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Abstract: Generalized exponentially weighted moving average (EWMA) and double EWMA
(DEWMA) charts based on the Conway–Maxwell–Poisson (CMP or COM-Poisson) distribution,
also known as the GEWMA and CMP-DEWMA charts, are effectively used for monitoring the counts
of non-conformities in a process. To further enhance their performance, this study utilizes design
and adjustment parameters to develop generally weighted moving average (GWMA) and double
GWMA charts, also known as the CMP-GWMA and CMP-DGWMA charts, to monitor COM-Poisson
attributes. Numerical simulations indicate that the CMP-DGWMA chart outperforms its prototype
CMP-DEWMA and CMP-GWMA charts in detecting small location and dispersion shifts, as well as
both shifts together, in terms of average run lengths. Finally, an example is provided to demonstrate
the efficiency of the proposed CMP-DGWMA chart and its counterparts.

Keywords: attributes; average run lengths; COM-Poisson distribution; DEWMA chart; DGWMA chart

1. Introduction

In a number of medicine and manufacturing industries, the quality attributes use counts of
defects or non-conformities to indicate the production quality. The Shewhart c-chart is widely used
as an attribute control chart to monitor production processes when the data may be modeled by a
Poisson distribution. However, the Shewhart c-chart is insensitive to the detection of small to moderate
process shifts. To overcome this limitation, Brook and Evans [1] developed the Poisson cumulative
sum (PCUSUM) chart, for monitoring the location of a Poisson process. Later, Lucas [2] provided
the design structure and implementation procedures of the PCUSUM chart. White and Keats [3] and
White et al. [4] illustrated some uses of the Poisson CUSUM chart, and demonstrated it to be more
effective than the Shewhart c-chart for detecting small process shifts.

Unlike CUSUM charts that give an equal weight to past observations, the exponentially weighted
moving average (EWMA) chart assigns a different weight, that decreases from current to the past
observations, so that it can reflect crucial information on recent processes. Because of this feature,
many authors are engaged in developing EWMA charts for Poisson-distributed data to enhance its
performance in detecting small process shifts. For example, Gan [5] proposed three modified EWMA
charts for monitoring the mean of a Poisson process. Borror et al. [6] developed a Poisson EWMA
(PEWMA) chart for monitoring Poisson data, and showed that its performance was superior to both
the Shewhart c-chart and Gan’s modified EWMA chart. Zhang et al. [7] introduced a Poisson double
EWMA (PDEWMA) chart and showed that it was more sensitive than the PEWMA chart in detecting
downward process shifts. To further improve the detection ability, Sheu and Chiu [8] and Chiu and
Sheu [9] utilized design and adjustment parameters to develop a Poisson generally weighted moving
average (PGWMA) chart. As the plotting statistics of the PGWMA chart generalize the weights of
sequential historical data, the PEWMA chart can be considered as a special case of the PGWMA chart.
Moreover, it is observed that the PGWMA chart is superior to the PEWMA chart when the shift

Symmetry 2020, 12, 1014; doi:10.3390/sym12061014 www.mdpi.com/journal/symmetry

http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
https://orcid.org/0000-0002-1416-7114
http://www.mdpi.com/2073-8994/12/6/1014?type=check_update&version=1
http://dx.doi.org/10.3390/sym12061014
http://www.mdpi.com/journal/symmetry


Symmetry 2020, 12, 1014 2 of 24

level is small. Recently, Chiu and Lu [10] proposed the Poisson double GWMA (PDGWMA) chart
for monitoring Poisson-distributed processes, and showed that it generalizes and outperforms the
PDEWMA chart in detecting small process mean shifts.

The control charts mentioned above assume that the data follows an equally dispersed Poisson
distribution (mean equals variance). In practice, however, we cannot identify data dispersion in
advance; flexible control charts for monitoring under- or over-dispersed data are needed. Conway and
Maxwell [11] used location and dispersion parameters to expand the Poisson distribution, also known
as the Conway–Maxwell–Poisson (COM-Poisson) distribution, for describing under- or over-dispersed
data, as well as generalizing geometric, Poisson, and Bernoulli distributions. Subsequently, many
authors have worked on the development of control charts based on COM-Poisson distribution.
Sellers [12] and Saghir et al. [13] developed Shewhart-type charts based on COM-Poisson distribution
using 3-sigma and k-sigma with probability limits, respectively. Saghir and Lin [14] proposed three
types of CUSUM charts based on COM-Poisson distribution to detect either the rate parameter
and dispersion parameter shifts, or both shifts together. In line with EWMA-type charts for the
COM-Poisson distribution, Saghir and Lin [15] proposed a generalized EWMA (GEWMA) chart for
monitoring over- or under-dispersed COM-Poisson data. To improve the performance of the GEWMA
chart, some techniques have been adopted, such as multiple the dependent state sampling scheme
(Aslam et al., [16]), the repetitive sampling scheme (Aslam et al., [17]), and the modified EWMA scheme
(Aslam et al., [18]). Recently, Aslam et al. [19] and Alevizakos and Koukouvinos [20] respectively
proposed the hybrid EWMA (HEWMA) chart and the Conway–Maxwell–Poisson double EWMA
(CMP-DEWMA) chart for monitoring COM-Poisson attributes, and showed them to be more effective
than the EWMA and GEWMA charts in detecting small process mean shifts.

Motivated by the features of the PGWMA chart, this study aims to improve the sensitivity of
GEWMA and CMP-DEWMA charts, namely the CMP-GWMA and CMP-DGWMA charts, to effectively
monitor COM-Poisson-distributed data. The existing GEWMA and CMP-DEWMA charts are special
cases of the CMP-GWMA and CMP-DGWMA charts, respectively. The Monte Carlo numerical
simulations are evaluated using the average run length (ARL), showing that the CMP-DGWMA
chart not only improves the detection ability of the CMP-GWMA chart, but also surpasses that of the
competitive CMP-DEWMA chart.

The remainder of this paper is organized as follows. Section 2 introduces the COM-Poisson
distribution. Section 3 presents the structures of the CMP-GWMA and CMP-DGWMA charts. The run
length performances of the proposed charts and their special cases are studied in Section 4. A simulated
dataset example is illustrated in Section 5 and the last section provides some informative conclusions.

2. The COM-Poisson Distribution

The Conway–Maxwell–Poisson (CMP or COM-Poisson) distribution is a discrete probability
distribution named after Conway and Maxwell [11], and generalizes the Poisson distribution by adding
parameters to analyze count data subjected to under- and over-dispersion. Let X be a random variable
that follows the COM-Poisson distribution. The probability mass function of X is defined as:

P(x;µ, v) =
µx

(x!)ν
·

1
z(µ, v)

, for µ > 0, v ≥ 0, x = 0, 1, 2, . . . , (1)

where µ and v are the location and dispersion parameters, respectively. The value of v < 1 indicates

data over-dispersion, whereas v > 1 implies data under-dispersion. The function z(µ, v) =
∞∑

j=0

µ j

( j!)v

is a normalization constant. Three well-known special distributions derived from the COM-Poisson
distribution are listed in Table 1.
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Table 1. Three well known distributions from the Conway–Maxwell–Poisson (COM-Poisson)
distribution.

Condition z(µ, v) P(x;µ, v) Distribution

µ < 1, v = 0
∞∑

j=0
µ j = 1

1−µ µx(1− µ) Geometric

v = 1
∞∑

j=0

µ j

j! = eµ e−µµx

x!
Poisson

v→∞ 1 + µ
µ

1+µ Bernoulli

The mean and variance of the COM-Poisson random variable X can be approximated as

E(X) = µ
∂ log(z(µ, v))

∂µ
≈ µ1/v

−
v− 1

2v
, (2)

Var(X) =
∂E(X)

∂ logµ
≈

1
v
· µ1/v, (3)

where the approximations are particularly accurate for v ≤ 1 or µ > 10v (Shmueli et al. [21]). The
mean and variance of COM-Poisson distribution for given values of parameters µ and v can be easily
computed using the compoisson package in R. In case the parameters are unknown, they can be
estimated using the maximum likelihood estimation (Sellers, [12]).

3. Design of CMP-GWMA and CMP-Double GWMA Charts

Saghir and Lin [15] first generalized the attribute exponentially weighted moving average
(EWMA) chart based on the COM-Poisson distribution, namely the GEWMA chart, to monitor count
data. Recently, Alevizakos and Koukouvinos [20] proposed a double EWMA chart, namely the
CMP-DEWMA chart, to monitor COM-Poisson attributes, and showed it to be more effective in
detecting the downward shifts of process mean than the GEWMA chart. In this study, we extend
the GEWMA and CMP-DEWMA charts by adding design and adjustment parameters to enhance
detection ability.

3.1. The CMP-GWMA Control Chart

Suppose Xt, t = 1, 2, 3, . . . is a COM-Poisson random variable that represents the number of
non-conformities of a process at time t. The location and dispersion parameters are assumed to be
µ = µ0 and v = v0, respectively, when the process is in control. The goal of this study is to expand the
GEWMA chart to the CMP-generally weighted moving average, namely the CMP-GWMA chart, to
efficiently detect both under- and over-dispersed count data. For the proposed chart, the novel statistic
Gt for the CMP-GWMA chart is defined as follows:

Gt =
t∑

j=1

(q( j−1)α

1 − q jα

1 )Xt− j+1 + q jα

1 G0, 0 ≤ q1 < 1, 0 < α ≤ 1, (4)

where q1 is the design parameter, α is the adjustment parameter and the initial value of Gt is set
to the in-control mean value µ1/v0

0 −
v0−1
2v0

. For the in-control process, the mean and variance of the
CMP-GWMA statistic Gt are developed in the Appendix A and given as:

E(Gt) = µ1/v0
0 −

v0 − 1
2v0

(5)

Var(Gt) = Q1t ·
1
v0
µ1/v0

0 (6)
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where Q1t =
t∑

j=1
(q( j−1)α

1 − q jα

1 )
2
, and the mean and variance of Gt for the given values of parameters µ

and v are approximated in Equations (2) and (3). Assuming that L denotes the width of the control
limit, the CMP-GWMA chart can be written as

UCLt = µ1/v0
0 −

v0−1
2v0

+ L
√

1
v0
· µ1/v0

0 ·Q1t

CL = µ1/v0
0 −

v0−1
2v0

LCLt = Max
{
0,µ1/v0

0 −
v0−1
2v0
− L

√
1
v0
· µ1/v0

0 ·Q1t

} (7)

where UCLt and LCLt are respectively the respective upper and lower control limits at time t, and
CL is the central line of the CMP-GWMA chart. To effectively protect against the initial problems,
Montgomery [22] suggests using the powerful time-varying control limits rather than the asymptotic
control limits for detecting initial out-of-control signals. The CMP-GWMA statistic Gt is plotted against
the control limits. When a plotted point Gt exceeds the control limits, the CMP-GWMA chart triggers
an out-of-control signal to indicate an occurrence in the process; otherwise, the process is regarded as
in-control, and no shift occurs in the process location µ0 and/or the dispersion v0.

Note that the GEWMA chart is a special case of the CMP-GWMA chart when α = 1. The
CMP-GWMA statistic Gt in Equation (4) is denoted by CMP − GWMA(q1,α). Similarly, the
corresponding GEWMA statistic is denoted by GEWMA(1− q1), where the q1 = 1 − λ outcome
is introduced by Saghir and Lin [15].

