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Abstract: On a particular class of m-idempotent hyperrings, the relation ¢, is the smallest strongly
regular equivalence such that the related quotient ring is commutative. Thus, on such hyperrings, ¢;,
is a new representation for the a*-relation. In this paper, the ¢,,-parts on hyperrings are defined and
compared with complete parts, a-parts, and m-complete parts, as generalizations of complete parts in
hyperrings. It is also shown how the ¢;,;,-parts help us to study the transitivity property of the &,,-relation.
Finally, ¢,,-complete hyperrings are introduced and studied, stressing on the fact that they can be
characterized by ¢;,;-parts. The symmetry plays a fundamental role in this study, since the protagonist is
an equivalence relation, defined using also the symmetrical group of permutations of order #.
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1. Introduction

A congruence relation on an algebraic structure is an equivalence relation that is compatible
with the given structure, that is, all operations of the structure are well-defined on the equivalence
classes. The set of the equivalence classes forms the associated quotient structure, that, in the case of
a group, is a quotient group, while in the case of a ring it is a ring. In algebraic hypercompositional
structures, where the operations are substituted by hyperoperations (i.e., multi-valued operations),
this role of the equivalences is played by the strongly regular relations. Such a relation p is defined
on a hypergroup (H, o) by the property: if apb and cpd, for a,b,c,d € H, then, for any x € aoc
and any y € bod, there is xpy. A strongly regular relation on a hyperring R is strongly regular
with respect to both hyperoperations of R. The mathematical concept of hyperring was defined by
M. Krasner [1] in 1956 in the same paper where the hyperfields were introduced in order to solve
an important problem dealing with approximations of complete valued fields by sequences of such
fields. This algebraic hypercompositional structure has a similar behaviour as a ring and it contains
an additive part (R, +), which is a canonical hypergroup and a multiplicative one (R, -), that is a
semigroup, while the multiplication is bilaterally distributive with respect to the addition. Besides, a
Krasner hyperring is also known as an additive hyperring. There are also other types of hyperrings [2]
and the most general one is the so called general hyperring, introduced by Vougiouklis [3], where both
addition and multiplication are hyperoperations. A short review on the historical part, terminology
and the importance of hyperrings is presented by Massouros [4] or Nakassis [5] in their expository
papers. The quotient structure associated to a hypergroup modulo a strongly regular relation is a group.
This is a strong relationship between hypergroups and groups, that permits to study properties of
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hypergroups using already known properties of groups. In 1970 Koskas [6] defined the B-relation and
its transitive closure 8* on a hypergroup H, proving that it is the smallest (with respect to inclusion)
strongly regular relation on H such that the quotient H/* is a group. The idea was then extended
to the class of hyperrings, where Vougiouklis [3] defined in 1990 a new strongly regular relation, the
I'-relation, on a general hyperring, such that the quotient structure modulo the transitive closure I'*
is a ring. Both associated quotient structures modulo * and I'* are not commutative. That is why,
new strongly regular relations were defined—first the y-relation on (semi)hypergroups and then the
x-relation on a hyperring in order to obtained commutative quotient structures [7,8]. The same symbol
v was (unfortunately) used to define two different relations, one on hyperrings, and the other one on
(semi)hypergroups. In order to avoid confusion, some authors, for example see Reference [9], which
prefers denoting the strongly regular relation on hyperrings with capital I' and we also adopt this
notation in our current study.

Because of their “fundamental role”, that is, connecting hypercompositional structures with
the corresponding classical structures, Vougiouklis [3,10] named all these strongly regular relations
fundamental relations. Thus a fundamental relation defined on a hypercompositional structure is the
smallest equivalence (with respect to inclusion) so that the associated quotient is a classical structure
of the same type of the hypercompositional structure. The fundamental relations f* and y* defined on
a (semi)hypergroup H lead to a (semi)group H/B* and a commutative (semi)group H/v* as quotient
structure, while the fundamental relations I'* and a* on a hyperring are the tool to obtain a ring and
a commutative ring, respectively. In 2017, Norouzi and Cristea [11] introduced a particular class
of hyperrings where the fundamental relation I'* is not anymore the smallest equivalence such that
the associated quotient structure is a ring. On this type of hyperrings they defined the fundamental
relation ¢}, smaller than I'*, but with the associated quotient structure non-commutative in general.
Thereby, the fundamental relation ¢}, was introduced on such hyperrings, obtaining a commutative
quotient ring [12].

