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Abstract: Concrete is a non-Newtonian fluid which is a counterexample of Jeffrey fluid. The flow
of Jeffrey fluid is considered containing nanostructures of zinc oxide in this study. The flow of the
nanofluid is modeled in terms of partial fractional differential equations via Atangana–Baleanu
(AB) fractional derivative approach and then solved using the integral transformation. Specifically,
the applications are discussed in the field of concrete and cement industry. The variations in
heat transfer rate and skin friction have been observed for different values of volume fractions
of nanoparticles. The results show that by adding 4% ZnO nanoparticles increase skin friction
up to 15%, ultimately enhancing the adhesion capacity of concrete. Moreover, ZnO increase the
density of concrete, minimizing the pores in the concrete and consequently increasing the strength
of concrete. The solutions are simplified to the corresponding solutions of the integer ordered
model of Jeffrey-nanofluid. Applications of this work can be found in construction engineering and
management such as buildings, roads, tunnels, bridges, airports, railroads, dams, and utilities.

Keywords: concrete; Jeffrey nanofluid; ZnO nanoparticles; channel flow; Atangana–Baleanue
fractional derivative

1. Introduction

One of the recent areas of research is nanotechnology, which covers a wide range of studies in
civil engineering and construction. To control the hydration, development of resistance, corrosion,
and fracture in the cement-based material, it is important to have good knowledge of the nanostructure
of cement-based materials. For many construction circumstances, the improvement of materials with
new characteristics, such as self-cleaning, fade resistance, high anti-gravity, and scratch protection
and wear resistance, is very important [1–3]. Recently, nano-research in cement has concentrated on
investigating the composition of cement-based materials and their fracture mechanisms [4–8]. There are
several experimental reports on incorporating nanoparticles in cement-based concrete. Hadi et al. [9],
analyzed Al2O3 nanoparticles concentration and environmental effect on the cogeneration system in the
cement industry. The results showed that the compressive strength of the cement is improved compared
to the plane cement when checked at the seventh and twenty-eighth day. Nazari et al. [10], investigated
the effect of Al2O3 nanoparticles on the compressive strength and workability of blended concrete.
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Their analysis revealed that the strength of the cement is increased by adding the nanoparticles at
the rate of up to 2.0%. The interesting part of the analysis is that the ultimate strength is gained by
dispersing 1.0% of nanoparticles. Morsey et al. [11] studied the experimentally hybrid effect of carbon
nanotubes (CNTs) and nano clay on the physicomechanical properties of cement mortar and also
show the compressive strength, phase composition, and microstructure of blended cement. Malothra
and Mehta [12] analyzed the high-volume fly ash technology in which fly ash replaces more than
half of the portland cement in concrete. The study covers the applications of concrete in sustainable
development, fly ash characteristics, mechanisms by which fly ash improves the characteristics of
concrete, the definition of high-performance high volumes fly ash (HVFA) concrete and history of its
development, concrete mixture proportions, properties of fresh and hardened concrete, the durability of
high-performance HVFA concrete, HVFA concrete construction practice, and case histories describing
the use of HVFA concrete in Canada and the United States. Raki et al. [13], researched in the area of
concrete, using the nanoparticles and nanotubes to improve the quality of the concrete. They have
concluded that when nano-CaCO3 has added to the cement the rate of heat development enhanced
rapidly. In a research article, Bahamani et al. [14] stated that when SiO2 nanoparticles are added
to cement-treated soil for stabilization, the compressive strength is improved by 80%. Shekari and
Razzaghi [15], investigated the durability and strengths of concrete in their analysis. The results are
interesting and important because, both the mechanical properties and durability are checked, and
they concluded that these properties are improved by adding nanoparticles in concrete. Moreover,
the aluminum nanoparticles are the most effective one amongst all the tested nanoparticles in this
study. The influence of the size of silicon oxide nanoparticles on the double blended concrete was
analyzed by Givi et al. [16] through an experiment. The results showed that the concrete with
small size of nanoparticles (15 nm) was harder than the concrete with large size of nanoparticles
(80 nm). Many scholars have studied the mechanical properties of cement mortars, including nano-
Fe2O3 and nano- SiO2 [17–21]. In other sectors the applications of nanofluids are also studied by
various researchers. Goodarzi et al. [22] investigated the two phase flow of nanofluid in a shallow
cavity. Arasteh et al. [23] have used the nanofluids to enhance the working capacity of double-layered
heat. Yousefzadeh et al. [24] have presented a numerical modelling and investigation for the flow of
nanofluid with different heat transfer areas. They have used the solid silver nanoparticles having
volume fraction 0%, 2%, and 4% in the base fluids to enhance the heat transfer. Ahmadi et al. [25]
have used various machine learning methods including MPR (Multivariable Polynomial Regression),
MARS (Multivariate Adaptive Regression Splines), ANN-MLP (Artificial Neural Network- Multilayer
Perceptron), and GMDH (Group Method of Data Handling), for modeling the dynamic viscosity of
CuO/water nanofluid based on the temperature, concentration, and size of nanostructures. They have
concluded that the concentration of the nanoparticles has the highest importance, while the size has
least importance. The heat transfer in pseudo-plastic non-Newtonian nanofluid with suction and
injection was studied by Maleki et al. [26]. They have claimed that in the case of injection the heat
transfer reduces in non-Newtonian nanofluids. Safaei et al. [27] numerically studied flow of nanofluid
with carbon nanotubes over a forward-facing step. Their results show that heat transfer is remarkably
affected by the volume fraction and Reynolds number. Gholamalizadeh et al. [28] studied the effects
of forced convection on the flow of nanofluids and have mentioned that porosity does not bring any
change in the velocity of nanofluid in this case. Jalali et al. [29] investigated the flow of oil based
nanofluid with MWCNTs (Multiwall Carbon Nanotubes) nanoparticles. Other related studies can be
found in [30–35] and the references therein.

