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Abstract: We present the notion of orthogonal .7 -metric spaces and prove some fixed and periodic
point theorems for orthogonal L n-contraction. We give a nontrivial example to prove the validity
of our result. Finally, as application, we prove the existence and uniqueness of the solution of a
nonlinear fractional differential equation.
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1. Introduction and Preliminaries

Fixed point theory is one of the important branches of nonlinear analysis. After the celebrated
Banach contraction principle [1], a number of authors have been working in this area of research.
Fixed point theorems are very significant instruments for proving the existence and uniqueness of the
solutions to nonlinear integral and differential equations, variational inequalities, and optimization
problems. Metric fixed point theory grew up after the well-known Banach contraction theorem.
From that point forward, there have been numerous results related to mappings satisfying various
contractive conditions and underlying distance spaces; we refer to [2-15] and the references
contained therein.

Recently, Jleli and Samet [16] presented the idea of .#-metric space and proved an analogue of
Banach contraction principle [1].

They introduced a collection .# defined below and presented the idea of generalized metric space
called .#-metric space:

Definition 1 ([16]). Let .7 be the set of functions { : (0,c0) — R satisfying the following conditions:

(F1) is nondecreasing, i.e., 0 < p < qiff {(p) < Z(q);
(F,) For every sequence {pn} C (0, +c0), we have

ngr—?oo Pn = 0= n1—1>r—‘,r-100 (Pn) -

Definition 2 ([16]). Let X be a nonempty set and P : X x X — [0,00). Suppose that there exist ({,a) €
F x [0,400) such that for all (p,q) € R x R
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(71) 2(p,q) =0 p=4;

(22) 7(p,q) = 2(q,p);

(23) Foreachm € N, m > 2, and for every (p;)i_; C R with (p1, pm) = (p,q), we have
m

-1
2(p,9) >0=_(2(p,q9) <¢ < ; 2(pi, pm)) +a.

Then, 2 is called an F-metric on X and (R, 2) is called an .7 -metric space.

Example 1 ([16]). A metric 2 : N x N — [0, c0), defined by

(p—a)? if (p,9) €10,3]x[0,3]
2(p,q) = .
(7. 4) { p—al i () 10,3 x[0,3],
is an F -metric with (i) = In(p) and a = In(3), so the pair (N, 2) is called an .F-metric space.

Definition 3 ([16]). Let (X, 2) be an .F-metric space.

(i) Asequence {p,}in Nis F-convergent to p € Nif {py} is convergent to p with respect to the F-metric 9;
(ii) A sequence {p,} is F-Cauchy if

lim  9(pn, pw) = 0.

n,w——+00

(iii)  The space (R, 2) is .F-complete if every .F#-Cauchy sequence in X is .F-convergent to a an element of N.

Definition 4 ([17]). A nonempty set N is said to be an orthogonal set (briefly O-set) if the binary relation
L C R x R satisfies the following assertion:

dpo: (Vq, qLlpo) or (Vq, polq).

The O-set is denoted by (X, L).

It is to be noted that the element pg in the above Definition is an orthogonal element; additionally,
if po is to be unique, then we call that py is the unique orthogonal element and (X, L) is the uniquely
orthogonal set.

Example 2. Suppose that GL,(R) is a set of all n x n invertible matrices. Define relation L on GL,(R) by
PLQ & 31€ GLy(R): PQ = QP.
It is easy to see that GL, (R) is an O-set.

Definition 5 ([17]). Let (X, L) be an O-set. A sequence {py}yen is called an orthogonal sequence (briefly,
O-sequence) if

(Y, pnLpni1) or (Vn, pui1Llpn).

Definition 6 ([17]). Let (X, L) be an O-set. A mapping { : X — N is called 1 -preserving if p_Lq implies
¢(p)Le(q)-

Consistent with Jleli and Samet [18], we denote by Aq, the set of all functions () : (0,00) — [1,0)
satisfying the following conditions:

(Q1) Qis strictly increasing;
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() For all sequences {¢,, C (0,00)},

lim o, =0 & hm Qo) =1;

n—o0

(Q3) Thereexist0 < r < 1land! € (0,00] such that

lim M -1
u—0+ u’

2. Fixed Point Theorem

In this section, we first define the notion of orthogonal .% -metric space (briefly L -.%-metric space)
and then prove a fixed point result for | n-contraction in such a generalized structure.

Definition 7. Let (X, L) be an O-set and 2 be an F -metric on X. The triplet (R, L, 2) is called an orthogonal
F-metric space.