On the other hand, all the above mentioned strongly regular relations are not transitive in general.
Already in 1970 Koskas [6] had studied the transitivity property of the S-relation on hypergroups by
using the complete parts, that were used as open subsets of suitable topologies on hypergroups. So they
play an important role in defining topological hypercompositional structures [13]. Inspired by these
studies, in this article we first define the concept of ¢;,-part on hyperrings and study it in comparison
with the complete part, a-part and m-complete part. In particular, we find conditions under which
the relation ¢, is transitive and prove that the equivalence class, modulo the relation ¢, of any
element of a general hyperring is a §,,,-part. Finally, we introduce the class of {,;-complete hyperrings,
characterize them using the ¢;,-parts and present their connections with complete, a-complete, and
e-complete hyperrings.

2. Preliminaries on the ¢,,-Relation on Hyperrings

This section contains the basic definitions and results concerning the §,,-relation on hyperrings
that will be used throughout the paper. For more details about hyperstructures theory, specially
hyperrings, we refer the readers to References [3,10,14,15] and references therein.

Definition 1. [15] An algebraic system (R, +, ) is said to be a

(1) (general) hyperring, if (R, +) is a hypergroup, (R, -) is a semihypergroup, and the hypermultiplication - is
distributive with respect to the hyperaddition +. If (R, +) is a semihypergroup, then (R, +,-) is called a
semihyperring.

(2)  Krasner hyperring, if (R, +) is a canonical hypergroup and (R, -) is a semigroup such that 0 is a zero
element (called also absorbing element), that is, for all x € R, we have x - 0 = 0, and the multiplication - is
distributive over the hyperaddition +.
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On a hyperring R, the I'-relation was defined by Vougiouklis [3] as follows:

n
xly <= dn €N, 3k €N, Jz1,..., 2y, ER(i=1,.. : {x,y} C Z sz]
i=1 j

Its transitive closure I'* is the smallest strongly regular relation on R such that the associated
quotient R/T* is a classical ring, but it is not commutative in general. Later on Davvaz and
Vougiouklis [7] introduced the relation « in order to obtain a commutative quotient ring. First set
ap = {(x,x) | x € R} and then, for any natural number 1, we say that xa,y if and only if there exist

ki,...,kn € N, a permutation ¢ € S, and the elements z;1, ..., zj, € R and the permutations 0; € S,
k; ki
for1 <i <mn,suchthatx € Z sz] andy € ZA , Where A; = Hzm . Take then o = U ay.
i=1 j= i=1 j=1 n>0

The quotient structure R/a* is a commutatlve ring.

In Reference [11] the authors defined a new relation on (semi)hyperrings , denoted by ¢;,, smaller
than the I'-relation, such that its transitive closure on a particular class of hyperrings is the smallest
strongly regular relation endowing the quotient set with a ring structure. Let us remember here its
definition. Select a constant m, such that 2 < m € N. For two elements x and y in R, consider xe;,y
if and only if {x,y} C ¥Y/' 2z, forn € N, z1,...,z, € Rand {(x,x) | x € R} C ey. If (R, +,-) is
a hyperring such that (R, -) is commutative and B C }I' ; A" implies that there exists x; € A; for

1 <i<nsuchthatB C Z xj' forall B, Ay,..., Ay C R, then the relation ¢}, is the smallest strongly
=1
regular equivalence on R such that the quotient set R/¢j, is a ring (not necessary commutative).