Zinc oxide has unique physical and chemical properties, due to this reason it may be called a
material with various functions. Zinc oxide with its specific properties, such as high electrochemical
coupling-coefficient, chemical stability, high photo-stability, rigidity, hardness, a piezoelectric constant,
and a huge range of radiation, is a material with several functions. It is an essential material in
the ceramic industry, while its toxic behavior, bio-degradability, and bio-compatibility make it a
material of interest for bio-medicine and pre-ecological system [36–38]. Due to its varied characteristics,
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both physical and chemical, zinc oxide is used in many areas, like, bioengineering, cement industry,
tires, ceramics, pharmaceuticals, agriculture, and paints. Apart from these applications mentioned
above, zinc oxide can be used in other branches of industry, like concrete production. The processing
time, speed of hydration reaction, compressive strength, slowdown hardening, and quenching can
be improved by the dispersion of zinc oxide. Nochaiya et al. [39] experimentally analyzed the
effect of ZnO nanoparticles on cement hydration, they have noted a decrease in setting time and
porosity of mortars cement and also an increase in the compressive strength of concrete was found.
The mechanical properties of self-compacting concrete were investigated after the addition of a
different amount of ZnO nanoparticles by Arefi and Rezaei-Zarchi [40]. Flores-Velez et al. [41] studied
the properties and characterization of portland cement composite incorporating zinc iron oxide.
The ZnFe2O4 nanoparticles have been taken, in their research, to analyze the compressive strength of
the cement paste. This research article revealed that the strength of is attained after 42 days. After
that Taylor-Lenge et al. [42], studied to improve the reactivity of metakaolin cement blends using zinc
oxide. They have mentioned that ZnO nanoparticles behave like a delayed accelerator for cement
slurry. To improve the biological and mechanical properties of dental cement, Nguyen et al. [43]
considered the ZnO nanoparticles. They have mentioned that besides the anti-bacterial characteristics
of ZnO nanoparticles also significantly, enhanced the compressive strength and tensile strength of
the cement. Gowda et al. [44], studied the influence of nano-zinc and nano-silica on the compressive
strength of the mortar cement. Their results show that the strength of the cement is improved when
nano-zinc and nano-silica are dispersed in the cement slurry.

