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Abstract: The present work examines the effect of different magnetic nanoparticles and the heat
transfer phenomena over the stretching sheet with thermal stratification and slips effect. The mixture
of water (H2O) and ethylene glycol (C2H6O2) is used as base fluid whereas the paramagnetic,
diamagnetic, and ferromagnetic ferrites are taken as nanoparticles. In the presence of ferrite
nanoparticles, the magnetic dipole has a significant effect in controlling the rate of heat transfer
and the thermal boundary layers. By using suitable similarity transformations, the system of partial
differential equations is transformed into nonlinear ordinary differential equations. The numerical
solution of resulting equations is found out by using the variational finite element method.
The effect of numerous emerging parameters on velocity, temperature, and micro-rotation velocity
are represented graphically and analyzed numerically. It has been noticed that comparatively the
diamagnetic ferrites have gained maximum thermal conductivity relative to the other nanoparticles.
It was also observed that the thermal conduction of nanoparticles increases with the variation of
volume fraction. Moreover, with increasing values of thermal stratification the thermal boundary layer
thickness decreases and the heat transfer rate increases at the surface. Furthermore, the validation of
code and the accuracy of the numerical technique has been confirmed by the assessment of current
results with earlier studies.

Keywords: ferromagnetic; magnetic dipole; FEM; slip effect; diamagnetic; paramagnetic

1. Introduction

The Heat transfer enrichment in the two-phase fluid flow has been inspected for several years.
Due to the truncated thermal conductivity of fluids, the foremost heat transfer mechanism between
them is deliberated as convection. Research on nano-fluid flow demonstrates that by adding ferrite
nanoparticles into the fluid, the coefficient of heat transfer can be increased. The resulting intensification
in the heat transfer, in addition to the probable escalation in thermal conductivity, was mainly because
of the condensed thickness of the thermal boundary layer. The examples of significant usages of heat
transfer liquids containing hydronic and cooling heating systems in buildings, the vehicular and avionic

Symmetry 2020, 12, 520; doi:10.3390/sym12040520 www.mdpi.com/journal/symmetry

http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
https://orcid.org/0000-0002-1500-0463
https://orcid.org/0000-0002-5501-4181
https://orcid.org/0000-0002-7724-4340
http://dx.doi.org/10.3390/sym12040520
http://www.mdpi.com/journal/symmetry
https://www.mdpi.com/2073-8994/12/4/520?type=check_update&version=2


Symmetry 2020, 12, 520 2 of 19

cooling system in industries, chemical, nutrients, and other processing plants [1–4]. The scholars have
investigated to apprize the potentiality for the ferrofluid applications in the fast-developing fields of
micro-electromechanical systems (MEMS) and nano-electromechanical systems (NEMS), because of
small spherical diameter (10 nm) of the perpetually magnetized nanoparticles. The basic idea of
nanofluid is to increase the thermal conductivity of the base fluid by the diffusion of nanometer-scaled
dense particles into fluids, these dense particles are of various kinds of material like metal oxides,
metals, etc. Moreover, there are numerous applications in engineering and industries related to
the boundary layer flow over a stretching sheet-like as crystal growing and paper production;
more applications of stretching sheet may be seen in the articles [5,6]. Crane [7] has inspected the fluid
flow over the stretching sheet after that on condensed to non-newtonian fluids. Sarafraz et al. [8] were
investigated experimentally about the flow sweltering heat transference of zirconia water nanofluid
inside a heat exchanger. Magnetic nanoparticles are characteristically organized in various sizes and
morphologies from metallic materials such as sapphire, nickel, iron, and their oxides as an example,
magnetite (Fe3O4) and spinel-type ferrites [9].