3.2. The CMP-DGWMA Control Chart

This study further integrates the virtues of both the CMP-GWMA and CMP-DEWMA charts,
otherwise called the CMP-DGWMA chart, to enhance the performance of the CMP-DEWMA chart in
detecting downward and upward parameter shifts, and both together. The CMP-DGWMA statistic
DGt doubly smooths the sequence COM-Poisson random observations Xt with the CMP-GWMA
statistic Gt in Equation (4), as follows:

DGt =
t∑

j=1

(q( j−1)β

2 − q jβ

2 )Gt− j+1 + qtβ
2 G0, t = 1, 2, 3, . . . , (8)

where q2 is the design parameter satisfying 0 ≤ q2 < 1, and β is the adjustment parameter satisfying
0 < β ≤ 1. According to Lu [23], Gt from Equation (4) can be substituted into Equation (8) as follows:

DGt =
t∑

j=1

W jXt− j+1 + (1−
t∑

j=1

W j)G0, (9)

where Wt =
t∑

j=1
(q( j−1)α

1 − q jα

1 )(q(t− j)β

2 − q(t− j+1)β

2 ) is the new weight of Xt, and is composed of the

weighted sequences (q( j−1)α

1 − q jα

1 ) and (q(t− j)β

2 − q(t− j+1)β

2 ). For the in-control process, the mean and
variance of the CMP-DGWMA statistic DGt are developed in the Appendix A and given as:

E(DGt) = µ1/v0
0 −

v0 − 1
2v0

(10)

Var(DGt) = Q2t ·
1
v0
µ1/v0

0 (11)
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where Q2t =
t∑

j=1
W j

2. Assuming that K denotes the width of the control limit and UCLt, CL and LCLt

are the respective upper, central and lower control limits at time t, the CMP-DGWMA chart can be
written as

UCLt = µ1/v0
0 −

v0−1
2v0

+ K
√

1
v0
· µ1/v0

0 ·Q2t

CL = µ1/v0
0 −

v0−1
2v0

LCLt = Max
{
0,µ1/v0

0 −
v0−1
2v0
−K

√
1
v0
· µ1/v0

0 ·Q2t

} (12)

Similar to the CMP-GWMA chart, the CMP-DGWMA chart is developed by plotting the statistics DGt

against the control limits. When a plotted point DGt indicates a shift by exceeding the control limits,
the process is regarded as out-of-control; otherwise, the process is regarded as in-control and no shift
occurs in the process location µ0 and/or dispersion v0.

Note that the CMP-DGWMA statistic DGt in Equation (9) can be denoted by CMP −
DGWMA(q1,α ; q2, β). The four parameters, q1, q2, α and β in the CMP-DGWMA chart lead to
complicated calculations and inconvenient application. Specific values of the parameters are suggested
by Lu [23] to reduce calculation complexity and improve the operability of control charts. A few special
cases of the CMP-DGWMA chart are developed for comparison.

Case I. q1 = q2 = q and α = β
If q1 = q2 = q satisfies 0 ≤ q < 1, and α = β satisfies 0 < α < 1, the weighted sequence in

Equation (9) is represented by
Wt =

t∑
j=1

(q( j−1)α
− q jα)(q(t− j)α

− q(t− j+1)α)

1−
t∑

j=1
W j = qtα +

t∑
j=1

(q( j−1)α
− q jα)q(t− j+1)α

(13)

In this case, the CMP-DGWMA chart can be considered as using the CMP − GWMA(q,α)
weighted sequence twice, and the CMP-DGWMA statistic DGt is denoted by CMP−DGWMA(q,α)
for simplification.

Case II. q1 = q2 = q and α = β = 1
If q1 = q2 = q satisfies 0 ≤ q < 1, and α = β = 1, then the statistic in Equation (9) is represented by

DGt = (1− q)2
t∑

j=1

(t− j + 1)qt− jX j + qt(t− tq + 1)G0 (14)

In this case, the CMP-DGWMA chart is reduced to the CMP-DEWMA chart proposed by
Alevizakos and Koukouvinos [20]. DGt becomes the statistic of the CMP-DEWMA chart, which uses the
GEWMA(1− q) weighted sequence twice, and is denoted by CMP−DEWMA(1− q) for simplification.

4. Performance Measurement and Evaluation

The average run length (ARL) is one of the popular indicators used to evaluate the performance
of a control chart. ARL is the expected number of points that must be plotted in a control chart before
an out-of-control signal is detected. Usually, the ARL is divided into in-control ARL, named ARL0,
which is expected to be as large as possible when a process is in control, and out-of-control ARL, named
ARL1, which is expected to be as small as possible when there is a shift in a process. To investigate the
performance of control charts, the same values of ARL0 are maintained, and then their ARL1 values
are compared for a process shift. For statistical performance, a smaller ARL1 corresponds to a greater
detection ability.
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4.1. In-Control ARL Profiles

The in-control ARL s of the CMP-GWMA and CMP-DGWMA charts are functions of (q1,α, L) and
(q1, q2,α, β, K), respectively, and are expected to be sufficiently large to avoid frequent false alarms. In
this study, we use Monte Carlo simulation to estimate the ARL values of the initial state CMP-GWMA
and CMP-DGWMA charts. Moreover, to make the use of the proposed charts easier, the same design
parameters q1 = q2 = q, and adjustment parameters α = β, are considered. Without loss of generality,
the individual samples Xt, t = 1, 2, 3, . . ., are drawn from a COM-Poisson distribution with µ = µ0

and v = v0 to indicate the number of non-conformities of a process at time t. Subsequently, the
charting constant L(K) under various parameter combinations of (q,α) is adjusted to achieve the
desired in-control ARL.

Table 2 presents the L(K) values for the initial state CMP-GWMA and CMP-DGWMA charts.
The specific parameter combinations of q = {0.5, 0.6, 0.7, 0.8, 0.9, 0.95}, α = {0.1, 0.2, 0.3, . . . , 1.0} and
v0 = {0.5, 1.0, 5.0}, in a fixed value of µ0 = 4, are considered in Table 2 to achieve an in-control ARL
of approximately 200. Note that µ0 = 4 corresponds to v0 = 0.5 for over-dispersed data, v0 = 1 for
equally dispersed data, and v0 = 5.0 for under-dispersed data.

Table 2 shows that for the fixed values of q and α, the charting constant L of the CMP-GWMA
chart is uniformly greater than that of the CMP-DGWMA chart when v0 = 0.5 and v0 = 1. However,
for v0 = 5.0, the charting constants do not have a consistent direction. Moreover, the charting constants
L or K decrease as the design parameter q increases under a specified adjustment parameter α for over-
and equally dispersed data. In particular, the L or K values decrease quickly for larger q or α values,
but slowly for smaller q or α values. For example, when v0 = 0.5, the values of L, with α = 0.9, for q =

0.5, 0.7 and 0.9 are 2.822, 2.783 and 2.493, respectively; however, those with α = 0.1 are 2.888, 2.884
and 2.882, respectively. Moreover, for the under-dispersed data, the charting constant L increases as q
increases for α ≤ 0.4; The charting constant K exhibits the same trend as L for α ≤ 0.2.

Table 2. L(K) values for the Conway–Maxwell–Poisson GWMA (CMP-GWMA) and CMP-Double
GWMA (CMP-DGWMA) charts, for µ0 = 4 and ARL0 ≈ 200.

CMP-GWMA α

v0 q 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.5

0.5 2.888 2.877 2.868 2.859 2.852 2.843 2.834 2.828 2.822 2.814
0.6 2.886 2.872 2.857 2.845 2.831 2.820 2.810 2.799 2.789 2.781
0.7 2.884 2.867 2.846 2.823 2.804 2.787 2.767 2.752 2.738 2.727
0.8 2.883 2.862 2.830 2.796 2.765 2.733 2.705 2.679 2.659 2.646
0.9 2.882 2.854 2.812 2.757 2.691 2.624 2.565 2.523 2.493 2.477
0.95 2.881 2.851 2.801 2.730 2.623 2.505 2.400 2.331 2.292 2.277

1.0

0.5 3.000 2.987 2.967 2.948 2.933 2.913 2.897 2.887 2.873 2.863
0.6 2.999 2.979 2.947 2.921 2.894 2.872 2.851 2.834 2.818 2.808
0.7 2.998 2.969 2.925 2.884 2.848 2.818 2.794 2.774 2.757 2.745
0.8 2.996 2.958 2.896 2.834 2.786 2.750 2.717 2.686 2.662 2.648
0.9 2.994 2.946 2.862 2.776 2.699 2.627 2.565 2.520 2.499 2.478
0.95 2.993 2.939 2.842 2.738 2.626 2.501 2.400 2.328 2.286 2.272

5.0

0.5 2.201 2.292 2.384 2.474 2.552 2.621 2.682 2.730 2.768 2.800
0.6 2.211 2.312 2.424 2.530 2.624 2.700 2.757 2.800 2.828 2.850
0.7 2.220 2.334 2.464 2.588 2.687 2.758 2.804 2.839 2.857 2.866
0.8 2.229 2.357 2.504 2.637 2.727 2.774 2.797 2.798 2.794 2.786
0.9 2.236 2.378 2.541 2.670 2.718 2.711 2.680 2.641 2.603 2.571
0.95 2.240 2.388 2.558 2.673 2.675 2.598 2.507 2.435 2.372 2.329



Symmetry 2020, 12, 1014 7 of 24

Table 2. Cont.

CMP-GWMA α

v0 q 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

CMP-DGWMA α

0.5 0.5 2.874 2.839 2.802 2.770 2.741 2.718 2.699 2.689 2.681 2.678
0.6 2.869 2.819 2.762 2.706 2.657 2.621 2.599 2.588 2.583 2.585
0.7 2.864 2.797 2.704 2.601 2.522 2.474 2.453 2.446 2.449 2.462
0.8 2.859 2.773 2.614 2.420 2.287 2.230 2.219 2.231 2.254 2.286
0.9 2.854 2.741 2.471 2.120 1.900 1.825 1.826 1.864 1.924 1.993
0.95 2.852 2.724 2.376 1.911 1.637 1.517 1.509 1.552 1.625 1.704

1.0 0.5 2.983 2.912 2.845 2.794 2.761 2.734 2.710 2.694 2.686 2.682
0.6 2.974 2.875 2.782 2.718 2.663 2.624 2.601 2.588 2.584 2.583
0.7 2.965 2.835 2.711 2.601 2.520 2.478 2.451 2.449 2.456 2.468
0.8 2.955 2.794 2.615 2.419 2.284 2.225 2.216 2.228 2.255 2.287
0.9 2.945 2.752 2.473 2.119 1.907 1.819 1.821 1.866 1.927 1.998
0.95 2.940 2.730 2.373 1.918 1.629 1.506 1.500 1.542 1.621 1.704

5.0 0.5 2.289 2.488 2.660 2.762 2.815 2.836 2.844 2.842 2.831 2.822
0.6 2.310 2.541 2.709 2.770 2.772 2.754 2.733 2.712 2.694 2.682
0.7 2.329 2.588 2.716 2.699 2.641 2.580 2.535 2.513 2.510 2.519
0.8 2.349 2.623 2.670 2.523 2.387 2.295 2.242 2.245 2.287 2.332
0.9 2.370 2.644 2.551 2.214 1.981 1.850 1.853 1.906 1.970 2.045
0.95 2.379 2.648 2.463 2.013 1.740 1.589 1.558 1.625 1.695 1.790

4.2. Performance Comparison

To compare the detection ability of the CMP-GWMA and CMP-DGWMA charts, three shift
scenarios are investigated in this study: shifts in the location parameter µ for a fixed value of v, shifts
in the dispersion parameter v for a fixed value of µ, and shifts in both of them. For this purpose,
the parameter combinations of (q,α, L(K)) are provided in Table 2 to maintain an ARL0 value of
approximately 200, and then compare the corresponding ARL1 values for a given process shift.

