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1. Introduction

The question whether a solution to a stochastic differential equation (hereafter SDE) on RY exists
that is pathwise unique and strong occurs widely in the mathematical literature; for instance, see the
introduction of [1] for a recent detailed, but possibly incomplete development. Sometimes, strong
solutions that are roughly described as weak solutions for a given Brownian motion are required,
for instance, in signal processing, where a noisy signal is implicitly given. Sometimes, it may be impossible
to obtain a strong solution, only weak solutions are important to consider, or only the strong Markov
property of the solution is needed for some reason. Then, uniqueness in law, i.e., the question whether,
given an initial distribution, the distribution of any weak solution no matter on which probability space it
is considered is the same, plays an important role. It might also be that pathwise uniqueness and strong
solution results are just too restrictive, so that one is naturally led to consider weak solutions and their
uniqueness. Here, we consider weak uniqueness of an SDE with respect to all initial conditions x € R¥ as
defined, for instance, in [2] (Chapter 5); see also Definition 2 below.

To explain our motivation for this work, fix symmetric matrix C = (Cij)1§i, j<d of bounded measurable
functions Cijs such that, for some A > 1,

ATYIEI? < (C(x)E, &) < Al|g])?,  forallx, & € RY,
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and vector H = (hj, ..., hy) of locally bounded measurable functions. Let

d . d
Lf=Y" Czlaiijr ;hiaif (1)

ij=1

be the corresponding linear operator and

t t
Xt:x—i—/ \E(Xs)dwer/ H(X.)ds, t>0, xR @)
0 0

be the corresponding It6-SDE. If the c;; are continuous and the ; bounded, then Equation (2) is well-posed,
i.e., there exists a solution and it is unique in law (see [3]). If the h; are bounded, then Equation (2) is
well-posed for d = 2 (see [3] Exercise 7.3.4); however, if d > 3, there exists an example of a measurable
discontinuous C for which uniqueness in law does not hold [4]. Hence, even in the nondegenerate
case, well-posedness for discontinuous coefficients is nontrivial, and one is naturally led to search for
general subclasses in which well-posedness holds. Some of these are given when C is not far from
being continuous, i.e., continuous up to a small set (e.g., a discrete set or a set of a-Hausdorff measure
zero with sufficiently small «; else, see, for instance, introductions of [4,5] for references). Another
special subclass is given when C is a piecewise constant on a decomposition of R into a finite union of
polyhedrons [6], and the }; are locally bounded with at most linear growth at infinity. The work in [6]
is one of our sources of motivation for this article. Though we do not perfectly cover the conditions
in [6], we complement them in many ways. In particular, we consider arbitrary decompositions of

R? into bounded disjoint measurable sets (choose, for instance, \/% =Yl A, with R = UZ1A;,
(a;)ien C (0, 00) in Equation (4) below). A further example for a discontinuous C, where well-posedness
holds, can be found in [7]. There, discontinuity is along the common boundary of the upper- and
lower-half spaces. In [5], among others, the problem of uniqueness in law for Equation (2) is related to the
Dirichlet problem for £ as in Equation (1), locally on smooth domains. This method was also used in [4]
using Krylov’s previous work. In particular, a shorter proof of the well-posedness results of Bass and
Pardoux [6] and Gao [7] is presented in [5] (Theorems 2.16 and 3.11). However, the most remarkable is the
derivation of well-posedness for a special subclass of processes with degenerate discontinuous C. Though
discontinuity is only along a hyperplane of codimension one, and coefficients are quite regular outside the
hyperplane, it seems to be one of the first examples of a discontinuous degenerate C where well-posedness
still holds ([5] (Example 1.1)). This intriguing example was another source of our motivation. As was
the case for results in [6], we could not perfectly cover [5] (Example 1.1), but we again complement it in
many ways. As a main observation besides the above considerations, it seems that no general subclass
has been presented so far where C is degenerate (or also nondegenerate if 4 > 3) and fully discontinuous,
but well-posedness holds nonetheless. This is another main goal of this paper, and our method strongly
differs from techniques used in [5,6] and in the past literature. Our techniques involve semigroup theory,
elliptic and parabolic regularity theory, the theory of generalized Dirichlet forms (i.e., the construction of
a Hunt process from a sub-Markovian Cy-semigroup of contractions on some L!-space with a weight),
and an adaptation of an idea of Stroock and Varadhan to show uniqueness for the martingale problem
using a Krylov-type estimate. Krylov-type estimates have been widely used to simultaneously obtain a
weak solution and its uniqueness, in particular, pathwise uniqueness. The advantage of our method is that
the weak existence of a solution and uniqueness in law are shown separately of each other using different
techniques. We used local Krylov-type estimates (Theorem 9) to show uniqueness in law. Once uniqueness
in law holds, we could improve the original Krylov estimate, at least for the time-homogeneous case
(see Remark 4). In particular, our method typically implies weak-existence results that are more general
than uniqueness results (see Theorem 8 here and in [1,8]).
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Now, let us describe our results. Letd > 2,and A = (ﬂz’j)lgi,jgd be a symmetric matrix of functions
ajj € Hl’2d+2(Rd ) N C(R), such that, for every open ball B C R?, there exist constants Ag, Ag > 0 with

loc

AlIEIP < (A(x)E,8) < Agligll’,  forallg € RY, x € B.

Let p € L7 (RY), with g > 2d +2, ¢ > 0 a.e., such that % € L® (RY). Here, we assumed that

loc loc
1

expression stood for an arbitrary but fixed Borel measurable function satisfying ¢ - % =1ae,

and %(x) € [0,00) for any x € R%. Let G = (g1,...,84) € LL.(R?,R?) be a vector of Borel measurable

loc
functions. Let ((Tij)lgigd,l <j<m, M € N arbitrary but fixed, and be any matrix consisting of continuous

functions, such that A = co. Suppose there exists a constant M > 0, such that

1A (x X, X
—% + ;trace((;A)(x)) +(G(x),x) <M (Hx”z + 1) (ln(Htz +1)+ 1) (3)

for a.e. x € R?. The main result of our paper (Theorem 13) was that weak existence and uniqueness in
law, i.e., well-posedness, then holds for stochastic differential equation

ot 1 't
Xt:x+/ ( /aa)(xs)dwer/ G(Xs)ds, t>0, xR @)
JO JO
among all weak solutions (Q, F, (F¢)¢>0, Xt = (th, . ..,Xf),W = (WL ...,Wm™),Py), x € R4, such that
"1 Xo)ds =0  Py-as. Vx € RY 5
/0 {\/gzo}( s)ds -a.s. Vx 5)

Here, the solution and integrals involving the solution in Equation (4) may a priori depend on

Borel versions chosen for \/% and G. but Condition (5) is exactly the condition that makes these objects

independent of the chosen Borel versions (cf. Lemma 2). \/% may, of course, be fully discontinuous, but if

it takes all its values in (0, o); then, Equation (5) is automatically satisfied. However, since ¢ € L?o C(Rd),

it must be a.e. finite, so that zeros Z of \/% have Lebesgue-Borel measure zero. Nonetheless, our main
result comprehends the existence of a whole class of degenerate (on Z) diffusions with fully discontinuous
coefficients for which well-posedness holds. This seems to be new in the literature. For another condition
that implies Equation (5), we refer to Lemma 2. For an explicit example for well-posedness, which reminds
the Engelbert/Schmidt condition for uniqueness in law in dimension one (see [9]), we refer to Example 2.

We derived weak existence of a solution to Equation (4) up to its explosion time under quite more
general conditions on the coefficients, see Theorem 8. In this case, for nonexplosion, one only needs
that Equation (3) holds outside an arbitrarily large open ball (see Remark 3ii). Moreover, Equation (5) is
always satisfied for the weak solution that we construct (see Remark 3), and our weak solution originated
from a Hunt process, not only from a strong Markov process.

The techniques that we used for weak existence are as follows. First, any solution to Equation (4)
determines the same (up to a.e. uniqueness of the coefficients) second-order partial differential operator
L on C3°(RY),

d %ﬂzj d .
Lf = ). 5 05f + ) 8dif, feCT(RY.
ij=1 i=1
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In Theorem 4, we found a measure y := pypdx with some nice regularity of p, which is an
infinitesimally invariant measure for (L, C¥(R%)), i.e.,

d Llg. d
] 0
[ Lfdu= /Rd (Y Llogf+ ) goif)dn=0,  VfeCP®). )
ij=1 i=1

Then, using the existence of a density to the infinitesimally invariant measure, we adapted the
method from Stannat [10] to our case and constructed a sub-Markovian Cy-semigroup of contractions
(T¢)1>0 on each L¥(R?, 11), s > 1 of which the generator extended (L, CJ(RY)), i.e., we found a suitable
functional analytic frame (see Theorem 3 that further induced a generalized Dirichlet form; see (19)) to
describe a potential infinitesimal generator of a weak solution to Equation (4). This is done in Section 4,
where we also derive, with the help of the results about general regularity properties from Section 3, the
regularity properties of (T;);>o and its resolvent (see Section 4.3). Then, crucially using the existence of a
Hunt process for a.e. starting point related to (T;);>¢ in Proposition 3 (which follows similarly to [11]
(Theorem 6)) this leads to a transition function of a Hunt process that not only weakly solves (4), but also
has a transition function with such nice regularity that many presumably optimal classical conditions for
properties of a solution to Equation (4) carry over to our situation. We mention, for instance, nonexplosion
Condition (3) and moment inequalities (see Remark 2). However, irreducibility and classical ergodic
properties, as in [1], could also be studied in this framework by further investigating the influence of %
on properties of the transition function. Similarly to the results of [1], the only point where Krylov-type

estimates were used in our method was when it came up to uniqueness. Here, because of the possible
solution to Condition (4) (see Theorem 9 which straightforwardly followed from the original Krylov
estimate [12] (2. Theorem (2), p. 52)). Again, our constructed transition function had such a nice regularity
that a time-dependent drift-eliminating Ito-formula held for function g(x,t) := Pr_;f(x), f € C¥(R?).
In fact, it held for any weak solution to Condition (4), so that for all these, the one-dimensional and,
hence, all finite-dimensional marginals coincided (cf. Theorem 12). This latter technique goes back to an
idea of Stroock/Varadhan ([3]), and we used the treatise of this technique as presented in [2] (Chapter 5).

degeneracy of we needed Condition (5) to derive a Krylov-type estimate that held for any weak

2. Article Structure and Notations

The main parts of this article are Sections 4 and 5. Section 4 contains the analytic results, and Section 5
contains the probabilistic results. Section 3 also contains auxiliary analytical results that are important on
their own. Section 3 could be skipped in a first reading, so the reader may directly start with Section 4.
The proofs for all statements of this article and further auxiliary statements were collected in Appendix A.