Fractional calculus has been growing nowadays, vastly, due to its versatile and unique properties.
The non-integer order derivative is solved through fractional calculus tools. Fractional calculus is the
extension of classical calculus and it has been for approximately three centuries. Fractional calculus is
an important and fruitful tool for describing many systems including memory. In the last few years,
fractional calculus is used for many purposes in various fields, such as electrochemistry, transportation
of water in ground level, electromagnetism, elasticity, diffusion, and in conduction of heat process.
In 2016, Atangana and Baleanu [45], developed a modern definition with a generalized exponential
function, namely, the Mittag Leffler function. The kernel of the integral associated with this derivative
is non-local and non-singular. Atangana and Koca [46], used the new definition of the fractional
derivative to a simple non-linear system to show the existence and uniqueness of the solution for
the system. After that several researchers used the Atangana–Baleanu fractional derivative in their
work. Ali et al. [47] studied Casson fluid using the fractional derivative approach. Their research was
on the non-Newtonian behavior of blood flow in a cylinder. Using the idea of fractional derivatives,
Khan et al. [48] studied the flow of nanofluids, in which sodium alginate is chosen is a base fluid.
They have generalized the model with Atangana–Baleanu (AB) derivative. Sheikh et al. [49,50] have
used the idea of Atangana–Baleanu fractional derivatives for the flow problem of Casson fluid and exact
solutions are obtained. They have presented the comparison of the two newly developed fractional
operators, namely, Atangana–Baleanu and Caputo–Fabrizio fractional derivatives in their articles.
They have concluded in both articles that the velocity profile obtained for the fractional model with
Atangana–Baleanu derivatives comes to steady-state more rapidly compared to the velocity profile for
CF (Caputo Fabrizio) derivatives. The problem related to nanofluids is modeled using the AB fractional
derivatives by Sheikh et al. [51]. The authors have used the fractional derivatives approach to model
the nanofluid flow and its applications in solar energy is explained. The analysis reveals the efficiency
of the solar collector is enhanced by adding nanoparticles to the working fluid. Using the concept of
fractional derivatives, Asif et al. [52] studied the fluid flow between two parallel plates. They have
also considered the arbitrary shear stress on the boundary. Gohar et al. [53], presented the study of
hybrid nanofluids using the fractional derivatives and discussed their application in the cement-based
materials. Atangana and Koca [46], extended the idea of Atangana and Baleanu and applied the
derivative to a simple nonlinear system. The analysis shows that the solution for the fractional
derivatives exists and is unique. In another article, Atangana and Koca [54] claimed that they have
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refined the existing derivative with a more generalized Mittage–Leffler function called the Prabhakar
function. They have presented some new and interesting results. The efficiency of solar collectors
was studied by Sheikh et al. [55] in another paper using the Atangana–Baleanu fractional derivatives
approach. They have considered the inclined plate in their study to have a better understanding of the
solar collectors. They have concluded that the performance of the solar collectors may be improved by
adding the cerium oxide nanoparticles. Vieru et al. [56] studied the flow of viscoelastic fluid using
fractional derivative approach. The flow was considered between two side walls perpendicular to the
plate. The solutions were found using the Fourier and Laplace transforms. Siddique and Vieru [57]
discussed the flow of Newtonian fluid under the slip condition at the boundary. The model was
generalized using the concept of time fractional derivatives. Other studies on AB fractional derivative
can be found in [54,58,59].

In everyday life, non-Newtonian fluids, like lava, gums, and blood, are widely used in different
fields of industries such as food industries, biomedicine, and chemical engineering, which make
it necessary for us to study non-Newtonian fluid flow behavior. Non-Newtonian fluid attributes
incorporate shear diminishing, viscoelasticity [60], viscoplasticity [61], and shear thickening conduct.
Due to its complex behavior, various models in the literature are suggested for non-Newtonian fluids,
one of them is Jeffrey fluid model with relaxation and retardation time. From the detailed survey of the
published literature it is revealed that so far, no study is carried out to study the Jeffrey nanofluid flow
with heat transfer and mass concentration in a channel. Moreover, these studies are even rare for other
simple fluid models with fractional derivatives. In the present article, we have taken the convective
flow of Jeffrey nanofluid in the channel. The model is fractionalized using the fractional derivative
approach proposed by Atangana and Baleanu [45]. The fractional PDEs are solved by applying the
Laplace transform technique. Furthermore, the solutions are plotted, and the results are discussed
with applications in the cement-based materials.

2. Mathematical Modelling

The flow of Jeffrey nanofluid is considered in a channel with heat transfer and mass concentration.
d is the distance between the walls of the channel. The flow of the fluid is taken along the x-direction
while the y-axis is chosen normal to the flow of the fluid. Initially, the fluid is considered stationary with
ambient temperature and mass concentration. Initially, the temperature raised to the wall temperature
and the concentration to the wall concentration which boost up the buoyancy forces. The plate at y = d
is oscillating with the cosine oscillations as shown in Figure 1.
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Figure 1. Geometry of the flow.