4.2.1. Location Parameter Shifts

Assume that the fixed dispersion parameter v = v0 is known, and an assignable cause only
displaces the location parameter µ. In other words, µ = δ · µ0, where δ = {0.5, 0.75, 0.875, 0.9, 0.925,
0.95, 0.975, 1.025, 1.05, 1.075, 1.1, 1.125, 1.25, 1.5}, is considered in this study. According to the features
of the COM-Poisson distribution, an upward (downward) shift in the location parameter results in the
charts detecting an upward (downward) shift in the process mean. For each location parameter shift δ,
under the design parameter q = {0.7, 0.9, 0.95} and the adjustment parameter α = {0.5, 0.7, 0.9, 1.0},
Tables 3–5 present the ARLs of the initial state CMP-GWMA and CMP-DGWMA charts with µ0 = 4
for the fixed values of v0 = 0.5, v0 = 1.0 and v0 = 5.0, respectively. For a clearer depiction, Figure 1
depicts the corresponding ARLs’ curves of the CMP-DGWMA chart with q = 0.95 and α = 0.3, 0.5, 0.7,
0.9 and 1.0. In particular, when α = 1 and q = 1− λ, the CMP-GWMA and CMP-DGWMA charts are
reduced, to the GEWMA chart by Saghir and Lin [15], and the CMP-DEWMA chart by Alevizakos and
Koukouvinos [20], respectively.
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Table 3. ARLs of CMP-GWMA and CMP-DGWMA charts for µ0 = 4, fixed value of v0 = 0.5 and ARL0 ≈ 200.

δ

q α L(K) 0.5 0.75 0.875 0.9 0.925 0.95 0.975 1 1.025 1.05 1.075 1.1 1.125 1.25 1.5

0.7 0.5 2.804 2.81 8.18 28.44 43.37 74.83 149.96 270.60 199.75 92.25 46.85 27.82 18.20 12.84 4.03 1.42
2.522 1.96 4.81 13.54 19.05 29.50 53.58 123.91 200.12 84.98 37.45 20.96 13.52 9.52 3.19 1.29

0.7 2.767 2.50 6.77 24.43 38.75 69.05 139.55 245.44 199.90 97.57 48.46 27.64 17.57 12.16 3.80 1.40
2.453 1.90 4.54 13.24 19.12 30.69 58.82 134.03 200.22 96.18 41.90 22.77 14.26 9.85 3.19 1.29

0.9 2.738 2.26 6.24 25.16 41.07 73.95 143.97 236.89 199.82 104.10 52.03 29.25 18.18 12.30 3.64 1.35
2.449 1.91 4.66 14.48 21.59 36.40 70.80 150.38 200.27 104.99 47.81 25.38 15.66 10.58 3.30 1.29

1.0 2.727 2.22 6.19 26.43 43.46 78.55 149.32 235.18 199.90 106.51 54.12 30.41 18.74 12.59 3.64 1.35
2.462 1.93 4.77 15.52 23.60 40.46 78.45 160.05 199.52 108.16 50.58 26.95 16.45 11.01 3.38 1.30

0.9 0.5 2.691 2.40 6.33 18.05 25.22 38.44 68.02 148.12 199.71 79.16 37.80 22.35 14.94 10.69 3.61 1.35
1.900 1.36 3.00 7.84 10.88 16.58 29.46 70.71 200.01 61.66 25.00 13.79 8.92 6.35 2.37 1.16

0.7 2.565 2.14 5.10 14.21 19.99 30.81 55.71 128.51 199.98 83.52 37.33 21.12 13.75 9.76 3.33 1.34
1.826 1.25 2.90 8.26 11.67 18.24 33.18 81.51 200.07 73.55 29.54 15.92 10.03 6.95 2.37 1.13

0.9 2.493 1.92 4.65 13.36 19.10 30.25 57.29 132.01 199.67 91.68 40.16 22.03 13.91 9.67 3.19 1.29
1.924 1.37 3.40 9.99 14.17 22.14 40.34 98.71 200.00 87.23 35.56 19.33 12.19 8.43 2.71 1.17

1.0 2.477 1.91 4.61 13.50 19.55 31.61 60.91 137.74 200.14 96.61 42.24 22.95 14.34 9.89 3.21 1.29
1.993 1.39 3.69 10.84 15.39 24.10 44.70 107.31 200.28 92.73 38.53 20.76 13.10 9.08 2.88 1.17

0.95 0.5 2.623 2.30 5.86 16.17 22.36 33.71 58.22 126.01 199.72 74.94 35.25 20.81 13.98 10.06 3.49 1.35
1.637 1.16 2.38 6.03 8.20 12.27 21.42 51.36 200.25 46.22 18.69 10.53 6.99 5.08 2.04 1.10

0.7 2.400 1.91 4.45 12.04 16.70 25.43 44.67 103.60 200.06 76.71 33.06 18.67 12.20 8.67 3.05 1.28
1.509 1.16 2.36 6.35 8.89 13.80 25.17 63.47 200.40 58.76 23.13 12.37 7.93 5.61 2.08 1.10

0.9 2.292 1.69 4.02 11.17 15.76 24.38 44.36 105.11 200.28 83.79 35.23 19.34 12.30 8.60 2.90 1.24
1.625 1.16 2.69 8.04 11.40 17.81 32.41 79.59 199.91 73.24 29.40 16.00 10.10 6.99 2.31 1.11

1.0 2.277 1.70 4.03 11.33 16.09 25.10 46.31 110.02 200.11 88.52 37.22 20.18 12.73 8.87 2.94 1.24
1.704 1.25 3.05 9.18 12.99 20.18 36.48 88.74 200.09 80.91 33.01 18.11 11.46 7.96 2.55 1.14

Upper: ARLs of CMP-GWMA chart; Lower: ARLs of CMP-DGWMA chart.



Symmetry 2020, 12, 1014 9 of 24

Table 4. ARLs of CMP-GWMA and CMP-DGWMA charts for µ0 = 4, fixed value of v0 = 1.0 and ARL0 ≈ 200

δ

q α L(K) 0.5 0.75 0.875 0.9 0.925 0.95 0.975 1 1.025 1.05 1.075 1.1 1.125 1.25 1.5

0.7 0.5 2.848 15.41 75.81 342.20 424.61 435.23 365.12 276.78 200.03 145.74 108.89 83.49 65.13 52.38 22.32 8.11
2.520 7.07 22.37 65.41 88.41 124.40 171.70 210.91 200.39 153.92 109.58 77.70 57.00 43.73 17.16 6.30

0.7 2.794 11.66 62.35 264.76 322.98 345.48 320.78 261.46 199.76 150.52 114.57 87.37 67.93 53.79 21.79 7.60
2.451 6.40 22.17 71.32 97.05 134.13 176.54 207.59 200.25 161.95 120.87 88.48 65.28 49.09 18.13 6.14

0.9 2.757 10.78 65.64 246.10 290.29 313.27 296.54 250.74 200.00 154.59 120.26 92.82 72.52 57.45 22.81 7.59
2.456 6.72 25.94 88.62 118.45 156.01 194.24 214.74 199.99 165.66 128.50 97.77 73.66 55.91 20.23 6.58

1.0 2.745 10.80 70.49 248.02 287.54 305.61 291.49 249.71 200.01 157.27 122.89 95.79 75.21 59.73 23.60 7.67
2.468 6.96 28.85 99.92 131.70 168.28 202.87 217.04 199.81 166.00 129.97 100.17 76.38 58.44 21.26 6.79

0.9 0.5 2.699 9.90 31.49 89.97 120.02 163.82 217.24 244.06 199.98 140.59 97.65 70.89 53.54 42.20 18.15 7.00
1.907 4.05 12.20 34.22 45.88 65.49 100.49 159.13 199.97 147.86 89.96 58.40 40.96 30.23 11.32 4.25

0.7 2.565 7.46 23.60 68.91 93.40 131.33 180.56 216.58 200.00 150.39 106.36 75.70 55.95 42.98 17.18 6.40
1.821 4.14 13.23 38.54 52.27 75.45 113.65 168.30 200.21 161.00 106.38 70.53 49.98 36.81 13.30 4.63

0.9 2.499 6.70 22.34 70.30 96.03 134.12 179.43 210.98 199.77 159.15 116.76 84.43 61.66 46.79 17.63 6.11
1.927 4.74 15.69 46.17 63.29 90.37 131.69 179.27 200.15 167.71 118.18 81.99 58.47 43.35 15.85 5.40

1.0 2.478 6.59 22.85 74.57 101.83 139.86 182.02 210.83 200.10 161.01 120.62 88.74 65.57 49.41 18.27 6.19
1.998 5.13 16.98 51.09 70.31 99.84 141.13 185.68 200.21 169.67 123.32 86.90 62.64 46.56 16.94 5.79

0.95 0.5 2.626 8.92 27.23 73.58 96.76 132.46 181.58 224.14 200.23 140.14 94.90 67.51 50.49 39.65 16.98 6.64
1.629 3.30 9.33 24.99 33.59 47.63 75.23 131.00 200.21 130.07 71.10 44.72 31.25 23.30 9.11 3.68

0.7 2.400 6.35 19.24 53.05 71.21 99.33 142.51 193.54 199.99 150.95 101.45 69.78 50.41 38.40 15.02 5.58
1.500 3.31 10.07 29.30 40.12 57.66 90.87 151.04 200.25 150.15 89.16 57.42 39.97 29.39 10.81 3.97

0.9 2.286 5.73 17.93 51.66 70.44 99.52 141.99 189.98 199.68 159.30 112.58 77.96 56.17 42.16 15.74 5.57
1.621 3.83 12.86 37.76 51.29 74.14 112.42 167.25 200.17 163.51 108.10 71.57 50.66 37.45 13.63 4.73

1.0 2.272 5.67 18.17 53.83 73.52 104.19 146.37 190.77 199.67 162.41 117.72 82.62 59.58 44.53 16.37 5.69
1.704 4.29 14.44 41.91 57.04 81.93 122.34 174.00 199.96 165.99 114.34 77.48 55.04 40.91 15.18 5.23

Upper: ARLs of CMP-GWMA chart; Lower: ARLs of CMP-DGWMA chart.
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Table 5. ARLs of CMP-GWMA and CMP-DGWMA charts for µ0 = 4, fixed value of v0 = 5.0 and ARL0 ≈ 200

δ

q α L(K) 0.5 0.75 0.875 0.9 0.925 0.95 0.975 1 1.025 1.05 1.075 1.1 1.125 1.25 1.5

0.7 0.5 2.687 45.89 137.82 192.70 199.53 203.33 203.61 202.55 200.02 195.04 187.64 179.76 170.06 161.28 120.75 71.12
2.641 29.25 88.67 150.91 164.06 176.91 188.38 196.52 200.15 202.38 200.53 195.47 187.48 179.21 128.39 68.14

0.7 2.804 46.85 137.63 187.60 194.16 198.67 200.37 200.22 199.60 196.84 192.09 186.92 179.66 172.62 135.77 83.27
2.535 30.57 94.95 154.40 165.73 177.05 187.74 195.42 199.82 202.38 201.74 199.55 193.76 188.03 145.85 81.07