Throughout, we used the same notations as in [1,8], and d > 2. Additionally, for an open-set U
in R? and a measure y on R?, let LI(U,RY, u) := {F = (f1,..., f4) : U = R4 | f; € LI(U,p),1 <i<d},
equipped with the norm, [|F|| 4y ra ) == [IFlllzoqup, F € LI(U,RY, ). If u = dx, we write L(U),
L9(U,RY) for L1(U,dx), L7(U, R, dx) respectively, and even [[F | La(ury for [|F[| gy a)- Denote by ck),
k € NU {0}, the usual space of k-times continuously differentiable functions in U, such that the partial
derivatives of an order less or equal to k extend continuously to U (as defined, for instance, in [13]).
In particular, C(U) := C°(U) is the space of continuous functions on U with supnorm || - ||C(U) and
C®(U) := Nken CF(U). If I is an open interval in R and p, q € [1, 0], we denoted by LP4(U x I) the space
of all Borel measurable functions f on U x I for which

1A raquscy = WFC I eran sy < oo
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and let supp(f) := supp(|f|dxdt). For a locally integrable function g on U x I and i € {1,...,d},
we denoted by 9;¢ the i-th weak spatial derivative on U x I, by Vg := (d1g,...,9,¢) the weak spatial
gradient of g, by V2¢ := (9; i8)1<i j<a the weak spatial Hessian matrix, and by d;¢ the weak time derivative
on U x I, provided these existed. For p,q € [1,0], let W,%,’;(U x I) be the set of all locally integrable
functions g : U x I — R such that ;g, 9;g, 9;0;,g € LM (U x I) forall1 < i,j < d. Let Wy (U x I) :=
Wi (U x 1.

3. New Regularity Results

In this section, we develop some new regularity estimates (Theorems 1 and 2). Theorem 1 was
used to obtain the semigroup regularity in Theorem 6, and Theorem 2 was used to obtain the resolvent
regularity in Theorem 5.

3.1. Regularity Estimate for Linear Parabolic Equations with Weight in Time Derivative Term

Throughout this subsection, we assume the following condition:

(D U x (0,T)is abounded open setin R x R, T > 0, A = (ajj)1<; <4 is a (possibly nonsymmetric)
matrix of functions on U that is uniformly strictly elliptic and bounded, i.e., there exist constants
A >0, M > 0, such that, for all & = (&;,...,&;) € RY, x € U, it holds

d
a;:(X)&E > A|ELP, max |a;i(x)| < M,
i,jZ::1 z]( )glgj > MIEl lgi,j)g(d| 11( )<

B € LP(U,RY) withp > d, € L1(U), g € [2V §, p), and there exists ¢y > 0, such that cg < ¢ on U,
and finally
u e HY(U x (0,T)) NL®(U x (0, T)).

Assuming Condition (I), we considered a divergence form linear parabolic equation with a singular
weight in the time derivative term as follows

//uX<o,T)(”af"’)def = / /UX(O/T) (AVu, Vo) + (B, Vu)pdxdt, "

which is supposed to hold for all ¢ € C5°(U x (0,T)).
Let (%, ) be an arbitrary but fixed point in U x (0, T), and Rx(r) be the open cube in R? of edge
length r > 0 centered at . Define Q(r) := Rz (r) x (F — 12, F).

Theorem 1. Suppose that Q(3r) C U x (0, T). Under the assumption () and (7), we have

. i , 8)
[l L=y < € “L%’Z(Q(Zr))

where C > 0 is a constant depending only onr, A, M and ||B|[1p (. (3r))-

3.2. Elliptic Holder Regularity and Estimate

The following theorem is an adaptation of [14] (Théoréme 7.2) using [15] (Theorem 1.7.4). It might
already exist in the literature, but we could not find any reference for it, and we therefore provide a proof
(in Appendix A).
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Theorem 2. Let U be a bounded open ball in RY. Let A = (”if)1<z‘j<d be as in (I). Assume B € LP(U,R?),

c € LI(U), f € LI(U) for some p > d, q, § > % Ifu € HY?(U) satisfies
/u (AVu,Ve)+ ((B,Vu) +cu) ¢ dx = /ufgo dx, forall ¢ € Cy°(U), )
then for any open ball Uy in R with Uy C U, we have u € C%Y(Uy) and

||”Hc0,v(U1) <C (””HLl(u) + ||f||L¢7(u)) ,
where «y € (0,1) and C > 0 are constants which are independent of u and f.

4. L'-Generator and Its Strong Feller Semigroup

In this section, we precisely describe the potential infinitesimal generator, its semigroup and
resolvent, of a weak solution to Condition (4) in a suitable functional analytic frame, originally due
to Stannat (Theorem 3 and (19)). Subsequently, using the regularity results from Section 3, we derived
regularity properties for the resolvent and semigroup (Theorems 5 and 6). One key tool for this method is
the existence of an infinitesimally invariant measure with nice density (Theorem 4).

4.1. Framework

Letp € H(RT)NLY

loc loc

(RY), 9 € L}, (R?) be a.e. strictly positive functions satisfying %, % € L (RY).
11
Pl Yy’
and ¢ - % = 1 a.e,, respectively (later, especially in Section 5 it is important which measurable Borel

version % we choose, but for the moment it does not matter). Set y := py dx. If U is any open subset of

R?; then, bilinear form [ (Vu, Voydx, u,0 € CF(U) is closable in L2(U, yt) by [16] (Subsection II.2a)).
Define Hy*(U, p) as the closure of C§°(U) in L2(U, #) with respect to norm (fy IVuldx + [, uzdy)l/z.
Thus u € Hy?(U, u), if and only if there exists (1, ),>1 C C§°(U) such that

Here, we assumed that expressions denoted any Borel measurable functions satisfying p - % =1

lim uy = u in L2(U, ),  lim / 1V (i — 10m)||2dx = O; (10)
u

n—oo n,m—00

moreover, IfIé'z(U, ) is a Hilbert space with inner product

(u, U>H(1],2(uly) = nh_Igr.}o u(Vun,an)dx+/Lluvdy,
where (4,)n>1, (Vn)n>1 C C5°(U) are arbitrary sequences that satisfy Equation (10).
Ifue Hé’z(V, u) for some bounded open subset V of RY, then u € Hé’z(V) N L2(V,u) and there
exists (uy),>1 C C3°(V), such that
lim u, =u in Hé’Z(V) and in L2(V, u).

n—oo

Consider a symmetric matrix of functions A = (a;;)1<; j<g4 satisfying

Lli]' = Ll]'i S Hl’Z(Rd), 1< i,j < d,

loc
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and assume A is locally uniformly strictly elliptic, i.e., for every open ball B, there exist constants
A, Ap > 0, such that

ABlIEI* < (A(x)E, &) < Apligl*>, forallg € RY, x € B. (11)

Define A := %A. By [16] (Subsection I1.2b)), the symmetric bilinear form

Ef8)i= 5 [ (AVE,Vghdn, fg € PR,

is closable in L2(R?, i), and its closure (£°, D(E?)) is a symmetric Dirichlet form in L?(R4, 1) (see [16]
((I1. 2.18))). Denote the corresponding generator of (9, D(E%)) by (LY D(L?)). Let f € CF(RY).
Using integration by parts, for any ¢ € CF(R?),

£(f8) = — [, (Grace(AVEF) + 3oV A+ L )
=;ﬁpfAf¢
Thus, f € D(L?). This implies CF(R?) ¢ D(L?) and
L0f — %trace(/TVZ F)+ (B Y F) € LA(RY, ). (12)

Let (T?);~0 be the sub-Markovian Cy-semigroup of contractions on L?(R%, ) associated with

(L%, D(L?)). It is well-known that T?|;: (R )L (Re ) €an be uniquely extended to a sub-Markovian

e M)
Co-semigroup of contractions (T?);~o on L' (RY, ).
Now, let B € L2 (R4, RY, 1) be weakly divergence-free with respect to y, i.e.,

loc
/Rd(B,Vu)dy =0, forallu € CP(R?). (13)

Assume
pyB € L2 (RY,RY). (14)

By routine arguments, Equation (13) extends to all u € ﬁé/z(Rd, #)op, and
/ﬂ%d<B, Vu)vdy = — /ﬂ%d<B, Vo)udy, forallu,ve FI(l)’z(Rd,y)olb
Define Lu := L% + (B, Vu), u € D(L%)gy. Then, (L, D(L%)q}) is an extension of
%trace(ﬁvzu) + (B +B,Vu), ue CP(RY).
For any bounded open subset V of R¢,
£ (f.8) =5 / (AVf,V)dp, f,8€CF(V).

is also closable on L?(V,u) by [16] (Subsection I1.2b)). Denote by (£%V,D(£%V)) the closure of
(EWY,C(V)) in L2(V, u). Using (11) and 0 < infy p < supy, p < o9, it is clear that D(E%V) = IfI(l)’z(V, i)
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since the norms || - || p(govy and || - ”Hé'z(

(£, D(E)).

V) are equivalent. Denote by (L%, D(L%")) the generator of

4.2. L-Generator

In this section, we use all notations and assumptions from Section 4.1.

The technique of [10] (Chapter 1) to obtain a closed extension of a densely defined diffusion operator
and, subsequently, a generalized Dirichlet form carried nearly one by one over to our situation; only a
small structural difference occurred. Since we considered a degenerate diffusion matrix in the definition
of the underlying symmetric Dirichlet form via a function ¥ that also acts on the p-divergence free
antisymmetric part of drift (see Equation (13)), we considered local convergence in space Iflé/z(V, i) and
imposed Assumption (14) on the antisymmetric part, while [10] (Chapter 1) dealt with local convergence
in space Hé'z (V, ). As a first step, the following proposition was derived in a nearly identical manner
to [10] (Proposition 1.1). We therefore omitted the proof.

