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Abstract: This article is concerned with the nanofluid flow in a rotating frame under the simultaneous
effects of thermal slip and convective boundary conditions. Arrhenius activation energy is another
important aspect of the present study. Flow phenomena solely rely on the Darcy–Forchheimer-type
porous medium in three-dimensional space to tackle the symmetric behavior of viscous terms.
The stretching sheet is assumed to drive the fluid. Buongiorno’s model is adopted to see
the features of Brownian diffusion and thermophoresis on the basis of symmetry fundamentals.
Governing equations are modeled and transformed into ordinary differential equations by suitable
transformations. Solutions are obtained through the numerical RK45-scheme, reporting the important
findings graphically. The outputs indicate that larger values of stretching reduce the fluid velocity.
Both the axial and transverse velocity fields undergo much decline due to strong retardation produced
by the Forchheimer number. The thermal radiation parameter greatly raises the thermal state of
the field. The temperature field rises for a stronger reaction within the fluid flow, however reducing
for an intensive quantity of activation energy. A declination in the concentration profile is noticed for
stronger thermophoresis. The Forchheimer number and porosity factors result in the enhancement
of the skin friction, while both slip parameters result in a decline of skin friction. The thermal slip
factor results in decreasing both the heat and mass flux rates. The study is important in various
industrial applications of nanofluids including the electro-chemical industry, the polymer industry,
geophysical setups, geothermal setups, catalytic reactors, and many others.

Keywords: three-dimensional frame; velocity and thermal slip condition; rotating frame; convective
boundary conditions; Darcy–Forchheimer model

1. Introduction

Flow analysis comprised of the slip boundary is of utmost interest; especially in the recent
past, it has gained importance as compared to no-slip boundary conditions because no-slip is no
more beneficial for the procedures that involve suspensions, polymer solutions, foams in which fluid
behaves as a particulate, emulsions, etc. Therefore, the importance of partial slip and full slip boundary
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conditions appears to be more prominent. It has great importance in the electro-chemical and polymer
industries. The early indication about this kind of formulation was reported by Akbar et al. [1] and
Turkyilmazoglu [2,3] in their articles based on the influence of partial slip in nanofluid flow analysis.
Besides them, Mustafa and Khan [4] reported the association of slip conditions with convective
conditions in Magnetohydrodynamic (MHD)nanofluid flow towards a stretching disk in a rotating
frame. The nanoparticles were assumed to be Fe3O4.

The most recent and famous class of fluids is defined as nanofluids. These types of fluids are
actual suspensions, having tiny particles of highly conductive metals, which are convenient to enhance
the thermophysical properties such as the density, conductivity, and heat and mass flux rates for the given
base fluids. The first indication on this type of formulation was reported by Choi [5] in his study
focusing on the colloidal mixture of nano-size metallic particles in typical base fluids such as oil, glycol,
and water. Within a short span of time, the formulation received importance in various industrial and
engineering setups due to its variety of enhanced physical properties. Later on, Dogonchi et al. [6]
reported an important study of MHD Cu-water-type nanofluid flow using the CVFEMmethod. The flow
was assumed to be flowing through a cavity. Furthermore, Rasool et al. [7] reported Marangoni effects
in the flow of nanofluids towards different surfaces. Sarafraz et al. [8] reported some good results on
diurnal thermal interpretation in an ETSCtube using a graphene-based nano-suspension. In another
study, Sarafraz et al. [9] reported thermal assessment in graphene-water-based nanofluid over glycol
(WEG60:40). Goodarzi et al. [10] analyzed the natural convection and heat flux phenomena in MWCNT,
Cu, and Al2O3-based nanofluids. Sarafraz et al. [11] discussed the potential of nanofluids and solar
collectors in thermal energy production systems used in smart cities. Sarafraz et al. [12] reported some
major findings and performed smart optimization using tube solar collectors and the response surface
method (RSM) over heat pipes. Tlili et al. [13] discussed the impact of MHD in nanofluid flow across
a cylindrical channel. Furthermore, Tlili et al. [14] reported some good results of entropy optimization
and MHD in stagnation point nanofluid flow using a stretching sheet. Some recent and advanced studies
on the effects of different nanoparticles in nanofluids’ flow can be seen in [15–29] and the references
cited therein.