0.9 2.857 49.54 138.83 184.31 190.41 195.16 198.45 199.47 199.85 198.62 195.72 192.11 186.73 180.48 148.29 94.14
2.510 33.63 104.38 161.33 172.25 181.63 189.74 195.82 200.13 202.68 202.62 201.71 197.70 192.21 157.71 94.35

1.0 2.866 50.68 138.14 183.22 189.45 194.18 197.50 199.37 200.06 199.58 197.18 194.31 189.77 184.69 153.72 99.80
2.519 38.59 113.70 167.21 176.54 184.66 191.90 196.27 199.83 201.98 201.08 199.62 195.62 190.93 159.47 97.62

0.9 0.5 2.718 34.08 96.90 159.43 172.10 184.40 193.06 199.30 200.52 197.82 193.12 185.80 175.86 164.74 115.65 63.34
1.981 17.04 54.19 109.11 126.82 146.30 166.70 184.93 199.63 205.27 202.34 193.14 177.87 161.42 93.54 43.42

0.7 2.680 29.94 90.21 152.97 166.18 178.49 189.04 196.37 200.07 201.28 199.02 193.19 184.52 175.40 124.94 66.57
1.853 20.27 65.31 127.99 145.40 161.65 177.96 192.87 200.82 204.57 203.52 195.71 184.31 170.32 107.84 51.29

0.9 2.603 30.31 93.70 154.25 165.84 177.93 188.36 195.17 199.91 201.55 200.26 197.23 191.03 184.46 138.95 75.89
1.970 24.54 78.46 141.19 155.62 169.69 182.38 192.87 199.93 201.60 199.49 195.80 186.72 177.21 121.89 60.58

1.0 2.571 31.45 97.15 156.67 167.64 178.47 188.82 195.64 199.79 202.05 201.30 199.32 193.71 187.92 146.61 81.99
2.045 26.38 84.11 147.15 160.50 173.65 185.02 194.28 199.83 202.32 199.67 196.54 188.79 180.31 128.63 65.92

0.95 0.5 2.675 30.70 87.34 149.29 163.23 178.19 188.45 196.82 200.24 199.05 194.22 185.64 174.29 161.58 110.06 58.91
1.740 11.27 36.47 80.30 95.80 116.57 141.63 173.47 199.81 216.62 206.96 182.78 157.98 134.32 65.00 28.44

0.7 2.507 25.47 76.37 137.94 153.31 168.28 182.56 193.16 200.13 199.89 198.72 192.77 182.39 170.87 114.55 58.21
1.558 14.54 49.78 105.02 122.32 143.39 165.51 183.40 200.35 206.04 201.93 190.52 173.16 154.12 85.13 38.53

0.9 2.372 24.82 78.17 140.06 154.93 169.08 182.06 192.93 199.48 201.72 201.65 197.49 188.80 180.92 126.26 64.35
1.695 17.96 60.09 120.64 137.55 156.68 174.47 188.45 199.99 203.24 203.66 196.12 183.28 166.84 104.20 49.04

1.0 2.329 25.54 81.30 143.71 157.98 170.91 183.01 193.31 200.15 203.09 203.12 199.97 192.42 185.43 133.54 69.24
1.790 19.42 64.69 127.03 143.74 161.71 176.27 187.57 199.91 201.60 202.51 193.87 183.85 170.56 111.43 52.53

Upper: ARLs of CMP-GWMA chart; Lower: ARLs of CMP-DGWMA chart.
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Figure 1. ARL curves of the CMP-DGWMA chart with q = 0.95 and α = 0.3, 0.5, 0.7, 0.9 and 1.0, for
various location parameter shifts at µ0 = 4

The bold values in Tables 3–5 indicate the smallest ARL1 values of the CMP-GWMA and
CMP-DGWMA charts among the various location parameter shifts. The main findings from these
tables are as follows:

(1). For v0 = 0.5, the CMP-DGWMA chart is unbiased (ARL1 values are smaller than the ARL0 value)
when q ≥ 0.7 and α ≥ 0.5. However, the CMP-GWMA chart is biased for a small downward
shift (δ = 0.975) when q ≤ 0.7 and α ≥ 0.5. Moreover, the detection of upward shifts in
CMP-GWMA and CMP-DGWMA charts in the location parameter is more sensitive than that
for downward shifts. The simulation suggests that, among the proposed charts for monitoring
small location shifts (0.95 ≤ δ ≤ 1.05), a large value of q is recommended, and α near 0.5 is
suitable for the CMP-DGWMA chart; however, α in the interval 0.5 ≤ α ≤ 0.7 is suitable for small
upward shifts, while α in the interval 0.7 ≤ α ≤ 0.9 is suitable for small downward shifts for the
CMP-GWMA chart.

(2). For v0 = 1.0, the equally dispersed data follows a Poisson distribution. The CMP-DGWMA
chart is the PDGWMA chart by Chiu and Lu [10]. When q ≥ 0.7 and α ≥ 0.5, the CMP-GWMA
and CMP-DGWMA charts are unbiased for upward shifts. Similar to the case of v0 = 0.5,
the detection of upward shifts by these two charts is more sensitive than for downward shifts.
Simulation results show that a CMP-DGWMA chart with large q and α near 0.5 is recommended
for monitoring small location shifts. In addition, a CMP-GWMA chart with large q and α near 0.5
is suitable for small upward shifts; however, α in the interval 0.7 ≤ α ≤ 0.9 is suitable for small
downward shifts.

(3). For v0 = 5.0, the CMP-GWMA and CMP-DGWMA charts are almost unbiased for downward
shifts, but a little biased for small upward shifts. In addition, unlike the cases of v0 = 0.5 and
v0 = 1.0, the CMP-GWMA and CMP-DGWMA charts detect downward shifts more sensitively
than upward shifts. Simulation results show that a CMP-DGWMA chart with large q and α near
0.5, and a CMP-GWMA chart with large q and α near 0.7, are recommended for monitoring small
downward shifts. Moreover, a CMP-DGWMA chart with q and α near 0.9 is suitable for small
upward shifts.
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(4). To sum up, the larger the upward or downward shifts, the smaller the ARL1 value for fixed
parameter combinations of (q,α). However, a larger value of v0 results in a larger ARL1 value. This
result from the mean of the COM-Poisson distribution increases with an increase in the location
parameter µ for a fixed value of v. At a minimum, a parameter combination of (q,α) can be
obtained to clarify that CMP-DGWMA charts and CMP-GWMA charts perform substantially better
than their respective prototypes (CMP-DEWMA charts and GEWMA charts). The CMP-DGWMA
chart always performs better in detecting small location shifts than other charts.

4.2.2. Dispersion Parameter Shifts

Assume that the fixed location parameter µ = µ0 is known, and an assignable cause only displaces
the dispersion parameter v, that is, v = τ · v0, where τ = {0.625, 0.75, 0.875, 0.9, 0.925, 0.95, 0.975,
1.025, 1.05, 1.075, 1.1, 1.125, 1.25, 1.375} is considered in this study. According to the features of the
COM-Poisson distribution, an upward (downward) shift in the dispersion parameter results in the
charts detecting a downward (upward) shift in the process mean. For each dispersion parameter shift
τ under the design parameter q = {0.7, 0.9, 0.95} and the adjustment parameter α = {0.5, 0.7, 0.9, 1.0},
Tables 6–8 present the ARLs of the initial state CMP-GWMA and CMP-DGWMA charts, with v0 = 0.5,
v0 = 1.0 and v0 = 5.0, respectively, for a fixed value of µ0 = 4. For a clearer perception, Figure 2
depicts the corresponding ARLs curves of the CMP-DGWMA chart with q = 0.95 and α = 0.3, 0.5, 0.7,
0.9 and 1.0. As with the previous case, the CMP-GWMA and CMP-DGWMA charts are respectively
reduced to the GEWMA and CMP-DEWMA charts when α = 1 and q = 1− λ.Symmetry 2020, 12, x FOR PEER REVIEW 4 of 26 
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Figure 2. Curves of the CMP-DGWMA chart with q = 0.95 and α =0.3, 0.5, 0.7, 0.9 and 1.0, for various
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Table 6. ARLs of CMP-GWMA and CMP-DGWMA charts for v0 = 0.5, fixed value of µ0 = 4 and ARL0 ≈ 200

τ

q α L(K) 0.625 0.750 0.875 0.900 0.925 0.950 0.975 1.0 1.025 1.050 1.075 1.100 1.125 1.250 1.375

0.7

0.5 2.804 1.00 1.24 4.77 7.45 12.84 25.23 62.55 199.75 253.91 105.26 52.43 32.34 22.66 8.62 5.48
2.522 1.00 1.17 3.81 5.79 9.78 19.55 53.54 200.12 92.04 37.23 21.30 14.40 10.77 4.86 3.33

0.7 2.767 1.00 1.23 4.51 7.06 12.27 25.01 65.67 199.90 231.97 98.48 47.29 27.78 18.98 6.99 4.50
2.453 1.00 1.17 3.85 5.92 10.21 21.25 61.22 200.22 101.84 39.78 21.48 14.07 10.33 4.54 3.10

0.9 2.738 1.00 1.20 4.35 6.94 12.41 26.28 69.89 199.82 226.31 106.00 51.37 29.23 19.17 6.40 4.07
2.449 1.00 1.17 4.01 6.23 11.00 23.49 68.65 200.27 120.32 48.38 24.73 15.49 11.01 4.64 3.15

1.0 2.727 1.00 1.20 4.36 7.01 12.72 27.33 72.32 199.90 227.69 111.79 54.83 31.09 20.07 6.33 3.97
2.462 1.00 1.17 4.11 6.43 11.45 24.76 71.95 199.52 131.45 54.18 27.36 16.76 11.68 4.74 3.21

0.9

0.5 2.691 1.00 1.20 4.26 6.51 10.83 20.70 51.85 199.71 112.94 48.67 28.51 19.54 14.71 6.53 4.40
1.900 1.00 1.10 2.79 4.06 6.60 12.96 37.20 200.01 50.00 20.46 11.98 8.26 6.29 3.00 2.13

0.7 2.565 1.00 1.20 3.95 5.97 10.01 19.67 52.84 199.98 95.64 38.84 22.34 15.17 11.39 5.17 3.55
1.826 1.00 1.08 2.86 4.30 7.31 15.01 44.46 200.07 57.23 22.64 12.86 8.66 6.46 2.86 1.96

0.9 2.493 1.00 1.17 3.83 5.86 10.01 20.50 58.05 199.67 99.88 38.97 21.43 14.22 10.51 4.68 3.21
1.924 1.00 1.10 3.32 5.13 8.88 18.33 53.67 200.00 70.17 27.54 15.56 10.43 7.76 3.34 2.26

1.0 2.477 1.00 1.17 3.87 5.94 10.24 21.39 61.71 200.14 105.80 41.22 22.03 14.36 10.52 4.62 3.16
1.993 1.00 1.10 3.55 5.53 9.54 19.64 57.58 200.28 77.61 30.09 16.91 11.33 8.45 3.63 2.40

0.95

0.5 2.623 1.00 1.20 4.11 6.22 10.18 19.36 48.65 199.72 95.72 41.91 25.07 17.42 13.23 6.03 4.09
1.637 1.00 1.06 2.39 3.36 5.25 9.88 27.62 200.25 36.28 15.18 9.03 6.34 4.86 2.36 1.69