Proposition 1. Let V be a bounded open subset of R?.

(i)  Operator (LV,D(L%"),) on LY(V, u) defined by
LVu:=1%u+ (B,Vu), uecD(L"),

is dissipative, and hence closable on L'(V, ). Closure (ZV, D(fv)) generates a sub-Markovian Cy-semigroup
4 1
of contractions (T; )0 on L' (V, u).
(i) D), c HY(V,n)and

SO'V(u,v)—/V<B,Vu> vdy :/vau-vdy, forallu € D(LY),, v e HA(V,w)y.  (15)

Now, let V be a bounded open subset of R?. Denote by (EX) «>0 the resolvent associated with
(fv, D(fv)) on L1(V,u). Then, (CZ),DO could be extended to L' (R?, 1) by

=V . CZ(flv) on V 1/md
Gl f = { S oY, felmly), a6

Letg € LY(R?, ). Then Gy, (g1y) € D(L"), € HY2(V, ), hence Gy g € HY2(V, ).
If u € D(E%), then by definition it holds u € D(£°) and €%V (u,u) = £°(u, u). Therefore, we

obtained y y ” ”
E%G,"g, Gy'g) = €% (G," (g1v,), Gu" (glv,))- (17)

By means of Proposition 1, the following Theorem 3 was also derived in a nearly identical manner
to [10] (Theorem 1.5).

Theorem 3. There exists a closed extension (L, D(L)) of Lu := L% + (B, Vu), u € D(L%)g; on L} (R?, )
satisfying the following properties:

(a) (L,D(L)) generates a sub-Markovian Co-semigroup of contractions (Ty)s~o on L' (R?, u).
(b) Let (Uy)y>1 be a family of bounded open subsets of R? satisfying U, C U1 and R = Un>1 Un. Then
limy; 5 e0 ék["f =(a—L0)"'f inLY(RY, u), forall f € L"(RY, u) and a > 0.
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() D(L), C D(E°) and forallu € D(L),, v € Hy*(RY, ),y it holds
E%u,u) < —/Rdfu udy, and  E%u,v) — /}Rd(B,Vu)vdy = —/Rdfuwdy.

4.3. Existence of Infinitesimally Invariant Measure and Strong Feller Properties

Here, we state some conditions that were used as our assumptions.

(A1) p > dis fixed, and A = (ﬂz‘j)lgi,jgd is a symmetric matrix of functions that are locally uniformly
strictly elliptic on R, such that ajj € Hllo’f(]Rd) NCRY) foralll < i,j <d v € Ll (R isa

loc

® (RY) and G is a Borel measurable vector field on RY satisfying

positive function, such that % €Ly,

¥G € L], (R4, RY).

(A2 € L] (RY) with g € (4,0]. Fix s € (4, ) such that % +1<2
(A3)g € [5V2,00]

Theorem 4. Under Assumption (A1), there exists p € Hl1 P(RT) N C(R?) satisfying p(x) > 0 for all x € RY
such that

/R (G — B, V) pydx =0, forall g € CF(RY), (18)

or equivalently, (6) holds. Moreover, pp B € L! (R4, R?), where B := G — poAY.

loc

From now on, we assume that Condition (A1) holds and fix A, ¢, p, B as in Theorem 4. Then, A, ¢,
p, B satisfy all assumptions of Section 4.1. As in Section 4.1 y := pypdx, A := iA.

By Theorem 3, there existed a closed extension (L, D(L)) of
Lf =L°f +(B,Vf), feD(L)op

on L'(R? u) that generates a sub-Markovian Cyp-semigroup of contractions (T;);~o on L'(RY,u).
Restricting (T;)i~o to L'(R?, i), it is well-known by Riesz-Thorin interpolation that (T¢);~q could
be extended to a sub-Markovian Cy-semigroup of contractions (T);~o on each L' (R%, u), r € [1,00).
Denote by (L,, D(L;)) the corresponding closed generator with graph norm

1D,y = If e e gy + NLrf Nl or(ra )

and by (Gg)a>0 the corresponding resolvent. (T;);~¢ and (Gq)a>0 can also be uniquely defined on
L*(R¥, 1), but are no longer strongly continuous there.
For f € CP(R?), we have

Lf =L1L°% + (B,Vf) = %trace(gvzf) + (G, Vf).
Define
L'f: = 1% — (B,Vf) = strace(AV2f) + (G*, V),

with
G :=(gi,...,8)) =2 -G =prA¥ —B e L] (R, R, ).

loc
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Denote by (L, D(L})) operators corresponding to L* for the cogenerator on L' (R¢, i), r € [1,00),
(T} )t>0 for the cosemigroup, (G;)y>0 for the coresolvent. As in ([10], Section 3), we obtained a
corresponding bilinear form with domain D(Ly) x L*(R%, i) U L2(RY, ) x D(L}) by

— [wa Lof - gdu for f € D(L,), g € L*(RY, ),
E(f,g) = S L2 . \ (19)
8) { — Jpa f-Ligdu  for f € L*(R%, ), g € D(L3).

& is called the generalized Dirichlet form associated with (Ly, D(L;)).

Theorem 5. Assume Conditions (A1) and (A2), and let f € U,¢[se L"(RY, ). Then, Guf has a locally
Holder continuous p-version Ry f on R%. Furthermore for any open balls B, B' satisfying B C B’, we have
the following estimate:

[Raf llcon(my < c2 (HfHLS(B/,y) + HG“fHLl(B/,y)) / (20)

where cy > 0, v € (0,1) are constants that are independent of f.

Let f € D(L,) for some r € [s,00). Then f = G1(1 — L,)f; hence, by Theorem 5, f has a locally
Holder continuous p-version on RY and

Ifllcor@ < esllflip,)

where ¢3 > 0, v € (0,1) are constants independent of f. In particular, T;f € D(L,) and T;f hence has a
continuous p-version, say P; f, with

1Pt fllconpy < eallPefllpie,)- (21)

c3 is independent of + > 0 and f. The following lemma is quite important later to show the
joint continuity of P.g(-) for ¢ € U

in [1] (Lemma 4.13).

vel 2y 0 LY(R¢,u). Due to Equation (21), it can be proven as

Lemma 1. Assume Conditions (A1), (A2). For any f € Uye[s o) D(Ly), map
(x,t) — Pf(x)
is continuous on RY x [0, 00).

Theorem 6. Assume Conditions (A1), (A2), and (A3), and let f € J LV (Rd, u), t > 0. Then, T;f has

Ve[ 0]

a continuous p-version P;f on R?, and P.f(-) is continuous on RY x (0,00). For any bounded open set U, V

mRIwithll CVand0 < 3 <1 < T < 1y e, [11, ] C (13,74), we have the following estimate for all
LY(R?, ):

fe Uve[%m} (R p)

PfO) e = Gi[Pf( ' -
IPfOle@mmy < QlIPFON 22, -

where Cy is a constant that depends on U X |11, 2], V X (13, 74), but is independent of f.

By Theorems 5 and 6, exactly as in [1] (Remark 3.7), we obtained resolvent kernels and resolvent
kernel densities Ry (x,dy), r«(x,y), corresponding to resolvent (R, )q~0, as well as transition kernels and
transition-kernel densities P;(x, dy), p:(x,y), corresponding to transition function (P);>o.



Symmetry 2020, 12, 570 11 of 33

Proposition 2. Assume Conditions (A1), (A2), and (A3), and let t,« > Q. Then, it holds that

(i)  Gug has a locally Holder continuous y-version

Rug = /Rdg(y)Ra(»dy) = /Rdg(y)m(»y)ﬂ(dy), vee U L'(R%p). (23)

re(s,o0]

In particular, Equation (23) extends by linearity to all ¢ € L*(R%,u) + L®(R%, u), ie., (Ry)aso is
LIs=}(R?, u)-strong Feller.
(ii)  Tif has a continuous p-version

Pf= [ FPCdy) = [ FwpCou@y), vie U LE@p. @4

2,
Ve[rfz,oo}

2p
2

In particular,Equation (24) extends by linearity to all f € L72(RY, u) + L®(R%, p), ie., (P)iso is
2,
L2 (R?, u)-strong Feller.

Finally, for any « > 0,x € R%, ¢ € L5(R?, ) + L® (R4, )

Rug(x) :/0 e " Pg(x)dt.

5. Well-Posedness

With the help of the regularity results, Theorems 5 and 6 of Section 4, and the mere existence of
a Hunt process for a.e. starting point (Proposition 3), we constructed a weak solution to Equation (4)
(Theorems 7 and 8). Then, using a local Krylov-type estimate and It6-formula (Theorems 9 and 10),
uniqueness in law was derived for weak solutions to Equation (4) that spend zero time at the points of
degeneracy of the dispersion matrix (Theorems 12 and 13). The method to derive uniqueness in law is an
adaptation of the Stroock and Varadhan method ([3]) via the martingale problem.

5.1. Weak Existence

The following assumption in particular is necessary to obtain a Hunt process with transition function
(Pt)t>0 (and consequently a weak solution to the corresponding SDE for every starting point). It is first
used in Theorem 7 below.

(A4)GecLs (]Rd, R4, u), where s is as in (A2).

loc

Condition (A4) is not necessary to get a Hunt process (and consequently a weak solution to the
corresponding SDE for merely quasi-every starting point) as in the following proposition.

Proposition 3. Assume Conditions (A1), (A2), and (A3). Then, there exists a Hunt process
M = (O, F, (F)iz0, (X6)120, (Px) xeraiiay)

with life time { := inf{t > 0| X; = A} and cemetery A, such that & is (strictly properly) associated with M and
for strictly E-q.e. x € RY,

Py({w e Q| X(w) € C([0,00),RE), Xi(w) = A, Vt > (w)}) = 1.
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Remark 1. (i) Assume Conditions (A1), (A2), (A3), and G € L} Cl (R, R%). Then, for any bounded open
subset V of R4, it holds that

[ IGIFdn < IGIF w0 llow iy
1% L1-1(V)

hence, Condition (A4) is satisfied.
(ii)  Two simple examples where Conditions (A1), (A2), (A3), and (A4) are satisﬁed are given as follows: for the

first example, let A,  satisfy the assumptions of (A1), ¢ € L], (R?), s = d +¢and G € L, (RY,RY);

for the second, let A,  satisfy the assumptions of (A1), ¢ € lefc(Rd ), s= 4 p d +eand G € Lii(Rd R%).
In both cases, € > 0 can be chosen to be arbitrarily small.

