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Abstract: The paper is devoted to the study of oscillation of even-order neutral differential equations.
New Kamenev-type oscillation criteria are established, and they essentially improve and complement
some the well-known results reported in the literature. Ideas of symmetry help us determine the
correct ways to study these topics and show us the correct direction, because they are often invisible.
To illustrate the main results, some examples are mentioned.
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1. Introduction

The objective of this paper is to investigate the oscillation of solutions to the following equation:

(e u @) +40) ¢ (v (6 (0))) =0, v > vy, 1)

where 7 is an even natural number, n > 2, § > 1 is a constant and

u(v) =y () +9(v)y (c (1)) )
We assume throughout that the following conditions are satisfied:

(P1) a,9,q € C([vg,0),[0,00)),a(v) >0,a" (v)>0,0<9(v) <land

o 1
/UO = @)

(P) ¢ € C(R,R), ¢ (y) >y fory #0;
(P3) ¢ € C([vg, ), (O,oo)), (v) <vandlimy_e ¢ (V) = 00; 6 € C([vg,0),R),6(v) <v,d (v) >
0 and limy_ye 6 (V) = co0.

We consider only those solutions x of Equation (1) which satisfy sup{|y (v)| : v > L} > 0, for
all L > Ly. We consider only those solutions y of (1) which satisfy sup{|y (v)| : v > L} > 0, for all
L > Ly. We assume that (1) possesses such a solution. Differential equations have many applications
in this life, it is related to biology, physics, dynamica, and so on. In particular, the oscillatory behavior
of ordinary differential equations plays a crucial role in this applications, so there was an interest of
many authors in studying the qualitative behavior of differential equations see [1-28].

For instance, Zhang et al. [25] examined the oscillation of even-order neutral differential equations

u™ (v) +q (v) f (y (6 (v))) =0
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and established the criteria for the solution to be oscillatory when 0 < p (v) < 1.
Xing et al. [21] proved that the equation

() (") ©)") +g @)y 6 w)) =0,

is oscillatory if
/
((5_1 (v)) >6>0,¢ (v)>¢o>0,¢ 1 (0(v) <v

v a [ —1)N*
hnlinf‘/' i(5)7<s”*1)“ds> <'l—+ Po ) ((n = DY
0= Jg1(6(v) 7 (5) do dogo e
where a is a quotient of odd positive integers and 7 (v) := min {g (67! (v)),q (67! (¢ (v))) }.
In this article, using the technique of Riccati and comparison with first-order differential equations,

and

we establish new Kamenev-type oscillation criteria of an even-order neutral differential equation.
To illustrate the main results, some examples are mentioned.

Notation 1. For convenience, we use the following notations:
¢ (v):=q(v) (1=28(5(v)))
and o)
N L (Y
PO e @ 2

2. Some Auxiliary Lemmas

We shall employ the following lemmas:

Lemma 1 ([9]). Let vy be a ratio of two odd numbers, V > 0 and U are constants. Then

Y yur+1
_yy(r/ v
Uy =Vy = (y+1)rt1 vy °

Lemma 2 ([17]). Let u € C" ([vg,0),(0,00)). If u™) (v) is eventually of one sign for all large v, then there
exist a v, > vy for some vy > vg and an integer m, 0 < m < n with n + m even for u™ (v) > 0or
n -+ m odd for u™ (v) < 0 such that m > 0 implies that u®) (v) > 0 for v > vy,k=0,1,..,m —1and
m < n — 1 implies that (—1)m+ku(k) (v) >0forv>v,k=mm+1,.,n—1

Lemma 3 ([18]). Let u € C" ([vg,0),(0,00)). If u® V) (v) ul™ (v) < 0 for v > vy, then for every
A € (0,1) there exists a constant k > 0 such that

[y (A0)| = ko [y (v)

for all v large enough.

Lemma 4 ([19]). Let u € C" ([vg, ), (0,00)) . Assume that u™ (v) is of a fixed sign, on [vg, c0), ul™ (v)
not identically zero and that there exists a vy > vg such that, for all v > vy,

w1 () u™ (v) < 0.
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If we have limy o u (V) # 0, then there exists vy > vy such that

A
)= G

7

o1 ‘u(nfl) (U)

forevery A € (0,1) and v > v,.

