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Abstract: This paper constructs and introduces (p, q)-cosine and (p, q)-sine Bernoulli polynomials
using (p, q)-analogues of (x + a)n. Based on these polynomials, we discover basic properties and
identities. Moreover, we determine special properties using (p, q)-trigonometric functions and verify
various symmetric properties. Finally, we check the symmetric structure of the approximate roots
based on symmetric polynomials.
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1. Introduction

In 1991, (p, q)-calculus including (p, q)-number with two independent variables p and q, was first
independently considered [1,2]. Throughout this paper, the sets of natural numbers, integers,
real numbers and complex numbers are denoted by N,Z,R and C, respectively.

For any n ∈ N, the (p, q)-number is defined by the following:

[n]p,q =
pn − qn

p− q
, where |p/q| < 1, (1)

which is a natural generalization of the q-number. From Equation (1), we note that [n]p,q = [n]q,p.
Many physical and mathematical problems have led to the necessity of studying (p, q)-calculus. Since

1991, many mathematicians and physicists have developed (p, q)-calculus in several different research
areas. For example, in 1994, [3] introduced (p, q)-hypergeometric functions. Three years later, [3,4]
derived related preliminary results by considering a more general (p, q)-hypergeometric series and
Burban’s (p, q)-hypergeometric series, respectively. In 2005, based on the (p, q)-numbers, [5] studied
about (p, q)-hypergeometric series and discovered results corresponding to the (p, q)-extensions of
known q-identities. Moreover, [6] established properties similar to the ordinary and q-binomial
coefficients after developing the (p, q)-hypergeometric series in 2008. About seven years later, [7]
introduced (p, q)-gamma and (p, q)-beta functions, which are generalizations of the gamma and
beta functions.

The different variations of Bernoulli polynomials, q-Bernoulli polynomials and (p, q)-Bernoulli
polynomials are illustrated in the diagram below. Kim, Ryoo and many mathematicians have studied
the first and second rows of the polynomials in the diagram(see [8–12]). These studies began producing
valuable results in areas related to number theory and combinatorics.

Symmetry 2020, 12, 885; doi:10.3390/sym12060885 www.mdpi.com/journal/symmetry

http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
http://dx.doi.org/10.3390/sym12060885
http://www.mdpi.com/journal/symmetry
https://www.mdpi.com/2073-8994/12/6/885?type=check_update&version=2


Symmetry 2020, 12, 885 2 of 21

The main idea is to use property of (p, q)-numbers and combine (p, q)-trigonometric functions.
From this idea, we construct (p, q)-cosine and (p, q)-sine Bernoulli polynomials. Investigating the
various explicit identities for (p, q)-cosine and (p, q)-sine Bernoulli polynomials in the diagram’s third
row is the main goal of this paper.

t
et − 1

etx = ∑∞
n=0 Bn(x) tn

n!

( Bernoulli polynomials)

t
et − 1

etx cos(ty) = ∑∞
n=0 B(C)

n (x, y) tn

n!

( cosine Bernoulli polynomials)
t

et − 1
etx sin(ty) = ∑∞

n=0 B(S)
n (x, y) tn

n!

( sine Bernoulli polynomials)

t
eq(t)− 1

eq(tx) = ∑∞
n=0 Bn,q(x)

tn

n!
( q-Bernoulli polynomials)

t
eq(t)− 1

eq(tx)COSq(ty) = ∑∞
n=0 CBn,q(x, y)

tn

n!
(q-cosine Bernoulli polynomials)

t
eq(t)− 1

eq(tx)SINq(ty) = ∑∞
n=0 SBn,q(x, y)

tn

n!
(q-sine Bernoulli polynomials)

t
ep,q(t)− 1

ep,q(tx) = ∑∞
n=0 Bn,p,q(x)

tn

n!
( (p, q)-Bernoulli polynomials)

t
ep,q(t)− 1

ep,q(tx)COSp,q(ty) = ∑∞
n=0 CBn,p,q(x, y)

tn

n!
((p, q)-cosine Bernoulli polynomials)

t
ep,q(t)− 1

ep,q(tx)SINp,q(ty) = ∑∞
n=0 SBn,p,q(x, y)

tn

n!
((p, q)-sine Bernoulli polynomials)

Due to their importance, the classical Bernoulli, Euler, and Genocchi polynomials have been
studied extensively and are well-known. Mathematicians have studied these polynomials through
various mathematical applications including finite difference calculus, p-adic analytic number theory,
combinatorial analysis and number theory. Many mathematicians are familiar with the theorems
and definitions of classical Bernoulli, Euler, and Genocchi polynomials. Based on the theorems
and definitions, it is significant to study these properties in various ways by the combining with
Bernoulli, Euler, and Genocchi polynomials. Mathematicians are studying the extended versions of
these polynomials and are researching new polynomials by combining mathematics with other fields,
such as physics or engineering (see [9–14]). The definition of Bernoulli polynomials combined with
(p, q)-numbers follows:

Definition 1. The (p, q)-Bernoulli numbers, Bn,p,q, and polynomials, Bn,p,q(z), can be expressed as follows
(see [8])

∞

∑
n=0

Bn,p,q
tn

[n]p,q!
=

t
ep,q(t)− 1

,
∞

∑
n=0

Bn,p,q(z)
tn

[n]p,q!
=

t
ep,q(t)− 1

ep,q(tz). (2)

In [11], we confirmed the properties of q-cosine and q-sine Bernoulli polynomials. Their definitions
and representative properties are as follows.

Definition 2. The q-cosine Bernoulli polynomials CBn,q(x, y) and q-sine Bernoulli polynomials SBn,q(x, y)
are defined by the following:

∞

∑
n=0

CBn,q(x, y)
tn

n!
=

t
eq(t)− 1

eq(tx)COSq(ty),
∞

∑
n=0

SBn(x, y)
tn

n!
=

t
eq(t)− 1

eq(tx)SINq(ty). (3)
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Theorem 1. For x, y ∈ R, we have the following:

(i)



CBn,q((x⊕ r)q, y) + SBn,q((x	 r)q, y)

= ∑n
k=0

[
n
k

]
q

q(
n−k

2 )rn−k
(

CBk,q(x, y) + (−1)n−k
SBk,q(x, y)

)
SBn,q((x⊕ r)q, y) + CBn,q((x	 r)q, y)

= ∑n
k=0

[
n
k

]
q

q(
n−k

2 )rn−k
(

SBk,q(x, y) + (−1)n−k
CBk,q(x, y)

)

(ii)

{
∂

∂x CBn,q(x, y) = [n]qCBn−1,q(x, y), ∂
∂y CBn,q(x, y) = −[n]qSBn−1,q(x, qy)

∂
∂x SBn,q(x, y) = [n]qSBn−1,q(x, y), ∂

∂y SBn,q(x, y) = [n]qCBn−1,q(x, qy)

(4)

The main goal of this paper is to identify the properties of (p, q)-cosine and (p, q)-sine Bernoulli
polynomials. In Section 2, we review some definitions and theorem of (p, q)-calculus. In Section 3,
we introduce (p, q)-cosine and (p, q)-sine Bernoulli polynomials. Using the properties of exponential
functions and trigonometric functions associated with (p, q)-numbers, we determine the various
properties and identities of the polynomials. Section 4 presents the investigation of the symmetric
properties of (p, q)-cosine and (p, q)-sine Bernoulli polynomials in different forms and based on the
symmetric polynomials, we check the symmetric structure of the approximate roots.