Analogously to [1] (Theorem 3.12), we obtained
Theorem 7. Under Assumptions (A1), (A2), (A3), (A4), there exists a Hunt process
M = (O, F, (Fi)izo0, (Xt) =0, (Px) xerivay)
with state space R? and life time
=inf{t > 0| X; = A} = inf{t > 0| X; ¢ R},

having transition function (P;);> as the transition semigroup, such that M has continuous sample paths in the
one-point compactification Ri of R with cemetery A as point at infinity, i.e., for any x € RY,

P:({w € Q| X.(w) € C([0,00),RY), Xe(w) = A, Vt > {(w)}) = 1.

Remark 2. The analogous results to [1] (Lemma 3.14, Lemma 3.15, Proposition 3.16, Proposition 3.17,
Theorem 3.19) hold in the situation of this paper. One of the main differences is that q = dﬁf’p % of [1] is
replaced by s > 5 4 of (A2). A Krylov-type estimate for Ml of Theorem 7 especially holds as stated in Equation (25)
right below. Let g € L' (R?, u) for some r € [s, 0] be given. Then, for any ball B, there exists a constant Cg,,
depending in particular on B and r, such that for all t > 0,

sup Ey [/ lg](Xs) ds] <eCBngHU Ry (25)

X€EB

The derivation of Equation (25) is based on Theorem 5, of which the proof uses the elliptic Holder estimate of
Theorem 2. This differs from the proof of the Krylov-type estimates in [1,8] that are based on an elliptic H'P-estimate.
Finally, one can get the analogous conservativeness and moment inequalities to [1] (Theorem 4.2, Theorem 4.4(i))
in this paper.

The following theorem can be proved exactly as in [1] (Theorem 3.19).

Theorem 8. Assume Conditions (A1), (A2), (A3), and (A4) are satisfied. Consider Hunt process M from
Theorem 7 with co-ordinates Xy = (X},...,X%). Let (Gij)1<i<d1<j<m, m € N arbitrary but fixed, be any
locally uniformly strictly elliptic matrix consisting of continuous functions forall 1 <i <d, 1 < j < m, such that
A=0c0T,ie,

ajj(x Z‘Tzk ), VxeRY, 1<i,j<d.
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~ 1 LA 1 . )
=] 0,ie 0= 05 1<i<d 1<j<m
2 2
1

(Recall that expression % denotes an arbitrary Borel measurable function satisfying ¢ - =1 ae.).

Then, on a standard extension of (), F, (Ft)1>0,Px), x € R4, which we denote for notational convenience
again by (O, F,(Fi)r>0,Py), x € RY, there exists a standard m-dimensional Brownian motion W =
(WL,...,Wm) starting from zero, such that Py-a.s. for any x = (x1,...,x4) € R, i=1,...,d

Set

. m t . t
Xi :xi+§/0 o (X dWl + [ gi(Xo)ds, 0<t<g, (26)
]:

in short , ,
Xt:x—i-/ a(xs)dws+/ G(X,)ds, 0<t<{.
0 0

If Equation (3) holds a.e. outside an arbitrarily large compact set, then Py({ = o) = 1 for all x € R?
(cf. [1] (Theorem 4.2)).

Example 1. Given p > d, let A = (a;;)1<; j<q be a symmetric matrix of functions on RY that is locally uniformly
strictly elliptic and a;; € Hllo’f(]Rd) NC(RY) forall1 < i,j < d. Givenm € N, let ¢ = (0ij)1<i<d1<j<m be a

matrix of functions satisfying oj; € C(R) forall 1 <i < d,1 < j < m, such that A = oo™ Let ¢ € L2 (R?)
be such that for any open ball B, there exist strictly positive constants cg, Cp such that

cg < ¢(x) < Cp forevery x € B.

14

Let %(x) = gjzl‘c) , x € R, for some « > 0 and consider following conditions.
(@) ap <d, G € L®(B:(0),RY)NL] (R?\Be(0),R) for some e > 0,
(b) 2ap <d, GeL?(B:(0),R")NL} (RY\B(0),R?) for some e >0,

(© a-(5Vv2) <d G=0onB(0)and G € Lfoc(Rd \ B¢(0),RY) for some ¢ > 0, where s > d so that
(bv2)yt+l<a
Any of Conditions (a), (b), or (c) imply Assumptions (A1), (A2), (A3), and (A4). Indeed, for an arbitrary
e>0takeq=1p,s = % + e in the case of Condition (a), q = 2p, s = % + e in the case of Condition (b),
and q = 5V 2,5 > d defined by Condition (c) in the case of Condition (c). Assuming Condition (a), (b), or (c),

Hunt process M as in Theorem 8 solves weakly Py-a.s. for any x € RY,

7
Ve

and is nonexplosive if Equation (3) holds a.e. outside an arbitrarily large compact set.

t t
Xt:x—f—/o 112 (Xs)dws+/0 G(X)ds, 0<t<( 27)

5.2. Uniqueness in Law

Consider

(A4)': (A1) holds with p = 2d + 2, (A2) holds with some g € (2d +2,00], s € (%, o) is fixed, such that
%4—% < %, and G € L (R4, RY).

loc
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Definition 1. Suppose Assumptions (A1), (A2), (A3), and (A4) hold (for instance, if (A4)’ holds). Let expression
% denote an arbitrary but fixed Borel measurable function satisfying ¢ - % = la.e. and %(x) € [0, 00) for any

x € RY. Let
M = (Q, F, (F)t=0, (Xt)1>0, (Wh)i>0, (Px) ycra)

be such that for any x = (xy,...,x;) € R?

(i) (O, F,(Fi)i>0,Pyx) is a filtered probability space, satisfying the usual conditions,
(i) (Xt = (X}, ..., XD))t=0 is an (Fy)s=o-adapted continuous R¥-valued stochastic process,
(iii) (Wi = (W},...,W")) >0 is a standard m-dimensional ((F)>o, Py)-Brownian motion starting from zero,

(iv) for the (real-valued) Borel measurable functions ?7,-]-, Sis %, 5’1']' = \/%O'ij, with o is as in Theorem 8, it holds

~ t ~ ~
Bol [ (@R + lgs(R))ds <o) =1, 1<i<d, 1<j<m, te 0,0,

and forany 1 <i <d,
~. m .t ~ po t ~ ~
Xi :xi+2/ a,»j(xs)dwg+/ ¢i(Xo)ds, 0<t<oo, Bras,
= o 0

in short , ,
%, :x+/ 6()?5)dws+/ G(R)ds, 0<t<oo, Byas (28)
0 0

Then, M is called a weak solution to Equation (28). In this case, (t, @) +— 0(X;(@)) and (t, @) — G(Xp(@))
are progressively measurable with respect to (Fy)>o, and

Dg:=inf{t > 0| X; € R?\ Bg} S oo Py-as. forany x € RY.

Remark 3. (i)  In Definition 1, the (real-valued) Borel measurable functions ;, g;, % are fixed. In particular, the
solution and the integrals involving the solution in Equation (28) may depend on the versions that we choose.
When we fix the Borel measurable version % with %(x) € [0,00) for all x € RY, as in Definition 1, we always
consider corresponding extended Borel measurable function ¢ defined by

e pa—— if;)(X)e(O/w), P(x) = o, if;)(x)=0-pt

Thus, the choice of the special version for { depends on the previously chosen Borel measurable version %

(ii) If Ml of Theorem § is nonexplosive (has infinite lifetime for any starting point), then it is a weak solution
to Equation (28). Thus, a weak solution to Equation (28) exists just under Assumptions (A1), (A2), (A3),
and (A4), and a suitable growth condition (cf. Remark 2) on the coefficients. For this special weak solution, we
know that integrals involving the solution do not depend on the chosen Borel versions. This follows similarly
to [1] (Lemma 3.14(1)).

Theorem 9 (Local Krylov-type estimate). Assune (A4)', and let Ml be a weak solution to Equation (28). Let

ZM(@) = {t>0] ﬁ(f@(@)) — 0}
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and
AZM) = (@ € O | dt(ZM(@)) = 0).

Assume that

Pe(A(ZM) =1 forall x € R (29)

Letx € R, T >0,R > 0and f € L2424+ (B x (0,T)). Then, there exists a constant C > 0 that is
independent of f such that

Ex

TADR
| FReds| < Clfllianain sexiomy

where IEx is the expectation w.r.t. ITDX,
Using Theorem 9 and Equation (25), the proof of the following lemma is straightforward.

Lemma 2. Let M be a weak solution to Equation (28). Then, either of the following conditions implies
Equation (29):

() 3(x) € (0,00) forall x € R™.

(i) Foreachn € N, T > 0and x € R? it holds

E, [/OT 13,11,0(}?5)113] < oo,

where 1 denotes the extended Borel measurable version as explained in Remark 3(i). Moreover, Equation (5) is
equivalent to Equation (29).

In particular, if the weak solution that is constructed in Theorem § is nonexplosive, then Condition (ii) always
holds for this solution and (29) implies in general that integrals of the form fot f (X, s)ds are, whenever they are
well-defined, independent of the particular Borel version that is chosen for f.

Theorem 10 (Local Ito-formula). Assume (A4) and let M be a weak solution to (28) such that (29) holds. Let
Ro >0, T > 0. Let u € Wy, ,(Br, % (0,T)) N C(Bg, x [0, T]) be such that |Vul|| € L**+4(Bg, x (0, T)).
Let R > 0 with R < Rg. Then Py-a.s. for any x € RY,

T/\IBR

- - - o~ - T/\ISR ~
u(Xp 5, T A DR) — u(x,0) = / Viu(Xs, 5)7(Xs)dWs + /0 (g1 + Lu)(Xs, s)ds,

0

where Lu := Ltrace(AV2u) + (G, Vu).

Theorem 11. Assume (A4) and let f € CJ(R?). Then there exists

up € Gy (Rd % [0, oo)) N () W, o0 (Br % (0,00)))
r>0

satisfying us(x,0) = f(x) forall x € R? such that

dpup € L®(RY x (0,09)), djus € (| L®(By x (0,00)) forall 1 <i<d,

r>0
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and
opuy = %trace(ﬁvzuf) +(G, Vuy) ae. on R? x (0, 00).