0.7 2.400 1.00 1.17 3.61 5.38 8.93 17.49 47.64 200.06 75.52 31.45 18.54 12.79 9.65 4.49 3.14
1.509 1.00 1.06 2.47 3.57 5.86 11.71 35.13 200.40 43.75 17.13 9.77 6.64 4.98 2.31 1.66

0.9 2.292 1.00 1.14 3.46 5.25 8.95 18.17 51.96 200.28 76.15 30.39 17.47 11.81 8.84 4.02 2.79
1.625 1.00 1.07 2.83 4.29 7.35 15.13 44.66 199.91 55.52 22.00 12.51 8.39 6.18 2.62 1.77

1.0 2.277 1.00 1.14 3.53 5.38 9.25 18.98 55.03 200.11 80.16 31.42 17.84 11.96 8.91 4.01 2.79
1.704 1.00 1.08 3.15 4.87 8.39 17.14 49.66 200.09 62.60 24.95 14.22 9.56 7.07 2.97 1.99

Upper: ARLs of CMP-GWMA chart; Lower: ARLs of CMP-DGWMA chart.
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Table 7. ARLs of CMP-GWMA and CMP-DGWMA charts for v0 = 1.0, fixed value of µ0 = 4 and ARL0 ≈ 200

τ

q α L(K) 0.625 0.750 0.875 0.900 0.925 0.950 0.975 1.0 1.025 1.050 1.075 1.100 1.125 1.250 1.375

0.7

0.5 2.848 2.00 5.32 21.06 30.08 44.67 69.91 115.62 200.03 346.37 516.65 555.10 429.30 299.88 79.22 40.78
2.520 1.88 4.51 17.45 25.44 39.36 66.31 120.84 200.39 209.72 143.47 94.31 66.12 49.85 20.96 13.33

0.7 2.794 1.96 5.08 20.88 30.31 45.80 73.17 120.89 199.76 317.21 411.94 414.08 331.60 245.13 67.01 32.34
2.451 1.74 4.38 18.60 27.70 43.90 74.99 130.40 200.25 209.05 156.06 105.83 73.53 54.40 20.62 12.54

0.9 2.757 1.96 5.06 21.80 32.09 48.72 77.45 125.93 200.00 298.23 372.42 372.57 313.71 244.85 74.35 34.71
2.456 1.80 4.68 20.63 31.20 49.45 83.36 136.50 199.99 222.82 182.25 133.22 95.10 70.35 24.40 13.81

1.0 2.745 1.95 5.09 22.45 33.24 50.50 80.01 127.99 200.01 295.21 365.09 369.72 320.24 257.16 82.49 38.30
2.468 1.82 4.80 21.49 32.48 51.47 84.99 137.36 199.81 229.88 197.70 149.80 108.87 81.39 27.65 15.06

0.9

0.5 2.699 1.94 4.81 17.81 25.22 37.43 60.43 107.80 199.98 256.51 191.32 129.69 92.43 70.46 30.62 19.67
1.907 1.49 3.21 11.73 17.34 27.45 49.75 105.96 199.97 134.39 74.36 47.36 33.65 25.66 11.36 7.41

0.7 2.565 1.89 4.56 17.37 25.15 38.63 64.86 117.80 200.00 219.33 152.02 99.98 69.72 52.58 22.30 14.25
1.821 1.52 3.47 14.08 21.09 33.91 60.88 123.26 200.21 146.91 84.17 53.28 37.38 28.39 12.00 7.63

0.9 2.499 1.74 4.34 18.03 26.63 41.83 71.40 126.47 199.77 214.47 155.84 104.15 72.16 53.42 20.85 12.92
1.927 1.59 3.99 16.77 25.02 40.15 70.74 133.44 200.15 164.30 101.77 64.82 45.08 33.99 14.22 8.94

1.0 2.478 1.75 4.41 18.68 27.82 44.10 75.08 129.67 200.10 214.53 163.04 111.53 77.60 57.10 21.27 12.87
1.998 1.63 4.25 17.89 26.66 42.79 75.17 136.98 200.21 174.14 113.13 72.68 50.19 37.52 15.43 9.70

0.95

0.5 2.626 1.92 4.64 16.81 23.69 35.36 57.62 105.82 200.23 223.88 152.33 102.76 74.74 57.98 26.34 17.27
1.629 1.45 2.87 9.40 13.59 21.12 38.05 85.37 200.21 104.51 54.63 34.85 24.95 19.15 8.73 5.75

0.7 2.400 1.71 4.02 15.33 22.31 34.79 59.83 114.70 199.99 181.05 112.72 73.97 52.93 40.52 18.05 11.78
1.500 1.46 3.05 11.41 16.92 26.99 49.31 106.81 200.25 124.26 64.70 40.75 28.57 21.52 9.11 5.82

0.9 2.286 1.71 4.06 16.33 24.21 38.27 66.99 125.53 199.68 177.67 113.49 73.13 51.25 38.75 16.53 10.56
1.621 1.53 3.57 14.58 21.80 34.84 62.36 125.70 200.17 145.85 82.21 51.92 36.33 27.46 11.53 7.15

1.0 2.272 1.72 4.14 17.12 25.43 40.45 70.74 130.39 199.67 181.37 118.83 76.56 53.38 40.04 16.67 10.55
1.704 1.58 3.90 16.18 23.98 38.08 67.42 130.94 199.96 154.63 90.99 57.65 40.44 30.63 12.95 8.10

Upper: ARLs of CMP-GWMA chart; Lower: ARLs of CMP-DGWMA chart.
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Table 8. ARLs of CMP-GWMA and CMP-DGWMA charts for v0 = 5.0, fixed value of µ0 = 4 and ARL0 ≈ 200

τ

q α L(K) 0.625 0.750 0.875 0.900 0.925 0.950 0.975 1.0 1.025 1.050 1.075 1.100 1.125 1.250 1.375

0.7

0.5 2.687 14.71 33.45 85.00 102.07 123.15 147.11 173.92 200.02 224.94 248.45 282.74 267.53 290.91 280.52 245.97
2.641 14.32 34.80 94.90 115.46 138.32 164.04 185.51 200.15 211.27 212.79 209.53 204.87 195.61 150.74 123.34

0.7 2.804 15.49 36.20 92.30 109.95 129.91 152.57 176.52 199.60 221.05 241.47 270.94 257.47 279.52 280.93 258.45
2.535 15.58 38.82 103.21 123.08 144.66 165.59 186.15 199.82 208.83 212.56 212.84 210.77 205.68 170.25 145.44

0.9 2.857 15.85 38.69 97.25 115.36 135.20 156.64 178.68 199.85 219.11 236.77 264.13 251.83 272.23 282.85 267.37
2.510 16.70 41.58 107.06 126.58 146.33 165.83 185.21 200.13 211.87 220.07 222.60 223.68 221.84 199.71 177.12

1.0 2.866 16.35 40.25 100.17 118.14 137.53 158.33 180.05 200.06 218.51 235.25 261.97 249.36 270.04 282.11 269.84
2.519 17.50 43.06 107.82 126.93 146.64 165.62 184.42 199.83 212.91 222.17 226.56 230.21 230.96 215.00 195.51

0.9

0.5 2.718 14.37 32.81 86.17 105.51 128.30 153.68 179.00 200.52 217.38 223.05 219.18 223.90 209.48 160.69 130.77
1.981 8.70 22.18 73.47 97.14 125.88 158.90 186.45 199.63 196.35 181.75 164.69 148.28 133.53 88.99 69.82

0.7 2.680 14.08 34.02 92.55 113.31 136.29 161.65 183.90 200.07 211.69 214.42 207.42 212.02 198.89 152.76 124.39
1.853 10.80 28.46 89.26 112.06 138.71 166.95 188.23 200.82 202.17 195.10 181.63 167.59 152.57 104.35 82.47

0.9 2.603 14.97 37.17 99.65 119.51 141.33 164.13 184.74 199.91 209.52 213.24 210.46 212.64 204.71 166.69 140.17
1.970 13.04 33.74 98.46 119.78 144.02 167.67 187.19 199.93 203.92 200.90 195.05 185.92 175.95 130.47 105.42

1.0 2.571 15.57 38.81 102.95 122.78 144.17 165.30 185.70 199.79 209.69 214.52 213.44 215.41 209.41 175.85 151.18
2.045 13.84 35.59 101.52 122.71 145.93 168.03 186.42 199.83 205.92 206.34 201.72 195.94 186.80 144.71 119.15

0.95

0.5 2.675 13.40 31.02 83.38 102.98 126.53 153.08 178.51 200.24 213.37 215.67 201.90 210.87 189.57 140.17 113.07
1.740 5.46 13.52 49.89 70.97 102.36 145.20 187.53 199.81 178.75 151.68 130.92 113.58 99.79 65.66 51.79

0.7 2.507 12.72 30.93 88.31 109.77 134.71 160.42 183.30 200.13 207.10 203.16 184.21 194.94 171.66 122.44 98.01
1.558 7.78 20.64 72.51 97.19 127.64 162.38 189.63 200.35 192.02 172.79 154.91 138.92 123.60 80.45 62.09

0.9 2.372 13.48 33.74 96.59 118.32 141.78 165.52 185.93 199.48 205.75 202.40 187.61 196.10 177.17 129.94 104.98
1.695 10.40 26.93 87.76 111.77 139.46 166.56 189.02 199.99 198.03 188.26 169.79 155.26 141.28 94.71 74.17

1.0 2.329 14.23 35.87 100.37 122.36 144.87 168.24 187.75 200.15 205.51 204.41 191.95 199.70 182.33 139.02 113.32
1.790 11.28 29.17 91.21 115.22 140.05 165.09 186.64 199.91 197.33 190.95 177.58 165.33 151.91 104.69 82.16

Upper: ARLs of CMP-GWMA chart; Lower: ARLs of CMP-DGWMA chart.
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The bold values in Tables 6–8 indicate the smallest ALR1 values of the CMP-GWMA and
CMP-DGWMA charts among the various dispersion parameter shifts. The main findings from these
tables are as follows:

(1). For v0 = 0.5, the CMP-DGWMA chart is unbiased irrespective of downward or upward shifts, as
long as q ≥ 0.7 and α ≥ 0.5. The CMP-GWMA chart has the same features as the CMP-DGWMA
chart, but is biased for small upward shifts (τ = 1.025) when q ≤ 0.7 and α ≥ 0.5. Moreover, the
CMP-GWMA and CMP-DGWMA charts detect downward shifts in the dispersion parameter
more sensitively than upward shifts. The simulation suggests that among the proposed charts
for monitoring small dispersion shifts (0.95 ≤ τ ≤ 1.05), a large value of q is recommended, and
α near 0.5 is suitable for the CMP-DGWMA chart; α near 0.7 is suitable for small downward
shifts. However, α in the interval 0.7 ≤ α ≤ 0.9 is suitable for small upward shifts for the
CMP-GWMA chart.

(2). For v0 = 1.0, the CMP-GWMA and CMP-DGWMA charts are unbiased for downward shifts
when q ≥ 0.7 and α ≥ 0.5. However, for small upward shifts, the CMP-DGWMA chart is biased
when q ≤ 0.7 and α ≤ 1.0; the CMP-GWMA chart is biased when q ≤ 0.9 and α ≤ 1.0, or when
q ≤ 0.95 and α ≤ 0.5. Similar to the previous case of v0 = 0.5, these two charts detect downward
shifts more sensitively than upward shifts. Simulation results show that a CMP-DGWMA chart
with large q and α near 0.5 is recommended for monitoring small dispersion shifts. In addition, a
CMP-GWMA chart with large q and α near 0.5 is suitable for small downward shifts; however, α
in the interval 0.7 ≤ α ≤ 0.9 is suitable for small upward shifts.