The rotating frame equipped with a stretching surface is quite famous in engineering and
geophysical procedures. For example, rotor systems, gas turbines, food treatments, and disk cleaners
are very dependent on the rotating frame having stretching surfaces. However, less attention is paid
to this aspect of fluid flow and heat transfer analysis using a porous medium. One of the pioneer
studies on this topic was given by Wang [30]. The classical perturbation technique was used in this
study. In recent studies, Rashid et al. [31] reported Darcy–Forchheimer flow of nanofluids bounded by
a rotating frame having a stretching sheet. The solutions were obtained by the NDSolve numerical
method using Mathematica-based code. Hayat et al. [32] reported Maxwell-type flow of nanofluids
using the same rotating frame. In this study, this involved the optimal homotopy technique for finding
the solutions. In another study, Hayat et al. [33] reported the impact of heat absorption, heat generation,
and thermal radiation on the Darcy-type flow of nanofluids. Homotopy Analysis Method (HAM)was
used for the final convergent solutions. Similarly, Hayat et al. [34] reported Jeffrey-type nanofluid
flow bounded by a rotating frame with a stretching surface. The study revealed some good results
in the context of relation time parameters.

Some procedures such as heat transfer design, geophysical setups, geothermal setups,
and catalytic reactors are best known for the involvement of porous medium in their structure.
The mathematical term used for the porosity factor is known as the “Darcy–Forchheimer model”,
named after Darcy and Forchheimer, who reported this model in early 1901. The model received
importance in the late 1990s, when most of the studies were reported on Darcy-type medium used
in fluid flow analysis. This importance was reported especially in the procedures like grain storage,
ground water purification systems, beds of fossils, structuring the thermal insulation materials,
water motion in reservoirs, units that are solely prepared for energy storage and many others.
Some important studies have been reported recently. For example, Jumah et al. [35] reported Darcy-type
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flow using mixed convective conditions. Rasool et al. [36–39] reported recent findings on Darcy-type
nanofluid flow bounded by various surfaces including MHD and the Riga pattern. The results have
been obtained by using HAM and numerical RK45 methods.

Models based on oil storage and geothermal procedures involve many typical and extended
chemical reaction systems. The creation and consumption of chemical reactants is classified under
various situations both within the liquid and mass transport mechanism. The pioneer study was
reported by Bestman [40] considering the effect of activation energy on the Darcy-type model in fluid
flow analysis. Later on, Makinde et al. [41] reported some good results considering time-dependent
heat and mass convection together with activation energy and resistance force. Mustafa et al. [42]
reported some good results on MHD nanofluid flow subject to activation energy and chemical reaction.
Recently, Rasool et al. [43,44] reported some good findings on the nanofluids’ flow subject to chemical
reaction and convective boundary conditions using the Riga pattern. The solutions were obtained
using HAM [45–54].

The thermal radiation effect is naturally accounted for in fluid flow analysis due to the temperature
difference between the ambient fluid and continuum because it varies the structure of the boundary
layer associated with the temperature distribution attribute. Thus, a decent number of applications
are found in many engineering and industrial setups that involve the radiative heat transfer
mechanism. Procedures such as gas turbines, nuclear power plants, nuclear reactors, and many
satellites. The pioneer study was given by Nayak [55], showing that as long as the radiative effect
was minimum, the more the cooling achieved due to viscoelastic MHD-type fluid flow. Furthermore,
Nayak et al. [56] regarded the influence of thermal radiation as an important factor while considering
a flow over a plate surface. Bhatti et al. [57] gave the thermal radiation impact on MHD fluid flow
analysis in a metachronal wavy channel.

In the above literature, one can see that most emphasis was given to studies based on nanofluids’
flow through different channels. However, the literature lacks articles based on the formulations
that involve thermal slip, convective conditions, and the Darcy channel all together. In this study,
for the first time, the model involves the Darcy–Forchheimer relation, thermal and velocity slip,
together with the convective boundary. The impact of Arrhenius activation energy is yet another novel
aspect of this study. Overall, the article is organized as follows: Firstly, we assumed a non-Newtonian,
incompressible Darcy–Forchheimer MHD nanofluid flow bounded in a rotating frame via a stretching
surface. Secondly, the modeled problems were converted into ordinary problems using transformations.
Thirdly, the numerical RK45 scheme was applied to solve the problems, and finally, the solutions were
plotted graphically for better understanding of the audience.