Example 3. Let X = [0, 1] be a .F-metric space with .F -metric

%nw_{?MP—W Zfz

forallp,q € X, {(n) = —%, u > 0anda = 1. Define pLgif pqg < por pqg < q. Then, forall p € X, 0Lp,
so (X, L) isan O-set. Then, (N, L, Z) is an orthogonal .7 -metric space.

From now on, (X, L) is an O-set and (X, Z) is an . -metric space.

Definition 8. Let (X, L, 2) be an orthogonal .7 -metric space. Then, { : X — X is called orthogonally
continuous (or L-continuous) at a € N if, for each O-sequence {ay },en in X with a, — a, we have {(a,) —
(a). Furthermore, { is said to be L-continuous on N if { is L-continuous at each a € N.

Example 4. Let R = [0,1) and F-metric on X be Z(p,q) = |p — q| forall p,q € N. Define p_Lq if pg < §.
Define a mapping ¢ : X — N such that

_ 5 rey)
Z(p) {0 b (03]

Since pLgand pg < §,p=00rqg < % So, we have following four cases:

Case-1II: p—Oandq > 3 Then, {(p) = 0and {(q) =
Case-IIL: g < ?andp <§ Then, {(q) = { and {(p) = §;
Case-IV: q < 3 and p > 3. Then, {(q) = 4 and {(p) = 0.

Therefore, from all cases, we have {(p)C(q) < @ Clearly, { is not continuous, but it is easy to see that { is
L -continuous.

Case-I: p=0andq <} Then Z(p)=0and {(q) = %;
0;

Definition 9. Let (X, L, 2) be an orthogonal .F-metric space. Then, X is said to be orthogonally .F-complete
(briefly, O-F -complete) if every Cauchy O-sequence is % -convergent in N.

Example 5. Let N = [0,1) and F-metric on X be Z(p,q) = |p —q| for all p,q € Y. Define p_Lq if
pgq < max 3, 3} Clearly, X is not complete, but it is O-% -complete.
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Definition 10. Let (X, L, 2) be an orthogonal .7 -metric space and .7 : R — X be a given mapping.
Suppose that Q) € Aq and x € (0,1) such that

VpaeR plq, 2(7p,7q) #0 = QA2(Tp, 7q)) < [QAZ2(p.0)]" ©)
is called 1 -contraction.

Example 6. Let X = [1,00) with F-metric Z(p,q) = |p —q| forall p,q € X, {(y) = In(u), . > 0and
a = 0. Let the set orthogonal relation “ 1" be defined as p_Lq < pg € max{p,q}. Define 7 : X — X by

1 p<4
Tp= =
P { E op>a

It can easily be seen that 7 is | q-contraction with Q(u) = eV

Theorem 1. Let (X, L, 7) be an O-complete F-metric space and Q) € Aqy. Let 7 : X — X be L-continuous,
L -contraction, and L-preserving. Then, 7 has a unique fixed point.

Proof. Let e > 0be fixed and ({,a) € .# X [0, +00) be such that (#3) is satisfied. By (.%#;), there exists
6 > 0 such that

0 < pu <6 implies {(u) < {(e) —a. (2)
Since N is an O-set, there is an orthogonal element py € N such that
VyeN, poly or Vy e, yLlpo.
Therefore, pg_L. 7 pg or T poLpg. Let
pLi=Tpo, p2i=Tp1=TP0, s Put1 = Tpn =T py

V n € N. Since 7 is L-preserving, {p,}nen is an O-sequence. If there exists ny € N, such that
Pro+1 = Py, then py, is a fixed point of .7. Therefore, we suppose Z(pu, ppy1) > 0 foralln € N.
Now, since .7 is | o-contraction, then for all n € N, we have

Q(@(Pn,}?n.H)) = Q(@(ypn—lzypn))

< (AL (Puer, pu)))* < (UL (a2, pu)]E
< [Z(po,p1)]"
Thus, we have
1< Q(Z(pn, Pns1)) < [QZ(po, p1))]*, foralln € N. ®3)

Letting n — oo in Inequality (3), we get
A2 (pn,pns1)) = 1,
which implies from (Q),) that

lim 2(pu, pny1) = 0. 4)

n—oo
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From condition (Q)3), there exist r € (0,1) and I € (0, 0] such that

lim Q(‘@(pn/anrl)) -1 -1
n=eo (D (pn, puia)]”

Suppose that [ < co. In this case, let v = /2 > 0. From the Definition of limit, there exists nyp € N
such that

Q(Z2(pn, pni1)) — 1

9 (om pust )T —1| <wv, foralln > nyg.
nsFn

This implies that

Q(@(pn/ Pn-‘rl)) —1
>]—v=uv, foralln > ny.
[Z(pnpui))) = °

Then,

[P (pn, Pus1)]” < on[Q(Z(pn, pryr)) =1, forall n > ng,

where o =1/v.
The case for | = oo. In this case, let v > 0 be arbitrary. By definition of limit, there exists ny € N
such that

(2(pn, pus1)) — 1
[2(pn, Pus1)]"

> v, foralln > nyg.