2. Preliminaries

In this section, we introduce definitions and preliminary facts that are used throughout this paper
(see [6,12–20]).

Definition 3. For n ≥ k, the Gaussian binomial coefficients are defined by the following:[
m
r

]
p,q

=
[n]p,q!

[n− k]p,q![k]p,q!
, (5)

where m and r are non-negative integers.

We note that [n]p,q! = [n]p,q[n − 1]p,q · · · [2]p,q[1]p,q, where n ∈ N. For r = 0, the value of
the equation is 1, because both the numerator and denominator are empty products. Moreover,
(p, q)-analogues of the binomial formula exist, and this definition has numerous properties.

Definition 4. The (p, q)-analogues of (x− a)n and (x + a)n are defined by the following:

(i) (x	 a)n
p,q =

{
1, if n = 0

(x− a)(px− qa) · · · (pn−1x− qn−1a), if n ≥ 1

(ii) (x⊕ a)n
p,q =

{
1, if n = 0

(x + a)(px + qa) · · · (pn−2x + qn−2a)(pn−1x + qn−1a), if n ≥ 1

=
n

∑
k=0

[
n
k

]
p,q

p(
k
2)q(

n−k
2 )xkan−k.

(6)

Definition 5. We express the two forms of (p, q)-exponential functions as follows:

ep,q(x) =
∞

∑
n=0

p(
n
2)

xn

[n]p,q!
, Ep,q(x) =

∞

∑
n=0

q(
n
2)

tn

[n]p,q!
. (7)
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From Equation (7), we determine an important property, ep,q(x)Ep,q(−x) = 1. Moreover, Duran,
Acikgos, and Araci defined ẽp,q(x) in [17] as follows:

ẽp,q(x) =
∞

∑
n=0

xn

[n]p,q!
. (8)

From Equations (8) and (6), we remark ep,q(x)Ep,q(y) = ẽp,q(x⊕ y)p,q.

Definition 6. For x 6= 0, the (p, q)-derivative of a function f with respect to x is defined by the following:

Dp,q f (x) =
f (px)− f (qx)

(p− q)x
, (9)

where (Dp,q f )(0) = f ′(0), which prove that f is differentiable at 0. Moreover, it is evident that
Dp,qxn = [n]p,qxn−1.

Definition 7. Let i =
√
−1 ∈ C. Then the (p, q)-trigonometric functions are defined by the following:

sinp,q(x) =
ep,q(ix)− ep,q(−ix)

2i
, SINp,q(x) =

Ep,q(ix)− Ep,q(−ix)
2i

cosp,q(x) =
ep,q(ix) + ep,q(−ix)

2
, COSp,q(x) =

Ep,q(ix) + Ep,q(−ix)
2

,
(10)

where, SINp,q(x) = sinp−1,q−1(x) and COSp,q(x) = cosp−1,q−1(x).

In the same way as well-known Euler expressions using exponential functions, we define the
(p, q)-analogues of hyperbolic functions and find several formulae (see [3,5,17]).

Theorem 2. The following relationships hold:

(i) sinp,q(x)COSp,q(x) = cosp,q(x)SINp,q(x)

(ii) ep,q(x) = coshp,q(x)sinhp,q(x)

(iii) Ep,q(x) = COSHp,q(x)SINHp,q(x).

(11)

From Definition 7 and Theorem 2, we note that coshp,q(x)COSHp,q(x)− sinhp,q(x)
SINHp,q(x) = 1.

3. Several Basic Properties of (p, q)-Cosine and (p, q)-Sine Bernoulli Polynomials

We look for Lemma 1 and Theorem 3 in order to introduce (p, q)-cosine and (p, q)-sine Bernoulli
polynomials. From the definitions of the (p, q)-cosine and (p, q)-sine Bernoulli polynomials, we search
for a variety of properties. We also find relationships with other polynomials using properties of
(p, q)-trigonometric functions or other methods.

Lemma 1. For y ∈ R and i =
√
−1, we have the following:

(i) Ep,q(ity) = COSp,q(ty) + iSINp,q(ty),

(ii) Ep,q(−ity) = COSp,q(ty)− iSINp,q(ty).
(12)
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Proof.

(i) Ep,q(ity) can be expressed using the (p, q)-cosine and (p, q)-sine functions as

Ep,q(ity) =
Ep,q(ity) + Ep,q(−ity)

2
+

Ep,q(ity)− Ep,q(−ity)
2

= COSp,q(ty) + iSINp,q(ty).
(13)

(ii) By substituting −ity instead of (i), we obtain the following:

Ep,q(−ity) =
Ep,q(−ity) + Ep,q(−ity)

2
−

Ep,q(−ity)− Ep,q(−ity)
2

= COSp,q(ty)− iSINp,q(ty).
(14)

Therefore, we complete the proof of Lemma 1.

We note the following relations between ep,q, Ep,q and ẽp,q.

(i) ep,q(x)Ep,q(y) =
∞

∑
n=0

(x⊕ y)n
p,q

[n]p,q!
= ẽp,q(x⊕ y)p,q,

(ii) ep,q(x)Ep,q(−y) =
∞

∑
n=0

(x	 y)n
p,q

[n]p,q!
= ẽp,q(x	 y)p,q.

(15)

Theorem 3. Let x, y ∈ R, i =
√
−1, and |q/p| < 1. Then, we have

(i)
∞

∑
n=0

n

∑
k=0

[
n
k

]
p,q

(
(x⊕ iy)k

p,q + (x	 iy)k
p,q

2

)
Bn−k,p,q

tn

[n]p,q!

=
t

ep,q(t)− 1
ep,q(tx)COSp,q(ty),

(ii)
∞

∑
n=0

n

∑
k=0

[
n
k

]
p,q

(
(x⊕ iy)k

p,q − (x	 iy)k
p,q

2i

)
Bn−k,p,q

tn

[n]p,q!

=
t

ep,q(t)− 1
ep,q(tx)SINp,q(ty).

(16)

Proof.

(i) We note that
∞

∑
n=0

Bn,p,q
tn

[n]p,q!
=

t
ep,q(t)− 1

. (17)

We find the following by multiplying ẽp,q
(
t(x⊕ y)p,q

)
in both sides of Equation (17).