2. Formulation

Here, we investigated a Darcy–Forchheimer nanofluid flow in a three-dimensional rotating frame.
Thermal radiation, thermal slip, velocity slip, and chemical reaction with Arrhenius activation energy
were the important factors involved in this study. The concentration of nanoparticles was associated
with the Brownian motion parameter and thermophoresis. The stretching surface was considered
adjacent to the plane z ≥ 0. Ω = Ωk is the rotation velocity where k is the unit vector in the direction
parallel to the z-axis. Assuming a small Reynolds number and a transverse magnetic field having
strength B0 applied alongside/parallel to the z-axis with partial slip, thermal radiation, and activation
energy, the governing equations (see for example [4,42,53]) take the following form:

∂v
∂y

+
∂u
∂x

+
∂w
∂z

= 0, (1)

u
∂u
∂x

+ v
∂u
∂y

+ w
∂u
∂z
− 2Ωv =

µ

ρ

∂2u
∂z2 −

ν

K1
u− F1u2 −

σB2
0

ρ
u, (2)
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u
∂v
∂x

+ v
∂v
∂y

+ w
∂v
∂z

+ 2Ωu =
µ

ρ

∂2v
∂z2 −

ν

K1
v− F1v2 −

σB2
0

ρ
v, (3)
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, (5)

with:

u(x, 0) = ax + L1
∂u
∂z

, v(x, 0) = vω + L2
∂v
∂z

, w(x, 0) = 0,

C(x, 0) = Cw, − k f
∂T(x, 0)

∂z
= h f

(
Tf − T(x, 0)

)
+ L3

∂T(x, 0)
∂z

,

u(x, ∞)→ 0, v(x, 0)→ 0, C(x, ∞)→ C∞, T(x, ∞)→ T∞.

(6)

Define,

u = ax f ′ (η) , v = ayg′ (η) , w = − (aυ)
1
2 e

x+y
2L ( f (η) + g (η)) ,

θ =
T − T∞

Tw − T∞
, η =

( a
υ

) 1
2 z.

(7)

Using (7) in (1)–(6), we get,

f ′′′ + f f ′′ − ( f ′)2 + g f ′′ − λ f ′ − Fr f ′2 −M2
1 f ′ + 2Ω1g = 0, (8)

g′′′ + f g′′ − (g′)2 + gg′′ − λg′ − Frg′2 −M2
1g′ − 2Ω1 f ′ = 0, (9)(

1 + 4
3 R1

)
θ′′ + Pr f θ′ + Pr gθ′ + Pr Ntθ

′2 + Pr Nbθ′φ′ + Pr λ1Krφ (1 + σ1θ)n1 exp
[
−E1

1+σ1θ

]
= 0, (10)

φ′′ + Sc f φ′ + Scgφ′ +
Nt

Nb
θ′′ − Scλ1Krφ (1 + σ1θ)n1 exp

[
−E1

1 + σ1θ

]
= 0, (11)

along with:

f (0) = 0, f ′(0) = 1 + γ1 f ′′ (0) , g(0) = 0, g′(0) = α + γ2g′′ (0) ,

θ′′(0) = − γ3

1 + γ4
(1− θ (0)) , φ(0) = 1,

f ′(∞) = 0, g′(∞) = 0, θ(∞) = 0, φ(∞) = 0,

(12)

where M1 =
σB2

0
aρ is the MHD parameter, α = b

a is the stretching ratio, γ1 = L1
( a

ν

)1/2 is

the velocity slip, γ2 = L2
( a

ν

)1/2 is the velocity slip, γ4 = L3
( a

ν

)1/2 is the thermal slip, Fr = Cb
k1/2

is the Forchheimer number, Pr = µcp
k∗ is the Prandtl number, γ3 =

h f

k
√

a
ν

is the Biot number, R1 = 4σ∗T3
∞

3k∗k

is the thermal radiation, E1 = Ea
κT∞

is the non-dimensional activation energy parameter, σ1 = Tw−T∞
T∞

is the temperature difference, Kr = k2
r (C− C∞) is the chemical reaction parameter, Ω1 = Ω

a is

the rotational factor/parameter, Nt =
(ρc)pDT(Tw−T∞)

υ(ρc) f
, Nb =

(ρc)pDB(Cw−C∞)
υ(ρc) f

, Sc = υ
DB

, and λ1 = β
a .