Then,

n[Z(pn, pui1)]” < on[Q(P(pn, puta)) — 1), foralln > ny,

where o =1/v.
Thus, in all cases, there exist o > 0 and ng € N such that

[P (pu, Pusa)]” < on[Q(Z(pn, pryr)) =11, foralln > no.
Using Inequality (3), we obtain

A2 (P, pria)]” < on[Q(Z(po, p1)) — 1], foralln > no.
Letting n — oo in the above inequality, we obtain

im n[Z(pn, pp41)]" = 0.

n—oo
Thus, there exists n7 € N such that

1
@(pn/ pn—i-l) < A forall n > nq,

which yields

w—1

w—1 1
Z @(pirpi-i-l) < Z 1.17, w > n.
i=n

i=n
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e}
Since }, 11% is a convergent series, then there exists N € N such that
i=1
w—1 1 (] 1
0<Zﬂ7<ZT/r<5,n2N. (5)
1=n

1=n !

Hence, by Inequality (5) and (%), we have
w—1 [ 1
Tl Y 2(pipia) | <C 2117 <{(e)—a, w>n=>N. (6)
i=n i=n
Using (23) and Inequality (6), we obtain
w—1

i 2(pi, Pi+1)> +a<{(e),

i=n

P(pn Pw) >0, w>n>N = (Z(pn pw)) Sé(

which, from (.7), gives that
D (pn,pw) <€, w>n>N.

This shows that {py },en is a Cauchy O-sequence.
Since N is O-complete, there exists p € N such that

lim p, = p.

n—o0

On the other hand, 1 -continuity of .7 gives I p, — Jp asn — oo. Thus,
Tp = lim Tpy = lim pyq = p.

To prove the uniqueness of fixed point, let v € X be another fixed point of .7. Then, we have
J"v = v forall n € N. By our choice of pg in the first part of proof, we have

[poLo] or [vLpo].
Since .7 is L-preserving, we have
[T"poLT"0] or [T"vL.T"pg]
forall n € N, since .7 is an | n-contraction. Then, we have for all n € N,

1< Q(2(T"po,v)) < [UZ(T" po,0))]* < ... < [QUZ(po,0))]".

Letting n — o0 in the above inequality and using condition (),), we get ligr1 pn = 0. Uniqueness
n—oo

of limit gives p = v. O

Now, we give an example which shows that Theorem 1 is a real generalization of Theorem 5.1
of [16].
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Example 7. Constructing a sequence {p,}, n € N, in the following way:

&1 = In(1)

(:2 = ln(1+2)

&3 = In(142+3)

= ez o () e

Let X = {¢,, : n € N} endowed with .F-metric 9 given by

lp—l '
sp={ I

with {(p) = _71 and a = 1. Forall &y, 8w € N, define L iff (w > 2 An = 1). Hence, (N, L, 9) is an
O-complete 7 -metric space. Map 7 : X — N is defined by

61 n=1,
,7 n) —
(g ) {én—l n> 1.
Since

n—yeo 2(n, 1)
then . is not a contraction in the sense of [16].
Let ) : (0,00) — (1, 00), defined by Q(t) = eVt It is easy to show that Q) € Aq. Now, to prove  is
an | q-contraction, that is

TG0 7a) 05 N FTGTETTTETT o TEETTT

for some x € (0,1). The above condition is equivalent to
DT &, T ) # 0= DTy, TE)e? 7078 <2 P(y, Ep)e? Enbe).

So, we have to check that

D(TCn, T g g
g(‘ygn/ 96&)) # 0= (@(gn (;" %w)g](ygn/ggw) j(énrgw) S K2, (7)
nrsw
for some k € (0,1).
For every w € N,w > 2, we have
N T 6w, T) (Tt T80)-D(Ck) ebw-1-81 A
28w, G1) ebw =61
_ (w B 1) —w —1
= Wt 1)3 <e .

