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Abstract: Our work is based on the multiple inequalities illustrated in 2020 by Hamiaz and Abuelela.
With the help of a Fenchel-Legendre transform, which is used in various problems involving
symmetry, we generalize a number of those inequalities to a general time scale. Besides that, in order
to get new results as special cases, we will extend our results to continuous and discrete calculus.
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1. Introduction

In 2020, Hamiaz and Abuelela [1] have studied the following discrete inequalities:

Theorem 1. Supposeq, p > 1,0 > B > % and (by)m > 0 (an), > 0 are sequences of real numbers. Define
Ap = 2221 as, By = Z’tﬂzl bs. Then
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unless (an) or (by,) is null, where
Ci(p.q) = (p)* and C3(p,q,1,k) = pgkr.

Hilger [2] suggested time scales theory to unify discrete and continuous analysis. More
Hilbert-type inequalities and other types can be seen in [1,3-36], see also [37-53]. For more details on
time scales calculus see [54].

We will need the following important relations between calculus on time scales T and either
continuous calculus on R or discrete calculus on Z. Note that:

() T = R, then

b b
W)=t ¥(=0 FO=F0, [ far= [ fa )

(@) If T = Z, then
b b—1
o) =t+1, u(t)=1, A1) =ft+1)—f(1), /H f(t)AtItZ,f(f)- 2

Next is Holder’s and Jensen’s inequality:

Lemma 1 ([19]). Leta,b € Tand f, g € C,y([a,b]T,[0,00)). If p, g > 1 with % + % =1, then

/abf(t)g(tw = [/abf”(t)At} % l:/abgq(t)At:| %.

Lemma 2 ([19]). Leta, b € Tand ¢ d € R. Assume that g € C,y([a, bly, [¢,d]) and r € C,q([a, b], R) are
nonnegative with fab r(t)At > 0. If® € Cry((8,d),R) be a convex function, then

é(f:gwu)m) _ L (@G
Prwae ) [Prar

Now, we present the Fenchel-Legendre transform and refer, for example, to [11-13], for
more details.

Definition 1. Assuming h : R" — R U {+o0} is a function: h # +oo i.e., Dom(h) = {x € R", |h(x) <
co} # @. Then the Fenchel-Legendre transform is defined as:

h* :R" — RU {400}, y — h*(y) = sup{< y,x > —h(x),x € Dom(h)} 3)
where < .,. > is the scalar product on R". The mapping h — h* is often be called the conjugate operation.

The domain of * is the set of slopes of all the affine functions minorizing the function & over R".
An equivalent formula for (3) is introduced as follows:

Corollary 1. Assuming h : R" — R is differentiable, strictly convex and 1-coercive function. Then

W(y) =<y, (Vi)' (y) > =h((VH) " (), 4)

Yy € Dom(h*), where < .,. > denotes the scalar product on R".
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Lemma 3 ([13]). Let h be a function and h* its Fenchel-Legendre transform. Then
< x,y ><h(x) + 1 (y), ®)
forall x € Dom(h), and y € Dom(h*).

In addition, we will use the following definition and lemma as we will see in the proof of
our results:

Definition 2. The function ® is said to be a submultiplicative on [0, %) if

O(xy) < O (x)D(y), forall x,y > 0. (6)

Lemma 4 ([20]). Assuming T is a time scale with x,a € T such that x > a. If f > Oand & > 1, then
1

(/;(x)fﬁ)A) / £ (/ f%Ar) T )

Next, we write Fubini’s theorem on time scales.

Lemma 5 (Fubini’s Theorem, see [55]). Assume that (X, X1, pup) and (Y, X5, va) are two finite-dimensional
time scales measure spaces. Moreover, suppose that f : X x Y — R is a delta integrable function and define
the functions

= [ fadpax), yey,

and

= [ fdn(y), xex.

Then 7ty is delta integrable on Y and 7, is delta integrable on X and

[ tms) [ flopavaw) = [ avav) [ fxdpa o)

In this manuscript, by using Fubini’s theorem and the Fenchel-Legendre transform, which is used
in various problems involving symmetry, we extend the discrete results proved in [1] on time scales.
We start from the inequalities treated in the Theorem 1. Our results can be applied to give more general
forms of some previously proved inequalities through substituting /s and h* by suitable functions as
we will see in the following two sections.

The following section contains our main results.