Physical quantities are given below:
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(1) Skin friction:

Re1/2C f x = − f ′′ (0) ,

Re1/2C f y = −g′′ (0)
(13)

(2) Local Nusselt and Sherwood numbers:

Nux =
xqw

k̂ (Tw − T∞)
= −

(
1 +

4
3

R1

)
θ′(0),

Shx =
xqm

k̂ (C− C∞)
= −φ′(0).

(14)

where,

qw = −k
∂T
∂z

∣∣∣∣
z = 0

+ qr, qm = −k
∂C
∂z

∣∣∣∣
y = 0

. (15)

3. Methodology

The numerical RK45 scheme using the shooting technique was applied for final solutions of
the nonlinear problems. An initial guess was made carefully to solve the problem numerically.
The iterations was performed repeatedly unless a difference up to or less than 10−5 was achieved for
the most suitable convergence. These results were quite efficient and accurate compared to the analytic
solutions reported in previous literature.

4. Analysis of the Solutions

Here, we interpret the results and findings plotted graphically in Figures 1–28. In particular,
Figure 1 gives the impact of the rotational parameter on the axial velocity field. Physically, the stretching
rate is directly related to the rotational parameter. For larger values, stretching reduces,
which effectively results in a declining change in the fluid velocity. Figure 2 presents the impact
of Ω1 on transverse velocity field. A similar, but more prominent impact is noticed in this case.
The higher the value of Ω1, the lesser is the stretching rate, which certainly affects the fluid motion.
Figures 3 and 4 present the influence received by the axial and transverse velocity field due to
the magnetic parameter. Physically, a strong and intensive Lorentz force generated by the MHD results
in sudden bumps and retardation in the fluid flow directions, which leads to a reducing trend in both
the axial and transverse velocity fields. However, the impact is quite prominent in the case of transverse
velocity. Figures 5 and 6 represent the influence of the Forchheimer parameter on the velocity field.
Both the axial and transverse velocity fields decline greatly due to the strong retardation produced
by the Forchheimer number. Physically, the Forchheimer number is directly related to the resistance
offered to the fluid motion due to the porous media. A similar declination is noted in fluid motion
due to the velocity slip parameters γ1 and γ2, respectively, given in Figures 7 and 8. The impact of
non-dimensional parameter λ1 on the thermal distribution is given in Figure 9. An enhancement
in the field is noticed for elevated values of λ1. Physically, the stretching rate is inversely related
to the chemical reaction. For larger λ1, the stretching rate is less, which reduces the fluid flow,
creating more relaxation to the fluid packets, leading to a rise in the temperature field. Figure 10
presents the impact of the thermal radiation parameter on the temperature field. It greatly raises
the thermal state of the field due to the natural heat source attributes. The resistive force is enhanced
due to the porous medium, and consequently, the temperature rises. Figures 11 and 12 are related to
the chemical reaction part involved in the governing equations. An opposite trend in the temperature
profile is found for both the chemical reaction parameter and the Arrhenius activation energy
parameter, respectively. The temperature field rises for a stronger reaction within the fluid flow,
however reducing for an intensive quantity of activation energy. Both the Brownian diffusion and
thermophoresis increase for the thermal distribution. The unpredictable motion of particles due to
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Brownian diffusion increases strongly for the given strong thermophoretic force resulting in a clear
rise in the temperature field, as displayed in Figure 13 and 14. Curiously, the rising values of
the Biot number produce more and stronger convective heating at the surface given the greater
gradient temperature at the wall. Thus, a rise in the thermal field is noticed as shown in Figure 15.
A similar rising trend in the thermal field is noticed due to the stronger thermal slip parameter
shown in Figure 16. Figures 17–20 are the influences offered by thermophoresis, Brownian diffusion,
Arrhenius activation energy, and the Schmidt factor to the concentration of nanoparticles in the base
fluid. Stronger Brownian diffusion results in a higher concentration of the nanoparticles due to
enhanced motion as shown in Figure 17; however, a declination is noticed for stronger thermophoresis
due to the unpredictable motion of the fluid particles, leaving more gaps within the fluid shown
in Figure 18. The Arrhenius activation energy gives rise to the concentration field shown in Figure 19.
The inverse relation between kinematic viscosity and Brownian diffusion gives rise to the higher
concentration field given in Figure 20. Figures 21–23 are the density graphs, whereas streamlines
are drawn in Figures 24–26 at different values assigned to Ω1 and λ. Figures 27 and 28 are called
the stream density graphs. The information about the skin friction at the solid surface is compiled
in Table 1. Both the Forchheimer number and porosity factors result in the enhancement of the skin
friction, while both slip parameters result in a decline of the skin friction. The information about heat
flux and mass flux is tabulated in Table 2. The activation energy enhances the heat flux with a clear
reduction in mass flux. The thermal slip factor results in a decline of both the heat and mass flux rates.