Besides, since the quotient ring R/ e}, is not commutative in general, similar to the role of the a-relation,
in Reference [12], a strongly regular relation, smaller than the a*-relation, was defined in order to
obtain commutative quotient rings as follows:

n n
(xy) €Cm<=IneN,Fz,...,zs€RITES, : x€) z' N ye Zz?(i). 1)
i—1 i—1

A new type of hyperring (R, +, -) was introduced, where the transitive closure ¢}, is strongly
regular. Their multiplicative part is commutative and they satisfy the condition—for any nonempty

subsets B,C, Ay, ..., Ay of R and a permutation o € Sy, if BC )/’ ; A"and C C Y ) then there
exist x; € A;, for 1 <i < n, such that
n n
B C lem and C C fo(i). )
i=1 i=1

The quotient R/a* is always a commutative ring [15], while the quotient R/}, is not commutative
in general [12]. Actually, if (R, +, -) is an m-idempotent hyperring satisfying relation (2), then ¢;, is the
smallest strongly regular equivalence relation on R such that the quotient R/}, is a commutative ring.
In Reference [12], it is shown that the four fundamental relations defined on hyperrings are not equal
in general, but for all m-idempotent Krasner hyperrings, it holds I' = ¢,, = ¢,y = a. Moreover, it is
proved that ¢, = a on m-idempotent hyperrings satisfying relation (2), which states that the relation
¢, 1s a new representation for the a*-relation on m-idempotent hyperrings satisfying relation (2).

3. ¢u-Parts and Transitivity of the ¢,,-Relation

Generally, the §,;-relation is not transitive [12], as well as the relations B, I', &, or &, so there is the
necessity to find a tool, a method to show when these relations are transitive. Koskas was the first to
deal with this problem, which was resolved in Reference [6] by introducing the notion of complete
parts on (semi)hypergroups. A nonempty subset A of a semihypergroup (H, -) is called a complete
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partof H,if ANTT" ; a; # @ implies [T ; a; C A, for any nonzero natural number 1 and any elements
ai,...,a, € H. In particular, the equivalence class f*(x) of any element of H is a complete part of H.

The transitivity property of the I'-relation was studied by Anvariyeh et al. [16], using complete
parts on hyperrings. A nonempty subset M of ahyperring (R, +, ) is a complete part of R if from

MnY!, (H;{":l zij) # @ it follows that Y/ ; (H;-{izl zl-j) C M, fornk; € N,i =1,2,...,n and
Zils -+, Zik; € R.

Next a-parts [17] were introduced on hyperrings to show when the a-relation [7] is transitive.
A nonempty subset M of a hyperring R is an a-part, if forevery n,k; € N,i =1,2,...,n,z;4,..., Zik, € R,

0 € Sy and 0; € Sy, there is

i(ﬁz& NM#£Q0 = ZA

i=1
where A; = H?"Zl Zig(j)-
Moreover, the m-complete parts [18] were defined with respect to the transitivity of the e,,-relation.
In this case, a nonempty subset M of R is an m-complete part if M N Y ;z/" # @ implies that
12" € M, foraconstant2 < m € N.
In this section, the §;,-part of a hyperring R is introduced in order to establish a condition for
transitivity of the ¢, -relation. In this regard, some properties of ¢,;-parts and some of their differences
from complete parts, m-complete parts and a-parts are presented.

Definition 2. Let M be a nonempty subset of a hyperring R. We say that M is an {y-part, if y' 1 z" "M # @
implies Y " 125 C M, foreveryn € N, zy,...,z, € Rand 6 € Sy.

To start with, a characterization of §,,-parts is stated.

Proposition 1. Let R be a hyperring. The following conditions are equivalent:

(i) A nonempty subset M of R is a p-part.
(ii) For any x € M with the property x¢y it follows that y € M.
(iii) For any x € M with the property x¢,,y it follows that y € M.

Proof. (i) = (ii) Let M be a {;;-part of R and x&,,y for x € M and y € R. Hence there exist n € N,
z1,...,zn € Rand é € Sy suchthatx € 1 1z andy € Y ; z 5 . Since x € Y' 1 zI" N M, it follows
thatzl 1 5() C Mandsoy € M.
(i) = (iii) Let x € M such that x¢;,y. Thus there exist k € N, zg, ...,z; € Rsuch thatzg = x,
=yand x = zo¢mz1Gm22 . . - Cmzx = Y. The following implications hold:

Xx=2z90 €M, zo{mz1 = 71 € M,
721 €M, z18mzo = 720 € M,

Zk—1 €M, zg_1Cmzk = zx =y € M.