The constitutive equations of the defined flow system are given as under [62].

ρn f
∂u(y, t)
∂t

= µn f

(
1 + λ2

∂
∂t

)
∂2u(y, t)
∂y2 − σn f B0

2u(y, t) + (ρβT)n f g(T − T0) + (ρβC)n f g(C−C0), (1)
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The heat transfer and mass concentration are considered in the flow regime. The energy and mass
equation are derived and are presented in their final form as [63]:

(
ρcp

)
n f

∂T(y, t)
∂t

= kn f
∂2T(y, t)
∂y2 , (2)

∂C(y, t)
∂t

= Dn f
∂2C(y, t)
∂y2 , (3)

The corresponding initial constraints are given as:

u(y, 0) = 0, T(y, 0) = T0, C(y, 0) = C0, (4)

As the flow is considered in the channel and the distance between the wall is denoted by d,
the boundary conditions are given in the following form (Equation (5)). On the plate at y = 0, there
is no motion of the fluid and the temperature and concentration are considered as ambient, while at
y = d the oscillations of the plate are considered and temperature and concentrations raised to Tw and
Cw, respectively.

u(0, t) = 0, T(0, t) = T0, C(0, t) = C0

u(d, t) = U0H(t) cosωt, T(d, t) = Tw, C(d, t) = Cw

}
. (5)

For nanofluids, the expressions of µn f , (ρβT)n f , and (ρcp)n f are given by [64].
Using the Buckingham pi theorem, the following dimensionless variables are introduced:

v =
u

U0
, ξ =

y
d

, τ =
U0

d
t, Θ =

T − T0

Tw − T0
, Φ =

C−C0

Cw −C0
,

Using these variables into Equations (1)–(5), we get, (dropped * sign for convenience)

∂v
∂τ

= φ7
∂2v
∂ξ2 + φ7λ

∂3v
∂τ∂ξ2 −φ8Mv + φ9GrΘ + φ10GmΦ , (6)

∂Θ
∂τ

=
1
a0

∂2Θ
∂ξ2 , (7)

∂Φ
∂τ

=
1
a1

∂2Φ
∂ξ2 , (8)

Also, the initial and boundary constraints are nondimensionalized and are given as:

v(ξ, 0) = 0, Θ(ξ, 0) = 0,
v(0, τ) = 0, Θ(0, τ) = 0,

v(1, τ) = H(τ) cosωτ, Θ(1, τ) = 1,

, (9)

The following constants and dimensionless parameters appear during the process of
nondimensionalization:

φ1 = (1−φ) + φ
(
ρs
ρ f

)
, φ2 = 1 + 3 (σ−1)φ

(σ+2)−(σ−1)φ , φ3 = (1−φ) + φ
(
ρsβTs
ρ f β f

)
,

φ4 = (1−φ) + φ
(
ρsβCs
ρ f β f

)
, φ5 = 1

(1−φ)2.5 , φ6 =
φ5
φ1Ra

, φ7 =
φ6

1+λ1
, φ8 =

φ2
φ1

, φ9 =
φ3
φ1

,

φ10 =
φ4
φ1

, φ11 = (1−φ) + φ
ρscps
ρ f cp f

, a0 =
Peφ11
λ f

, a1 = Sc
(1−φ) , λ f =

kn f
k f

.
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3. Generalization of the Classical Model

Replacing ∂(.)
∂τ by AB fractional derivative, Equations (6)–(8) can be written as:

℘αt v = φ7
∂2v
∂ξ2 + φ7λ℘

α
t (
∂2v
∂ξ2 ) −<0v +<1Θ +<2Φ. (10)

℘αt Θ =
1
a0

∂2Θ
∂ξ2 , (11)

℘αt Φ =
1
a1

∂2Φ
∂ξ2 , (12)

where
<0 = Mφ8, <1 = Grφ9, <2 = Gmφ10,

The proposed model by Atangana and Baleanu [45,46,50] for fractional derivatives based on the
generalized exponential function is given by:

℘δτs(τ) =
ℵ(δ)

1− δ

τ∫
0

Eδ

−δ(τ− t)
δ

1− δ

 s′(τ)dt, for 0 < δ < 1, ℵ(1) = ℵ(0) = 1. (13)

Here, Eδ(−tδ) =
∞∑
ϑ=0

(−t)δk

Γ(δϑ+1) , is the Mittag–Leffler function [51].