We define the generalized Riccati substitutions

a(v)u=1 (v
9 (v) = 7 (0v) ()wm)() @

Lemma 5. Assume that y (v) is an eventually positive solution of Equation (1). Then
u(v) >0, u (v) >0, u™V (v) >0 and u™ (v) <0, ()
for v > vy.

Proof. Suppose y (v) is an eventually positive solution of (1). Then, we can assume that y (v) > 0,
y(g(v)) >0and y (d (v)) > 0 for v > vy. Hence, we deduce u (v) > 0 for v > vy and

(a()u ) () = ~q() 9 (y (6 (v))) < 0. (©)

This means that a (v) u("*~1 (v) is decreasing and u("~1) (v) is eventually of one sign. We claim that
u(n=1) (v) > 0. Otherwise, if there exists a v, > vq such that u(n=1) (v) < 0forv > vy, and

(¢ @)u" () < (2 (@) u™ (02)) (v2) = ~L,
where L > 0. Integrating the above inequality from vy to v we get

(n-2) -2 (pyy -1 [ L
u (v) <u (1) —L b 7 (S)ds.

Letting v — 0o, we have lim, e u("~2) (v) = —oco, which contradicts the fact that u (v) is a positive
solution by Lemma 2. Hence, we have that u(n=1) (v) > 0 for v > vy. Furthermore, from Equation (1)
and (P;), we have

(a()u® (@) = = (¢ (©)u" (v)) () = () ¢ (y (5 (v))) <O,

this implies that u(n) (v) <0, v> v;. From Lemma 2, we obtain that (5) are satisfied. This completes
the proof of the lemma. O

3. Oscillation Criterion

In this section, we study the results of oscillation for (1) by using the technique of comparison
with first order delay equations.

Theorem 1. If for some constant p € (0,1), the differential equation

y () +¢ )y (v)=0 @)

is oscillatory, then every solution of (1) is oscillatory.
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Proof. Suppose that Equation (1) has a nonoscillatory solution in [vg, c0). Without loss of generality, in
our proof we only need to be concerned with positive solutions of Equation (1). Using Lemma 5, we
get that (5) holds. From definition (2), we get

v ) = u)=8)y(c(v)>u) -8 uls(v) >u()-8()uv)
> (1=9(v)u(v)

and so
v (6(0) = u((v)(1-9(6(v))- ®)
From (P;) and (8), we find
Py (v)) Zu(d(v)(1-0(5(v))). ©)

Combining (1) and (9), we obtain

(a (v) ut*=V (v))

!/

IN

—q (V) u (8 (v)) (1-9((v)))
—u(8(v))q(v)(1=9((v)))

IN

In view of Lemma 4, we find

u(v) > (nfl)!vnflu(n—l) (v),

forall v > v, > max {vy, vy, }. Thus, by using (10), we obtain

n—1
(a (v) ul"=1) (v)) W (a (6 (v)u™1 (6 (v))) <0.

Therefore, we see that y (v) := a (v) (") (v) is a positive solution of the differential inequality

¥ (v)+¢(v)y(8(v)) <0.

From ([19], Corollary 1), we have that the associated differential Equation (7) also has a positive
solution, which yields a contradiction. This completes the proof. [

By using Theorem 2.1.1 in [20], we get the following corollary.

Corollary 1. If

. v gnl(s) (n—1)!
R i a @) P e

for some constant u € (0,1), then every solution of (1) is oscillatory.

Lemma 6. Assume that y be an eventually positive solution of (1) and (5) holds. If we have the function
¢ € C'v, o0) defined as (4), where T € C* ([vg, ), (0,00)) and constants A € (0,1),k > 0, then

¢ (v) <

76 (0), (11)
forall v > vy, where vy large enough.