Definition 2. We say that uniqueness in law holds for Equation (28) if, for any two weak solutions,

M = (Q, F, (F)i=0, (Xt) 10, (Wi)i>0, (Px) yepa)

and
M = (O, F, (Ft)iz0, (Xt)t=0, (Wi)i0, (Px) yepa)

of (28) it holds Py o X~ = Py o X~ for all x € RY. We say that the stochastic differential Equation (28) is
well-posed if there exists a weak solution to it, and uniqueness in law holds.

Theorem 12. Assume Condition (A4)'. Consider two arbitrarily given weak solutions to Equation (28), Ml =
(QF, (Ft)iz0, (Xt)iz0, (We)iz0, (Px) yega) and M = (Q, F, (Ft)i>0, (Xt)i=0, (We) >0, (Px) e )- Suppose

Po(A(ZM)) = Po(A(ZM) =1, forall x € R (30)

Then, Py o X' = Py o X1 for all x € RY. In particular, under Assumption (A4)', any weak solution to
Equation (28) is a strong Markov process.

Combining Theorem 12, Remark 2, and Theorem 8, we obtain the following result.

Theorem 13. Assume Condition (A4), and suppose that M of Theorem 8 is nonexplosive. (This is, for instance,
the case if (3) holds; see Theorem 8.) Then, Hunt process M forms a unique solution (in law) to Equation (28)
that satisfies Py(A(ZM)) = 1, for all x € RY. Moreover, under the same conditions as in [1] (Theorem 4.4),

but replacing A, o there with %A, \/g(T, respectively, the moment inequalities of the mentioned theorem also hold
for our M here.

Remark 4. Once uniqueness in law holds for Equation (28), any weak solution to Equation (28) satisfies the
improved (time-homogeneous) Krylov-type estimate (25). We illustrate this with respect to each other extreme cases.
For the first case, suppose that Assumption (A4)’ holds with q = 2d + 2 + ¢ for some small € > 0. Then, we may
choose s = %d and sg := . = %d - 24424 sptisfies sy < %d, actually sy = %d — 6 for small 6 > 0; for any

g—1 2d+1+¢
bounded open set V, any ball B C R?, and g € L0 (RY)o with supp(g) C V, we have by Equation (25) for any
x€B
T
]Ex |:/0 g(XS)dS:| < CB,s,t gHLs(Rd,M)
q-1
e 57
< Chot plp”%?v) (/V |g|'41dx) = Cpst P1P||1Lgfv)||g||LSo(V)~

On the other hand, if Assumption (A4) holds with q = oo, and % is supposed to be locally pointwise bounded

below and above by strictly positive constants, we may choose s = % + ¢ for arbitrarily small e > 0, and we obtain
for g € L¥(R%)g with supp(g) C V, V, B and x as above,

T
. [ [ 6005 < Casallowli sl
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Example 2. Consider the situation in Example 1 except for Conditions (a), (b), (c). Let p := 2d + 2, and assume
G € L2 (R, RY). Let « > 0 be such that x(2d +2) < d. Take g € (2d +2, %) Then A, G, and  satisfy

loc

Assumption (A4). Therefore, Hunt process M of Theorem 8 solves weakly Py-a.s. for any x € R,

p ot
ﬁ(Xs)dW5+/O G(X.)ds, 0<t<{. (31)

Assume Equation (3). Then { = oo and by Theorem 13, M is the unique (in law) solution to Equation (31)
that satisfies Py (A(ZM)) = 1, for all x € RY. If we choose the following Borel measurable version of ||x||*/2,

namely,

t
X =x+ [ X2

for(2) = %0110y () + Y1 egy (x), x €RY

where vy is an arbitrary but fixed strictly positive real number, then Py (A(ZM)) =1 (here, of course, ZM is defined
w.r.t. \/> =5 ) is automatically satisfied by Lemma 2(i) for any weak solution M to

~ O~ ~ ~
Xt:x—i—/o f?/(ﬁ (Xs)dWs—O—/O G(X;)ds, t>0, x e RY, (32)
Thus, under Equation (3), the SDE (32) is well-posed for any v > 0, and M of Theorem 8 also solves (32).
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Appendix A. Proofs and Auxiliary Statements

In this section, we collect all proofs of statements given in this article, and the statement of several
auxiliary Lemmas.
The following lemma is a slight modification of [17] (Lemma 6) and involves a weight function .

Lemma A1l. Let U be a bounded open subset of R? and T > 0. Let w € L*(U x (0, T)) be such that
supp(w) C U x (0, T] and assume oyw € L*(U x (0, T)), ¥ € L?(U). Then, for a.e. T € (0, T), it holds

T
d -ddt:/ ¢ dx.
/O/utwlpx uw|tTtpx

Proof of Lemma A1l. Using an approximation lim, e ¢, = ¢ in L>(U), with y, € CF(U), n > 1,
and noting that wy € LY2(U x (0,T)) forany ¢ € C3(U x (0,T)), we obtain

//UX(O,T)atqD.wwdxdt - _//ux(o,T)qo'(afw'lP)dxdt-
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Thus, 0y (wy) = dw - € L12(U x (0,T)). Now let f(t) := [, w( x)dx. Then f(t) is defined
forae.t € (0,T) andisin L'((0,T)). Let g € C3((0, T)) be given. Then

/OTatg-fdt - —/OTg-(/uatw-tpdx)dt.

Thus, 0;f = [, 01w - pdx € Ll ((0,T)). Then, by [18] (Theorem 4.20), f has an absolutely continuous
dx-version on (0, T) and by the Fundamental Theorem of Calculus, for a.e 7, 7 € (0, T) it holds

./Tj/uatwwpdxdt:/ﬁratfdt:/ij’dt:f(r)—f(rl):/Ll(w|t:T_w|t:T1)lpdx_

Choosing 11 near 0, our assertion follows. [

Lemma A2. Assume Conditions (I) and (7). Let B > 1 be a constant and € C®(U x [0, T]) with supp(y7) C
U x (0,T] and 5 > 0. Then, fora.e. T € (0,T)

ﬁ+1/ ()P iy g+ ﬁ/ [PV P

BJI? 4d2M2
5/0 /u ‘;\H n+ I\ II) ﬁ“dxdter /17! | (uh)P pdxdr. (A1)

Proof of Lemma A2. Using integration by parts in the left hand term, Equation (7) is equivalent to
- o) gydxdt = [ (AVW, V) + (B, Vu)gdxat, A2
//Z,IX(O,T)( ' ) 44 JJUx(0,T) < §9> < >§0 (A2)

for all € CF(U x (0,T)). Using the standard mollification on R? x R to approximate functions in
={velL®Ux(0,T)) | VoeL>(Ux (0,T)), supp(v) C U x (0,T)}, (A2) extends to

ay o) gydxdt = [[ AV, Vo) + (B, Vu)gdxdt, Vg e A, A3
//ux(o,T)( ) gyt = [ o AV )+ (B, Vujgdxdt, Ve (A3)

For t € R, define functions G(t) := (t7)f, H(t) := ﬁlﬁ( )L, where t+ := max(0,t).
Then, by [18] (Theorem 4.4), G'(t) = ﬁ(t*)ﬁ’ll[o ) (t) and H'(t) = G(t). Given T € (0,T), define

Q= 172G(u) 00)- Then, by [18] (Theorem 4.4) (or [17] (Lemma 4)),

-~

B 172G (u)Vu + 27V G(u), 0<t<rT,
Vo =
0, T<t<T.

Thus, ¢ € A and by Assumption (A3), we have
[/ d Nddt:// AV, V§) + (B, Vi) gdxdt. A4
//UX(O,T) ( tu) gm’b . ux(0,T) < " (P> + < u>(P * ( )
By [18] (Theorem 4.4) (or [17] (Lemma 4)),

A (1> H(u)) = 219y H(u) + 1> G (u)osu.
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Thus, by Lemma Al
T
7 (0 ddt:/zH :d—//zaH dodt, A5
Sy @@ it = [ P H() i pix— [ [ oy H(u) g (A3)
fora.e. T € (0, T). By Assumptions (A4) and (A5), we get
/;7 ) | Ttpdxdt+/ / (AVU, V) + (B, Vu)pdxdt
//ZVBtUH(u)tpdxdt, (A6)
0 Ju

fora.e. T € (0,T). On {¢ > 0}, it holds that u > 0, so that Vu = Vu™. Thus, on {¢ > 0},

(AVu,Vg) + (B,Vu)¢
> G (W) A [ Va1 = 24 G (u)dM| V|| Vo || = > G () 1BVt .

Moreover, on {¢ > 0}, it holds (u*)™#~1 G(u)?> < G’(u). Hence, using Young’s inequality, we
obtain

A 442 M?
2pG(uw)dM|| V|| V™| 2G( NIVt + — ———[Vy|* (ut)PHE,

IN

and

IN

A 1
2G(u) 1B | V| 17726’(11)||W*H2 + XIIBIIZ(W)ﬁ“nz.

Therefore, on {¢ > 0}, it holds that
A
26 W)Vt |2

[BJ>
A

. . 4d> M?
< (avu, V) + (8, vu)g+ (1B 4 M g2y oot (A7)
Since {¢ = 0} N (U x (0,7)) = {y = 0} U{u < 0} and Vu" = 0 on {u < 0}, (A7) holds on
U x (0, 7). Combining Assumptions (A7) and (A6), we obtain Assumption (A1). O

Proof of Theorem 1. Let 7 € C®(Rz(r) x [F — 9r%,F]) with supp(y7) C Re(r) x (F—9r%,F] and n > 0.
Then, by Lemma A2, Assumption (A1) holds with U x (0, T) replaced by Q(3r). Using appropriate
scaling arguments (cf. [17] (proof of Theorem 2)), we may assume r = é Setv:= (u™)7 withy := B +1.