4. The Solution of the Heat and Mass Equations

Applying fractional Laplace transformation on Equations (11) and (12) using Equation (13) and
boundary conditions from Equation (9) yield to the following:

d2Θ(ξ, q)
dξ2 −

b2qα

qα + b1
Θ(ξ, q) = 0, (14)

Θ(0, q) = 0, Θ(1, q) =
1
q

, (15)

d2Φ(ξ, q)
dξ2 −

b3qα

qα + b1
Φ(ξ, q) = 0, (16)

Φ(0, q) = 0, Φ(1, q) =
1
q

, (17)

where
b0 =

1
1− α

, b1 = αb0, b2 = a0b0, b3 = a1b0.

The solution of energy and concentration equations i.e., Equations (14) and (16), respectively,
using the transformed boundary conditions, Equations (15) and (17) is given by:

Θ(ξ, q) =
1
q

sinhξ
√

b2qα
qα+b1

sinh
√

b2qα
qα+b1

, (18)

Φ(ξ, q) =
1
q

sinhξ
√

b3qα
qα+b1

sinh
√

b3qα
qα+b1

, (19)
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Equations (18) and (19) present the solutions of Equations (14) and (16) in the transformed variable
q. To obtain the inverse Laplace transform by using the inversion method by Zakian [65], we get

θ(ξ, t) =
2
t

N∑
j=1

Re
{
K jθ(ξ,

α j

t
)
}
, (20)

Φ(ξ, t) =
2
t

N∑
j=1

Re
{
K jΦ(ξ,

α j

t
)
}
, (21)

where K j and α j are given in Table 1.

Table 1. The values of involved terms in the Zakian method for Laplace inverse [65].

j Kj αj

1 12.83767675 + i 1.666063445 −36902.0821 + i 196990.4257
2 12.22613209 + i 5.012718792 61277.02524 − i 95408.62551
3 10.93430308 + i 8.409673116 −28916.56288 + i 18169.18531
4 8.776434715 + i 11.92185389 4655.361138 − i 1.901528642
5 5.225453361 + i 15.72952905 −118.7414011 − i 141.3036911

5. Velocity Profile Calculations

To find the solution of the momentum equation, keeping into consideration Equation (13),
the Laplace transformation of Equation (10) and the imposed boundary conditions (9) is presented
as follow:

d2v(ξ, q)
dξ2 −

b4qα

b6qα+b1
v(ξ, q) −<3

[
qα+b1

b6qα+b1

]
v(ξ, q)

= −<4

[
qα+b1

b6qα+b1

]
Θ(ξ, q) −<5

[
qα+b1

b6qα+b1

]
Φ(ξ, q),

(22)

For
v(0, q) = 0, v(1, q) =

q
q2 +ω2 . (23)

Solving the differential equation, Equation (22), using Equation (23) the solution is transformed
form is given as under.

v(ξ, q) =

 q
q2+ω2

sinhξ

√
b11(q

α+b9)
qα+b10

sinh

√
b11(q

α+b9)
qα+b10

+


<4(qα+b1)(qα+b1)

q

 b2qα(b6qα + b1)

−(b7qα + b8)(qα + b1)




 sinhξ

√
b11(q

α+b9)
qα+b10

sinh

√
b11(q

α+b9)
qα+b10

−

sinhξ

√
b2qα

qα+b1

sinh

√
b2qα

qα+b1


+


<5(qα+b1)(qα+b1)

q

 b3qα(b6qα + b1)

−(b7qα + b8)(qα + b1)




 sinhξ

√
b11(q

α+b9)
qα+b10

sinh

√
b11(q

α+b9)
qα+b10

−

sinhξ

√
b3qα

qα+b1

sinh

√
b3qα

qα+b1

.
(24)

where

b4 =
b0

φ7
, b5 = b0λ, <3 =

<0

φ7
, <4 =

<1

φ7
, <5 =

<2

φ7
.