(iii) Now, let M be a nonempty subset of R. If } /' ; z/" "M # @, then there exists t € Y1 ; z/" N M.
Foré € S, and every w € Y/, g”(l), we have t{,,w. Thus t € M and {;,w. By the hypothesis, it
follows that w € M and so }_}" ; 5 (1 &M Therefore, M is an §;,-partof R. O
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Example 1. Consider the hyperring R = {a,b,c,d,e, f,g} as follows:

+ a b c d e f g
a | {a,b} {a,b} c d e f g
b | {ab} {ab} c d e f I's
c c c {a,b} f P4 d e
d d d g AHab} f e c
e e e f ¢ {ab} c d
flof F e o e g {ab}
8| 8 8 d e c A{ab} f

and define x - y = {a, b} for every x,y € R. Then, &, (a) = {a,b} and & (x) = {x} forall x € R\ {a,b}.
By Proposition 1, we can see that M = {a, b, c} is a §p-part, but N = {a} is not a &y-part of R, for any m > 2.

Proposition 2. Every a-part is a §y-part, for every 2 < m € N.

Proof. Proposition 1 is similarly valid for the a-relation and a-parts ([15]). Therefore, the proof is
completed because ¢, C a. O

In the following example we can see that the converse of Proposition 2 is not generally valid:

Example 2. In the hyperring R defined in Example 1, the set M = {a, b, f} is a §y,-part, but it is not an a-part
because a(f) = {a,b, f,g}, with f € M, while fag and g ¢ M.

Proposition 3. Every {y-part is an m-complete part, for every2 <m € N.

Proof. It follows immediately by using = id € Sy in the definition of {;,-parts. [

The following example shows that the converse of Proposition 3 is not valid. Moreover, we can
see that ¢, # €.

Example 3. On the set R = {a, b} define the following hyperoperations

Then (R, +, -) is a noncommutative semihyperring. Put m = 2, hence Y., z2 = {a} or {b}, for every
z1,...,2zn € R. Thus, Y11 z2 N {a} # @ implies Y.I' ; z2 C {a}, and so {a} is a 2-complete part of R. But,

a* + (b2 +b?) = {a} and so [a* + (b* + b?)] N {a} # @, while (b> + a®) + b*> = {b}  {a}. Therefore,
{a} is not a &y-part of R. Moreover, we have e5(a) = {a} and ¢»(a) = {a, b}, which implies that ey # C.

It is easy to see that Proposition 1 is valid also to characterize complete parts with respect to the
I'-relation on hyperrings. That is, a nonempty subset M is a complete part if and only if, for any x € M
such that xTy it follows that y € M, equivalently with, for any x € M such that xI'*y it follows that
y € M.

Example 4. Consider the hyperring R in Example 1 and the subset M = {c,d}. It can be seen that M is a
complete part and also a &y,-part, but is not an a-part, since ead, but e ¢ M.

Comparing the definitions of the complete parts and m-complete parts, it is easy to see that
a complete part of every (semi)hyperring is an m-complete part. But the converse implication is
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not generally true [18]. Besides, from the following example, we can state that not all §,,-parts are
complete parts.

Example 5. Consider the following hyperoperations on the set R = {a,b,c,d}:

‘ a b c d . ‘ a b c d
{b,c} {b,d} {bd} {bd} {b,d} {b,d} {b,d} {bd}
{b,d} {b,d} {b,d} {b,d} {b,d} {b,d} {b,d} {bd}
{b,a} {bd} {bd} {bd} {b,d} {bd} {bd} {bd}
{b,d} {b,d} {b,d} {bd} {b,d} {b,d} {b,d} {bd}.

Then, (R, +, -) is a semihyperring. We have }I zI" = {b,d} = YL 125 forallzy,...zn € R, 6 € Sy

and 2 < m € N. Hence, M = {a, b,d} is an m-complete part and also a {jm—part but it is not a complete part of
R since bI'c, but ¢ ¢ M.