∞

∑
n=0

Bn,p,q
tn

[n]p,q!
ẽp,q

(
t(x⊕ y)p,q

)
=

t
ep,q(t)− 1

ẽp,q
(
t(x⊕ y)p,q

)
. (18)

The left-hand side of Equation (18) can be changed into

∞

∑
n=0

Bn,p,q
tn

[n]p,q!
ẽp,q

(
t(x⊕ y)p,q

)
=

∞

∑
n=0

Bn,p,q
tn

[n]p,q!

∞

∑
n=0

(x⊕ y)n
p,q

tn

[n]p,q!

=
∞

∑
n=0

 n

∑
k=0

[
n
k

]
p,q

(x⊕ y)k
p,qBn−k,p,q

 tn

[n]p,q!
,

(19)
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and by using Lemma 1 (i) on the right-hand side of Equation (18), we yield

t
ep,q(t)− 1

ẽp,q
(
t(x⊕ y)p,q

)
=

t
ep,q(t)− 1

ep,q(x)Ep,q(y)

=
tep,q(x)

ep,q(t)− 1
(
COSp,q(ty) + iSINp,q(ty)

)
.

(20)

From Equations (19) and (20), we derive the following:

∞

∑
n=0

 n

∑
k=0

[
n
k

]
p,q

(x⊕ y)k
p,qBn−k,p,q

 tn

[n]p,q!
=

tep,q(x)
ep,q(t)− 1

(
COSp,q(ty) + iSINp,q(ty)

)
. (21)

We obtain the equation below for (p, q)-Bernoulli numbers using a similar method.

∞

∑
n=0

 n

∑
k=0

[
n
k

]
p,q

(x	 iy)k
p,qBn−k,p,q

 tn

[n]p,q!
=

tep,q(tx)
ep,q(t)− 1

(
COSp,q(ty)− iSINp,q(ty)

)
. (22)

By using Equations (21) and (22), we have

∞

∑
n=0

n

∑
k=0

[
n
k

]
p,q

(
(x⊕ iy)k

p,q + (x	 iy)k
p,q

2

)
Bn−k,p,q

tn

[n]p,q!
=

t
ep,q(t)− 1

ep,q(tx)COSp,q(ty) (23)

and

∞

∑
n=0

n

∑
k=0

[
n
k

]
p,q

(
(x⊕ iy)k

p,q − (x	 iy)k
p,q

2i

)
Bn−k,p,q

tn

[n]p,q!
=

t
ep,q(t)− 1

ep,q(tx)SINp,q(ty). (24)

Therefore, we can conclude the required results.

Thus, we are ready to introduce (p, q)-cosine and (p, q)-sine Bernoulli polynomials using Lemma 1
and Theorem 3.

Definition 8. Let |p/q| < 1 and x, y ∈ R. Then (p, q)-cosine and (p, q)-sine Bernoulli polynomials are
respectively defined by the following:

∞

∑
n=0

CBn,p,q(x, y)
tn

[n]p,q!
=

t
ep,q(t)− 1

ep,q(tx)COSp,q(ty),

and
∞

∑
n=0

SBn,p,q(x, y)
tn

[n]p,q!
=

t
ep,q(t)− 1

ep,q(tx)SINp,q(ty). (25)

From Definition 8, we determine q-cosine and q-sine Bernoulli polynomials when |q| < 1 and
p = 1. In addition, we observe cosine Bernoulli polynomials and sine Bernoulli polynomials for q→ 1
and p = 1.
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Corollary 1. From Theorem 3 and Definition 8, the following holds

(i) CBn,p,q(x, y) =
n

∑
k=0

[
n
k

]
p,q

(
(x⊕ iy)k

p,q + (x	 iy)k
p,q

2

)
Bn−k,p,q,

(ii)SBn,p,q(x, y) =
n

∑
k=0

[
n
k

]
p,q

(
(x⊕ iy)k

p,q − (x	 iy)k
p,q

2i

)
Bn−k,p,q,

(26)

where Bn,p,q denotes the (p, q)-Bernoulli numbers.

Example 1. From Definition 8, a few examples of CBn,p,q(x, y) and SBn,p,q(x, y) are the follows:

CB0,p,q(x, y) = 0

CB1,p,q(x, y) = px

CB2,p,q(x, y) = p2x2 − qy2

CB3,p,q(x, y) = p3x3 − pq(p2 + pq + q2)xy2

CB4,p,q(x, y) = p4x4 − p2q(p2 + q2)(p2 + pq + q2)x2y2 + q6y4,

· · · .

(27)

and
SB0,p,q(x, y) = 0

SB1,p,q(x, y) =
y

p + q

SB2,p,q(x, y) =
pxy

p2 + pq + q2

SB3,p,q(x, y) =
y
(

p2x2

p2+q2 − q3y2
)

p + q

SB4,p,q(x, y) = p(p− q)xy
(

p2x2

p5 − q5 +
q3(p2 + q2)y2

−p3 + q3

)
,

· · · .

(28)

Definition 9. Let |p/q| < 1. Then, we define

∞

∑
n=0

Cn,p,q(x, y)
tn

[n]p,q!
= ep,q(tx)COSp,q(ty),

∞

∑
n=0

Sn,p,q(x, y)
tn

[n]p,q!
= ep,q(tx)SINp,q(ty). (29)

Theorem 4. Let k be a nonnegative integer and |p/q| < 1. Then, we have

(i) CBn,p,q(x, y) =
n

∑
k=0

[
n
k

]
p,q

Bn−k,p,qCk,p,q(x, y),

(ii) SBn,p,q(x, y) =
n

∑
k=0

[
n
k

]
p,q

Bn−k,p,qSk,p,q(x, y),

(30)

where Bn,p,q is the (p, q)-Bernoulli numbers.
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Proof.

(i) Using the generating function of the (p, q)-cosine Bernoulli polynomials and Definition 9,
we find

∞

∑
n=0

CBn,p,q(x, y)
tn

[n]p,q!
=

∞

∑
n=0

Bn,p,q
tn

[n]p,q!

∞

∑
n=0

Cn,p,q(x, y)
tn

[n]p,q!

=
∞

∑
n=0

 n

∑
k=0

[
n
k

]
p,q

Bn−k,p,qCn,p,q(x, y)

 tn

[n]p,q!
.

(31)

Through comparison of the coefficients of both sides for Equation (31), we obtain the desired
results immediately.

(ii) By applying a method similar to (i) in the generating function of the (p, q)-sine Bernoulli
polynomials, we complete the proof of Theorem 4 (ii).

Theorem 5. For a nonnegative integer n, we derive

(i) [n]p,qCn−1,p,q(x, y) =
n

∑
k=0

[
n
k

]
p,q

p(
n−k

2 )
CBk,p,q(x, y)− CBn,p,q(x, y),

(ii) [n]p,qSn−1,p,q(x, y) =
n

∑
k=0

[
n
k

]
p,q

p(
n−k

2 )
SBk,p,q(x, y)− SBn,p,q(x, y).

(32)

Proof.