Taking the inverse Laplace transform of Equation (24), by using the inversion method by
Zakian [65], we get:

v(ξ, t) =
2
t

N∑
j=1

Re
{
K jv(ξ,

α j

t
)
}
, (25)

where K j and α j are given in Table 1.
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6. Skin Friction, Rate of Heat Transfer, and Rate of Mass Transfer

Friction between the fluid and the solid boundary is termed as skin friction. This is an important
physical quantity for engineers and experimenters. The expression for non-dimensional skin friction is
given as:

C f =

(
1

1 + λ1

)
(1 + λDt

α)
∂v
∂ξ

(ξ, τ)

∣∣∣∣∣∣
ξ=0

, (26)

The ratio of convective energy to the fluid to conductive energy from the fluid is defined as rate
of heat transfer (Nusselt number), the name is set after a German mathematician Wilhelm Nusselt.
The non-dimensional Nusselt number is given by:

Nu = −λn f
∂Θ
∂ξ

∣∣∣∣∣
ξ=0

, (27)

From the concentration profile, an important physical quantity, rate of mass transfer (Sherwood
number) is calculated and in dimensionless form is given as:

Sh = Dn f
∂Φ
∂τ

(ξ, τ)
∣∣∣∣∣
ξ=0

. (28)

7. Parametric Study

The channel flow of viscoelastic Jeffrey nanofluid with suspended zinc-oxide nanoparticles over
an oscillating, vertical plate is considered in this analysis. The modern concept of the non-integer order
derivative is utilized to generalize the model. The coupled fractional PDEs with AB time-fractional
derivatives are solved by an integral transformation called Laplace transform technique. The numerical
values of thermo-physical properties of zinc-oxide and concrete, which is chosen as the base fluid, are
mentioned in Table 2. Table 3 shows the variation in skin friction for different values of volume fraction,
which shows that by increasing volume fraction φ, from range (0.01–0.04) skin friction enhanced from
8.22–15.26%, which may enhance the mechanical strength of concrete, by comparing present results
to Gohar et al. [53], it is observed that by adding Al2O3, skin friction enhance up to 10.73% and the
skin friction increases up to 10.75% by adding MWCNT′s. However, from the present study we notice
that skin friction enhances up to 15.26% by adding ZnO nanoparticles, this means that ZnO are more
effective to strengthen the concrete. Table 4 shows the variation in Nusselt number for different values
of volume fraction, which shows that the heat transfer rate is increased by increasing volume fraction.

Table 2. Thermo-physical properties of nanoparticles and base fluid.

Properties Concrete ZnO

ρ(kgm−3) 2300 5.61 × 103

k(Wm−1K−1) 1.160 1.046
Cp(kg−1K−1) 41.086 0.880
β× 10−5(K−1) 1.57 1.25

Table 3. Variations in shear stress on the boundary for different values of φ.

φ α λ λ1 τ Cf Enhancement (%)

0.00 0.2 0.5 0.5 2 0.596
0.01 0.2 0.5 0.5 2 0.645 8.221%
0.02 0.2 0.5 0.5 2 0.669 12.24%
0.03 0.2 0.5 0.5 2 0.681 14.26%
0.04 0.2 0.5 0.5 2 0.687 15.26%
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Table 4. Variations in Nusselt Number for different values of φ.

φ τ α Nu Enhancement (%)

0.00 2 0.2 0.603
0.01 2 0.2 0.675 11.94%
0.02 2 0.2 0.758 25.70%
0.03 2 0.2 0.854 41.62%
0.04 2 0.2 0.969 60.69%

Figures 2–5, are sketched to display the influence of volume fraction on different profiles i.e.,
velocity, temperature, Nusselt number, and skin friction. In Figure 2, we can see that the velocity
decreases upon increasing the values of volume fraction, and it is observed from the figure that nanofluid
is denser as compared to the ordinary fluid. Keeping in view the applications of ZnO-nanoparticles in
concrete, from this figure it is noticed that by suspending ZnO-nanoparticles the concrete will be denser
and hence it will gain strength. Enhancement in volume fraction also increases density, reduces porosity
by decreasing air content in concrete, and improves the bond between the cement matrix and aggregates.
Due to these properties, cohesiveness of concrete increases reducing workability, permeability of water
through ZnO incorporated concrete decreases, and mechanical strength increases [66].Symmetry 2020, 12, x FOR PEER REVIEW 10 of 19 
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Figure 2. Variation in velocity profile for different values of φ when Gr = 5,α = 0.2, Pe = 0.2, M =

0.3, τ = 1, λ = 1.5,λ1 = 0.5.