QU o S |+
QU o S 2

Example 6. Consider the hyperring R = {a,b} in Example 3, where M = {a} is not a {p-part, but it is a
complete part of R since T'(a) = {a}.

By the above mentioned examples about various type of complete parts in a hyperring, the
connections between complete parts, m-complete parts, a-parts and &,,-parts in hyperrings may be
represented as in Figure 1.

m-complete parts

complete parts

Figure 1. Generalizations of complete parts.

Theorem 1. Let R be an m-idempotent hyperring (for 2 < m € N) satisfying condition (2). Then a nonempty
subset M of R is a ,-part if and only if M is an a-part of R.

Proof. By Proposition 2, every a-part is a ¢,-part.
Now, let M be a §;;-part such that M N Y} 4 12ij # O, forn, ki € N, 1 <i<n1<j<k;and
arbitrary elements z;; € R. Since R is an m- 1dempotent hyperring, it follows that z;; € zj; for every i, j,

thus ¥ T 2 € Xy (T zl-]-) and

n ku’(;) n 0' (i) " n ku’(i) "
Y I zet0,00) € 2 H Zo(i)o, =Y (| ITzw;] -
i=1 \ j=1

ki

i=1j=1 i=1

. ko
forevery o € 5;. Set A; = H;’(':1 zjjand Ag(;y = H].i(? Za(j)- Thus we have

k; ko i)

n n
z; C ZA:" and )

i=1j=1

Y Zo(i)ap () S Y AV,
i=1j=1 i=1

I\
_



Symmetry 2020, 12, 554 7 of 12

and by condition (2) there exist t; € A; (and t,;) € Ay(;)) such that Y/, H;-(i:l zij C Yt So

k.
MOt #@and wehave )\, t?(l.) C M because M is an §,-part. Hence, } ! ; Hji(i) Zo(i)ay () S
M, which means that M is an a-part. O

Now we are starting the process of finding conditions under which the ¢;,;-relation is transitive.
For this, first we define the following set for every element x in Rand 2 < m € N.

n n
Ap(x) = U {Zz(’f(i)| X e Zzlm,zl,...,zn €R,oceS,,ne N} )
i=1 i=1
Then, we obtain a different characterization of the set A, (x).

Lemma 1. A,,(x) = {y € R | xuy}, for every x € R.

Proof. For any arbitrary elements x,y € R such that x¢,,y, there exist n € N, z,...,z;, € R and
o€ Sysuchthatx € Y' 1 z"andy € Y14 Zy(;)- Thereby there exists n € N such that y € A (x),
thatis, {y € R | yiux} C Ap(x). On the other hand, if y € A, (x), then there exists n € N such
thaty € /' 4 z;”(i) forc € S;,neN,z,...,zs € Rand x € }' | z}", which means that x{;,y. This
completes the proof. [

Theorem 2. Let R be a hyperring. If &, is transitive, then Ay, (x) = ¢y, (x), for every x € R.

Proof. If {;, is transitive, then §,, = ¢;,. By Lemma 1, we have y € ¢, (x), equivalently with x¢;,y if
and only ify € Ay, (x). O

The next result states a necessary condition for the set A, (x) to be a {,-part of R.
Theorem 3. Let R be a hyperring and x € R. If Ay, (x) = &, (x), then Ay (x) is a &-part of R.

Proof. Letzy,...,z, € Rand o € S, such that )} 2" N A (x) # @ and takey € Y4 z;"(l.). Hence,
there exists t € }.I'; z/" N Ay (x) such that t¢,,y which implies that t¢;,y. Theny € ¢ (t). Also,
t € Apu(x) = &y (x) and thus &, (t) = &, (x). It follows that y € &, (x) = Ap(x), implying that
Y 254y € Ay (x). This proves that Ay, (x) is a p-part of R. [0

In the next result the transitivity of the ¢,-relation is discussed.
Theorem 4. Let R be hyperring and x € R. If Ay, (x) is a &-part, then &y, is transitive.

Proof. Let x,y,z € R such that x{,;y and y¢,,z. Since x € Ay (x), by Lemma 1, it follows that
y € Au(x). And using once again Lemma 1 we obtain z € A, (x), implying z¢,x. Therefore,
Cm is transitive. [

Summarizing the above theorems we can discuss the transitivity property of the ¢,;,-relation on
hyperrings by the next result.