2. Main Results

We start by establishing the following useful inequality:

Lemma 6. Assume x and y € R such that x +y > 1, then for v > 0,and a > B > 3, we get

20

<x+yh(|x|2ﬂ+|y|w) . ®)
Proof. Forx+y > 1and 5 > 1, we have
1 1 % 1 a 1 x
()t < [<x+y>z} :[<x+y>ﬁ] [<|x|+|y|>ﬂ ©)



Symmetry 2020, 12, 582 4 of 22

1

From (x| + |y|> < |x|% + |y|%, for all n > 1. Thus, from (9), and since 2 > 1, we obtain:

(xty)t < [<|x| + wﬂ < [w + |yﬂ . (10)

Now, since v > 0, by taking the power 1/y for both sides of (10), we get:
20
1 1 1\
et < (et i)
This proves our claim. [

In the next theorems, we will let p > 1,4 > 1 and % + % =1

Theorem 2. Let T be a time scale with L > 1, K > 1and s, t, ty, x, y € T. Assume a(t) > 0and b(t) > 0
are right-dense continuous functions on the time scales intervals [ty, x| and [to, y| respectively and define

s t
A(s) = / a(t)At, and B(t) := / b(¥)AE,

fo fo

then for o(s) € [to, x|T and o (t) € [to, y]|T, we have that

/x /y AT (0 (s)) BT (o (1)) ASAf
to Jto 1 1 qua
(|h<a<s> o) % + e (o(t) t0)2’3>

<tk ( [ (ot - ols) a)a* o(s)) ")

to
<( [0t~ et eoE - @) ar) )
and
/x /y AK(a(s))BE (o () —AsAt

(|h<o-<s> o) 4 [ (o(t) — fo)|21ﬁ) ”

<t ko) [ o) —o(6) (4 ote)ats)) quf

to

1
q

<[ [ o) -t (B et ) o) 12)

==

where Cy (L, K, q) = (KL)7 and Ca(L, K, p) = KL(x — to)? (y — to)

Proof. By using the inequality (7), we obtain

Ao <k [ an A otn, )
Ben <t [ bnB o) )
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We use Lemma 1. Then from (13), we get

1
q

1 (s)
A¥a(s) < K(es) ~ 0)F ([ Aot an)

We use Lemma 1. Then from (14), we also have

1
q

1 o(t)
Bo() < L)~ ) ([ (b)) ay)

From (15) and (16), we get

50f22

(15)

(16)

(17)

(18)

(19)

(20)
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Using Lemma 6 in (19) and (20) gives
AK@@»B%dw><KLQhww>—m>ﬁ+v¢wv>—mﬂ*)”

1
q

([ waowm)yan)

1

X ( /t;(t) (b(n)BL‘l(U(ﬂ))qAn> !, (21)

2qu

A“@@»m%dﬂ><&@ﬁomﬂg—mﬂé+h%ﬂn—mﬂﬁ>p
o(s)
x </to (“(ﬂ)AK_l(U(n))qAn)
X </t:(t) (b(U)BLl((T(U))iny> . (22)

2
Dividing both sides of (21) and (22) by <|h(¢7(s) - t0)|ﬁ + |h*(o(t) — t0)|21ﬁ> " and <|h(0(s) —to)] % +
2q0
1
|[h* (o (t) — to)] 25) ' respectively, we get that

1

<kt [ oA o) an )

QMd@mnﬁ+mwdwm>w)

AR(c(s))B" (o (t))

1

X ( /t:(t) (b(n)BL‘l(U(W))qAn> !, (23)

ATK (g (s)) BT (o (1))

o(s)
s < KO ([ (alpA< o) )
Qmawm>ﬁ+thwmn$)p

o(t)
x (/t (b(U)BLl(‘T(U))qAU>- (24)
0
From (23) by using Lemma 1 we obtain

I AX(0(s))BL (o (1)) e
mt°(maamnﬁ+mwd0mnﬁ)”

<Kux—mﬁ@—mﬁ[:(ﬁ“%ﬂwA“%dimﬁAﬁé
x /t: (/t:(t) (b(;y)BL_l(U(;y))iny) At)é. (25)
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From (24), we get

/-x /y AqK(U(S))BqL(U-(t)) 5 ASAt
. (h((r(s) —ifo)|ﬁ + [* (o (t) _t0)|21ﬁ> ”