(i) Suppose that ep,q(t) 6= 1 in the generating function of the (p, q)-cosine Bernoulli polynomials.
Then, we have

∞

∑
n=0

CBn,p,q(x, y)
tn

[n]p,q!
(ep,q(t)− 1) = tep,q(tx)COSp,q(ty). (33)

We write the left-hand side of Equation (33) as follows:

∞

∑
n=0

CBn,p,q(x, y)
tn

[n]p,q!
(ep,q(t)− 1)

=
∞

∑
n=0

CBn,p,q(x, y)
tn

[n]p,q!

(
∞

∑
n=0

p(
n
2)

tn

[n]p,q!
− 1

)

=
∞

∑
n=0

 n

∑
k=0

[
n
k

]
p,q

p(
n−k

2 )
CBk,p,q(x, y)− CBn,p,q(x, y)

 tn

[n]p,q!
,

(34)

and we transform the right-hand side into the following:

tep,q(tx)COSp,q(ty) =
∞

∑
n=0

Cn,p,q(x, y)
tn+1

[n]p,q!

=
∞

∑
n=0

[n]p,qCn−1,p,q(x, y)
tn

[n]p,q!
.

(35)

Therefore, we obtain the following:

n

∑
k=0

[
n
k

]
p,q

p(
n−k

2 )
CBk,p,q(x, y)− CBn,p,q(x, y) = [n]p,qCn−1,p,q(x, y). (36)
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By calculating the left-hand side of Equation (36), we investigate the required result.

(ii) We do not include the proof of Theorem 5 (ii) because the proving process is similar to that
of Theorem 5 (i).

Corollary 2. Setting p = 1 in Theorem 5, the following equations hold

(i) [n]qCn−1,q(x, y) =
n

∑
k=0

[
n
k

]
q

CBk,q(x, y)− CBn,q(x, y)

(ii) [n]qSn−1,q(x, y) =
n

∑
k=0

[
n
k

]
q

SBk,q(x, y)− SBn,q(x, y),

(37)

where CBn,q(x, y) represents the q-cosine Bernoulli polynomials and SBn,q(x, y) denotes the q-sine
Bernoulli polynomials.

Corollary 3. Assigning p = 1 and q→ 1 in Theorem 5, the following holds:

(i) nCn−1(x, y) =
n−1

∑
k=0

(
n
k

)
CBn(x, y)

(ii) nSn−1(x, y) =
n−1

∑
k=0

(
n
k

)
SBn(x, y),

(38)

where CBn(x, y) represents the cosine Bernoulli polynomials and SBn(x, y) represents the sine
Bernoulli polynomials.

Theorem 6. Let |p/q| < 1. Then, we have

(i) CBn,p,q(1, y) =
n

∑
k=0

[
n
k

]
p,q

(−1)n−kq(
n−k

2 )
(
[k]p,qCk−1,p,q(x, y) + CBk,p,q(x, y)

)
xn−k,

(ii) SBn,p,q(1, y) =
n

∑
k=0

[
n
k

]
p,q

(−1)n−kq(
n−k

2 )
(
[k]p,qSk−1,p,q(x, y) + SBk,p,q(x, y)

)
xn−k.

(39)

Proof.

(i) If we put 1 instead of x in the generating function of the (p, q)-cosine Bernoulli polynomials,
we find the following:

∞

∑
n=0

CBn,p,q(1, y)
tn

[n]p,q!
=

t
ep,q(t)− 1

(
ep,q(t)− 1 + 1

)
COSp,q(ty)

= tCOSp,q(ty) +
t

ep,q(t)− 1
COSp,q(ty).

(40)
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Using a property of the (p, q)-exponential function, ep,q(x)Ep,q(−x) = 1, in Equation (40),
we obtain the following:

∞

∑
n=0

CBn,p,q(1, y)
tn

[n]p,q!

=

(
tep,q(tx)COSp,q(ty) +

t
ep,q(t)− 1

ep,q(tx)COSp,q(ty)
)

Ep,q(−tx)

=
∞

∑
n=0

(
[n]p,qCn−1,p,q(x, y) + CBn,p,q(x, y)

) tn

[n]p,q!

∞

∑
n=0

q(
n
2)(−x)n tn

[n]p,q!

=
∞

∑
n=0

 n

∑
k=0

[
n
k

]
p,q

(−1)n−kq(
n−k

2 )([k]p,qCk−1,p,q(x, y) + CBk,p,q(x, y))xn−k

 tn

[n]p,q!
,

(41)

and we immediately derive the results.
(ii) By applying a similar process for proving (i) to the (p, q)-sine Bernoulli polynomials, we find

Theorem 6 (ii).

Corollary 4. Setting p = 1 in Theorem 6, the following holds:

(i) CBn,q(1, y) =
n

∑
k=0

[
n
k

]
q

(−1)n−kq(
n−k

2 )
(
[k]qCk−1,q(x, y) + CBk,q(x, y)

)
xn−k

(ii) SBn,q(1, y) =
n

∑
k=0

[
n
k

]
q

(−1)n−kq(
n−k

2 )
(
[k]qSk−1,q(x, y) + SBk,q(x, y)

)
xn−k,

(42)

where CBn,q(x, y) denotes the q-cosine Bernoulli polynomials and SBn,q(x, y) denotes the q-sine
Bernoulli polynomials.

Corollary 5. Setting p = 1 and q→ 1 in Theorem 6, the following holds:

(i) CBn(1, y) =
n

∑
k=0

(
n
k

)
(−1)n−k (kCk−1(x, y) + CBk(x, y)) xn−k

(ii) SBn(1, y) =
n

∑
k=0

(
n
k

)
(−1)n−k (kSk−1(x, y) + SBk(x, y)) xn−k,

(43)

where CBn(x, y) is the cosine Bernoulli polynomials and SBn(x, y) is the sine Bernoulli polynomials.

Theorem 7. For a nonnegative integer k and |p/q| < 1, we investigate

Bn,p,q(x) =
[ n

2 ]

∑
k=0

[
n
2k

]
p,q

(−1)k p(2k−1)ky2k
CBn−k,p,q(x, y)

+
[ n−1

2 ]

∑
k=0

[
n

2k + 1

]
p,q

(−1)k p(2k+1)ky2k+1
SBn−(2k+1),p,q(x, y),

(44)

where Bn,p,q(x) is the (p, q)-Bernoulli polynomials and [x] is the greatest integer not exceeding x.
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Proof. In [9], we observe the power series of (p, q)-cosine and (p, q)-sine functions as follows:

cosp,q(x) =
∞

∑
n=0

(−1)n p(2n−1)n x2n

[2n]p,q!
, sinp,q(x) =

∞

∑
n=0

(−1)n p(2n+1)n x2n+1

[2n + 1]p,q!
. (45)

Let us consider (p, q)-cosine Bernoulli polynomials. If we multiply (p, q)-cosine Bernoulli
polynomials and the (p, q)-cosine function to determine the relationship between (p, q)-Bernoulli
polynomials and, combined (p, q)-cosine Bernoulli polynomials, and (p, q)-sine Bernoulli polynomials,
we have

∞

∑
n=0

CBn,p,q(x, y)
tn

[n]p,q!
cosp,q(ty) =

t
ep,q(t)− 1

ep,q(tx)COSp,q(ty)cosp,q(ty). (46)

The left-hand side of Equation (46) is transformed as

∞

∑
n=0

CBn,p,q(x, y)
tn

[n]p,q!
cosp,q(ty)

=
∞

∑
n=0

CBn,p,q(x, y)
tn

[n]p,q!