Thus, the Inequality (7) is satisfied with k = e~'/2. Hence, 7 is an 1 q-contraction. So, from Theorem 1
we imply that 7 has a unique fixed point § = In(1).
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Example 8. Consider the sequence {py },cn as follows:

p1 = log,1

p2 = log,1+log,2

p3 = log,1+1log,2+log,3

on = log,1+log,2+---+log,n =1log,n!, neN.

Let X = {p,, : n € N} endowed with .F-metric 9 given by

peal,
@(M)Z{ Zpo,q' Z}(quq

with {(u) = _71 and a = 1. For all py,p, € R, define py Lo iff (w > 2An =1)V(w >n > 1).
Hence, (X, L, 2) is an O-complete .F -metric space. Define the mapping 7 : X — R by

n=1,
7 (pn) = {pl
Pn—1 n>1

Let ) : (0,00) — (1, 00), defined by Q(t) = eVt Itis easy to show that Q) € Aq. Now, to prove T is
an 1 q-contraction, that is

@(9Pn, ypw) # 0= g\/@(ypn,ﬂpw)e%9P”f9f’u'> S eK\/-@(Pn/Pw)E@<Pn'pw),

for some x € (0,1). The above condition is equivalent to

DT pn, Tpw) # 0= D(Tpn, Tpw)e? TPr700) <12 P (pp, p)e? ).

So, we have to check that

(T pon, Tpw) #0 = T P, T0w) (N T 00 T00) =P pupa) < 2. ®)
A

for some x € (0,1).
For every w € N,w > 2, we have

(TP, TP (T pu,To1) D) 2P a1 e
7(pw,p1) 20a=h
_ (w-— 1)!e(¢u—1)!—w!
N w!
1 (w-1)(w-1) 1
- 53 <e
For every w,n € N,w > n > 1, the following holds:
2(7 pn, ypw)e@(?pn,ﬂpw)—ﬁ(pn,pw) 2P0 TPt o g —py 1 ppw—pn
D(on,pw) 20w
_ (w1t () e
OIS TN PP TR
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Thus, the Inequality (8) is satisfied with x = e~'/2. Hence, 7 is an | q-contraction. So, from Theorem 1,
we imply that 7 has a unique fixed point p = log, 1.

3. Periodic Point Theorem

Let 7 : R — X be a mapping such that .7 (p) = p, then for every n € N, .7"(p) = p. However,
the converse of this fact is not true in general. The mapping satisfying Fix(.7) = Fix(.7") for each
n € Nis said to have property P.

Definition 11. Let (X, L, 2) be an orthogonal .Z-metric space and 7 : X — R be a self-mapping. The set
O(p) ={p, Zp,... T"p, ...} is called the orbit of . A mapping 7 is called orbitally O-continuous at p if
for each O-sequence { T"p} in R, lim, 0o T"p = x implies that lim,_,co 7" p = Tx. A mapping T is
orbitally continuous on X if 7 is orbitally O-continuous at all p € N.

Theorem 2. Let (X, L, Z) be an O-complete .F-metric space and Q) € Aqy. Let T : X — N be L-preserving
and satisfy

VpeXR, TplLT?p, 2(Tp,T%p) >0 = Q2(Tp, T%p) <[Q2(p. TP, )

where k € (0,1). Then, 7 has the property P provided that .7 is orbitally continuous on N.

Proof. Let € > 0 be fixed and ({,a) € .# x [0,+00) be such that (Z3) is satisfied. By (.%#,), there exists
6 > 0 such that

0 < u <6 implies {(1) < {(€) —a. (10)

We show that Fix(.7) # ¢. Define an O-sequence {py },cn in X such that p,,1 = 7" p. If there
exists ng € N, such that p, 11 = pu,, then py, is a fixed point of .7. Therefore, we suppose
P (pn, Pn+1) > 0forall n € N. Using Inequality (9), we obtain

U2 (pupus1)) = AD(Tpu1, 72pu 1))
< [QUZ2(pn-1, Tpua)]¥
= [UZ(Tpn_2, Tpn2)))
< [Q Q(pnfz,ﬂpnfz))rz
< [QZ(po, p))I”.
Thus, we have
1< O(2(pw prin)) < (2 (po pr))], foralln € N. .