Then || Vo|> = 42(u™)P~1||Vut||2. By Lemma A2, it holds for a.e. T € (f —1,f)

C—O/ 120% |p=r dx + i/T / 12| Vo> dxdt
27 JR:(1) 292 Ji-1 JRe(1)

HB||2 4d*M? 2,2 2
M v d dt+// A |o? yx.
// 1 Vnl?) Pz o 10w
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Let ! and !’ be positive numbers satisfying % <I'<il< % Assume that 7 = 1in Q(!’), = 0 outside
Q(I),0 <5 <1,and |9sy], ||Vy| < 2d(I —1")~L. Then,

2 2
Il (BB M 0 ) ot

4d2
< T(l =1)" (||B||Lr(R )+4d2M2)”U”2

2p
22

(1)

and 7 < —pz it follows that

E
dmlo* pdx < 2d(1—1)"2 (apllol?
Sy fogy mioenle? o =02 ol

Thus, we obtain

MyVoltagay <2611 =172 IIUIIZi2
LP=27(Q())
and
1700120001y < 265 C1L=1) 292 [0]% 5, ,
(Q(1)) =1 Z(Q(l))
where C; = 2 (||B12, 1) AP M?) + 24| Lo (1))-

!/
NowsetG:zl—ﬁandcr::1+§1fd:2, a::l—l—%ifdz?).Setpg = (%) zﬁ,

go := 0’ = %5. Then

i+7<1jfd_2, i+—:11fd>3
2pg o 2ps o
By [17] (Lemma 3),
o2/ < o2/0 _ 2 _ 2 , )
[0 HL%’Z(Q(I’)) < lGro)7|l 2o, = [0 zﬂzw(Q(l)) 17911 200 2600 (1)
< (anuw |+ 2 T0l2 ) + 820 = 1) 2012 g0
< G-Iy llvlllpz : (A8)
LP=27(Q(1)

where C; = K(4C1A ™! +2Cycy ! + 842). Now, for m € NU {0}, set] = I, := 371 (1 +27™), I' =1}, :=
371+ 27Y), g = ()P .Takingy = 0" and 1/3 < I' =1/, <1 =1, < 2/3 for

L7727 (Q(ln))
m € NU {0}, we obtain using Assumption (A8)

1 2m
Pma1 < (36C) 7™ (20) o™ . (A9)

Iterating Assumption (A9), we get

m oL m 20
pmir < (36C)TR05 (20) T gy < (36C,)71(20) @ 12 [l

2p
L—27

~ (Q/3)
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Letting m — oo, we get

Il ara < VGllull 2,
(Q@/3)

Exactly in the same way, but with u replaced by —u, we obtain Equation (8) with C = 2/C3;. O

Lemma A3. Let U be a bounded open ball in RY. Let f € Li(U) with 3 < § < d. Then, there exists
F=(fy,...,fs) € HY(U,RY) such that divF = f in U and

d
Z Hfi”Hlﬁ(u) < CHf”Lti(u)

i=1

where C > 0 only depends on q, U. In particular, applying the Sobolev inequality, we get

r

Zl\fzII a )<C'||f|\m(U)

where C' > 0 only depends on g, U

Proof of Lemma A3. By [19] (Theorem 9.15 and Lemma 9.17), there exists u € H>4(U) N H(l)’qN(U) such
that Au = fin U and

||”HH2ﬁ(u) < Cl”f”y?(u)

where C; > 0 is a constant only depending on g, U. Let F := Vu. Then F € H"(U,R?) with divF = f in
U and it holds that

-1

2\ 7 4 q 4 & q
znflnqu(u (4+a?) (;uaiunmm+i_21]§ua]-aiuum))

B

Q=

<G (d+d?) T sy
0

Proof of Theorem 2. Without loss of generality, we may assume that d < g < d. Let Uy be an open ball
in Rd satisfying U; C Uy C U, C U. By Lemma A3, we can find F = (fi,..., f1) € HY(Uy, RY) C

L”’ 2] (U, R?) such that

divF = f in Uy, Z Ifill di( ) < C1||f||U7(U2)’
Uy

where C; > 0 is a constant only depending on g and U,. Then, Equation (9) implies

/u (AVu, Vo) + ((B,Vu) +cu) g dx = /u (—F,Vg)dx forall ¢ € C3°(Uy).
2

2
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Given x € Uy, r > 0 with r < dist(x, U), set wx(r) := supy ) u — infp () u. By [14] (Théoréme 7.2)
and Lemma A3,

d
wilr) <K <|u||Lz<u2> + Ll )) 7 < KO+ C) (Il + 1l ) 77
i=1 - 2

where v € (0,1) and K, C’' > 0 are constants that are independent of x, , u, F, f. Thus, we have

2
o 14090 = e Py < K2 (i + W) 742"
/2 .
F(H%H) (1 + C")2.  Finally
by [20] (Theorem 3.1), [15] (Theorem 1.7.4) (the VMO condition and symmetry of A = (ﬂij)lgi,jgd are not
needed in [15] (Theorem 1.7.4), as we can see from its proof), we obtain

where 1y, = W[Br(x)u(y)dy and (K')? = K2 .

lullconqay < K (Il zquy + 1l ) + 1ol 2q)
< (k' v &) (I1nll gy + 1l iy )
< (cK'Ve) (Cullulluy + Cull Fllagay + Il
< (G +1) (cK"'Ve) (Null ) + 1wy
where ¢ > 0, C; > 0 are constants that are independent of # and f. [

Proof of Theorem 4. By [8] (Theorem 3.6), there exists p € Hl1 of (R%) N C(R?) satisfying p(x) > 0 for all
x € R?, such that

/Rd <%AVP + (%VA —¢G)p,Vo)dx =0, forall ¢ € CT(R?),

hence VA AV
/Rd (655 ?;,V(ﬁplpdx —0, forallg e CPRY);
moreover,
oy B = pyG — §VA - ? el (R%RY).

The equivalence of Equation (18) and (6) follows since Lf = LOf + (G — p#*¥,Vf), f € C(RY),
where LU is as in Equation (12) and by elementary calculation [ps L°f du = 0 for any f € C§° RY. O

Proof of Theorem 5. Let f € C°(R?) and & > 0. Then, by Theorem 3, G, f € D(L), C D(£°) and
£Guf,9)— [, (B,VGuf)gdu = — [ (LCuf) gdu= [ (f—aCuf)pd, (A10
for all ¢ € CP(IR?). Thus, Assumption (A10) implies for all ¢ € C3°(R?)

1
/Rd (5PAVGuf, V)dx — /Rd {oyB, VGaf)pdx + /]Rd(wpl/JGaf) pdx

= /Rd (0%f) pdx. (A11)
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p is locally bounded below and above on R and pyB € Lloc(Rd,]Rd) xpyp € Lloc(Rd>- Let B and B’
be open balls in R? satisfying B C B’ Slnce € L®(B'), Guf € H'?(B'). Thus, by Theorem 2, there exist

a Holder continuous pi-version Ry f of G, f on Rd and constants 7y € (0,1), ¢; > 0 that are independent of
f, such that

IRafllcor@ < er(llGafllae) + llewfll [+h- (B/))

2 (1Gaf iy + 1f oo )) (A12)

IN

1 ol a g
infyr oy " (infy o)/
Assumption (A12) extends to f € U,G[SIOO)L’(R"Z,V). In order to extend Assumption (Al2) to f €
Lo(RY, ), let fy = 15, - f € LIRY o, 1 > 1. Then, |If — fulsqaryy + 1Ga(f — filllsvary — O

as 1 — oo by Lebesgue’s Theorem. Hence, Assumption (A12) also extends to f € L*®(R%, u). O

where ¢; = ¢ ;). Using the Holder inequality and the contraction property,

The following well-known fact is stated without proof.

Lemma A4, Let U be a bounded open subset of R? and T > 0. Then, C3(U x (0,T)) is in the closure of
dH ||a “”C Ux[0,T)) +Zd+11 10 a ”Hc Ux[0,T))

Proof of Theorem 6. First assume f € D(L), N D(Ls) N D(L;). By means of Lemma 1, define

u € Cp(R? x [0,00)) by u(x,t) := Pif(x). Note that for any bounded open set O C R and T > 0,

it holds u € H*(O x (0, T)) by Lemma A6 below. Let ¢; € CP(R?), g2 € C ((0,T)). Observe that
Tif € D(L)p, hence

1
ot iom)2PAT ¥ (9192)) — (048, 7 (Tif)) grgo dc
= [" o2 Tfo )~ [ B VT dpp
= /0 _402(& /Rd 1T f pydx)dt = / /Rdx (O’T)uat(%qu)pll)dxdt- (A13)

By Lemma A4, Assumption (A13) extends to

1
Z0AVu, Vo) — (oyB,V (T, ddt:// 3¢ - ppdxdt Al4
//Rdx(oj)<2p u, Vo) — (pyB, V (Tif)) ¢ dx pixor " 0P PYAX (A14)

forall 9 € CP(R? x (0,T)). Let 75 := 25™ and take r > 0 so that

AVAL B R Rz(2r) C V, Vx € U.

<
r 2

Then, for all (x,f) € U x [1y,7;], we have Rg(2r) x (F— (2r)%,f) C V x (13, 7). Using the
compactness of U X 1, 12|, there exist (x;,t;) € U X [1y,75],i =1,...,N, such that

N
U x [, 1] C |JRy(r) x (ti =1 t;).
i=1
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Using Theorem 1,

lulle = _sup ful < max  sup o ul
(Ux[1,12)) Ux (0] i=LN R (1) (-2 )
< max ciflull 2 ,
i=1,..,N Lp=2" (in(Zr)x(ti—(Zr)z,fi))
< (max_ c) [lul :
i=1,...,.N ! LTfZZ(Vx(Tg,,m))
=:Cy
where ¢; > 0 (1 < i < N) are constants that are independent of u. Thus, for v > %,
IPfll e < GlPf] > (A15)
Flle@xm,m) f LTfZ’Z(Vx(@,m))
1 2 1/2
< (IR e
(lnfvpl[J) ( T f Lpzfp(v,y) )
1 2 111, (u 1/2
< P 27p v Tif|12,
< Cilgggg) T HOFE (TR )
=:Cp
< GGt = 1)l (A10)

Now, assume f € LY(R4, u) N L®°(R4, u). Then nG, f € D(L), N D(Ls) N D(Ly) for all n € N and
limy oo nGyf = f in LY(RY, u). Thus, Assumption (A16) extends to all f € LY(RY, 1) N L®(RY, u).
Ifve [%, o), the above again extends to all f € LY(R?, i) using the denseness of L' (R?, 1) N L*(R%, 1)
in LV(RY, ). Finally, assume f € L*(R%, u) and let f,, := 1p, - f for n > 1. Then, lim, e fy = f p-a.e.
on R? and

Tif = lim Tify = lim Pify, p-a.e. on R?, (A17)

Thus, using the sub-Markovian property and Lebesgue’s Theorem in Assumption (A15), (P.f(-))n>1
is a Cauchy sequence in C(U x |11, 1]). Hence, we can again define

Pfi=lim Pfy() in C(U x [1,7a]).