∞

∑
n=0

(−1)n p(2n−1)ny2n t2n

[n]p,q!

=
∞

∑
n=0

 n

∑
k=0

[
n + k

2k

]
p,q

(−1)k p(2k−1)ky2k
CBn−k,p,q(x, y)

 tn+k

[n + k]p,q!

=
∞

∑
n=0

 [ n
2 ]

∑
k=0

[
n
2k

]
p,q

(−1)k p(2k−1)ky2k
CBn−k,p,q(x, y)

 tn

[n]p,q!
.

(47)

From Equations (46) and (47), we derive the following:

∞

∑
n=0

 [ n
2 ]

∑
k=0

[
n
2k

]
p,q

(−1)k p(2k−1)ky2k
CBn−k,p,q(x, y)

 tn

[n]p,q!

=
t

ep,q(t)− 1
ep,q(tx)COSp,q(ty)cosp,q(ty),

(48)

where [x] is the greatest integer that does not exceed x.
From now on, let us consider the (p, q)-sine Bernoulli polynomials in a same manner of

(p, q)-cosine Bernoulli polynomials. If we multiply SBn,p,q(x, y) and sinp,q(ty), we obtain

∞

∑
n=0

SBn,p,q(x, y)
tn

[n]p,q!
sinp,q(ty) =

t
ep,q(t)− 1

ep,q(tx)SINp,q(ty)sinp,q(ty). (49)

The left-hand side of Equation (49) can be changed as the following.

∞

∑
n=0

SBn,p,q(x, y)
tn

[n]p,q!
sinp,q(ty)

=
∞

∑
n=0

SBn,p,q(x, y)
tn

[n]p,q!

∞

∑
n=0

(−1)n p(2n+1)ny2n+1 t2n+1

[n]p,q!

=
∞

∑
n=0

[ n−1
2 ]

∑
k=0

[
n

2k + 1

]
p,q

(−1)k p(2k+1)ky2k+1
SBn−(2k+1),p,q(x, y)

 tn

[n]p,q!
.

(50)
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From Equations (49) and (50), we have the following:

∞

∑
n=0

[ n−1
2 ]

∑
k=0

[
n

2k + 1

]
p,q

(−1)k p(2k+1)ky2k+1
SBn−(2k+1),p,q(x, y)

 tn

[n]p,q!

=
t

ep,q(t)− 1
ep,q(tx)SINp,q(ty)sinp,q(ty),

(51)

where [x] is the greatest integer that does not exceed x.
Here, we recall that (

COSp,q(x)cosp,q(x) + SINp,q(x)sinp,q(x)
)
= 1. (52)

Using Equations (48) and (51) and applying the property of (p, q)-trigonometric functions, we find
(p, q)-Bernoulli polynomials as follows:

∞

∑
n=0

 [ n
2 ]

∑
k=0

[
n
2k

]
p,q

(−1)k p(2k−1)ky2k
CBn−k,p,q(x, y)

 tn

[n]p,q!

+
∞

∑
n=0

[ n−1
2 ]

∑
k=0

[
n

2k + 1

]
p,q

(−1)k p(2k+1)ky2k+1
SBn−(2k+1),p,q(x, y)

 tn

[n]p,q!

=
t

ep,q(t)− 1
ep,q(tx)

(
COSp,q(ty)cosp,q(ty) + SINp,q(ty)sinp,q(ty)

)
=

∞

∑
n=0

Bn,p,q(x)
tn

[n]p,q!
,

(53)

where Bn,p,q(x) is the (p, q)-Bernoulli polynomials.
By comparing the coefficients of both sides of tn, we produce the desired result.

Corollary 6. Setting p = 1 in Theorem 7, the following holds:

Bn,q(x) =
[ n

2 ]

∑
k=0

[
n
2k

]
q

(−1)ky2k
CBn−k,q(x, y)

+
[ n−1

2 ]

∑
k=0

[
n

2k + 1

]
q

(−1)ky2k+1
SBn−(2k+1),q(x, y),

(54)

where Bn,q(x) is the q-Bernoulli polynomials, CBn,q(x, y) denote the q-cosine Bernoulli polynomials, and
SBn,q(x) denote the q-sine Bernoulli polynomials.

Corollary 7. Setting y = 1 in Theorem 7, one holds:

Bn,p,q(x) =
[ n

2 ]

∑
k=0

[
n
2k

]
p,q

(−1)k p(2k−1)k
CBn−k,p,q(x, 1)

+
[ n−1

2 ]

∑
k=0

[
n

2k + 1

]
p,q

(−1)k p(2k+1)k
SBn−(2k+1),p,q(x, 1),

(55)

where Bn,p,q(x) is the (p, q)-Bernoulli polynomials and [x] is the greatest integers that does not exceed x.
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Theorem 8. For a nonnegative integer k and |p/q| < 1, we derive

[ n−1
2 ]

∑
k=0

[
n

2k + 1

]
p,q

(−1)k p(2k+1)ky2k+1
CBn−(2k+1),p,q(x, y)

=
[ n

2 ]

∑
k=0

[
n
2k

]
p,q

(−1)k p(2k−1)ky2k
SBn−k,p,q(x, y),

(56)

where [x] is the greatest integer not exceeding x.

Proof. If we multiply CBn,p,q(x, y) and sinp,q(ty), then we find

∞

∑
n=0

CBn,p,q(x, y)
tn

[n]p,q!
sinp,q(ty) =

t
ep,q(t)− 1

ep,q(tx)COSp,q(ty)sinp,q(ty), (57)

and the left-hand side of Equation (57) can be transformed as

∞

∑
n=0

CBn,p,q(x, y)
tn

[n]p,q!
sinp,q(ty)

=
∞

∑
n=0

CBn,p,q(x, y)
tn

[n]p,q!

∞

∑
n=0

(−1)n p(2n+1)ny2n+1 t2n+1

[2n + 1]p,q!

=
∞

∑
n=0

[ n−1
2 ]

∑
k=0

[
n

2k + 1

]
p,q

(−1)k p(2k+1)ky2k+1
CBn−(2k+1),p,q(x, y)

 tn

[n]p,q!
.

