5_1)2 + 3 )

We present a list of ARA transform of some special functions and General properties of the ARA
transform in Table A1 (Appendix A).

5. Applications of the ARA Transform

In this section, we give some applications of ordinary differential equations, in which the efficiency
and high accuracy of ARA transform are illustrated.

Example 5.1:

Consider the initial value problem:

y(t)+yt) =0 y(0)=1 (18)

Solution:
Applying ARA transform G; on both side of Equation (18)

Gily (H)(s) + Gily(H)](s) = 0

sG1ly(D)](s) =sy(0) + Gly(1)](s) = 0

GlyB1(6) = -

Taking the inverse ARA transform Ql_l we get:

y(t) = e

Example 5.2:
Consider the initial value problem:

v —yt) =€, y(0)=1 (19)

Solution:
Applying ARA transform G; on both side of Equation (19)

Gily' ()](s) = Galy (D) (s) = Ga[¢*](s)

sG1[y(1)](s) —sy(0) = Ga[y(t)](s) = %
Gily(0](s) = (=5 +5)
GilyO)(6) = g+ =

(s=2)(s—=1) s-1 s-2
Taking the inverse ARA transform Ql_l we get:
y(t) =,

Example 5.3:
Consider the initial value problem:

y' () +yt) =0, y0)=1 y'(0)=1 (20)
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Solution:
First, we solve the initial value problem (20) applying G:

Gily” ()](s) + Gily(H)](s) =0
$G1ly(6)](s) —s7y(0) = sy’ (0) + Ga[y(t)](s) = 0
$G1ly()](s) —s* = s+ Gily(t)](s) = 0
(s +1)G1ly(D](s) ="+

Taking the inverse ARA transform Ql‘l, we get
y(t) = cos(t) + sin(t).
Now, we solve the initial value problem (20) applying G»:

G2ly" ()] + Galy(t)] =0

5y(0) - 6, y(1)(s) G ly()(s) + T g

2 _53§1[]/(t)}(3) -$°G, ()] (5) + Galy(H)](s) =G [y(1)](s) = 0
(S + 96 y(0)](s) - (2 - )G [y (D) (5) =

-1 S
SO0l = 37—

?4+1) ¥ 2+1
s B +4s s

Gily(H)(s) +

=1

Hewoio

s(s+c¢)

H](s) = =>—=.

Gilv0)) =

Taking the inverse ARA transform g;l and using the second initial condition y’(0) = 1, we get:
y(t) = cost + sint.

Example 5.4: ,
vy -y +6y =8¢, y(0)=0, y(0) = -3. (21)

Solution:
Applying ARA transform G, on both side of Equation (21)

Galy" (D] = Galy' ()] + 6Ga[y (1)) = 8Go[ ™|

sy(0) =s°G [y(D)] (s) = sG1 [y (1)](s) + 5G4 [y ()] (s)

+6(§1[yt (s) gl[ (t)](s)): (5533)2

=s°G1 [y(H)](s) = s*Gily(1)](s) + 5°G) [y (¢ () +6G1[y (1)1 (s)
~6sG1 [y (1)](s) = =2

(s-2)°

- (53 —s* 4 6s)gi [y(H)](s) - (52 - 6)@1 [y()](s) =
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, s2—6 85
gl[y(t)](s)+ m - (5—2)2(53—52—|—6S)

52—s+6)_ -8
(s-2)°

Herwwio

Gily®]6s) = (86s-2)7" +¢)( =)

— 8 4 oG8
(s-2)(s2—s+6) ' s2—s+6
1 1

— 1 _ _s* cs
=527 256 T Tst6’

Taking the inverse ARA transform Ql_l and using second initial condition y’(0) = -3, we get:

2

V23 9 1, . (V23
2t——ezsm t

£) = 2 — bt cos(—
y(t) 75

Example 5.5:
¥’ +2y +5y =e¢sint, y(0) =0, ¥ (0) = 1. (22)

Solution:
Applying ARA transform G, on both side of the differential Equation (22):

Galy” (1)) +2Ga[y ()] +5G2 [y (1)) = Gole ™" sin]

59(0) =261 (1) (5) = sG1 (1)) (9) + 2= (1)) 5)
I Ao

-2/2
:(1+ 12) s(1
1

(-1-5)
+5)7°T(2) sin(2 tan_l( = )),

1
=G [y()](s) = s*Grly()](s) - 25°G, [y(1)] () + 5G1 [y (1)] (s)

GOl

L

- S( (Sgi)njl) o 2sin( tan” (i) cos{ tan ()
g2 s+1 o 252(S+1)

TP 6 (1 (s11)2)
25%(s+1)

- (53 4252 + 5s)§1 y(H)](s) - (52 - 5)Q1 [y(®)](s) = 2
(1+(s+1)?)

G ly16) + 3572561 [v(1)](s)

—25%(s+1)
(s3+252+5s) (1+(s+1)2)2

4(G1ly (1)) (s) =H213)

_ —25%(s+1) 242545
(s3+252+55) (1+(s+1)2)2 s
1 s 1 1

Gily(Dl(s) = T4+ (5+1)2 22545 1+ (s+1)72 44 (5417

Taking the inverse ARA transform G;' and using the second initial condition y’(0) = 1 we get:

y(t) = %e‘t sint + %e_t sin 2¢.
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Example 5.6:
Consider the initial boundary value problem

Up = Uxx (23)
u(0,t) =u(l,t) =0
u(x,0) = sin(2mx).