For each t > 0, P;f, converges uniformly to P;f in U; hence, in view of Assumption (A17), T;f
has continuous p-version Pif and P.f € C(U X [11, ]). Therefore, Assumption (A16) extends to all
f € L®(R%, ). Since U and [11, 7] were arbitrary, it holds for any f € Uel 22, o LY(RY, u), P.f(-) is

p=2’
continuous on R? x (0,00) and for each t > 0, Pif = T;f p-a.e.on R O
Proof of Proposition 3. The first shows the quasiregularity of the generalized Dirichlet form (£, D(L;))
associated with (L, D(L;)), and the existence of a u-tight special standard process associated with
(€,D(Lyp)). This can be done exactly as in [10] (Theorem 3.5). One only has to take care that space ),

as defined in the proof of [10] (Theorem 3.5), is replaced because of a seemingly uncorrected version of
the paper by

Y:={ueD)y|3f,ge L (R u)y, f,g>0,suchthatu < Gifand —u < Gig}
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to guarantee the convergence at the end of the proof. In particular, D(L)j, is an algebra that can be proven
in a similar way to [10] (Remark 1.7iii). Then, the assertion follows exactly as in [11] (Theorem 6), using
for the proof instead G there the space ) defined above and defining E; = R%, k > 1. O

Proof of Theorem 9. Let ¢ € L4*1(Bg x (0,T)). (all functions defined on Bg x (0,T) are trivially
extended on R? x (0,00) \ Bg x (0,T).) Using [12] (2. Theorem (2), p. 52), there exists a constant C; > 0
that is independent of g, such that

E RIS .
E, /(o,TAﬁR)\z (2~ #h det(A)#1 - <¥> g)(Xs,s)ds]
= E, /OT/\DR (zfﬁdet(A)dl? . (;)dilg)(f(s’s)dsl

~ TADg L
< eTHGHL‘”(BR).EX / e Lo 1G(Xu) |du det(A/Z)d (Xs/s)dsl
0
T||G||; 0
< e Gl (BRr) 'C1Hg||Ld+1(BR><(O,OO))
oL IGllLeo (g

~Cullgllzar (e o,m)-

Let f € L2+24+1(Bg x (0,T)). Let ¢ denote the extended Borel measurable version as explained in
Remark 3(i). Note that

_ 1\af1 5
2M(@) = {5 201(;;) " (K@) (X(@)) £ 1},

Hence, by Equation (29),
™ 1 ﬁ > a5
Py (dt({s > 0|(¢) (X1 (X,) #£1}) =0) = L.

Thus, replacing ¢ with 271 . det(A)Wlﬁlpﬁ f, we get

~ TADR ~ ~
E / Xs,8)ds| = E / _ f(Xs,s)ds
“ 1o f(Xers) * { (o,TAIBR)\ZMf( o)
d 1 d
< MOl e . 275 - det(A) T YT £ 0 (ex(07)
d [ee]
< 2wl ISl ¢ |l det(A) " | 5y ||¢|;éfBR £ 1l 25241 (B x 0,7

=:C
]
Proof of Theorem 10. Take Ty > 0 satisfying Ty > T. Extend u to Bg, x [—Tp, Ty] by
u(x,t) = u(x,0) for — Ty <t <0, u(x,t)=u(x,T) forT <t < Ty, x € Bg,.
Then, it holds that

u € W2, (Bry % (0,T)) NC(Bg, x [~T,T]) and | Vu| € L¥*4(Bg, x (~To, To)).
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For sufficiently large n € N, let {, be a standard mollifier on R and wu, := u*{,.

Then it holds u, € C*®(Bg x [0,T]), such that lim, e ||ty — ul| ;21 = 0 and
W2, (Brx(0,T))
limy o0 || Vty — v”||L4d+4(BRx(0,T)) = 0. By It0’s formula, for x € R4, it holds for any n > 1
un()N(TAﬁR, T A Dg) — uy(x,0)
TADg _ o~ TADg _ ~
- /0 Vitn(Rs,5) 7 (X)W, + /O Bttt + Litn) (K, 8)ds, Pr-as. (A18)

By Sobolev embedding, there exists a constant C > 0, independent of 1, and u, such that
lttn = wlle@xory < Clltn = izt g x (o1
Thus, limy,_e0 14 (x,0) = u(x,0) and

un(XTAﬁR,T/\ZSR) converges Py-a.s. to u(X T ADg) as n — oo.

T/\ISR’
By Theorem 9,

~ T/\EK ~ T/\ﬁR ~

E, / (9uy + Luy)(Xs,8)ds — / (0pu + Lu)(Xs, s)ds
0 0

—~ 'T/\ﬁR ~ ~ T/\ﬁR ~

< &y / 10st — ity (K, 5)ds | + By / ILut — Luy| (X, s)ds

Jo Jo

< C”atun - atu”Lz‘Hzfd“(BRx(O,T)) + CHLM - Lu””LZ‘”M“(BRx(O,T)) n—)igo 0

where C > 0 is a constant that is independent of u and u,,. Using Jensen’s inequality, Itd isometry, and
Theorem 9, we obtain

Ex

/OTAﬁk (Vun(y(s,s) - Vu(}N(s,s)) (Af(f(s)dwsl

[ TADg _ N . 211/2
_/0 (Vun(Xs,s) —Vu(Xs,s)) 7(Xs)dWs ]

TADg - ~ ~ 2 1/2
— &, /O | V(X 5) = Vu(Re,5)) (%) ds]

< C|[(Vuy, — Vu)a'HL4d+4,2d+2(BR><(O,T))

< CCN@ | oo () Vitn = Vtull paasaasa 0,7y 752, 0-

Letting n — oo in Assumption (A18), the assertion holds. [

Lemma A5. Assume Assumption (A4) and let gy > 2d + 2 be such that q% + % = Tlﬂ. Ifu € D(Ly,); then,

ue leéfd+2(Rd ). Moreover, for any open ball B in RY, there exists a constant C > 0, independent of u, such that

]l g22a+2(3) < Cllullp(z,y)-
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Proof of Lemma A5. By Assumption (A4) and Theorem 4, p € HY"(R?) N C(RY) and

loc

pyB € L2 F2(RY, R?). Let f € C°(RY) and & > 0. Then by (A11), for all ¢ € CF(R?)

1
/Rd (50AVGaf, Vo)dx — /Rd (oyB, VGof)gpdx + /W(“PlPszf) pdx

= /Rd (0%f) pdx. (A19)

loc

by [15] (Theorem 1.8.3), G,f € H24+2 (Rd). Moreover, using [15] (Theorem 1.7.4) and the resolvent

loc el ~
contraction property, for any open balls V, V’ in R? with V' C V’, there exists a constant C > 0,

_ -1 . _
Let§ := (Zdlﬁ + %) . Then apy € L¥T2(RY) c L] (RY), pypf € L¥T2(RY) L] (RY), hence

independent of f, such that

1Gafllnaszqyy < CUIGaf vy + o fllacyry)
< C(|Gaflpavry + ol paasz vyl fllLagvr))
< 661||f|’Lq0(Rd,;t)' (A20)

~ 1 1 11
where C; := (infvl, pl[J) 90 (pﬁldx(v’)l w0 + ||p1p|\L2d+2(V,)dx(V’)d % ). Using Morrey’s inequality and

Assumption (A20), there exists a constant C, > 0 that is independent of f, such that

IGaf vy < CoCC Fl o et - (A21)

Now, set
hy := (oyB, VG f) — appGuf + pyf € L;iotl(Rd)-
Then, Assumption (A19) implies for all ¢ € C(R?)

1 n
/R , (5PAVG.f, Vg)dx = /Rd Iy gdx. (A22)

Let Uy, Up be open balls in RY satisfying B C Uy C U; C Up. Take {3 € C°(U) such that {; = 1 on
Uy. Then, using integration by parts, and Assumption (A22), for all ¢ € C3°(U>)

1 1 1
[, GPAV@GS), Veldx = [ (GpAVGf, LVl + [ 5(AVE), Vg)pGafix

= [ (3PAVGLS, V(Gig)dx = [ (3pAVG.f, VEr) gix

(o4
—
+ /uz —% ((GufVp + pVGaf, AVL1) + pGaf (VA, V1) + oGy ftrace(AV?1)) gdx
— s
= [, (21— -+ kg, (A23)
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Note that 11y, h3 € lesz(Rd). Lethy := (1V(pA), V({1Gaf)) € LET1(RY). Using Assumption (A23),

loc

[ (GPAVEG), Tokx+ [ (9(0), T (@1Gaf)) g

= /u (h181 — ha + h3 + hy) @dx, (A24)
v U2

forall ¢ € C§°(Up). Wehave h := hi{y —hy +h3 +hy € Ld+1 (R?) and

loc
1Bl a1,y < CoUlGaf | naasaquy) + oW fllLasiuy))s (A25)

where C; > 01is a constant that is independent of f. By [19] (Theorem 9.15), there exists w € H>4+1 (1) N
Htl)’dJrl (Uy), such that

1
- Etrace(pszw) =h ae. onl,. (A26)

Furthermore, using [19] (Lemma 9.17), and Assumptions (A25) and (A20), there exists a constant
C; > 0 that is independent of f, such that

IN

C1Ca (11Gafllaaquy + 0% Al )
< GGGl fll o (ra )

w0l paii ) < Crllhllpas(u,)

N

~ 1 1 1
where C3 := C; + ||p1p|\L2d+2(u2)dx(u2) 2012 7o (infulz plp) % . Assumption (A26) implies

/ (%pAVw,V@dx—l—/ <%V(pA),Vw)q)dx:/ hedx, Y¢ € C5(Uy). (A27)
U, U, U,

Using the maximal principle of [21] (Theorem 1) and comparing Assumptions (A27) and (A24),
we obtain {G,f = w on Uy, hence G,f = w on Uy, so that G,f € H>#*1(Uy). Therefore, by Morrey’s
inequality, we obtain 9;G, f € L*(U;), 1 <i <d, and

10:Gaf Il () < CallGafllprasi(uy) < Callwll o,y < C1C2CaCallfll o (re - (A28)

where C; > 0 is a constant that is independent of f. Thus, we obtain i € L2d+2(u1). Now, take {, €
Cg(Uy), such that {» = 1 on B. Note that a.e. on Uy, it holds that

f%trace(pAVZ(ézGa f)) = —%gzh — %Ga f - trace(pAV?2(y) — (0AV Ly, VG f) =: h.