   M1 =  0.5,  Λ = 0.3, Α = 0.5, Fr = 0.5, Γ1 = 0.5 = Γ2, 

W1 = 0.0, 0.1, 0.2, 0.3
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Figure 1. Rotational parameter versus axial velocity field.
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Figure 2. Rotational parameter versus transverse velocity field.
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   W1 =  0.5, Α = 0.5, Λ = 0.3, Fr = 0.5, Γ1 = 0.5 = Γ2, 

M1 = 0.0, 0.24, 0.35, 0.55

1 2 3 4
Η

0.1

0.2

0.3

0.4

0.5

0.6

f 'HΗL

Figure 3. Magnetic parameter versus axial velocity field.
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Figure 4. Magnetic parameter versus transverse velocity field.
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Figure 5. Forchheimer parameter versus axial velocity field.
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Figure 6. Forchheimer parameter versus transverse velocity field.
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Figure 7. Slip parameter versus axial velocity field.
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Figure 8. Slip parameter versus transverse velocity field.
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Figure 9. Non-dimensional parameter λ1 versus temperature field.
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Figure 10. Radiation parameter versus temperature field.
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Figure 11. Chemical reaction parameter versus temperature field.



Symmetry 2020, 12, 741 10 of 21

  W1 =  0.1, Α = 0.5, Λ = 0.3, M1 = 0.5, Γ1 = Fr = 0.5 = Γ2, Kr = 0.5, n1 = 0.5, Nb = 0.3, Nt= 1.0, 
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Figure 12. Arrhenius activation energy parameter versus temperature field.
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Figure 13. Brownian diffusion versus temperature field.

  W1 =  0.1, Α = 0.5, Λ = 0.2, M1 = 0.5, Γ1 = Fr = 0.5 = Γ2, E1 = 0.5, n1 = 0.5, Nb = 0.3, Λ1= 0.5, 

  Σ1 = 0.5,  Kr = 0.5, Pr = 2.0, R1 = 0.5, Γ3 = 0.2, Γ4 = 0.3, Sc = 1.0,   
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2 4 6 8
Η

0.2

0.4

0.6

0.8

1.0

Θ HΗL

Figure 14. Thermophoresis versus temperature field.
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Γ3 = 0.0, 0.5, 1.0, 2.5 

  W1 =  0.1, Α = 0.5, Λ = 0.2, M1 = 0.5, Γ1 = Fr = 0.5 = Γ2, E1 = 0.5, n1 = 0.5, Nb = 0.3, Λ1= 0.5, 
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Figure 15. Biot number versus temperature field.
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Figure 16. Thermal slip versus temperature field.
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Figure 17. Thermophoresis versus concentration field.
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Figure 18. Brownian diffusion versus concentration field.
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Figure 19. Activation energy versus concentration field.
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Figure 20. Schmidt parameter versus concentration field.
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Figure 21. Contour graph at Ω1 = 6.2 and λ = 0.1.
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Figure 22. Contour graph at Ω1 = 6.2 and λ = 0.5.
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Figure 23. Contour graph at Ω1 = 6.2 and λ = 1.0.
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Figure 24. Streamlines at Ω1 = 6.2.
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Figure 25. Streamlines at Ω1 = 6.2 and λ = 0.5.
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Figure 26. Streamlines at Ω1 = 6.2 and λ = 1.0.
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Figure 27. Stream density at λ = 0.1.

0.0 0.5 1.0 1.5

0.0

0.5

1.0

1.5

x

Η

Stream DensityΛ = 0.5

Figure 28. Stream density at λ = 0.5.
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Table 1. Numerical data of skin friction.

