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Abstract: We study a breather’s properties within the framework of the modified Korteweg–de Vries
(mKdV) model, where cubic nonlinearity is essential. Extrema, moments, and invariants of a breather
with different parameters have been analyzed. The conditions in which a breather moves in one
direction or another has been determined. Two limiting cases have been considered: when a breather
has an N-wave shape and can be interpreted as two solitons with different polarities, and when a
breather contains many oscillations and can be interpreted as an envelope soliton of the nonlinear
Schrödinger equation (NLS).
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1. Introduction

Solitons exist in various physical media, such as hydrodynamics, optics, plasma, and solids.
They are exact solutions of various integrable equations (nonlinear Schrödinger equation, equations
of the Korteweg–de Vries class, etc.) and their properties have been well studied. Sometimes
the number of solitons in the wave field is quite large, and the analysis of their dynamics using
multisoliton solutions containing rapidly changing exponential functions is very complicated. That is
why approximate approaches for a larger number of solitons, similar to the gas turbulence theory,
when solitons behave like particles during collisions, began to develop simultaneously with the exact
description of integrable systems using various methods (inverse problem, Darboux, Backlund, and
Hirota transformations). In this case, it is called a soliton gas or soliton turbulence (in the general
case of integrable turbulence). A kinetic equation has been obtained analytically for the distribution
function of the soliton parameters [1–3]. Then, a broad study of soliton turbulence using numerical
methods in optics and hydrodynamics began [4–9]. Obviously, wave structures with very high energy,
called freak waves, can appear resulting from many particle (soliton) collisions [10–13]. Many books
and reviews are devoted to this phenomenon in nonlinear physics [14,15]. Optimal focusing conditions
for transforming an arbitrarily large number of solitons to the single freak wave have been found
analytically in [16,17]. The fundamental role of two-soliton interactions in complex multi-soliton
dynamics has been shown in [18–21].

Another class of waves that conserve their energy during propagation—oscillating wave packets
(breathers)—has been much less studied. Sometimes breathers are called pulsating solitons because they
propagate as isolated perturbations without losses, but they have an additional internal “oscillatory”
degree of freedom. Breathers naturally arise in physical and mathematical problems [22–28].
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Although examples of breather-like packet interactions have been considered in some works [29–32],
their characteristics are not well understood. Due to the non-stationary nature of the process, even one
breather leads to variations in the moments of the wave field over time, which will be important in the
theory of breather turbulence [33,34]. In this paper, we study the properties of breathers with various
parameters. The second section contains the studied equation; that is, the modified Korteweg–de
Vries equation (mKdV), and its breather solution. Two limiting cases have been considered: when the
breather is represented by two solitons of different polarity, and when it has many oscillations and
can be represented by the envelope soliton of the nonlinear Schrödinger equation. Here, the breather
velocities have been analyzed, and the conditions for changing the signs of speed have been determined.
The third section shows the calculated extrema of breathers with different parameters. In the fourth
section, the invariants of the mKdV equation have been computed for a breather. In the fifth section,
the moments of breathers have been numerically and analytically determined. The Conclusion finalizes
the article.

2. MKdV-Breather

The modified Korteweg–de Vries equation is used to describe different physical processes in
isotropic media (dimensionally quantized films, acoustic waves in plasma, and internal waves in a
symmetrically stratified fluid). Its canonical form is:

∂u
∂t

+ 6u2 ∂u
∂x

+
∂3u
∂x3 = 0. (1)

Its exact breather solution has the following form

u(x, t) = −4qsech(R)

cos( f ) − q
p sin( f )tanh(R)

1 +
( q

p

)2
sin2( f )sech2(R)

, (2)

where
R = 2qx + 8q

(
3p2
− q2

)
t + R0, (3)

f = 2px + 8p
(
p2
− 3q2

)
t + f0, (4)

where p, q, R0, f0 are the free parameters. Initial phases R0 and f 0 can be removed by the appropriate
coordinate and time conversions. The physical meaning of the other constants is as follows: p affects
the number of waves in a packet, and q determines the breather’s amplitude.