(58)

Similarly, we multiply the (p, q)-sine Bernoulli polynomials and (p, q)-cosine function as
the follows:

∞

∑
n=0

SBn,p,q(x, y)
tn

[n]p,q!
cosp,q(ty) =

t
ep,q(t)− 1

ep,q(tx)SINp,q(ty)cosp,q(ty). (59)

The left-hand side of Equation (59) can be changed as

∞

∑
n=0

SBn,p,q(x, y)
tn

[n]p,q!
cosp,q(ty)

=
∞

∑
n=0

SBn,p,q(x, y)
tn

[n]p,q!

∞

∑
n=0

(−1)n p(2n−1)ny2n t2n

[2n]p,q!

=
∞

∑
n=0

[ n−1
2 ]

∑
k=0

[
n
2k

]
p,q

(−1)k p(2k−1)ky2k
SBn−k,p,q(x, y)

 tn

[n]p,q!
.

(60)

In here, we recall that sinp,q(x)COSp,q(x) = cosp,q(x)SINp,q(x). From Equations (58) and (60),
and the above property of (p, q)-trigonometric functions, we investigate

∞

∑
n=0

[ n−1
2 ]

∑
k=0

[
n

2k + 1

]
p,q

(−1)k p(2k+1)ky2k+1
CBn−(2k+1),p,q(x, y)

 tn

[n]p,q!

−
∞

∑
n=0

 [ n
2 ]

∑
k=0

[
n
2k

]
p,q

(−1)k p(2k−1)ky2k
SBn−k,p,q(x, y)

 tn

[n]p,q!

=
t

ep,q(t)− 1
ep,q(tx)

(
COSp,q(ty)sinp,q(ty)− SINp,q(ty)cosp,q(ty)

)
(61)
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From Equation (61), we complete the proof of Theorem 8.

Corollary 8. Putting y = 1 in Theorem 8, we have the following:

[ n−1
2 ]

∑
k=0

[
n

2k + 1

]
p,q

(−1)k p(2k+1)k
CBn−(2k+1),p,q(x, 1)

=
[ n

2 ]

∑
k=0

[
n
2k

]
p,q

(−1)k p(2k−1)k
SBn−k,p,q(x, 1),

(62)

where [x] is the greatest integer not exceeding x.

Corollary 9. Setting p = 1 in Theorem 8, the following holds:

[ n−1
2 ]

∑
k=0

[
n

2k + 1

]
q

(−1)ky2k+1
CBn−(2k+1),q(x, y) =

[ n
2 ]

∑
k=0

[
n
2k

]
q

(−1)ky2k
SBn−k,q(x, y), (63)

where CBn,q(x, y) is the q-cosine Bernoulli polynomials and SBn,q(x, y) is the q-sine Bernoulli polynomials.

Corollary 10. Let p = 1 and q→ 1 in Theorem 8. Then one holds

[ n−1
2 ]

∑
k=0

(
n

2k + 1

)
(−1)ky2k+1

CBn−(2k+1)(x, y) =
[ n

2 ]

∑
k=0

(
n
2k

)
(−1)ky2k

SBn−k(x, y), (64)

where CBn(x, y) is the cosine Bernoulli polynomials and SBn(x, y) is the sine Bernoulli polynomials.

4. Several Symmetric Properties of the (p, q)-Cosine and (p, q)-Sine Bernoulli Polynomials

In this section, we point out several symmetric identities of the (p, q)-cosine and (p, q)-Bernoulli
polynomials. Using various forms that are made by a and b, we obtain a few desired results regarding
the (p, q)-cosine and (p, q)-sine Bernoulli polynomials. Moreover, we discover other relations of
different Bernoulli polynomials by considering certain conditions in theorems. We also find the
symmetric structure of the approximate roots based on the symmetric polynomials.

Theorem 9. Let a and b be nonzero. Then, we obtain

(i)
n

∑
k=0

[
n
k

]
p,q

an−k−1bk−1
CBn−k,p,q

( x
a

,
y
a

)
CBk,p,q

(
X
b

,
Y
b

)

=
n

∑
k=0

[
n
k

]
p,q

bn−k−1ak−1
CBn−k,p,q

( x
b

,
y
b

)
CBk,p,q

(
X
a

,
Y
a

)
,

(ii)
n

∑
k=0

[
n
k

]
p,q

an−k−1bk−1
SBn−k,p,q

( x
a

,
y
a

)
SBk,p,q

(
X
b

,
Y
b

)

=
n

∑
k=0

[
n
k

]
p,q

bn−k−1ak−1
SBn−k,p,q

( x
b

,
y
b

)
SBk,p,q

(
X
a

,
Y
a

)
.

(65)
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Proof.

(i) We consider form A as follows:

A :=
t2ep,q(tx)ep,q(tX)COSp,q(ty)COSp,q(tY)(

ep,q(at)− 1
) (

ep,q(bt)− 1
) (66)

From form A, we find

A =
t

ep,q(at)− 1
ep,q(tx)COSp,q(ty)

t
ep,q(bt)− 1

ep,q(tX)COSp,q(tY)

=
∞

∑
n=0

an−1
CBn,p,q

( x
a

,
y
a

) tn

[n]p,q!

∞

∑
n=0

bn−1
CBn,p,q

(
X
b

,
Y
b

)
tn

[n]p,q!

=
∞

∑
n=0

 n

∑
k=0

[
n
k

]
p,q

an−k−1bk−1
CBn−k,p,q

( x
a

,
y
a

)
CBk,p,q

(
X
b

,
Y
b

) tn

[n]p,q!
,

(67)

and form A of Equation (66) can be transformed into the following:

A =
t

ep,q(bt)− 1
ep,q(tx)COSp,q(ty)

t
ep,q(at)− 1

ep,q(tX)COSp,q(tY)

=
∞

∑
n=0

 n

∑
k=0

[
n
k

]
p,q

bn−k−1ak−1
CBn−k,p,q

( x
b

,
y
b

)
CBk,p,q

(
X
a

,
Y
a

) tn

[n]p,q!
.

(68)

Using the comparison of coefficients in Equations (67) and (68), we find the desired result.
(ii) If we assume form B as follows:

B :=
t2ep,q(tx)ep,q(tX)SINp,q(ty)SINp,q(tY)(

ep,q(at)− 1
) (

ep,q(bt)− 1
) , (69)

then, we find Theorem 9 (ii) in the same manner.

Corollary 11. Setting a = 1 in Theorem 9, the following holds:

(i)
n

∑
k=0

[
n
k

]
p,q

bk−1
CBn−k,p,q (x, y) CBk,p,q

(
X
b

,
Y
b

)

=
n

∑
k=0

[
n
k

]
p,q

bn−k−1
CBn−k,p,q

( x
b

,
y
b

)
CBk,p,q (X, Y) ,

(ii)
n

∑
k=0

[
n
k

]
p,q

bk−1
SBn−k,p,q (x, y) SBk,p,q

(
X
b

,
Y
b

)

=
n

∑
k=0

[
n
k

]
p,q

bn−k−1
SBn−k,p,q

( x
b

,
y
b

)
SBk,p,q (X, Y) .