(3). For v0 = 5.0, as in the cases of v0 = 0.5 and v0 = 1.0, the CMP-GWMA and CMP-DGWMA charts
are unbiased for downward shifts. For small upward shifts, the CMP-GWMA charts are always
biased and the CMP-DGWMA charts are almost biased when q ≤ 0.9 and α ≤ 1.0. Similar to the
previous cases of v0 = 0.5 and v0 = 1.0, these two charts detect downward shifts more sensitively
than upward shifts. Simulation results show that a CMP-DGWMA chart with large q and α near
0.5, and a CMP-GWMA chart with large q and α in the interval 0.9 ≤ α ≤ 1.0, are recommended to
monitor small upward shifts. Moreover, for extremely small downward shifts, a CMP-DGWMA
chart with q near 0.7 and α near 1.0 is recommended, and a CMP-GWMA chart with q near 0.7
and α near 0.5 is suggested.

(4). To sum up, a smaller ARL1 value corresponds to a larger downward dispersion shift for fixed
parameter combinations of (q,α). Similarly, for larger upward dispersion shifts, a smaller ARL1

value always depends on specific parameter combinations of (q,α), with a specific value of
v0. Moreover, a larger value of v0 results in a larger ARL1 value. This result can be explained
as follows. The mean of the COM-Poisson distribution decreases as the dispersion parameter
v increases for a fixed value of µ. As previously mentioned, the CMP-DGWMA charts and
CMP-GWMA charts are more sensitive than their prototype CMP-DEWMA charts and GEWMA
charts, respectively, over the entire range of shifts in the dispersion parameter, except for the very
small case of v0 = 5.0.

4.2.3. Both Location and Dispersion Parameter Shifts

Usually, one cannot identify which location parameters, dispersion parameters or both together
are changed by an assignable cause in practice. Small location and dispersion parameter shifts are
simultaneously investigated in this session. The COM-Poisson distribution with µ0 = 4 corresponds to
v0 = 0.5 for over-dispersed data, v0 = 1.0 for equally dispersed data, and v0 = 5.0 for under-dispersed
data; this is considered for the in-control process. In addition, the location parameter shifts from µ0 to
µ = δ · µ0, and the dispersion parameter shifts from v0 to v = τ · v0, where δ, τ = {0.950, 0.975, 1.025,
1.050} is considered for the out-of-control process. Based on the results of the previous sessions, a
large value of q is suitable for CMP-GWMA and CMP-DGWMA charts in detecting small location or
dispersion parameter shifts. Hence, for two parameters’ simultaneous shifts under design parameter
q = 0.95 and adjustment parameter α = {0.5, 0.7, 0.9, 1.0}, Tables 9–11 present the ARLs of the initial
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state CMP-GWMA and CMP-DGWMA charts, with v0 = 0.5, v0 = 1.0 and v0 = 5.0, respectively, for a
fixed value of µ0 = 4.

Table 9. ARLs of CMP-GWMA and CMP-DGWMA charts for µ0 = 4, v0 = 0.5 and ARL0 ≈ 200

q = 0.95,α = 0.5 q = 0.95,α = 0.7

τ\δ 0.950 0.975 1.000 1.025 1.050 0.950 0.975 1.000 1.025 1.050

0.950 80.70 34.45 19.36 12.64 8.90 84.62 32.88 17.49 11.06 7.74
53.84 18.57 9.88 6.41 4.61 69.29 23.35 11.71 7.26 5.05

0.975 162.86 128.41 48.65 25.55 15.98 140.39 136.08 47.64 23.39 14.09
79.19 104.99 27.62 13.18 8.03 98.37 127.84 35.13 15.94 9.27

1.000 58.22 126.01 199.72 74.94 35.25 44.67 103.60 200.06 76.71 33.06
21.42 51.36 200.25 46.22 18.69 25.17 63.47 200.40 58.76 23.13

1.025 30.56 49.14 95.72 216.37 128.73 22.84 37.33 75.52 192.99 134.78
11.03 17.89 36.28 124.48 96.31 12.23 20.55 43.75 144.15 117.88

1.050 19.85 27.69 41.91 73.67 162.33 14.67 20.57 31.45 56.54 132.22
7.23 9.97 15.18 26.94 67.38 7.73 10.92 17.13 31.76 81.87

q = 0.95,α = 0.9 q = 0.95,α = 1.0

0.950 92.85 35.15 18.17 11.16 7.68 97.38 37.24 18.98 11.60 7.92
85.70 29.80 15.13 9.24 6.26 92.88 33.40 17.14 10.52 7.13

0.975 142.03 145.53 51.96 24.56 14.40 146.31 149.91 55.03 25.79 15.01
118.42 142.52 44.66 20.61 11.86 127.72 148.91 49.66 23.29 13.52

1.000 44.36 105.11 200.28 83.79 35.23 46.31 110.02 200.11 88.52 37.22
32.41 79.59 199.91 73.24 29.40 36.48 88.74 200.09 80.91 33.01

1.025 21.75 36.42 76.15 190.60 144.88 22.29 38.00 80.16 192.49 149.91
15.77 26.54 55.52 161.72 134.16 17.92 29.91 62.60 171.77 142.40

1.050 13.70 19.46 30.39 56.22 134.26 13.91 19.90 31.42 59.32 140.27
9.83 14.01 22.00 40.59 101.53 11.21 15.94 24.95 45.60 112.18

Upper: ARLs of CMP-GWMA chart; Lower: ARLs of CMP-DGWMA chart.

Table 10. ARLs of CMP-GWMA and CMP-DGWMA charts for µ0 = 4, v0 = 1.0 and ARL0 ≈ 200

q = 0.95,α = 0.5 q = 0.95,α = 0.7

τ\δ 0.950 0.975 1.000 1.025 1.050 0.950 0.975 1.000 1.025 1.050

0.950 122.98 82.30 57.62 42.81 33.57 133.17 87.81 59.83 42.70 32.42
113.09 60.89 38.05 26.24 19.56 134.77 77.93 49.31 33.88 24.72

0.975 206.28 157.97 105.82 73.09 53.07 192.22 166.93 114.70 76.56 53.89
163.13 158.99 85.37 50.94 33.87 173.15 175.66 106.81 65.54 43.47

1.000 181.58 224.14 200.23 140.14 94.90 142.51 193.54 199.99 150.95 101.45
75.23 131.00 200.21 130.07 71.10 90.87 151.04 200.25 150.15 89.16

1.025 122.33 167.68 223.88 241.03 186.98 90.16 127.61 181.05 219.85 192.71
42.59 63.81 104.51 187.65 190.64 50.90 76.51 124.26 191.19 200.09

1.050 85.79 112.37 152.33 206.84 259.38 61.40 81.95 112.72 159.97 216.08
29.01 38.47 54.63 83.79 143.13 33.76 45.58 64.70 99.96 159.75

q = 0.95,α = 0.9 q = 0.95,α = 1.0

0.950 142.92 97.94 66.99 47.42 35.47 146.98 103.03 70.74 50.32 37.40
148.68 95.67 62.36 43.29 31.86 152.09 101.10 67.42 47.22 34.86

0.975 189.84 173.27 125.53 85.56 60.34 189.67 174.94 130.39 90.22 63.95
182.98 181.07 125.70 80.72 55.05 184.73 180.63 130.94 86.46 59.85

1.000 141.99 189.98 199.68 159.30 112.58 146.37 190.77 199.67 162.41 117.72
112.42 167.25 200.17 163.51 108.10 122.34 174.00 199.96 165.99 114.34

1.025 89.60 128.00 177.67 214.04 197.08 94.15 132.89 181.37 213.84 197.89
65.69 96.52 145.85 201.04 201.45 72.75 106.21 154.63 203.15 199.49

1.050 60.24 80.87 113.49 158.65 210.49 63.02 84.73 118.83 164.14 212.36
43.28 58.30 82.21 122.59 178.51 48.00 64.90 90.99 133.00 186.03

Upper: ARLs of CMP-GWMA chart; Lower: ARLs of CMP-DGWMA chart.
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Table 11. ARLs of CMP-GWMA and CMP-DGWMA charts for µ0 = 4, v0 = 5.0 and ARL0 ≈ 200

q = 0.95,α = 0.5 q = 0.95,α = 0.7

τ\δ 0.950 0.975 1.000 1.025 1.050 0.950 0.975 1.000 1.025 1.050

0.950 164.55 160.16 153.08 143.44 133.90 168.29 165.86 160.42 152.13 141.88
165.47 162.08 145.20 122.87 105.43 173.96 171.51 162.38 145.87 130.98

0.975 180.80 181.90 178.51 172.47 163.33 179.29 182.86 183.30 178.79 171.32
162.90 184.71 187.53 172.93 150.97 174.91 187.54 189.63 181.37 167.43

1.000 188.45 196.82 200.24 199.05 194.22 182.56 193.16 200.13 199.89 198.72
141.63 173.47 199.81 216.62 206.96 165.51 183.40 200.35 206.04 201.93

1.025 189.11 203.10 213.37 219.72 221.64 177.56 193.59 207.10 216.45 219.07
120.57 145.89 178.75 211.22 236.91 147.31 169.38 192.02 211.00 221.30

1.050 182.49 199.98 215.67 229.27 238.76 168.58 186.25 203.16 218.72 231.20
104.05 125.06 151.68 183.52 223.36 130.81 151.46 172.79 198.16 220.43

q = 0.95,α = 0.9 q = 0.95,α = 1.0

0.950 170.74 169.81 165.52 158.73 150.30 171.54 171.87 168.24 161.71 154.01
176.66 173.36 166.56 157.41 144.96 173.52 171.99 165.09 157.54 147.40

0.975 179.77 185.15 185.93 182.57 177.83 179.75 185.71 187.75 185.10 180.34
181.34 190.30 189.02 184.77 175.59 180.17 186.30 186.64 182.96 175.82

1.000 182.06 192.93 199.48 201.72 201.65 183.01 193.31 200.15 203.09 203.12
174.47 188.45 199.99 203.24 203.66 176.27 187.57 199.91 201.60 202.51

1.025 177.52 191.95 205.75 214.75 220.26 179.99 193.31 205.51 215.37 220.43
161.23 183.07 198.03 212.54 220.35 166.73 184.29 197.33 210.95 217.36

1.050 170.65 186.80 202.40 217.83 229.52 173.79 189.74 204.41 218.32 228.84
147.27 168.33 188.26 206.97 222.62 154.12 172.03 190.95 207.99 220.20

Upper: ARLs of CMP-GWMA chart; Lower: ARLs of CMP-DGWMA chart.

The bold values in Tables 9–11 indicate the smallest ARL1 values of the CMP-GWMA and
CMP-DGWMA charts among the various combinations of location and dispersion parameter shifts.
The main findings from these tables are as follows:

(1). For v0 = 0.5, the CMP-GWMA and CMP-DGWMA charts are unbiased for small shifts in
both parameters when q = 0.95 and α ≥ 0.5. For fixed values of q and α, both charts detect
small upward location shifts, and downward dispersion shifts are more sensitive than other
directional shifts. Based on the simulation, a large value of q is recommended for the proposed
charts for monitoring small location and dispersion shifts simultaneously, and α near 0.5 is
suitable for the CMP-DGWMA chart; however, α in the interval 0.7 ≤ α ≤ 0.9 is suitable for the
CMP-GWMA chart.