In this general case, the nonlinear “phase” and “group” velocities can be easily found from
Equations (3) and (4):

v f = 4
(
3q2
− p2

)
, (5)

vg = 4
(
q2
− 3p2

)
. (6)

Several limiting cases according to the ratio of p and q can be distinguished:

• q << p: v f < 0 and vg < 0 as in the linear problem;

• q >> p: v f > 0 and vg > 0 as in the two-soliton solution;

• q = p, v f > 0 and vg < 0 as in the intermediate case.

For other cases, velocities can change signs according to Figure 1.
A breather has nontrivial time-periodic behavior; it repeats its shape each time the T = π

p(v f−vg)
.
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Figure 1. “phase” and “group” velocities versus p and q.

If q << p, Equation (2) can be written as

u(x, t) = −4qsech(R) cos( f ). (7)

In this case, the wave packet contains many oscillations and is rather symmetric (Figure 2).
In this limiting case, the “phase” and “group” velocities are both negative and differ three times:
v f = −4p2, vg = −12p2. It is in full agreement with the dispersive relation in the linear approximation
(ω = −k3, vg = −3k2 = 3v f ).

In this approximation, the breather is a weakly modulated wave packet, usually studied in the
framework of the nonlinear Schrödinger equation. As is known, equations of the Korteweg–de Vries
class can be reduced to the nonlinear Schrödinger equation on the assumption of a small amplitude and
weak modulation using an asymptotic procedure [35,36]. Solution (7) coincides with the well-known
solution of the nonlinear Schrödinger equation in the form of an envelope soliton, and we will often
use the analogy below.
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Figure 2. Modified Korteweg–de Vries (mKdV) breather with parameters p = 2; q = 0.05; and its
x-t evolution.

If the q >> p breather has few cycles (Figure 3) and resembles the superposition of the two mKdV
solitons of different polarity s = ±1:

u(x, t) = 2sqsech
(
2q

(
x− 4q2t

))
, (8)
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and the soliton velocity is c = 4q2 = A2 (A is soliton amplitude), which also follows from Equation (6).
Such a breather moves rightward (v f = 12q2 = 3vg).
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To demonstrate the breather’s dynamics, Equation (1) is numerically solved by the pseudo-spectral
method. The idea of this method is to replace the initial partial differential equations with the ordinary
differential equations for the coefficients of the desired functions expansion in a certain basis. At each
time instant, the obtained coefficients allow one to retrieve the desired solution with the help of fast
Fourier transform. This method is described in more detail in [37].

3. Breather’s Extrema

A breather’s shape and dynamics depends on p and q, so let us demonstrate three cases for the
different ratios of these parameters and its extrema.

(i) case: q/p >> 1. Let us fix q = 1, p = 0.2 (v f = 11.84, vg = 3.52).

In this case, the breather contains few cycles and propagates to the right (as the mKdV soliton
does). Figure 4 demonstrates the breather’s evolution. There is a periodical wave with the recurrence
time of T = 1.88. The maximum of the wave field (umax) changes from 1 to 4, and the minimum (umin)
changes from −4 to −1 (Figure 5). Here, the maximum value 4 is in full agreement with superposition
of the two solitons with amplitudes of 2q. The height (H = umax − umin) is shown by the black curve;
its variation is about 14%.Symmetry 2020, 12, x FOR PEER REVIEW 5 of 12 
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(ii) case: q/p << 1. Let us fix q = 0.2, p = 1 (v f = −3.52, vg = −11.84).

In this case, the breather contains many oscillations and moves to the left (vg < 0, as an envelope
soliton in NLS) (Figure 6). The extrema changes less than in the previous case; its variation is about 3%
(Figure 7). The curve corresponding to the breather’s height oscillates two times quicker than the umax

or umin. The breather’s period is T = 0.38, and is five times less than in the previous case. Of course,
with the limit of p >> q, all of the breather’s kinematic characteristics listed above are almost constant.
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(iii) case: q/p = 1. Let us fix q = 1, p = 1 (v f = 8, vg = −8).