Letting n — oo in Inequality (11), we get

Q(Z(pn, pni1)) — 1,

which implies from (€),) that

lim 2(pu, pny1) = 0. (12)

n—o0

From condition (Q)3), there exist 7 € (0,1) and I € (0, o] such that

. Q(@(Pnz Pn+1)) -1
lim =1
n=eo [P (pn, pns1)]’
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Suppose that ] < co. In this case, let v = /2 > 0. From the definition of limit, there exists ny € N
such that

UZ(pn, pni1)) — 1
[9(;7”, pn+1)]r

— 1| <wv, foralln > nyg.

This implies that

Q(Z(pn pni1)) — 1

[P, Prsa )T >1l—v=uv, foralln > ny.
nrs Pn+1

Q(Z(pn,pni1)) =1 = 0[Z(pn, pnya)]’, foralln = no.
Then,
(2(pn, pn1)]” < QD (pn, pus1)) — 1], forall n > ng,
where ¢ = 1/v. Multiplying by n on both sides of inequality, we get
n[D(pn, pns1)]” < on[Q(Z(pn, pnv1)) — 1], forall n > ny.

Suppose that I = co. In this case, let v > 0 be arbitrary. By Definition of limit, there exists 9 € N
such that

Q(2(pn, pns1)) — 1
[Z(Pn, pu1)]”

> v, foralln > nyg.

Then,

n[Z(pn, pui1)]” < on[Q(P(pn, puta)) = 1), foralln > ny,

where o = 1/v.
Thus, in all cases, there exist o > 0 and ng € N such that

[P (pn, pri1)]” < on[Q(D (pn, pria)) =1, foralln = no.
Using Inequality (11), we obtain

A2 (P, pria)]” < on[O(Z(po, pr)) — 1], foralln > np.
Letting n — oo in the above inequality, we obtain

lim 1[92 (pn, pus1)]” = 0.

n—oo
Thus, there exists n7 € N such that

1
.@(pn/ Pn—i—l) < 7 foralln > nq,

which yields

w—1

w—1 1
Z @(pirpi-i-l) < Z i17’ w > n.
i=n

1=n
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[ee]

Since }, 11% is a convergent series, then there exists N € N such that
i=1

[e9)

w—1 1 1 -
0<Zi17<2i17<5,n_N. (13)
1=n 1=n

Hence, by Inequality (13) and (.%7), we have

i=n

w—1 ©
C(Z 9(?z‘:Pi+1)> Sé(ZL) <{(e)—a, w>n=>N. (14)

Using (23) and Inequality (14), we obtain

w—1
Z(Pnpw) >0, w>n>N = {(P(pn,po)) < <Z @(Pi/l’iﬂ)) +a<{(e),
i=n
which, from (.%;), gives that
D (pn,pw) <€, w>n>N.
This shows that {p, },en is a Cauchy O-sequence.
Since {7"pg : n € N} C O(po) € Nand R is O-complete, there exists p € N such that

. 0o
lim 7"po = p.
On the other hand, orbital L-continuity of 7 gives p = nh_rggo I 1py = Tp. Hence, 7 has a

fixed point and Fix(.7") = Fix(.7) is true for n = 1. Now, let n > 1. Suppose on the contrary that
p € Fix(I")butp & Fix(.7), then Z(p, 7p) = a > 0. Now,

Q2(p, Tp) = Q2(7(T" 'p), 77" p)))
< Q27" p, Tp))]
< Q2T 2p, T )
< [Q2(p,Tp)"
Thus, we have
1<Q(2(p, Tp)) < [QU2(p, Tp))]<", foralln e N. (15)

Letting n — oo in Inequality (15), we get
Q(2(p, 7p)) = 1,
which, from (Q),), implies that
7(p, 7p) =0 (16)

is a contradiction. So, p € Ip. O
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4. Application

This section is devoted to show the existence of the solution of the following nonlinear differential
equation of fractional order (see [19]) given by

DYp(u) =C(up(p) O<pu<1,1<p<2), (17)

with boundary conditions
7T
p(0) =0, p(1) = / p()dv (0 < 7 < 1), (18)
0

where ¢D¥ stands for Caputo fractional derivative with order g, which is defined by

1

o [ a

“DYZ(p) =
wherem —1 < p <m,m = [p]+1and { :[0,1] x R — RT is a continuous function. We consider

N = {p|p € C(]0,1],R) } with supremum norm ||p|lcc = sup |p(p)]. So, (X, ||p||e) is a Banach space.
pel0,1]
Recall, the Riemann-Liouville fractional integral of order p is given by

120 = s ) (=02 (o> 0)

Lemma 1. The Banach space (X, ||-||,) endowed with the metric & defined by

2(p,p*) =llp =1 llo = sup |p(p) —p* ()|
nel01]

and orthogonal relation p Lp* < pp* > 0, where p, p* € R, is an orthogonal F -metric space.