(70)



Symmetry 2020, 12, 885 16 of 21

Corollary 12. If p = 1 in Theorem 9, then we have

(i)
n

∑
k=0

[
n
k

]
q

an−k−1bk−1
CBn−k,q

( x
a

,
y
a

)
CBk,q

(
X
b

,
Y
b

)

=
n

∑
k=0

[
n
k

]
q

bn−k−1ak−1
CBn−k,q

( x
b

,
y
b

)
CBk,q

(
X
a

,
Y
a

)
,

(ii)
n

∑
k=0

[
n
k

]
q

an−k−1bk−1
SBn−k,q

( x
a

,
y
a

)
SBk,q

(
X
b

,
Y
b

)

=
n

∑
k=0

[
n
k

]
q

bn−k−1ak−1
SBn−k,q

( x
b

,
y
b

)
SBk,q

(
X
a

,
Y
a

)
,

(71)

where CBn,q(x, y) denotes the q-cosine Bernoulli polynomials and SBn,q(x, y) denotes the q-sine
Bernoulli polynomials.

Corollary 13. Putting p = 1 and q→ 1, one holds:

(i)
n

∑
k=0

(
n
k

)
an−k−1bk−1

CBn−k

( x
a

,
y
a

)
CBk

(
X
b

,
Y
b

)
=

n

∑
k=0

(
n
k

)
bn−k−1ak−1

CBn−k

( x
b

,
y
b

)
CBk

(
X
a

,
Y
a

)
,

(ii)
n

∑
k=0

(
n
k

)
an−k−1bk−1

SBn−k

( x
a

,
y
a

)
SBk

(
X
b

,
Y
b

)
=

n

∑
k=0

(
n
k

)
bn−k−1ak−1

SBn−k

( x
b

,
y
b

)
SBk

(
X
a

,
Y
a

)
,

(72)

where CBn(x, y) is the cosine Bernoulli polynomials and SBn(x, y) is the sine Bernoulli polynomials.

Theorem 9 is a basic symmetric property of (p, q)-cosine and (p, q)-sine Bernoulli polynomials.
We aim to find several symmetric properties by mixing (p, q)-cosine and (p, q)-sine Bernoulli polynomials.

Theorem 10. For nonzero integers a and b, we have

n

∑
k=0

[
n
k

]
p,q

an−k−1bk−1
CBn−k,p,q

( x
a

,
y
a

)
SBk,p,q

(
X
b

,
Y
b

)

=
n

∑
k=0

[
n
k

]
p,q

bn−k−1ak−1
CBn−k,p,q

( x
b

,
y
b

)
SBk,p,q

(
X
a

,
Y
a

)
.

(73)

Proof. We assume form C by mixing the (p, q)-cosine function with the (p, q)-sine function, such as
the following:

C :=
t2ep,q(tx)ep,q(tX)COSp,q(ty)SINp,q(tY)(

ep,q(at)− 1
) (

ep,q(bt)− 1
) . (74)
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Form C of the above equation can be changed into

C =
t

ep,q(at)− 1
ep,q(tx)COSp,q(ty)

t
ep,q(bt)− 1

ep,q(tX)SINp,q(tY)

=
∞

∑
n=0

an−1
CBn,p,q

( x
a

,
y
a

) tn

[n]p,q!

∞

∑
n=0

bn−1
SBn,p,q

(
X
b

,
Y
b

)
tn

[n]p,q!

=
∞

∑
n=0

 n

∑
k=0

[
n
k

]
p,q

an−k−1bk−1
CBn−k,p,q

( x
a

,
y
a

)
SBk,p,q

(
X
b

,
Y
b

) tn

[n]p,q!
,

(75)

or, equivalently:

C =
t

ep,q(bt)− 1
ep,q(tx)COSp,q(ty)

t
ep,q(at)− 1

ep,q(tX)SINp,q(tY)

=
∞

∑
n=0

 n

∑
k=0

[
n
k

]
p,q

bn−k−1ak−1
CBn−k,p,q

( x
b

,
y
b

)
SBk,p,q

(
X
a

,
Y
a

) tn

[n]p,q!
.

(76)

By comparing transformed Equations (75) and (76), we determine the result of Theorem 10.

Corollary 14. If a = 1 in Theorem 10, then we find

n

∑
k=0

[
n
k

]
p,q

bk−1
CBn−k,p,q (x, y) SBk,p,q

(
X
b

,
Y
b

)

=
n

∑
k=0

[
n
k

]
p,q

bn−k−1
CBn−k,p,q

( x
b

,
y
b

)
SBk,p,q (X, Y) .

(77)

Corollary 15. Setting p = 1 in Theorem 10, one holds:

n

∑
k=0

[
n
k

]
q

an−k−1bk−1
CBn−k,q

( x
a

,
y
a

)
SBk,q

(
X
b

,
Y
b

)

=
n

∑
k=0

[
n
k

]
q

bn−k−1ak−1
CBn−k,q

( x
b

,
y
b

)
SBk,q

(
X
a

,
Y
a

)
,

(78)

where CBn,q(x, y) is the q-cosine Bernoulli polynomials and SBn,q(x, y) is the q-sine Bernoulli polynomials.

Corollary 16. Assigning p = 1 and q→ 1 in Theorem 10, the following holds:

n

∑
k=0

(
n
k

)
an−k−1bk−1

CBn−k

( x
a

,
y
a

)
SBk

(
X
b

,
Y
b

)
=

n

∑
k=0

(
n
k

)
bn−k−1ak−1

CBn−k

( x
b

,
y
b

)
SBk

(
X
a

,
Y
a

)
,

(79)

where CBn(x, y) is the cosine Bernoulli polynomials and SBn(x, y) is the sine Bernoulli polynomials.
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Theorem 11. Let a and b be nonzero integers. Then, we derive

n

∑
k=0

[
n
k

]
p,q

an−k−1bk−1
CBn−k,p,q

(
bx,

y
a

)
SBk,p,q

(
aX,

Y
b

)

=
n

∑
k=0

[
n
k

]
p,q

bn−k−1ak−1
CBn−k,p,q

(
ax,

y
b

)
SBk,p,q

(
bX,

Y
a

)
.

(80)

Proof. Let us consider form D containing a and b in the (p, q)-exponential functions as

D :=
t2ep,q(abtx)ep,q(abtX)COSp,q(ty)SINp,q(tY)(

ep,q(at)− 1
) (

ep,q(bt)− 1
) . (81)

From the above form D , we can obtain

D =
t

ep,q(at)− 1
ep,q(abtx)COSp,q(ty)

t
ep,q(bt)− 1

ep,q(abtX)SINp,q(tY)

=
∞

∑
n=0

an−1
CBn,p,q

(
bx,

y
a

) tn

[n]p,q!

∞

∑
n=0

bn−1
SBn,p,q

(
aX,

Y
b

)
tn

[n]p,q!