λ Fr M1 Ω1 α γ1 γ2 Skin Friction

− f ′′ (0) −g′′ (0)

0.0 0.5 0.5 0.1 0.5 0.5 0.5 0.694509 0.369163
0.2 0.727417 0.382899
0.4 0.747188 0.393225

0.0 0.692725 0.377525
0.5 0.727417 0.382899
1.0 0.757275 0.388372

0.0 0.685707 0.365622
0.5 0.727417 0.382899
1.0 0.870732 0.499395

0.0 0.743564 0.344124
0.4 0.326767 0.295244
0.8 0.233129 0.267431

0.1 0.0 0.725903 0.0539441
0.5 0.727417 0.382899
1.0 0.729788 0.791255

0.0 1.34844 0.410502
0.5 0.727417 0.382899
1.0 0.510365 0.370739

0.0 0.728882 0.636562
0.5 0.727417 0.382899
1.0 0.726853 0.280113

Table 2. Numerical data of local Nusselt and Sherwood numbers n1 = 0.5.

λ Fr R1 Pr Nt Nb λ1 Sc Kr σ1 E1 γ3 γ4 −
(

1 + 4
3 R1

)
θ′(0) −φ′(0)

0.0 0.5 0.5 1.0 1.0 0.3 0.2 0.1 0.5 0.3 0.5 0.2 0.3 0.314518 0.764965
0.2 0.288237 0.773312
0.4 0.227716 0.782004

0.0 0.302424 0.76908
0.5 0.288237 0.773312
1.0 0.2758 0.776765

0.0 0.204117 0.778736
0.5 0.288237 0.773312
1.0 0.344522 0.782106

1.0 0.288237 0.773312
2.0 0.350164 0.791577
3.0 0.369261 0.851746

1.0 0.288237 0.773312
1.5 0.237309 0.815223
2.0 0.198657 0.872646

0.3 0.288237 0.773312
0.6 0.268343 0.821967
0.9 0.236591 0.840249

0.0 0.394603 0.652187
0.2 0.288237 0.773312
0.4 0.195891 0.879378

1.0 0.288237 0.773312
1.5 0.306753 1.00232
2.0 0.317076 1.19733

0.2 0.343959 0.427825
0.3 0.321331 0.566382
0.5 0.288237 0.773312

0.0 0.299917 0.696956
0.3 0.288237 0.773312
0.6 0.278423 0.83771
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Table 2. Cont.

λ Fr R1 Pr Nt Nb λ1 Sc Kr σ1 E1 γ3 γ4 −
(

1 + 4
3 R1

)
θ′(0) −φ′(0)

0.2 0.5 0.5 1.0 1.0 0.3 0.2 0.1 0.5 0.3 0.0 0.2 0.3 0.258141 0.964634
0.3 0.276492 0.847455
0.6 0.293967 0.737371

0.1 0.425244 0.316425
0.3 0.394744 0.773723
0.6 0.301575 0.774264

0.1 0.291202 0.773487
0.3 0.288237 0.773312
0.6 0.283906 0.773093

5. Concluding Remarks

In this article, we chose a nanofluid flow in a rotating channel considering slip and convective
boundary conditions simultaneously. The solutions were found using a numerical scheme. The salient
findings are listed below:

• Lorentz force generated by the MHD resulted in reducing trend in both the axial and transverse
velocity fields.

• Both the axial and transverse velocity fields greatly declined for larger values of the Forchheimer number.
• The thermal radiation parameter greatly raised the thermal state of the field.
• The chemical reaction part involved in the governing equations showed the opposite trend

in the temperature profile for both the chemical reaction parameter and the Arrhenius activation
energy parameter, respectively.

• Both the Brownian diffusion and thermophoresis were rising factors for the thermal distribution.
• The augmented Biot number resulted in a rise in the thermal field.
• The augmented thermal slip parameter enhanced the temperature field.
• Stronger Brownian diffusion resulted in a higher concentration of the nanoparticles.
• A declination was noticed for stronger thermophoresis.
• The Arrhenius activation energy gave rise to the concentration field.
• Both the Forchheimer number and porosity factor resulted in enhancement of the skin friction,

while both slip parameters resulted in a decline of the skin friction.
• The activation energy enhanced heat flux with a clear reduction in mass flux. The thermal slip

factor resulted in a decline of both the heat and mass flux rates.
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