Corollary 1. Let R be a hyperring. Then the following statements are equivalent:

(1) The &y -relation is transitive;
(2) &n(x) = An(x), forall x € R;
(3) Theset Ay (x) is a &y-part of R, for every x € R.
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4. {;,-Complete Hyperrings

In this section, the concept of ¢;,-complete hyperrings is introduced by meaning of the ¢,-relation
and some characterizations are provided using properties of ¢;,-parts. We present several examples
that illustrate the fact that ¢,,-complete hyperrings are different from ¢,,-complete hyperrings and
ay-complete hyperrings.

Let recall first the definition of n-complete hyperrings, aj,-complete hyperrings and
em-complete hyperrings.

For an arbitrary natural number 7, a hyperring R is said to be an n-complete hyperring ([17]) if

n ki n ki
(1) = £ 11
i=1j=1 i=1j=1

forallk; € Nand z;1, .. 1 Zik; € R.
R is called an ay-complete hyperring [17] if, for all k; € N, z1, ..., zy, € R, 0 € Sy and 0; € Si, with
1 <i < n,thereis

n ki n
« (Z H%’) = ;Aom/

i=1j=1

k:
where A; = Hjlzl Zig (j)-
For any natural number m, 2 < m € N, the hyperring R is an €,,-complete hyperring if

n n
Em (sz”) =) 2,
i=1 i=1

forall zy,...,z; € Randn € N.
Similarly, we can define the concept of &,,-complete hyperrings based on ¢,,-relation as follows.

Definition 3. For any natural number m, 2 < m € N, we say that a (semi)hyperring R is {y,-complete, if it
satisfies the condition

n n
Cm (Zﬂ) =)z
i=1 i=1
for any n € N, arbitrary elements z1, . ..,z € R and an arbitrary permutation o € Sy,.

Example 7. Consider the hyperring (R, +,-) in Example 1. We can see that

n

iz}" ={a,b} =) 2 and {w({a,b}) = {a,b},

i=1 i=1
forarbitrarym,n € N, o € Sy and z1,...,z, € R. So, R is a §y-complete hyperring.

Example 8. Consider now the semihyperring (R,+,-) in Example 3. Since a> + (b* + b*) = {a} and
(b% + a®) + b? = {b}, it follows that & (a) = R and so

&H(a® + (b +b%) =R # {b} = (b* +a®) + 1%
Therefore R is not ¢p-complete.

Corollary 2. Every ay,-complete hyperring is a ,-complete hyperring.
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Proof. Let R be an a,-complete hyperring. Forall 1 < i < n, take zjy = ... = zj, = zi elements
in R, Id = 0; € S, the identical permutation, and k; = m. Then )/ 1]—[ Lzij = i1 z/" and
ki
im1 Ao(i) = Lizq Zg(iy, Where A; = TT;L; Zig,(j)- Hence,

Clearly, iy 2\ ;) © &m (XL 2]"). This completes the proof. [J
Generally, a ¢-complete hyperring is not an a,-complete hyperring, as illustrated by the

following example.

Example 9. Consider the hyperring R in Example 1. We know by Example 7 that R is an &y-complete
hyperring. Since we have «(a) = {a, b, f, g}, it follows that

a(a+a) =a({a,b}) =a(a) Ua(b) ={a,b,f,g} #a+a.
Hence the hyperring R is not ap-complete.

For any m, 2 < m € N, we say that a hyperring R is strongly m-idempotent, if x" = {x}, for every
x € R. Itis known [12] that {;;, = a in any m-idempotent hyperring satisfying condition (2). Then, we
can present the converse case of Corollary 2.

Theorem 5. Any strongly m-idempotent hyperring satisfying condition (2) that is y,-complete is also an
«y-complete hyperring, for every n € N.