<y [ ([ o a otm)an ) os)

y [ o)
<L ens et an ). @6)
Applying Fubini’s Theorem on (25) and (26) gives
[r AX(0(5))BL (0 (1)) At
tg Jip 27&

(|h<a<s> o)) % + (ot — t0)|21ﬁ)
< KL= to)hy =)} ([ = ol6) (a4 016)) )

<( [ e msew) s,

rr ANGDB)
o (1tot6) 001 + (016~ 011

|

< ([ = o) (94" (0(s)" )t
<( [ e o5 @) ).
Using the facts o(x) > x, 0(y) > y yields

I AX(0(s))BL (o (1)) e
o (WU(S)t0)|21ﬁ+|h*(‘7(f)to)|zlﬁ)

’

1

<k [ o6 -0 a6 A 0l as )|

<( [ et - o) ewst Hem)ar),

I AT (0(5)) BT () e

" (Inets) = )l (o) ~ )1 )
<tk ( [ (ol - ols)) a(s)a* o(s)) )
([ et = o) e e n)ar)
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This completes the proof. [

Theorem 3. Let a(t), b(1), A(s) and B(t) be defined as in Theorem 2, thus

/x/y Aq(a(s))Bq(U(t)) AsAt
to Jto

2q«

(1htets) = ) + (o) =)l )
< </t0x((7(35) - (T(S)>a‘7(5)AS) </t0y((7(y) - ‘T(t))bq(t)At>

and

/.x /.y A(o(s))B(o(t)) _AsAt
o (|h(0(s)—t0)|21‘3+|h*(‘7(t)_t0)|21ﬁ) p

/y(a(y) _ a(t))zﬂ(t)m> "

to

<(x— to)%(y— to)% (/t:(a(x) —U(S))a‘?(S)ASY(

Proof. Put K = L = 1in (11) and (12). This completes the proof. [

In Theorem 2, if we choose T = R, then we have relation (1) and the next results:

Corollary 2. Ifa(s) > 0, b(t) > 0. Define A(s) := [, a(y)dy and B(t) := fot b(n)dy, then

Xy A9K(s)BIL(t)
/O /0 - dsdt

(CCEEAUEIN
<tk ( [ r=9)a() 4% 1(5) s
x (/Oy(y ) (b(t)BLl(t))"dt).

and
x oy AK(s)BL(t) e
/O /O <Ih(S)|2lﬁ + |h*(t)2lﬁ)p t
<t [/t (40t )
g <./:(3/ —9 (BH(Ob(t))th) '
where

1
C3(L,K,p) = KL(xy)?.
In Theorem 2, if we chose T = Z, then we get (2), and the next result:

Corollary 3. Ifa(n) > and b(m) > 0. Define
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Then
ks L(n)B7¥ (m N
~ Zl Aql ()BT (m) 1 Ty < Cl(K,L,q)< ;(N-i-l — (n-i—l))(a(n)ALl(n))q)
o <|h(n+1)|25+|h*(m+1)|2/3> ’ "=

><< i(MH — (m+1))(b( )BL—l(m))q>
and
% % AlL(n)BK(M) = W(K,L,p < 3 (N+1—(n+1))(a(n )ALl(n))q)q
n=1m=1 <|h(1’l—|—l)|2ﬁ+|h*(m+1)|2/s> n=1

d ;

% ( Zl(M +1—(m+ 1))(b(m)BL1(m))q)

where

Cuo(K, L, p) = KL(NM)?.
Remark 1. Taking p = q = 2 in Corollary 3 gives the result due to Hamiaz and Abuelela ([1], Theorem 3).
Corollary 4. With the hypotheses of Theorem 2 we have:

/x /y AT (0 (s))BI (o (t)) —AsAt
e (|h((7(s) - ifo)|ﬁ + [h* (o (t) — t0)21ﬂ) P

<tk {n( [ (ot - ols) )45 e(s))"s)

to

s ([ tetw) - at) 05 e (0)'ar) |

fo

and

/" /y Al (o(s))BH (o (1)) o AsAt
o <|h(”(5)—fo)zl“+h*(a(t)—to)l*) p

<ct g {n( [ ot -o) (A“l(a@))a(s))q/ss)

Ji

T ( /t:((r(y) — (b)) <BL_1(U(t))b(t)>th> }}7.