The properties of magnetic and thermal filed gradients on drenched ferrofluid flow was
scrutinized by Neuringer et al. [10]. The transportation of heat phenomena causes of stretching
sheets via ambient fluids is stated and categorized widely analysis in contemporary literature.
Ferro-fluids are fluids that are manufactured through a non-natural approach and composite of
immensely abbreviated colloid deferments of well and thin magnetic-particles in the non-conducting
transporter fluids. Sharma et al. [11] stated the effect of dust particles in the ferromagnetic fluid with
thermal convection. Mee [12] dissected a technique with ferrofluids that can be used to detention
the magnetic protectorate edifices on the surface of ferrofluids in the existence of a magnetic dipole.
Furthermore, the ferrofluids are liquids that are reproduced artificially and exposed to extremely
condensed colloid suspension of fine and reedy magnetic particles in a non-conducting carter fluid.
Nadeem et al. [13] exemplified the effect of the magnetic dipole over a permeable medium in the flow
of ferrofluid. Sheikholeslami et al. [14] inspected that the free convection of a magnetic nanofluid
in a porous curved hollow under the consequence of an exterior magnetic source. Madhu and
Kishan [15] examined the heat and mass transfer rate by magnetohydrodynamic mixed convection
stagnation point flow of a non-Newtonian power-law nanofluid through the stretching surface
with the existence of radiation by using the finite element method. Presently, Bognar et al. [16]
scrutinized the magneto thermo-mechanical implications regarding the heated dense incompressible
ferrofluid and the cold wall in the existence of a variable magnetic field. Ali et al. [17] have
explored the steady magnetohydrodynamic of the axisymmetric flow of incompressible, viscid,
electrically-conducted nanofluid with convective boundary conditions and thermo-diffusion through
a radially stretched sheet.

Ferrofluids are the mixture of nanoparticles and liquids, prepared for ferromagnetic ferrites
dialect in an electrically nonconducting transporter fluid. Recently, the philosophy of microfluidics
has been found remarkable consideration, as the Newtonian-fluids cannot classify the characteristics
of fluids with suspended elements. Li et al. [18] explored the impacts of element volume fraction,
surfactant and the magnetic field that proceeding the transference properties of water-based Fe
magnetic nano-fluid. Liaqat et al. [19] examined the effect of viscous dissipation and the various
sorts of magnetic nano-particles, ferromagnetic and ferrimagnetic, on micropolar fluid flow and heat
transfer through the stretching sheet. Yirga and Tesfay [20] deliberated about the heat, and mass
transference study of nano-fluid over the porous stretching sheet. The authors revealed that Ag water
nano-fluid has larger skin friction as associated with Cu water nano-fluid. Some further applications
that appropriates the flow of liquors possibly found in [21,22]. Liaqat et al. [23] explore the influences
of multi-slip and solutal boundary conditions on magnetohydrodynamic unsteady bioconvective
micropolar nano-fluid restrictive gyrotactic micro-organism, mass and heat transfer impact through
a sheet. Multiple slip impacts on magnetohydrodynamic unsteady viscoelastic nanofluid flow with
radiation through a penetrable stretching sheet using the finite element method was discussed by
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Khan et al. [24]. Turkyilmazoglu [25] has analyzed about the heat transfer and also about the micropolar
fluid flow passed through the stretching sheet. M.S. Shadloo et al. [26] studied a two-dimensional
steady convective micropolar fluid flow through a stretching sheet in the existence of radiation and
constant temperature. Pradhan et al. [27] analysis is carried out for the free convective fluid flow
via an electrically directed micropolar fluid through a permeable stretching sheet in the appearance
of the absorbent medium. Mehdi Bahiraei et al. [28] was examined about the thermo-hydraulic
features of the green graphene nanoplatelets nanofluid through the tube prepared with the rotating
twisted tape. Eringen [29] described a philosophy of micropolar fluid that cannot be explained
by classical Navier stokes equations cause of micro inertia and gyration or microgyration impacts.
Ahmadi [30] describes the self-similar consequences of the incompressible micropolar boundary layer
flow through the semi-infinite plate. Gorla [31] signified a study on micropolar boundary layer flow
at the stagnation point on the moving wall. Ibrahim and Shankar [32] reveal that the heat transfer
and the magnetohydrodynamic boundary layer flow of nanofluids via inflatable stretching sheet with
velocity, thermal, and solutal-slip boundary conditions. Das [33] explored a very imperious numerical
study on the convective heat transfer narration of nano-fluids over an infiltrate-able stretching sheet
in the presence of partial slip, thermal buoyancy, and internal heat development. Abbas et al. [34]
premeditated the impacts of radiation in the existence of a similar magnetic field for nano-fluids on a
frizzed stretching sheet by assimilating the consequences of slip. Sohaib Abdal et al. [35] inspected
the multislip effects on the magnetohydrodynamics mixed convection unsteady flow of micropolar
nanofluid over a stretching/shrinking sheet in the presence of heat source and radiation.