Proof. Let y is an eventually positive solution of (1) and (5) holds. As in the proof of Theorem 1, we
arrive at (10).
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Now, by using Lemma 3 with y = u/, there exists k > 0 such that

(6()" 2 ult= (8 (v))

u' (A6 (v)) k
k(6 (0)"2u"=D (v). (12)

(A\VARAY

From (4), we see that ¢ (v) > 0 for v > vy, and

) (4@u V) )Y (o) (A8 ()8 (0)
9 (U)* n(v)g(v)+n(v) u()\(S(v)) /\7'[(0) (M()\(S(U)))Z
From (10), we obtain
¢ T80 - n () p o) - A EIEW (o)
By using (12), we have
/ n=2_ (n—1) /
¢ 0) < T o) = () g ) A HEEE SIS R ),
which yields
¢ 0 e = (0) (1) = 75 ()

The proof is complete. [

In this theorem, we establish new Kamenev-type oscillation criteria for (1).

Theorem 2. If there exist a function T € C' ([vg, ), R™) and constants A € (0,1),k > 0, m € N such that

s L [ o () o) L (TEOY @) 4o
hmsupvm/v( ) (7(()4’() 47\(7‘((5)) k(é(s))”zé’(s)>d = 00, (13)

UV—00 0

then every solution of (1) is oscillatory.

Proof. Suppose that Equation (1) has a nonoscillatory solution in [vg, c0). Without loss of generality, in
our proof we only need to be concerned with positive solutions of Equation (1). From Lemma 1, we set
U=n'/m,V=2Akés"2(v)d (v)/(a(v)m(v))andy = ¢ (v), thus, we have

/ 1 (7 (v) 2 a(v) m(v)
¢ (v)<—m(v)g(v)+ i (n(v) ) k(5 (v))"%6 (v)

Thus, we have

v

f/v':wfs)mg’(s)(s)dsz/v

0

(v—s)" (n(s)go(s);(

Since v v
[ =9 @ds=m [ (v=5)""g(s)ds — (v )" 5 (v0). (14)

0 vo
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Thus, we get

(U_Uo>m€(vo)—m (05" (s)ds

1 v " 1 7'C/(S) 2 a(s)?‘[(s)
> Ufm.UO(U—S) (n(s)‘P(S)zy\(n(s)) k(J(s))"_ZJ’(s)>dS‘

Hence,

1 v m 1 (7 (s)\*  a(s)m(s) v—ug\"
UWLO(U_S) <n(s)¢<s)_4A(ﬂ(S)) k(é(s))”zé’(s)>dsé<vo) ¢ (o),

and so

v 7 (s)\?  a(s)m(s
limsupim/v (v—s)m<n(s)(p(s)—4&( ()> o (s) (;/()>ds—>g(vo),

v—oo U 0

which contradicts (13) and this completes the proof. [

Example 1. For v > 1, consider the equation

(o (v030())) +20(5) =0 2

where qo > 0 is a constant. Note that p =1, n=m =2, a(v) =v, 9 (v) =1/2, q(v) =qo/v, d (v) =
v/2and g (v) = v/3. Ifwe set T (v) = v, k =1, then

/Lds:/ 1ds:oo
Yo a(s) v S

9(v) :=q(v) (1= 8 (v))) = 2.

and

Thus, we get

. 1o 1 (AN as)n(s)
limsup o [ (v=) <”<S)"’(S) 4A(n(s)> k(J(S))n_25’(S)>dS
:ljgoiupI}Z/l;:(v—s)z(qo_l)ds:oo.

Therefore, by Theorem 2, all solution of (15) is oscillatory if go > 1.

Example 2. For v > 1, consider the equation

(ofrr30(3)) +30(5) =0 o

where ¢ > 0isa constant. Notethat p =1, n=m =2, a(v) =v, ¢ (v) =1/3, g(v) =qo/v, 6 (v) =v/3
and ¢ (v) = v/2. Ifwe set T (v) = v, k =1, then

/mids:/mlds:oo
vy a(s) vg S
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and 9
c
¢(v)=q(v)(1-8(0(v)) =7
By using Corollary 1, we find
n—1
lim inf v ) (s)ds

05 Jow) a (3 (5)
liminfzﬂ /v 1ds.
3 Js

v—00 (v) S

Thus, all solution of (16) is oscillatory if c > 0.5.

4. Conclusions

In this paper, a class of even-order neutral differential equations is studied. We establish a

new Kamenev-type oscillation criterion using the Riccati transformation and theory of comparison.
Furthermore, in future work, we can to get some Hille and Nehari types and Philos type oscillation
criteria of (1).
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