Proof. Let R be a strongly m-idempotent hyperring satisfying condition (2) and such that R is
¢m-complete. For every n,k; € N, 1 < i < n, zj,..., Zik, € R, 0 € Sy and 0; € S, let
X € w ( " H;.("Zl zl-]) This means that there exists y € }I' ; H 1 zij such that x € a(y). Since R
is a strongly m-idempotent hyperring, it follows that

n ka(:) n ko " n ko "
Y I zet0,00) € X | [T 2et000) | = 21 [Tz | -
=

Put A; = H;‘ zl] and A,;) = H] (1) Zo, () Then, by condition (2), there exist t; € A; for every

1§i§n(andt() ()forUGSn)suchthat

i=1

» (ﬁ%) Zf’" and 2 (kH Za(i)a, ) Etm )
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Hence,

) k...
Therefore, a( " H;'{':1 z,»j) c Y Hji(i> Zo(i)ay ) (i) This concludes that R is an
ay-complete hyperring. [

In the following, we discuss the relationship between (;-complete hyperrings and
em-complete hyperrings.

Corollary 3. Every ¢,,-complete hyperring is an e,,-complete hyperring.

Proof. The proof follows immediately from the definition of a {;;-complete hyperring, taking the
permutationo =Id € S,. O

Clearly if R is a commutative hyperring, then we have §,;; = ¢, and so any &;-complete
hyperring is {;-complete. But the converse of Corollary 3 is not valid in general, as shown in
the following example.

Example 10. Consider the hyperring R in Example 3. By Example 8, we know that R is not a {y-complete
hyperring. Besides we have Y11 z2 = {c} or {f} or {d} or {b,e}, forall z; € Rand 1 < i < n. On the
other side, one founds that ;(c) = {c}, e2(f) = {f}, e2(d) = {d} and e2({b,e}) = {b,e}. Hence,
e2(Xr 1 22) = Y1 22, meaning that R is an ey-complete hyperring.

We conclude this study with a characterization of §;,-complete hyperrings based on the notion
of ¢;y-parts.

Theorem 6. A hyperring R is &,,-complete if and only if ¢ (x) = Y14 2y forall x & Yoz wheren € N,
Z1,...,2n € Rand o € S,,.

Proof. Let R be a ,,-complete hyperring and take an arbitrary x € Y/ ; z". Then
n n
Em(x) C Gm Z;ZT = i;z?(i)'

Moreover, if y € Y, z;”(l.), then x¢,y, because x € Y ,z". Hence, y € {u(x) and so

Em(x) = Xity Z?(i)-

Conversely, by hypothesis we have
n n
(L) = U &=y
i=1 xez[(;l Zlm i=1
Therefore, R is a ¢;,-complete hyperring. [

Theorem 7. Let R be a &;,-complete hyperring for any m, 2 < m € N. Then } ' ; z;”(i) is a &y-part of R, for
everyn € N, z1,...,z, € Rand o € Sy,.
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Proof. For k € Nand x1,...,x; € R, let Zi-‘zl XN z?(i) # @. Then there exists y € Zile x" N

" z;”(l.). Forevery u € Y5, xg”(l.), with § € Sy, we have u¢,,,y. Hence,

ueinly) = gM(xZ?(i)) = Zztrfn(i)’

n
i=1 i=1
and there by YX_| Xpii) S Y 2g;) Which implies that Y Zg(;) s a Gm-partof R.  [J

5. Conclusions

Ten years after the introduction of the fundamental relation a* in [7] on general hyperrings,
Norouzi and Cristea [11] defined a new class of m-idempotent hyperrings satisfying a certain condition,
where a* is no longer the smallest strongly regular relation such that the associated quotient structure
is a commutative ring. For this reason, they introduced the ¢;,-relation, as the transitive closure of
the §y,-relation, as a fundamental relation on such hyperrings. Since ¢;; is not generally transitive,
it is useful to find conditions under which the transitivity property holds, too. In this respect, the
well-known tool of complete parts has been studied in this paper, but in a general form. After defining
the ¢;,-parts and presenting the relationships with complete parts, m-complete parts, and a-parts, the
study has focused on finding conditions when ¢, is transitive. The second part of the article has dealt
with the study of ¢;,-complete hyperrings and their connections with &,- and &,,-complete hyperrings.
The results have been supported by illustrative examples.
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