Proof. Using the Fenchel-Young inequality (5) in (11) and (12). This proves the claim. [

Theorem 4. Assuming the time scale T with s, t, to, x, y € T, A(s) and B(t) are defined as in Theorem 2.
Suppose f(t) > 0and g(n) > 0 are right-dense continuous functions on [ty, x| and [to, y]T respectively.
Suppose that ® > 0 and ¥ > 0 are convex, and submultiplicative functions on [0, c0). Furthermore assume that

F(s) ‘:.t: F(0)AT, and G(t) = /‘t 2(n)b, 27)

Jto
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then for o(s) € [to, x| and o(t) € [to, y]T, we have that

/x /y D(A”(s))¥ (B (1)) —AsAt
o (|h(¢7(s)f0)|21’5+|h*(‘7(t)t0)|21ﬁ) p

)
X (/toy(tf(y) _“(t))<g(t)1?<z(2>)th)‘l7 o
o= {1 () s (6t )

Proof. From the properties of ® and using (2), we obtain

where

o <P<a<s>> oo f(f)ﬁQAf>

(A%(s)) =
ST fe)at
0(s) frxya(f) A x
< <I>(F(¢7(S))‘i><ft0 o({)(;();)(z):T>
B(F(o(s)) (7). ¢ (a()
< oo k10w ) @)
Using (1) in (29), we see that
y b(F” s NEGINAY
B(A(5)) < q)g(s))(a(s)—to)p(/to (f(%)@{;ggb A%) . (30)
In addition, from the convexity and submultiplicative property of ¥, we get by using (2) and (1):
5 ¥ (o 1 o(t) . q %
w6 () < T L) - ([ (so0¥ [ 28] ) ) @
From (30) and (31), we have
; ; i 1/ B(F o(s) 7N
BATHE W) < (-0} (TS ([ (rme 53] ) a)

CERL (onlig]) )

1 1

Using (5) on (0(s) — tg)? (o (t) — tg)? gives:

S0 < (et e -n) (BEE ([ (ros]1D]) ar)’
n

(KGO (1 (e [H0]) ) -
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Applying Lemma 6 on the right hand side of (33), we see that

SAT (1)) < (Ih(e(s) — ol + 1 (o0) = ) )
(ﬁi?WATKﬂ”ﬂ%ﬂDAO;
(FCO ([ (s [LD]) a)" .
SATNVE()
(1009t + 0 - )

CERL o))’

From (35), we obtain

T‘\h

X
X

From (34), we have

y D(A”(5)) ¥ (B7(t))  AsAt

Ih(e(s) — to| % + [h* (o (t) — to)] % ) |

X
/to

hg;\
A~

3 : O ([ (g @M)"Mym, o6

N

R (i) |
(LY ([ o) ow). o

From (37), by using (5), we obtain

I B(AT(5))¥ (B (1)) s
tt°(Md@m#+WWd0mW%
a
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By using the facts o(x) > x and o(y) > y, we obtain

/-x /y P(A(s))¥(B(1)) AsAt
ty Jio

(h<a<s> ol () to>|5ﬂ)

where

o= ([ (5 ) o)
This completes the proof. [

In Theorem 4, taking T = R, we have (1) and the result:

Corollary 5. Assume that a(s) > 0,b(t) >0, f(T) > 0and g(17) > 0, we define

As) = [atpan, B)= [ bnan, F6) = [ f0ar, and 6= [ g

Then

g

=

—~

1)

~—
N‘ﬁ

=

_|._

=

*

—~

—

~—

N

=
N———
\

where

= [ (S0 s} (60 )
In Theorem 4, taking T = Z, gives (2) and the result:

Corollary 6. Assume that a(n) > 0,b(m) >0, f(n) >0, g(m) > 0 are sequences of real numbers. Define

An) = Y a(s), B(m) = kmzo b(K), F(n) = X;f(S) and G(m) = kfo g(k).

s=0
Then
N, S(A(n))¥ (B(m)) v - [am) ]\
pap 5 <mp{ RO+ e (| 7] ) )

<|h(n+1)|21/5 4 |h*(m+1)|21/3)

x{ém“ - (m+1))<g(m)‘i’[:>q}q
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where
=[5 (5 V(£ (8

Remark 2. In Corollary 6, if p = q = 2 we get the result due to Hamiaz and Abuelela ([1], Theorem 5).