This case is close to the first case, (i), with regard to the initial breather’s shape (Figure 8). However,
the wave packet moves to the left. The behavior of the wave field’s extrema is qualitatively close to the
(ii)’s one because the breather moves quite fast. The variation in the wave height is about 8%, and the
amplitude is 66%. The breather oscillates with a time period of T = 0.2 (Figure 9). In fact, this case is
not limiting on the solution of Equation (2) and we will not concider it further.
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4. Breather’s Invariants

The mKdV is a fully integrable equation (as well as the KdV equation). It means it has an infinite
number of conserved invariants, which are not affected by the soliton interaction. The first three of
them correspond to the conservation of mass, momentum, and energy [38]:

I1 =

∫ +∞

−∞

udx, (9)

I2 =

∫ +∞

−∞

u2dx, (10)

I3 =

∫ +∞

−∞

[
u4
− u2

x

]
dx. (11)
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For further analysis, we also use the fourth invariant which does not have any physical meaning
of the corresponding physical entities:

I4 =

∫ +∞

−∞

[
u6
− 5u2u2

x +
1
2

u2
xx

]
dx. (12)

Invariants allow for controlling the accuracy of the numerical calculations.
We introduce variable substitutions: z =

q
p , v = u/q, T = qp2t and y = qx, to which then

Equation (2) depends on only one parameter instead of two and can be rewritten as:

v(y, T) = −4sech(R)

cos( f ) + z sin( f )tanh(R)

1 + z2 sin2( f )sech2(R)

, (13)

R = 2y + 8
(
3− z2

)
T, (14)

f = −
2y
z
− 8

(
1− 3z2

)
z

T. (15)

Then, Invariants (9)–(12) can be rewritten as:

I1 =

∫ +∞

−∞

udx =

∫ +∞

−∞

vdy, (16)

I2 =

∫ +∞

−∞

u2dx = q
∫ +∞

−∞

v2dy, (17)

I3 =

∫ +∞

−∞

(
u4
− u2

x

)
dx = q3

∫ +∞

−∞

(
v4
− v2

y

)
dy, (18)

I4 =

∫ +∞

−∞

(
u6
− 5u2u2

x +
1
2

u2
xx

)
dx = q5

∫ +∞

−∞

(
v6
− 5v2v2

y +
1
2

v2
yy

)
dy. (19)

Having one parameter z instead of p and q, we can obtain the dependencies of the invariants
versus z.

The limiting values of the invariants are easily obtained by taking the corresponding Integrals
(9)–(12) from the NLS envelope soliton (Equation (7)) and sum of two solitons (Equation (8)).

The first invariant is always zero. The second invariant in all cases is equal to 8q, that is, it does
not depend on z (on p).

For the case of the two coupled solitons, when z >> 1 (A1 and A2 are the solitons’ amplitudes),

I3 =
2
3

(
A3

1 + A3
2

)
=

32
3

q3, (20)

and

I4 =
A5

1 + A5
2

5
=

64
5

q5. (21)

In the case of a strongly oscillating breather, when z << 1, the values of the invariants can be
calculated analytically using the NLS approximation of the envelope soliton:

I3 ≈ −
q3

z2 = −qp2, (22)

I4 ≈
q6

z4
= q2p4. (23)
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For the same z but another q′, the values of the invariants I2, I3, and I4 differ by the following

factors: I2 =
( q

q′
)
I′2, I3 =

( q
q′
)3

I′3, and I4 =
( q

q′
)5

I′4. The powers of the coefficients obviously correlate
with the powers in Equations (17)–(19).

For the fixed q (q = 0.5), dependences I2(z), I3(z), and I4(z) are presented in Figure 10.
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By substituting q = 0.5 into Equations (20)–(23), we get the following limiting values. The second
is constant for any z equal to 4. If z →∞, then I3 →

4
3 , I4 →

2
5 . Otherwise, if z→ 0 , I3 is infinitely

small and I4 is infinitely large. The third invariant is a monotonic function, while there is an inflection
of I4 in the region of z ≈ 1.