Solution:
Applying ARA transform G; on both side of the Equation (23)

G1[u] = G1[uxx]
2
s [u(x, ))(s) —su(x,0) = —5 (G1[u(x,1)](s))
G [u(x,1)](s) = sGr[u(x,1)](s) = s sin(27mx). (24)
The general solution of Equation (24) can be written as

Gilu(x, )I(s) = Gaclu(x, I(s) + Gp[u(x, 1)](s),

where G [u(x,1)](s) = c1e V¥ + ce 5%, and the solution of the nonhomogeneous part is given by
Giplu(x, t)](s) = ay sin(2mx) + az cos(2mx),

after simple calculations, we get ap = 0.

Hence:
Gi1lu(x,1)](s) = cre V¥ + coe™ Vo T Sin(2m).
Using boundary conditions, we get ¢y = c; = 0:
Gilu(x,1)(s) = 3= sin(2nx).
Taking the inverse ARA transform QIlz
u(x, t) = g4t sin(27x).
Example 5.7
Consider the initial boundary value problem:
Upp = Uyy + sin(mx), (25)

u(0,t) =u(l,t) =0
u(x,0) = u(x,0) = 0.

Solution:
Applying ARA transform G; on both sides of the Equation (25)

gl [utt] = gl [uxx] + gl [sin(nx)]

$’G1 [u(x, D] (s) - s2u(x,0) — su(x,0)
= L (G [u(x, £)](5)) + sin(mx)



Symmetry 2020, 12, 925 13 of 15

d2
dx2

The general solution of Equation (26) can be written as

(G1[u(x, 1)](5)) = s*G1[u(x, 1)](s) = —sin(mx). (26)

gl [“(xrt)](s) = glc[u(xr t)](s) + glp[u(x/t)](s)f
where G [u(x, t)](s) = c16™ + e, and the solution of the nonhomogeneous part is given by:
Giplu(x, t)](s) = Asin(mx) + B cos(mx).

To find A and B, we substituting Gy, in Equation (26) to get:

Giplu(x, t)](s) = nz;JrsZSin(nx)

1 .
Glu(x D](5) = e16™ + 2™ o+ ——— sin(mx).

Using boundary conditions, we get:

Gilu(x,£)](s)

= nz—_|_52 Sil’l('IUC).

Taking the inverse ARA transform Ql_l we get the solution:

u(x,t) = smi_;‘tx)(l — cos(mt)).

6. Conclusions

In this paper, we introduced a new integral operator transform called the ARA transform.
We presented its existence and inverse transform. We presented some properties and their application
in the solving of ordinary and partial differential equations that arise in some branches of science like
physics, engineering, etc.
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Appendix A

Table A1l. Here we present a list of ARA transform of some special functions and General properties of

the ARA transform.
8(1) G(n,s)
s17"T'(n)
sT'T(1+n)

s%‘”l"(% + n)
\/Es%‘"l"(—% + n)

e -
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Table Al. Cont.

8(f) G(n,s)
2 s T (2 +n)
" sIMNT (m 4 n)
gm=1/2 S%—m—nr(_% +m+1’l)
et s(s—a)"'T(n)
e s(s+a)™"T(n)
tet s(s—a)" " T(1 +n)
et s(s—a) """ (m +n)
. 2\"5 1 . _
sin(at) %F(n)((sja),, - m ) = (1 + 27) 17T (n) sm(n tan 1(2))
Py _n
cos(at) 3 (n)(ﬁ + m = (l + ’%) 217 (n) cos(n tan’l(g))
1(<1-n)
t sin(ut) (1+§)2 ' s (n+2) sin((1+n) tar\’l(f;'))
3 (1) 1+n
t cos(at) (1 + ‘;7) s"T(n+1 cos(( +n)tan” 1(%
11—
sin(at) —a t cos(at) (1 + Zé)Z( n)s’"l"(n)( —an cos( (14 n)tan™ (% )+ 1+ "75 sm ntan 1(5) )
1(-1-
sin(at) + a t cos(at) 1+ gﬁ)2< - "F(n)(a ncos( (1+n) tan’1 + 1+ ‘%s sm ntan 1(%)))
nl(

cos(at) —a tsin(at)

cos(at) +a tsin(at)
sin(at +b)
cos(at +b)

" sin(bt)

e cos(bt)
sinh(at)
cosh(at)

e"'sinh(at)

¢ cosh(at

(at)
(s)
1(s)

)

s
Gulau(t) + po(
Gnlg(at)](s)

Gulf(£) *h(1)](s)
Gnluc(H)g(t - c)](s)

(1+% - S’”F(H)( ((1+n)tan’1(g))—a( 1+n) sin((1+n) tan"1(2)))
+’f*)%(_1_n)s‘”l"( )(s cos((l-l—n)tan‘l( ))+a(1+n 1n((1+n)tar1 (%)))
(14+5) " )
(1+2)™" =1 1 (n )

(1+ 2 )—n/Zs(_u+S)-nr( )sm(n tan—1 ﬂbﬁ))

(a=s)?

)
) s1n(b +n tan™ 1(
) (

cos(b +n tan™!

a
s
a
s

5 -n/2 n B
(l + (is)z) s(—a+s)""T(n) c:s(n tan rj(%))
2 i ()

+(s+1a)")

G5 4c)
G(n+m,s)

G(n—-m,s)
n-1g g1 Gi[f™ ()] (s)
(1) s )

S s
()"l l(” 'Gilf(D](s) - f 5’1‘ff(f'1)(0)]

(1)1 D ) o (s)
]

G [g(u)(u+e)"]
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