Proof. It is clear by definition of & that it satisfies conditions (Z1) and (22). To verify (23), for every
(p,p*) € X x X where p_Lp*, for every M € N,M > 2, and for every (p;)™, C X with (p1, pm) =

(p, p*), we have
M—1

2(p.p*) < Y. 2(pispis1),

1=

—_

which gives

M-1
2(p,p*) >0=1In(Z2(p,p*)) <In < ; 2(pi, Pi+1)> :

Then, 2 verifies (23) with {(p) = In(p),p > 0 and a = 0. Hence, (R, L, 2) is an orthogonal
F-metric space. [

Theorem 3. Suppose that { : [0,1] x R — R is a continuous function, satisfying the following condition
G p) =S 9)| < Klp —4l,
forall u € [0,1] and for all p,q € N such that p(u)q(u) > 0 and a constant K with KA < 1, where

2 —m)(p+1)+2u(p+m+1)
(2-m2)p(p+1)T(p) ’

where 0 < 7 < 1. Then, the differential Equation (17) with boundary conditions Equation (18) has a
unique solution.

A=
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Proof. For all u € [0, 1], assume the orthogonality relation on X, by

pLq if p(u)q(n) > 0.

Under this relation, the set X is orthogonal because for every p € X 3 g(i) =0V pu € [0,1] such

that p(u)q(u) = 0. We consider Z(p,q) = sup |p(p) —q(u)| for all p,q € X. So, the triplet (X, L, 2)
nel01]
is a complete O-.%-metric space.

Define a mapping 7 : X — R by

1 Iz - 2u 1 )
m/(; (n—v)f 15(V/p(v))dv_m/o (1—-v)¥ 1§(V,p(1/))dy

gm0 e ple)dey

for y € [0,1]. Then,  is L-continuous.

A function p € N is a solution of Equation (17) if and only if p = Jp. In order to prove the
existence of fixed point of .7, we prove that .7 is L-preserving and | -contraction.

To show .7 is L-preserving, let p(yt)_Lq(p), for all u € [0,1]. Now, we have

Tp(p) =

Tp(p) = r(lp) /O”W—v)@*@(v,p(v))dv— G bty o (= )

//1/— W) 1 (w, p(w))dwdv > 0,

2 7'[2
which implies that 7 p 1 7q,ie. 7 is L-preserving.
Next, we show that .7 is an L n-contraction. For all € [0,1], p(p)Lq(u), we have

7= 70 = Jpis [ =0 oy e [0, )

el =)
taaor b ([ -0 e @) d

1
—r(lp) /Oy(ﬂ 1)1 (v,q(v))dv + (2—7?)&@) /0 (1—v)*Z(v,q(v))dv

ok b ([ =0 o) a

< i 9w - )l
*ﬁ%r@p)/lﬂ—wp (v, p(v)) — (v, q(v) v
oy b @) (@) ~ e, a(@)) dody
L - 2p L e
< m/o (,”_V)p 1d1/"‘m/0(1—1/)(p Lay

Fa o b e 1dwdv)Kip allo

(w2 -m)(p+ 1) +2u(p+m+1) B
- (e ) K=l
= KMp —1llw,
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which implies that || 7 p — 7| < KA||p — g||co- Thus, for each p,q € X, we have
2 Tp, 79) < KAD(p,q).

Let Q(v) = eVV € Q, v > 0, we have

NYT1T0) < VKADpa) = (VT PD]% vy p g e R,

where ¥ = VKA. Since KA < 1,k € (0,1). Therefore, 7 is an L n-contraction.

Now, let (p,) be a Cauchy O-sequence converging in X. Therefore, for n € N, we have
Pn()pus1(pn) > 0forall u € [0,1]. We have two cases: either p, (1) > 0 or p, () < 0. If py(p) > 0 for
eachn € Nand u € [0,1]. Then, for every u € [0, 1], there is a sequence of non-negative real numbers
which converges to p(i). Hence, we must get p(u) > 0 for each u € [0,1], i.e., pu(p)Lp(p) for all
n € Nand p € [0,1]. The second case, p, (i) < 0 for all n € N, has to be discarded. So, by Theorem 1,
7 has a unique fixed point and hence Equation (17) possesses a unique solution.
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