(2). For v0 = 1.0, the CMP-GWMA and CMP-DGWMA charts are almost unbiased, except for some
cases of both upward location and dispersion shifts. Similar to the previous case of v0 = 0.5,
these two charts perform well in detecting small upward location and downward dispersion
shifts among any directional shifts. Based on the simulation results, a CMP-DGWMA chart
with large q and α near 0.5 is recommended for monitoring small location and dispersion shifts
simultaneously. In addition, a CMP-GWMA chart with large q and α near 0.5 is suitable for small
downward dispersion shifts; however, α in the interval 0.7 ≤ α ≤ 0.9 is suitable for small upward
dispersion shifts.

(3). For v0 = 5.0, as in the previous case of v0 = 1.0, the CMP-GWMA and CMP-DGWMA
charts are almost unbiased, in addition to there being some cases of both upward location
and dispersion shifts. Similar to the cases of v0 = 0.5 and v0 = 1.0, these two charts are not
sensitive to detecting small upward location and downward dispersion shifts more than other
directional shifts. Simulation results resemble the case of v0 = 1.0; a large q and α near 0.5 is
recommended for the CMP-DGWMA chart, for monitoring small location and dispersion shifts
simultaneously. Similarly, a CMP-GWMA chart with large q and α near 0.5 is suitable for small
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downward dispersion shifts; however, α in the interval 0.7 ≤ α ≤ 0.9 is suitable for small upward
dispersion shifts.

(4). To sum up, a larger value of v0 results in a larger ARL1 value. Owing to the addition of design
and adjustment parameters, the CMP-DGWMA and CMP-GWMA charts are more sensitive
than their prototype CMP-DEWMA charts and GEWMA charts in detecting small location and
dispersion shifts simultaneously.

5. An Illustrative Example

This example uses a simulated dataset to illustrate the working of our proposed CMP-GWMA
and CMP-DGWMA charts, and compare them with the existing GEWMA and CMP-EWMA charts
when detecting small COM-Poisson process shifts at the initial stage. We assume that the monitored
quality characteristic is over-dispersed and follows a COM-Poisson distribution, with µ0 = 4 and
v0 = 0.5. In addition, we assume that the underlying process location shifts from µ0 to µ = δ · µ0, and
the dispersion shifts from v0 to v = τ · v0 because of some assignable causes. For this purpose, when
considering the process location, a small upward shift occurs for δ = 1.025, and dispersion occurs with
a small downward shift when τ = 0.975. Table 12 shows that 50 individual samples (Xt) are generated
from a COM-Poisson distribution with µ = 4.1 and v = 0.4875.

Table 12. Simulation dataset of the GEWMA and CMP-DEWMA charts with q = 0.95 and α = 1;
CMP-GWMA chart with q = 0.95 and α = 0.7; CMP-DGWMA chart, with q = 0.95 and α = 0.5, at
process location shift µ = 4.1 and dispersion shift v = 0.4875

GEWMA CMP-GWMA CMP-DEWMA CMP-DGWMA

No. Xt LCLt Et UCLt LCLt Gt UCLt LCLt DEt UCLt LCLt DGt UCLt

1 12 15.86 16.28 17.14 15.82 16.28 17.18 16.48 16.49 16.52 16.48 16.49 16.52
2 30 15.61 16.96 17.39 15.71 17.04 17.29 16.45 16.51 16.55 16.47 16.52 16.53
3 12 15.44 16.71 17.56 15.64 16.57 17.36 16.42 16.52 16.58 16.47 16.51 16.53
4 17 15.30 16.73 17.70 15.59 16.63 17.41 16.38 16.53 16.62 16.46 16.51 16.54
5 15 15.19 16.64 17.81 15.55 16.53 17.45 16.35 16.54 16.65 16.46 16.51 16.54
6 23 15.10 16.96 17.90 15.52 16.88 17.48 16.31 16.56 16.69 16.45 16.52 16.55
7 21 15.02 17.16 17.98 15.49 16.97 17.51 16.27 16.59 16.73 16.45 16.53 16.55
8 13 14.96 16.95 18.04 15.47 16.67 17.53 16.24 16.61 16.76 16.45 16.52 16.55
9 25 14.90 17.36 18.10 15.45 17.12 17.55 16.20 16.64 16.80 16.45 16.54 16.55

10 9 14.85 16.94 18.15 15.43 16.57 17.57 16.16 16.66 16.84 16.44 16.52 16.56
11 18 14.80 16.99 18.20 15.42 16.74 17.58 16.13 16.68 16.87 16.44 16.52 16.56
12 21 14.76 17.19 18.24 15.40 16.94 17.60 16.09 16.70 16.91 16.44 16.53 16.56
13 23 14.73 17.48 18.27 15.39 17.16 17.61 16.06 16.74 16.94 16.44 16.55 16.56
14 19 14.70 17.56 18.30 15.38 17.12 17.62 16.03 16.78 16.97 16.44 16.55 16.56
15 15 14.67 17.43 18.33 15.37 16.94 17.63 15.99 16.81 17.01 16.44 16.54 16.56
16 17 14.65 17.41 18.35 15.36 16.95 17.64 15.96 16.84 17.04 16.43 16.55 16.57
17 19 14.63 17.49 18.37 15.35 17.03 17.65 15.93 16.88 17.07 16.43 16.55 16.57
18 28 14.61 18.01 18.39 15.34 17.53 17.66 15.91 16.93 17.09 16.43 16.58 16.57
19 17 14.59 17.96 18.41 15.33 17.29 17.67 15.88 16.98 17.12 16.43 16.57 16.57
20 27 14.57 18.41 18.43 15.32 17.73 17.68 15.85 17.06 17.15 16.43 16.60 16.57
21 16 14.56 18.29 18.44 15.32 17.43 17.68 15.83 17.12 17.17 16.43 16.59 16.57
22 6 14.55 17.68 18.45 15.31 16.82 17.69 15.80 17.15 17.20 16.42 16.56 16.58
23 16 14.54 17.60 18.46 15.30 16.94 17.70 15.78 17.17 17.22 16.42 16.56 16.58
24 23 14.53 17.87 18.47 15.30 17.28 17.70 15.76 17.20 17.24 16.42 16.58 16.58
25 23 14.52 18.12 18.48 15.29 17.47 17.71 15.74 17.25 17.26 16.42 16.59 16.58
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Table 12. Cont.

GEWMA CMP-GWMA CMP-DEWMA CMP-DGWMA

No. Xt LCLt Et UCLt LCLt Gt UCLt LCLt DEt UCLt LCLt DGt UCLt

26 16 14.51 18.02 18.49 15.29 17.27 17.71 15.72 17.29 17.28 16.42 16.59 16.58
27 24 14.50 18.32 18.50 15.28 17.59 17.72 15.70 17.34 17.30 16.42 16.60 16.58
28 20 14.50 18.40 18.50 15.28 17.57 17.72 15.68 17.39 17.32 16.42 16.61 16.58
29 16 14.49 18.28 18.51 15.27 17.40 17.73 15.67 17.44 17.33 16.42 16.60 16.58
30 21 14.49 18.42 18.51 15.27 17.57 17.73 15.65 17.49 17.35 16.42 16.61 16.58
31 14 14.48 18.19 18.52 15.26 17.30 17.74 15.64 17.52 17.36 16.41 16.60 16.59
32 18 14.48 18.19 18.52 15.26 17.37 17.74 15.62 17.55 17.38 16.41 16.61 16.59
33 19 14.47 18.23 18.53 15.26 17.43 17.74 15.61 17.59 17.39 16.41 16.61 16.59
34 21 14.47 18.36 18.53 15.25 17.56 17.75 15.60 17.63 17.40 16.41 16.62 16.59
35 25 14.47 18.70 18.53 15.25 17.85 17.75 15.58 17.68 17.42 16.41 16.64 16.59
36 8 14.46 18.16 18.54 15.25 17.20 17.75 15.57 17.70 17.43 16.41 16.61 16.59
37 17 14.46 18.10 18.54 15.24 17.30 17.76 15.56 17.72 17.44 16.41 16.62 16.59
38 20 14.46 18.20 18.54 15.24 17.45 17.76 15.55 17.75 17.45 16.41 16.62 16.59
39 13 14.46 17.94 18.54 15.24 17.18 17.76 15.54 17.76 17.46 16.41 16.61 16.59
40 14 14.45 17.74 18.55 15.24 17.08 17.76 15.53 17.76 17.47 16.41 16.61 16.59
41 18 14.45 17.75 18.55 15.23 17.19 17.77 15.53 17.76 17.47 16.41 16.61 16.59
42 13 14.45 17.52 18.55 15.23 16.98 17.77 15.52 17.74 17.48 16.40 16.60 16.60
43 12 14.45 17.24 18.55 15.23 16.81 17.77 15.51 17.72 17.49 16.40 16.59 16.60
44 25 14.45 17.63 18.55 15.23 17.32 17.77 15.50 17.71 17.50 16.40 16.61 16.60
45 21 14.45 17.80 18.55 15.22 17.39 17.78 15.50 17.72 17.50 16.40 16.62 16.60
46 38 14.45 18.81 18.55 15.22 18.34 17.78 15.49 17.77 17.51 16.40 16.67 16.60
47 20 14.45 18.87 18.55 15.22 18.04 17.78 15.49 17.83 17.51 16.40 16.67 16.60
48 23 14.44 19.07 18.56 15.22 18.15 17.78 15.48 17.89 17.52 16.40 16.68 16.60
49 27 14.44 19.47 18.56 15.22 18.43 17.78 15.47 17.97 17.53 16.40 16.70 16.60
50 19 14.44 19.45 18.56 15.21 18.24 17.79 15.47 18.04 17.53 16.40 16.70 16.60

For a fair comparison, the in-control ARL values were set to 200 to investigate the detection ability
of the existing and proposed charts. From Table 2, the charting parameter combinations (q,α, L) for
the GEWMA, CMP-GWMA, CMP-DEWMA and CMP-DGWMA charts are (0.95, 1.0, 2.277), (0.95,
0.7, 2.400), (0.95, 1.0, 1.704) and (0.95, 0.5, 1.637), respectively. Moreover, their plotting statistics are
represented as Et, Gt, DEt and DGt, respectively. The corresponding time-varying upper and lower
control limits of these charts are also listed in Table 12.

When an assignable cause results in small upward shifts (δ = 1.025) in the process location and
downward shifts (τ = 0.975) in the process dispersion simultaneously, the GEWMA, CMP-GWMA,
CMP-DEWMA and CMP-DGWMA charts trigger an out-of-control signal at the 35th, 35th, 26th and
18th samples, respectively. Corresponding to Table 9, the simulation results indicate that the GEWMA,
CMP-GWMA and CMP-DEWMA charts respectively require 25.79, 23.39 and 23.29 samples on average
to detect an out-of-control signal, whereas the CMP-DGWMA chart takes only 13.18 samples on average
to identify an out-of-control signal. That is, the CMP-DGWMA chart detects small upward shifts in
process location and downward shifts in process dispersion faster than its counterparts (the GEWMA,
CMP-GWMA and CMP-DEWMA charts). Figure 3 displays the plotting statistics and corresponding
control limits of the existing and proposed charts.
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6. Conclusions

The COM-Poisson distribution is generalized to a Poisson distribution by location and dispersion
parameters, which can be modeled for over-dispersed or under-dispersed attribute data, as well
as for the geometric and Bernoulli distributions as special cases. The well-known GEWMA and
CMP-DEWMA charts, based on COM-Poisson distribution, are used for monitoring the count of
process defects or non-conformities. The CMP-DEWMA chart outperforms the GEWMA chart in
detecting downward shifts of the mean value of the attribute process. To enhance the detection ability,
this study integrates the features of a PGWMA chart to propose CMP-GWMA and CMP-DGWMA charts
for the effective monitoring of small shifts in COM-Poisson processes. Note that the existing GEWMA
and CMP-DEWMA charts are special cases of the CMP-GWMA and CMP-DGWMA charts, respectively.