Since | VG, f| € L®(Uy), h € L¥+2(U), by [19] (Theorem 9.15), we get {,G,f € H2*2(Uy);
hence, G, f € H2’2d+2(B). Using [19] (Lemma 9.17), (A21), (A28), there exist constants Cs, C¢ > 0 that are
independent of f, such that

||€2G1xf||H2,2d+2(ul) < C5||E||L2d+2(u1)
C5C6(||fHqu(Rd,H) + ||Ple||L2d+z(ul))
C5Co [l fllto (ra ) + ”P‘P”L‘?(Ul)(i&fpll’)*l/%Hf||mo(Rd,y))

Cllf Nl oo (e ) (A29)

l G!XfHHZ'Zd*'Z(B)

IAIA

IN

IN
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where C := C5C6(1V [|o9|| a1, (infu, py)~1/%0). Using the denseness of C*(RY) in L90(RY, i), (A29)
extends to f € L9(RY, u). Now let u € D(Ly,), Then (1 — Ly )u € L7(R?, 1), hence by (A29), it holds
u=Gi(1—Lg)u € H*(R?) and

loc
il yzatsag) = 1611~ Lgo)ullpareagy < ClIL— Lyg)ullpsogmayy < Cllullp -
O
Lemma A6. Assume Assumptions (A1) and (A2). Let f € D(L), N D(Ls) N D(Ly) and define
ug:=Pfe C(RY x [0,00))
as in Lemma 1. Then, for any open set U in R? and T > 0,
dptig, Oty € L2°(U x (0,T)) forall1 < i <d,
and for each t € (0, T), it holds
dpus(-,t) = TiLof € L*(U), and djus(-,t) = 9;P,f € L*(U).

If we additionally assume Assumption (A4)" and f € D(Lg,), where qq is as in Lemma A5, then 9;0jus €
L24+2°(U x (0,T)) forall 1 < i,j < d, and for each t € (0, T), it holds that

E)ia]-uf(~, £ = aia]-Ptf € L2d+2(U).

Proof of Lemma A6. Assume Assumptions (A1) and (A2). Let f € D(L), N D(Ls) N D(Ly) and t > 0,
to > 0. Then, by Theorem 3(c),
Ptof = Tt()f S D(Z)b C D(go),

where T := id. Observe that, by Theorem 3(c), for any open ball B in R? with U C B,
IVPf = VP fllap < 2(As igfp)flgo(l’tf = Piof, Pef — Py f)

4(Ap ing)AHfHLw(Rd,y) IT:Lf — TroLf |l 11 (ra y0)- (A30)

IN

Likewise,
IV P32 < 2(A5 ing)_1||f||Loo(Rd,y) ITeLf |l 1 (e -
Foreachi =1,...,d, define a map
O;P.f:[0,T] — L*(U), t+ 0;Pif.

Then, by Assumption (A30) and the L' (R¢, u)-strong continuity of (T;)~o, map 9;P. f is continuous
with respect to the [| - |[;2(5)-norm, hence by [22] (Theorem, p91), there exists a Borel measurable function
uj[ on U x (0, T) such that for each t € (0, T), it holds that

e (-, 1) = aiPif € L*(U).
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Thus, using Assumption (A30) and the L'(R?, u)-contraction property of (T})s~o, it holds that
u;; € L>*(U x (0,T)) and

4 | 2o o,my) < 2(Apinfp)” meHifosz ||Lf||i{2]Rd

Now, let ¢; € C°(U) and ¢, € C((0,T)). Then

‘ ) dxdt = f// R A31
//LIX(O,T)uf H{9192)dx Ju 1o (A31)

Using the approximation as in Lemma A4, d;u ¢ = uj( € L>*(U x (0,T)).
Now, define a map

T.Lyf : [0,T] — L*(U), t+ TiLyof,

where Ty := id. Since
ITeLof = TrgLof |l 2y < (if&fml’)*l/ZHTthf— TigLof Il 2w gy

using the L2(R, y1)-strong continuity of (T;)~o and [22] (Theorem, p91), there exists a Borel measurable
function u?( on U x (0, T) such that for each t € (0, T) it holds that

uf (-, t) = Tilaof € L*(U).

Using the L?(R¢, i1)-contraction property of (T;)s-o, it holds u? € L¥*(U x (0,T)) and

43l 2o uxo,1)) < (i{}fPlP)_l/z\|L2f||L2(1Rd,;4)

Observe that

) Yixdt = —// dxdt.

Using the approximation of Lemma A4, we obtain d;uf = u?; € L2*(U x (0, T)). Now assume (A4).
Then, by Lemma A5, Py, f € D(qu) C H* 2‘7I+Z(Rd) and foreach 1 <1i,j <d, itholds

loc

1010t f — 0i9i Py f | p2as2 gy < N Tef = Too fll oo (e ) + I TeLgo f — Tro Lo f 1l L0 (met - (A32)

Define a map
9;0;P.f : [0, T) — L2(U), t+ 0;0;Pif.

By the L0 (R, )-strong continuity of (T})¢~o and (A32), map 9;9;P.f is continuous with respect to

the || - || [2d+2 ()" NOTM. Hence, by [22] (Theorem, p91), there exists a Borel measurable function ujf on
U x (0, T) such that, for each t € (0, T), it holds that

w](-,t) = 9d;Pif.
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Using Lemma A5 and the L9 (R?, i)-contraction property of (T})s~0, ujf € L2+2°(U x (0,T)) and

||uf||L2d+2°°(u><(O 7)) < Sup Pl a2z u < CHfHD(LqO)/
te(0,T)

where C > 0 is a constant that is independent of f. Using the same line of arguments as in
Assumption (A31), and the approximation as in Lemma A4,

didjuy = u] € 22U x (0,T)),
O

Proof of Theorem 11. Let f € CP(R?). Then f € D(Ls). Define us := P.f(-). Then by Lemma 1,
us € Cp(R? x [0,00)) and ur(x,0) = f(x) for all x € R?. In particular, since G € L (R, RY),

loc

it holds f € D(Lg,), so that Pif € D(Ly,) for any t > 0. By Lemma A6, for each t > 0, it holds
Orus(-,t) = TtLsf = TiLf p-a.e.on R?. Note that for each t > 0, using the sub-Markovian property,

106 (-, ) | oo ety = N TeLF |l ooty < NLF Nl 1ot o)
hence, diuy € L®(R? x (0,00)). By Lemma A6, for1 <i,j <d,t >0, aiuf(~,t) = 0;P4f, aiajuf(-,t) =

0;0;P;f p-a.e. on R?. Using Lemma A5 and the L% (R9, y1)-contraction property of (T;);~o, for any R > 0
and foreach1 <i,j <d,t > 0, it holds

||8iajuf(~,t)||L2d+2(BR) < HPtf”HZ/Zd*Z(BR) < C||f||D(Lq0)/

where C > 0 is as in Lemma A5 and independent of f and ¢t > 0. By Morrey’s inequality, there exists a
constant Cg s > 0, independent of f and t > 0, such that foreacht > 0,1 <i <d,

1015 (-, )l o (Bg) < [10iPef I (Bg) < CrallPef | paar2 gy < CraCllf bz, )-

Thus, ug € W2d+200(BR X (0,00)) and aﬂ/lf,al'uf S LOO(BR X (0,00)) forall1 < i < d.

By Assumption (A14), we have for any ¢ € C(R? x (0, 00))

1
/ /Rdx (0’00)<§PAvuf,vq)> — (pyB, Vi) dxdt = / /R o — gy - gpydxdt,

and using integration by parts, we obtain

1 ’ A
7/~/Rd><(000 ptrace(AV2up) + (B74¥ + B, Vuy)) g dpdt = // ) Oy @yt
forany ¢ € C3(RY x (0,0)). Therefore,

Opiiy = %trace(gvzuf) + (G, Vug) ae.on R? x (0, ).
0

Proof of Theorem 12. Let x € R? be arbitrary. Let Q, = Py o X1 and @x = ﬁ’x o X! respectively.
Then Qy, Qy are two solutions of the time-homogeneous martingale problem with initial condition
x and coefficients (7, G) as defined in [2] (Chapter 5, 4.15 Definition). Let f € C(R?). For T > 0,
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define g(x,t) := up(x, T —t), (x,t) € R? x [0, T], where uy is defined as in Theorem 11. Then by
Theorem 11,

g€ G (Rd % [0, T}) N (N W50 (Br % (0,7))),
r>0

ag € LR x (0,T)), 9;g€ (LB, x (0,T)),1<i<d,
r>0

and it holds

% +Lg=0 ae.inR?x (0,T), g(x,T)=f(x) forall x € RY.

Applying Theorem 9 to M, for x € RY, R > 0, it holds that

TADgr
|:/
0

% + Lg‘(Xs,s)ds} =0,

hence TADy 3
/ N (—g +Lg)(Xs,s)ds =0, Py-as.,
0 ot
and so by Theorem 10,
TADR .
8(XtApg, TADR) — g(x,0) = /0 Ve(Xs,8)0(Xs)dWs, Py-as.
Therefore

Ex [¢(XTADg, T A DR)] = g(x,0).

Letting R — oo and using Lebesgue’s Theorem, we obtain

Ex[f(X1)] = Ex[g(XT, T)] = g(x,0).

Analogously for M, we obtain E[f(Xr)] = g(x,0). Thus,

Ex[f(X1)] = Ex[f(X1)].

Therefore, Q, and @x have the same one-dimensional marginal distributions, and we can conclude
as in [2] (Chapter 5, proof of 4.27 Proposition) that Q, = Q.
For the last statement, see [2] (Chapter 5, 4.20 Theorem). [
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