5. Breather’s Moments

As is known, in the theory of turbulence, statistical moments of random fields are widely used [39].

Mn(t, x) =< [u(x, t)− < u >]n > (24)

where < . . . > means statistical averaging. Often, a random field is considered uniform in space (in a
statistical sense), which allows one to use the ergodic hypothesis and eliminate the coordinate x.

Mn(t) =< Mn(t) >, Mn(t) =
∫ +∞

−∞

[u(x, t)− < u >]ndx. (25)

Since here we study only one wave packet—the breather—we will use the term “moments” for
the functions Mn(t) and use the terms “mean”, “variance”, “skewness”, and “kurtosis” for this quantity
in the physical sense, which, strictly speaking, refer to the statistical moments Mn(t). Taking into
account that the mean of a breather is zero, its moments are

Mn(t) =
∫ +∞

−∞

un(x, t)dx. (26)
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Knowledge of moments (26) is very important for the theory of breather turbulence [33,34],
in which their statistical averaging is performed.

The first and the second moments correspond to the mean and variance, and they are constant in
time (as invariants of the Korteweg–de Vries equation). The third and fourth correspond to skewness
and kurtosis, i.e., the characteristics of random processes.

We study the evolution of four moments numerically. At the same time, initial values of these
moments can be found analytically for two limiting cases of a breather’s solution.

If a breather has an N-shape and can be approximated by the sum of two solitons, moments can be
found analytically, assuming that solitons are separated and their amplitudes are almost the same [18]:

M1 = π(s1 + s2) = 0, (27)

M2 = 2(A1 + A2) ≈ 4A, (28)

M3 =
π
2

(
s1A2

1 + s2A2
2

)
≈ 0, (29)

M4 =
4
3

(
A3

1 + A3
2

)
≈

8A3

3
. (30)

The first moment (mean wave field) as well as the initial third one (skewness) are zero because of
the breather’s symmetry. After some time, solitons exchange energy and the third moment is no longer
zero. The second and fourth moments of the mKdV breather from Figure 3, calculated numerically,
are M2 = 8 and M4 = 25.12. Analytical moments for the couple of separated mKdV solitons with
parameters A1 = 2.14, s1 = 1, A2 = 2.15, and s2 = −1 are M2 = 8.6 and M4 = 26.3, which are very close to
the numerical values. Functions M3 and M4 versus time are shown in Figure 11. Moments’ variations
are huge, which is in agreement with the dramatic extrema variations (shown in Section 3). It means
such breathers can have a strong impact on the multi-breather field’s characteristics.
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In the second limiting case, when the breather can be presented as an NLS envelope soliton
(Equation (7)), the analytical formulas for initial moments are:

M1 = M3 = 0, (31)

M2 = 8q, M4 = 64q3. (32)

The second moment (as second invariant) and initial fourth moment, calculated numerically
for the breather from Figure 6 (q = 0.2, p = 1), coincide with the analytical values of Formula (32):
M2 = 1.6 and M4 = 0.512. A numerical evolution of M3 and M4 versus time is shown in Figure 12.
Their variations are very small (Figure 12).
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6. Conclusions

The properties of an oscillating wave packet (breather) have been considered within the modified
Korteweg–de Vries equation, which is usually used to describe wave processes in isotropic media,
including internal waves in fluids with symmetric stratification. The breather’s characteristics for
two limiting cases have been analyzed. The extrema of a breather with many oscillations changed
slightly in comparison with the case of an N-shape breather. The second invariant, corresponding to
the conservation of energy, does not depend on q/p. It has been shown that the moments of the wave
field for the two limiting cases can be found analytically: variations of the third and fourth moments
are significant in the case of an N-shape breather, contrariwise, these moments of a breather with many
oscillations change slightly. The situations when the group and phase velocities change their signs
have been determined. The considered breather’s properties are essential for the further study of
breather turbulence.
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