Corollary 7. Under the hypotheses of Theorem 4 the following inequality hold:

/x /y D(A7(s))¥ (B7(t)) —AsAt
o <|h(a(s)—fo)|21ﬁ +|h*(‘7(t)_t0)21ﬁ> p

<o) [ [ ot o0 (r0 (43 ) ) 'as)
y ,

Proof. Using (5) in (28). This proves our claim. O

Lemma 7. With hypotheses of Theorem 4, we get:

L ( VHE () )AsAt

to)+h( (£) —to

where

- (o) ([ (L5 o

Proof. From (30) and (31) and by using Fenchel-Young inequality with p = g = 2 we have

B(A”(5))2 ¥ (B7(1))? U 2
< (e o s —w) (G ( [ (roe{55]) )
b(n)

) ( o
(e (L (or[i]) o) @
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From (40), by using (1) with p = g = 2, we obtain

/ / ( CO)

h(o- to>+h< ()fo))
O (H))
X/y Y(GO(t 2</t:(t) (g(iy)‘i’

2

tp, (G
<J. (G
t

S
[ o) -t ([ (sone[42]
b(F (s ; (s)

\
<
7N
a5
QQ
—
~ |
~—| T~
S— | —
B [ ~—
'S
~__
—
S
—
—
S—
\
-~
=)
SN—
>
~
e
.
—N
—
Nl— —~
—
\
Q
—
—
N—
N—
7~ N
oQ
—~
—
SN—
&
| —|
OQ‘
SN—
—_
~_
>
~

_M4{ /to"(x—v(s))(f(”é[;g

Since 0(x) > x and ¢(y) > y, from the last inequality above, we have

[t
to Jto <h(0(5) —to) + h*(o(t) — to))

<mif [“tot) U(S))(f(S)é{j%DALAS}%{ [t a(t)>(g<t>qj[2§g])4m}%

where M, defined as in (39). This proves our claim.
O

Theorem 5. Assume the time scale T with t, s, xo, to, y € T. Suppose that b(t) > 0 and a(t) > 0 are
right-dense continuous functions on [to, y|t and [to, x|1. Let G, F, g, f, ¥ and O be as assumed in Theorem 4.
Furthermore assume that

AG) = 55 [ O f (D%, and B(o) = 5 [:b<n>g<n>An, @)
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then for o(s) € [to, x| and o(t) € [to, y]T, we have that

[ /t FOFEGTW

where

Proof. From (42), we see that

B(A7(s)) = é( F(Tl(s) / :(S) f(%)a(f)A%) .

Applying (1) on (45), we obtain
From (46), we get

Similarly, we obtain

¥ ()60 < (00 -1 ([ (st o)) an) "

From (47) and (48), we observe that

B(A”(5)) ¥ (B (1) G (DF(5) < (0(5) — to)? (0 (1) — o)

([ (rmincen)'se) ([ (sontincn) 'an)

1

Applying the Lemma 3 on the term (o (s) — to)% (o(t) —tg)?, gives:

ST ENHE OICFOFE) < (o)~ )+ ()—fo)>;( [ (r@retan) ac)’

([ (gw)‘f[b(n)])qm);.

15 of 22

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)
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From 6 and (50), we obtain

14

B(AT OB ()G (OF (5) < (1h(e(6) ~ ) F + 1 (e(t) ~ 10) )
([ (renwiacen) e) " ([ (sto¥sen) 'an) e

20
Dividing both sides of (51) by (|h(0(s) — to)|ﬁ + i (o (t) — to)zlﬁ) ’ , we get

PACNFEMICTOEE) < ([ (feblaca) "at)!
(|h(‘7(5)—t0)|21“+|h*(a(t)—t0)|21ﬁ>p (fo ( ) )

([ (sonten)'a) e

Taking delta-integral for (52), yields:
/" /y P(A7(s))¥ (B ()G (1) F(s)
to Jtp

(|h<a<s> )| 4 (o () tM)

([ ([ (reostacen)or) ) ( ([ (sonsioon) on) o). 6o
TR ) oe) as) (S (L (sonvitm) ar) )

Using (1) in (53), yield:

s—AsAt

/X/y P(A7(s))¥(BI(t)) G (t)F(s) s~ AsAt
to Jto ) v

t (|h<a<s> )| 4 (o t) - to>|21ﬁ) ”

A s
(L (st o))’ &9
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where M5 defined as in (44). From (5) and (54), we get:

I OGS
" ( o) = ) + e (olt) — )] )

= M) (e ts) (f(s)é[u(S)]yAS);

<( [ w-otn (stretenn) ar)

By using the fact o(x) > x and o(y) > y, we obtain

// BENGIOFS)  ponr
" ( o)t + e (ott) — )] )

= ms(p) ([ ()~ () (£(5)8lace )qu)é

]

This completes the proof. [

Taking T = R in Theorem 5 with relation (1), we have:

Corollary 8. Assume g(t) >0, b(t) >0, f(s) > 0, a(s) > 0. Define

A(s) == m/Osf(f)a(f)d% and B(t) == G—/Otg(%)b(f)d%,

t

F(s) = /Osf(%)d% and G(t) ::/0 2(1)dt.
Then

/Ox /Oy O(A(s))¥(B(t))F (S)G(a)dsdt < Me(p) (/Ox(x ) (f(s)é(a(s)))qu> %

1

(18e) 12 -+ 0 >|2ﬂ)2”

where
Taking T = Z in Theorem 5 with relation (2), gives:
Corollary 9. Assume g(n) > 0,b(n) >0, f(n) > 0,a(n) > 0. Define

A(n) = FLZ ) and B(m) = o ) g0 (K).

s:O
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F(n) := i;ﬂ ) and G(m) ki@g(k)
Then
NoMo $(A(n)¥(B(m))F(n)G(m) N ) o
Yy . <M7<p>( 2<N+1—<n+1>>(f<n>q>(a<n>)) )
n=1m= n=1

1 1 1\ 7
(|h(n+1)|2ﬂ + |h*(m+1)|2ﬂ>

where )
Mz(p) = (NM)r.

Remark 3. In Corollary 9, if p = q = 2 we get the result due to Hamiaz and Abuelela ([1], Theorem 7).

Corollary 10. With the hypotheses of Theorem 5, we get:

[ / (DY EFEEH

where Ms defined as in (44).

Proof. We apply the Fenchel-Young inequality (5) in (43). This completes the proof. [

3. Some Applications

We can apply our inequalities to obtain different formulas of Hilbert-type inequalities by

suggesting h*(y) and h(x) by some functions:
2 2

In (12), as a special case, if we take h(x) = %, we have h*(x) = % see [12], we get
X ry K L
[ AP
to Jto

(|h<a<s> o)) % + [ (o(t) t0)|21ﬁ) ”

<( [ et - o) (B“(a(t))b(t))qm) i’ 55)
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where Cy(L, K, p) defined as in Theorem 2. Consequently, for « = = 1, inequality (55) produces

/-x /-y AK(a(s))BE(o(t)) ~AsAt
Jtg Jtg (((T(S) —tg)) + (o(t) — to)) '

< (;);CAL,K,p)( [ (et —a<s>>(AK1<a<s>>a<s>)qu)‘17

1
q

< [ o) -t (B et ) ar) 56)

On the other hand if we take h(n) = ”%,r > 1, then h*(m) = mTk where 1 + % =landn,m Ry,
then (12) gives

/x /y AR (o(s))B (o (1)) = AsAt

(et - ol + o) — o))

P o,
to Jto -

(Uc(a(s) 1)) ¥ + (r(e () - to)k)zlﬁ) p
< % %CZ(L,KIP) x(a(x)_a(s)) AKX (g (s))a(s) qu q
fo

<( [ et = o) (B“(a(t))b(t))qm) ' 7)

Clearly, when § = i, the inequality (57) becomes

/ x / ! AK(0(s))BE(0 (1))
to Jto

= AsAt
(<k<a<s> —to))* + (r(o () - to>k>“)

p

242

<(5) cwrn( [ —a<s>>(AK1<a<s>>a<s>)qu);

<( [ (et = oo (B“(o(t))b(t))qm) g (58)

If B = a = 1. From (57), we get

5 AsAt
P

I AX(0(5))BL (o (1))
o ((k(a(s) )} 4 (o) mkﬁ)
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4. Conclusions

In this paper, with the help of a Fenchel-Legendre transform, which is used in various problems
involving symmetry, we generalized a number of Hilbert-type inequalities to a general time scale.
Besides that, in order to obtain some new inequalities as special cases, we also extended our inequalities
to discrete and continuous calculus. In the future, we can generalize these inequalities in a different
way by using other mathematical tools.
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