A performance comparison between the proposed charts is maintained at the same value of
in-control ARL, and then their out-of-control ARL values are compared for a process shift. The
numerical simulations indicate that the CMP-DGWMA and CMP-GWMA charts are more sensitive
than their respective prototypes (the CMP-DEWMA and GEWMA charts) in detecting small location
and dispersion shifts, and both shifts together. Overall, the CMP-DGWMA chart always performs
better in detecting small shifts than other charts. Finally, a simulated example is provided to illustrate
the application of our proposed CMP-DGWMA chart, as well as that of its counterparts.
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Appendix A

The novel statistic Gt for the CMP-GWMA chart is defined as follows:

Gt =
t∑

j=1

(q( j−1)α

1 − q jα

1 )Xt− j+1 + q jα

1 G0, 0 ≤ q1 < 1, 0 < α ≤ 1. (A1)

We can represent Equation (A1) as follows:

Gt = (1− q1α
1 )Xt + (q1α

1 − q2α
1 )Xt−1 + · · · · · ·+ (q(t−1)α

1 − qtα
1 )X1 + qtα

1 G0, (A2)

where Xt, t = 1, 2, 3, . . . is a COM-Poisson random variable that represents the number of
non-conformities of a process at time t. For the in-control process, the mean and variance of
the CMP-GWMA statistic Gt are given as

E(Gt) = (1− q1α
1 )E(Xt) + (q1α

1 − q2α
1 )E(Xt−1) + · · · · · ·+ (q(t−1)α

1 − qtα
1 )E(X1) + qtα

1 G0

= E(Xt) = µ1/v0
0 −

v0−1
2v0

,
(A3)

Var(Gt) = (1− q1α
1 )

2
Var(Xt) + (q1α

1 − q2α
1 )

2
Var(Xt−1) + · · · · · ·+ (q(t−1)α

1 − qtα
1 )

2
Var(X1)

=
t∑

j=1
(q( j−1)α

1 − q jα

1 )
2
Var(Xt) = Q1t ·

1
v0
µ1/v0

0 .
(A4)

Assuming that L denotes the width of the control limit, the upper and lower control limits and the central
line of the CMP-GWMA chart are UCLt = E(Gt) + L

√
Var(Gt), LCLt = Max

{
0, E(Gt) − L

√
Var(Gt)

}
and CL = E(Gt), respectively.

The CMP-DGWMA statistic DGt doubly smooths the sequence COM-Poisson random observations
Xt with the CMP-GWMA statistic Gt from Equation (A1) as follows:

DGt =
t∑

j=1

(q( j−1)β

2 − q jβ

2 )Gt− j+1 + qtβ
2 G0 (A5)

where q2 is the design parameter satisfying 0 ≤ q2 < 1, and β is the adjustment parameter satisfying
0 < β ≤ 1. We can rewrite Equation (A5) as follows:

DGt = (1− q1β
2 )Gt + (q1β

2 − q2β
2 )Gt−1 + · · · · · ·+ (q(t−1)β

2 − qtβ
2 )G1 + qtβ

2 DG0

= W1Xt + W2Xt−1 + . . .+ WtX1 + (1−
t∑

j=1
W j)G0,

(A6)

where Wt = (1 − q1α
1 )(q(t−1)β

2 − qtβ
2 ) + (q1α

1 − q2α
1 )(q(t−2)β

2 − q(t−1)β

2 ) + . . . + (q(t−1)α

1 − qtα
1 )(1 − q1β

2 )=
t∑

j=1
(q( j−1)α

1 − q jα

1 )(q(t− j)β

2 − q(t− j+1)β

2 ). For the in-control process, the mean and variance of the

CMP-DGWMA statistic DGt are given as:

E(DGt) = E[W1Xt + W2Xt−1 + . . .+ WtX1 + (1−
t∑

j=1
W j)G0]

= E(Xt) = µ1/v0
0 −

v0−1
2v0

,
(A7)

Var(DGt) = Var[W1Xt + W2Xt−1 + . . .+ WtX1 + (1−
t∑

j=1
W j)G0]

=
t∑

j=1
W2

j Var(Xt) = Q2t ·
1
v0
µ1/v0

0 .
(A8)
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Assuming that K denotes the width of the control limit, the upper and lower control limits
and the central line of the CMP-GWMA chart are UCLt = E(DGt) + L

√
Var(DGt), LCLt =

Max
{
0, E(DGt) − L

√
Var(DGt)

}
and CL = E(DGt), respectively.

References

1. Brook, D.; Evans, D.A. An approach to the probability distribution of CUSUM run length. Biometrika 1972,
59, 539–549. [CrossRef]

2. Lucas, J.M. Counted data CUSUM’s. Technometrics 1985, 27, 129–144. [CrossRef]
3. White, C.H.; Keats, J.B. ARLs and higher-order run-length moments for the Poisson CUSUM. J. Qual. Technol.

1996, 28, 363–369. [CrossRef]
4. White, C.H.; Keats, J.B.; Stanley, J. Poisson CUSUM vs. c-chart for detect data. Qual. Eng. 1997, 9, 673–679.

[CrossRef]
5. Gan, F.F. Monitoring poisson observations using modified exponentially weighted moving average control

charts. Commun. Stat. Simul. Comput. 1990, 19, 103–124. [CrossRef]
6. Borror, C.M.; Champ, C.W.; Rigdon, S.E. Poisson EWMA control charts. J. Qual. Technol. 1998, 30, 352–361.

[CrossRef]
7. Zhang, L.; Govindaraju, K.; Lai, C.D.; Bebbington, M.S. Poisson DEWMA control chart. Commun. Stat. Simul.

Comput. 2003, 32, 1265–1283. [CrossRef]
8. Sheu, S.H.; Chiu, W.C. Poisson GWMA control chart. Commun. Stat. Simul. Comput. 2007, 36, 1099–1114.

[CrossRef]
9. Chiu, W.C.; Sheu, S.H. Fast initial response features for Poisson GWMA control charts. Commun. Stat. Simul.

Comput. 2008, 37, 1422–1439. [CrossRef]
10. Chiu, W.C.; Lu, S.L. On the steady-state performance of the Poisson Double GWMA control chart. Qual.

Technol. Quant. Manag. 2015, 12, 195–208. [CrossRef]
11. Conway, R.W.; Maxwell, W.L. A queuing model with state dependent service rates. J. Ind. Eng. 1962, 12,

132–136.
12. Sellers, K.F. A generalized statistical control chart for over- or under- dispersed data. Qual. Reliab. Eng. Int.

2012, 28, 59–65. [CrossRef]
13. Saghir, A.; Lin, Z.; Abbasi, S.A.; Ahmad, S. The use of probability control limits of the COM-poisson charts

and their applications. Qual. Reliab. Eng. Int. 2013, 29, 759–770. [CrossRef]
14. Saghir, A.; Lin, Z. Cumulative sum charts for monitoring the COM-Poisson processes. Comput. Ind. Eng.

2014, 68, 65–77. [CrossRef]
15. Saghir, A.; Lin, Z. A flexible and generalized exponentially weighted moving average control chart for count

data. Qual. Reliab. Eng. Int. 2014, 30, 1427–1443. [CrossRef]
16. Aslam, M.; Ahmad, L.; Jun, C.H.; Arif, O.H. A control chart for COM-Poisson distribution using multiple

dependent state sampling. Qual. Reliab. Eng. Int. 2016, 32, 2803–2812. [CrossRef]
17. Aslam, M.; Azam, M.; Jun, C.H. A control chart for COM-Poisson distribution using resampling and

exponentially weighted moving average. Qual. Reliab. Eng. Int. 2016, 32, 727–735. [CrossRef]
18. Aslam, M.; Saghir, A.; Ahmad, L.; Jun, C.H.; Hussain, J. A control chart for COM-Poisson distribution using

a modified EWMA statistic. J. Stat. Comput. Simul. 2017, 87, 3491–3502. [CrossRef]
19. Aslam, M.; Khan, N.; Jun, C.H. A hybrid exponentially weighted moving average chart for COM-Poisson

distribution. Trans. Inst. Meas. Control. 2018, 40, 456–461. [CrossRef]
20. Alevizakos, V.; Koukouvinos, C. A double exponentially weighted moving average control chart for

monitoring COM-Poisson attributes. Qual. Reliab. Eng. Int. 2019, 35, 2130–2151. [CrossRef]
21. Shmueli, G.; Minka, T.P.; Kadane, J.B.; Borle, S.; Boatwright, P. A useful distribution for fitting discrete data:

Revival of the Conway–Maxwell–Poisson distribution. Appl. Stat. 2005, 54, 127–142. [CrossRef]

http://dx.doi.org/10.1093/biomet/59.3.539
http://dx.doi.org/10.1080/00401706.1985.10488030
http://dx.doi.org/10.1080/00224065.1996.11979687
http://dx.doi.org/10.1080/08982119708919089
http://dx.doi.org/10.1080/03610919008812847
http://dx.doi.org/10.1080/00224065.1998.11979871
http://dx.doi.org/10.1081/SAC-120023889
http://dx.doi.org/10.1080/03610910701540037
http://dx.doi.org/10.1080/03610910801990033
http://dx.doi.org/10.1080/16843703.2015.11673376
http://dx.doi.org/10.1002/qre.1215
http://dx.doi.org/10.1002/qre.1426
http://dx.doi.org/10.1016/j.cie.2013.12.004
http://dx.doi.org/10.1002/qre.1564
http://dx.doi.org/10.1002/qre.1965
http://dx.doi.org/10.1002/qre.1787
http://dx.doi.org/10.1080/00949655.2017.1373114
http://dx.doi.org/10.1177/0142331216659920
http://dx.doi.org/10.1002/qre.2430
http://dx.doi.org/10.1111/j.1467-9876.2005.00474.x


Symmetry 2020, 12, 1014 24 of 24

22. Montgomery, D.C. Introduction to Statistical Quality Control, 6th ed.; John Wiley & Sons, Inc.: New York, NY,
USA, 2009.

23. Lu, S.L. Non parametric double generally weighted moving average sign charts based on process proportion.
Commun. Stat. Theory Methods 2018, 47, 2684–2700. [CrossRef]

© 2020 by the author. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

http://dx.doi.org/10.1080/03610926.2017.1342832
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction 
	The COM-Poisson Distribution 
	Design of CMP-GWMA and CMP-Double GWMA Charts 
	The CMP-GWMA Control Chart 
	The CMP-DGWMA Control Chart 

	Performance Measurement and Evaluation 
	In-Control ARL Profiles 
	Performance Comparison 
	Location Parameter Shifts 
	Dispersion Parameter Shifts 
	Both Location and Dispersion Parameter Shifts 


	An Illustrative Example 
	Conclusions 
	
	References