Figure 3 is plotted to exhibit variation in volume fraction for temperature profile, it is clear from
the figure that temperature increases due to increase in volume fraction, the physics behind this is that
the thermal conductivity of Jeffrey nanofluid increases by increasing volume fraction, which enhances
the boundary layer thickness and hence temperature increases. Figure 4 is sketched for very important
phenomena Nusselt number against volume fraction, it is observed from the figure that heat transfer
rate increases due to the increase in volume fraction. Figure 5 is plotted to show the effect of volume
fraction on skin friction and depict the same behavior as discussed in Table 3. This figure reveals that
by increasing volume fraction φ, from range (0.01–0.04), the skin friction enhances which may enhance
the mechanical strength of concrete, by comparing present results to Gohar et al. [53], it is observed
that by adding Al2O3, skin friction enhances up to 10.73% and the skin friction increases up to 10.75%
by adding MWCNT′s. However, from the present study we notice that skin friction enhances up to
15.26% by adding ZnO nanoparticles, this means that ZnO are more effective to strengthen the concrete.
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Graphical results for fractional parameter on both velocity and temperature profiles are displayed
in Figures 6 and 7, both figures show the same behavior. By increasing the fractional parameter α, there
are different plots. This means that we can calculate the velocity or temperature for any value of the
fractional parameter, which is termed as the memory effect. Hence the fractional parameter is, in fact,
the memory parameter. Figures 8 and 9 are drawn to show the effect of λ1 and λ on velocity profile,
it is observed that both the graphs show the opposite behavior. From Figure 8, it is observed that
the velocity of Jeffrey nanofluid is increased by increasing λ1, this physically means that increasing
values of relaxation time parameter λ1, actually decreases the viscoelasticity of nanofluid. However,
the opposite trend is noticed in Figure 9, which shows the effect of Jeffrey fluid parameter λ on fluid
velocity. Physically, λ increases viscous forces or increasing the non-Newtonian behavior and as a
result, the thickness of the boundary layer enhances, that is why the fluid velocity decreases.
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Figure 6. Variation in velocity profile for different values of α when Gr = 5,φ = 0.02, Pe = 0.2, M =

0.3, τ = 1, λ = 1.5,λ1 = 0.5.

Figure 10 depicts the variation in velocity profile for different values of Gr. It is clear from the figure
that velocity is higher for greater values of Gr and is minimum for smaller values of Gr. Physically,
lower values of Gr means higher viscosity. In the present study, we are discussing cementitious
materials, in which lower values of Gr will be helpful. Figure 11 is drawn for different values of
mass Grashof number Gm which shows for a large value of Gm, the buoyancy forces increases and
consequently accelerate the flow, and the opposite behavior is noticed in Figure 12 which is sketched
for the magnetic parameter M. The electrically conducting fluid is exposed to a magnetic field which
produces Lorentz’s forces in the fluid. These forces are flow opposing forces and as a result, retards the
velocity of the fluid.
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8. Conclusions

The unsteady flow of generalized Jeffrey nanofluid in a channel is analyzed in this study. The model
is generalized using the concept of Atangana–Baleanu fractional derivatives and then solved for exact
solutions by the Laplace transform technique. The ZnO nanoparticles are chosen to be dispersed in the
base fluid which is chosen as a concrete. The applications of these nanoparticles are presented in the
cement industry with theoretical results. The key findings of the study are:
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The velocity profile shows that by increasing the volume fraction of the nanoparticles, the fluid
becomes more viscous and as a result, the concrete will be denser and hence will be stronger.
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The concrete will be stronger for lesser values of Gr, as the lesser values of Gr reduces the velocity
profile, because of the higher viscous forces and weaker thermal forces.
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Also, suspended nanoparticles in cement-concrete skin friction increase 15.26% which shows that
increasing the binding strength of cement slurry and aging resistance.
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Nomenclature

Ra =
ρdU0
µ Reynolds number λ2 Jeffrey fluid parameter

Pe =
(ρcp) f dU0

k f
Peclet number µn f dynamic viscosity

λ = λ2U0
d Jeffrey fluid parameter σn f electrical conductivity

Sc = dU0
D f

Schmidt number B0 applied magnetic field

M = σB0
2d

ρU0
Hartmann number g gravitational acceleration

Gr = gβTd(Tw−T0)
U0

2 thermal Grashof number (βT)n f thermal expansion

Gm =
gβCd(Cw−C0)

U0
2 mass Grashof number (βC)n f mass expansion

ρn f density
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