=
∞

∑
n=0

 n

∑
k=0

[
n
k

]
p,q

an−k−1bk−1
CBn−k,p,q

(
bx,

y
a

)
SBk,p,q

(
aX,

Y
b

) tn

[n]p,q!
,

(82)

and
D =

t
ep,q(bt)− 1

ep,q(abtx)COSp,q(ty)
t

ep,q(at)− 1
ep,q(abtX)SINp,q(tY)

=
∞

∑
n=0

 n

∑
k=0

[
n
k

]
p,q

bn−k−1ak−1
CBn−k,p,q

(
ax,

y
b

)
SBk,p,q

(
bX,

Y
a

) tn

[n]p,q!
.

(83)

By observing Equations (82) and (83) which are made by form D, we prove Theorem 11.

Corollary 17. Setting a = 1 in Theorem 11, the following holds:

n

∑
k=0

[
n
k

]
p,q

bk−1
CBn−k,p,q (bx, y) SBk,p,q

(
X,

Y
b

)

=
n

∑
k=0

[
n
k

]
p,q

bn−k−1
CBn−k,p,q

(
x,

y
b

)
SBk,p,q (bX, Y) .

(84)

Corollary 18. If p = 1 in Theorem 11, then we obtain

n

∑
k=0

[
n
k

]
q

an−k−1bk−1
CBn−k,q

(
bx,

y
a

)
SBk,q

(
aX,

Y
b

)

=
n

∑
k=0

[
n
k

]
q

bn−k−1ak−1
CBn−k,q

(
ax,

y
b

)
SBk,q

(
bX,

Y
a

)
,

(85)

where CBn,q(x, y) is the q-cosine Bernoulli polynomials and SBn,q(x, y) is the q-sine Bernoulli polynomials.
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Corollary 19. Let p = 1 and q→ 1 in Theorem 11. Then one holds

n

∑
k=0

(
n
k

)
an−k−1bk−1

CBn−k

(
bx,

y
a

)
SBk

(
aX,

Y
b

)
=

n

∑
k=0

(
n
k

)
bn−k−1ak−1

CBn−k

(
ax,

y
b

)
SBk

(
bX,

Y
a

)
,

(86)

where CBn(x, y) is the cosine Bernoulli polynomials and SBn(x, y) is the sine Bernoulli polynomials.

Next, we investigate the structure of approximate roots in (p, q)-cosine and (p, q)-sine Bernoulli
polynomials. Based on the theorems above, (p, q)-cosine and (p, q)-sine Bernoulli polynomials have
symmetric properties. Thus, we assume that the approximate roots of (p, q)-cosine and (p, q)-sine
Bernoulli polynomials also have symmetric properties as well. We aim to identify the stacking structure
of the roots from the specific (p, q)-cosine and (p, q)-sine Bernoulli polynomials found in Section 3.

First, the structure of approximate roots in the (p, q)-cosine Bernoulli polynomials is illustrated in
Figure 1 when y = 5, q = 0.9, and the value of p changes. Figure 1 reveals the pattern of the roots in
the (p, q)-cosine Bernoulli polynomials when p = 0.5. In addition, the approximate roots appear when
n changes from 1 to 30. The red points become closer together when n is 30 and n becomes smaller
as illustrated by the blue points. Based on the graphs with real and imaginary axes, the (p, q)-cosine
Bernoulli polynomials are symmetric.

Figure 1. Stacking structure of approximate roots in the (p, q)-cosine Bernoulli polynomials when
p = 0.5, q = 0.9, and y = 5.

Here, we aim to confirm that changes in the value of the (p, q)-cosine Bernoulli polynomials
changes the structure of the approximate roots as the value changes. The structure of the approximate
roots in polynomials when p = 1 and q changes, can be found in the q-cosine Bernoulli polynomials
(see [11]).

Figure 2 below illustrates the stacking structure of the approximate roots of the (p, q)-cosine
Bernoulli polynomials fixed at p = 0.1, q = 0.5 and y = 5 when 1 ≤ n ≤ 30. Compared with Figure 1,
Figure 2 displays a wider distribution of the approximate roots. The range of the left picture in Figure 1
is −15 < Re x < 15 and the range of the left picture in Figure 2 is −50 < Re x < 50. The structure of
the approximate roots of p = 0.1 when n = 30 is wider on the real axis compared to when p = 0.5.
The right-hand graphs in Figures 1 and 2 also reveal the same distribution. In addition, as n increases,
the structure of the approximate roots appears symmetric.

Figure 2. Stacking structure of approximate roots in the (p, q)-cosine Bernoulli polynomials when
p = 0.1, q = 0.9, and y = 5.
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Next, we examine the stacking structure of the approximate roots in the (p, q)-sine Bernoulli
polynomials. The conditions are confirmed by equating them to the conditions of the (p, q)-cosine
Bernoulli polynomials. The stacking structure of the approximate roots of the (p, q)-sine Bernoulli
polynomials when p = 0.5, q = 0.9, and y = 5 can be checked in Figure 3. At 1 ≤ n ≤ 30,
the distribution range of the approximate roots appears wider in the values on the real axis than
in the imaginary axis, as shown in the left picture in Figure 3. Figure 3 reveals that, as the value of n
becomes larger, the approximate roots become more symmetric, and the approximate form approaches
a circular shape, including the origin.

10
30

Figure 3. Stacking structure of approximate roots in the (p, q)-sine Bernoulli polynomials when
p = 0.5, q = 0.9, and y = 5 in 3D.

When we change the value of p, the structure of the approximate roots of the (p, q)-sine Bernoulli
polynomials when p = 0.1 under the same conditions as in Figure 3 is presented in Figure 4.
In comparison with Figure 3, the area of the real and the imaginary axes in Figure 4 is greater, and the
approximate roots have a wider distribution than observed in Figure 3. This property is common
in the approximate roots of the (p, q)-cosine and (p, q)-sine Bernoulli polynomials. This indicates
that, as the value of p decreases, the approximate roots of the (p, q)-cosine and (p, q)-sine Bernoulli
polynomials spread wider. In addition, as displayed in Figure 4, the structure of the approximate roots
of the (p, q)-sine Bernoulli polynomials is symmetric as the value of n increases.

Figure 4. Stacking structure of approximate roots in the (p, q)-sine Bernoulli polynomials when
p = 0.1, q = 0.9, and y = 5 in 3D.

5. Conclusions and Future Directions

In this paper, we explained about the (p, q)-cosine and (p, q)-sine Bernoulli polynomials,
their basic properties, and various symmetric properties. Based on the above contents, we identified
the structures of the approximate roots of the (p, q)-cosine and (p, q)-sine Bernoulli polynomials.
As a result, we observed that the above polynomials obtain a structure of approximate roots, which has
certain patterns and has a symmetric property under the given circumstances.

Further study is needed regarding whether the structure of approximate roots for the (p, q)-cosine
and (p, q)-sine Bernoulli polynomials have symmetric properties under different circumstances.
Furthermore, we think researching theories related to this topic is important to mathematicians.
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