In spite of all the above literature, it is described that the former investigators have focused on
ferrofluid flows over a stretching sheet without thermal stratification and slips effect in the presence of
a magnetic dipole. This research is to scrutinize the behavior of various ferrite nanoparticles and their
thermal conductivity on boundary layer slip flow and the heat transfer phenomena. The nanoparticles
Ta (Paramagnetic), Cu (Diamagnetic), Fe (Ferromagnetic) as ferrites of nanoparticles and the mixture
of water H2O and ethylene glycol (C2H6O2) are used as base fluids. The phenomena of thermal
stratification and slips effect in the presence of a magnetic dipole have been taken into consideration.
Moreover, we inspect the behavior of different sorts of magnetic nanoparticles, emerging physical
parameters and thermal conductivity graphically by a detailed discussion. Furthermore, the numerical
estimations of current results are shown in tables with diagrams.

2. Problem Description

Consider a two-dimensional magnetohydrodynamic, incompressible, boundary layer, micropolar
magnetic nanofluid flow over an electrically non-conducted stretching surface. The magnetic nanofluid
contains paramagnetic, diamagnetic and ferromagnetic as nanoparticles suspended with water H2O
and ethylene glycol C2H6O2 as a conventional fluid through a stretching sheet. The dimensions of the
surface have been chosen along the x-axis and y-axis. uw = cx is the velocity of the sheet as exposed in
Figure 1. Moreover, the magnetic dipole is situated in such a way that its midpoint is accurately located
on the y-axis at a distance of b from the x-axis. The field points of the magnetic dipole are applied in
the positive x-axis. The temperature Tw at the stretching sheet is lesser than the cure temperature and
is supposed to be Tc, the temperature T = T∞ is considered as the temperature of fluid away from
the surface, where Tc > T∞ > Tw and the fluid that is away from Tc is unable of being magnetized.
The variable temperature Tw = T0 + b1x is considered at the surface and is T∞ = T0 + b2x, away from
the surface. The leading equations for flow can be stated as [36].

∂u
∂x

+
∂v
∂y

= 0, (1)

u
∂u
∂x

+ v
∂u
∂y

=
µ0

ρ
M

∂H
∂x

+

(
µn f + κ

ρn f

)
∂2u
∂y2 +

κ

ρn f

∂w
∂y

, (2)
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u
∂w
∂x

+ v
∂w
∂y

=
γn f

(ρn f )j
∂2w
∂y2 −

κ

(ρn f )j

(
2w +

∂u
∂y

)
, (3)

u
∂T
∂x

+ v
∂T
∂y

+

(
u

∂H
∂x

+ v
∂H
∂y

)
µ0

(ρcp)n f
T

∂M
∂T

= αn f
∂2T
∂y2 −

∂qr

∂y
+

µn f

(ρcp)n f
[(

∂u
∂y

)2 + 2(
∂v
∂y

)2] (4)

where (u, v) are the components of velocity along the x-axis and y-axis, respectively. αn f is the
normal anxiety moduli, ρn f is the fluid density, and µn f describes the dynamic viscosity of the fluid,
respectively. Further, M shows the magnetization, H is magnetic penetrability, µ0 denotes the magnetic
field, and (ρcp)n f are the thermal capability of nano-fluid, separately. In Equation (3), the spin gradient
viscosity is γn f , and is expressed as γ =

√
Sρb2/

√
µ where b is constant, and in Equation (4) qr is

the heat flux, that is explained as qr = − 4σ∗
3κ∗

∂T4

∂y where Stefan-Boltzmann number is σ∗ and the mean
assimilation coefficient is κ∗. The thermo-physical factors are explained as [37].

α1 = ρn f = (1− φ)ρ f + φρs, α2 = µn f =
µ f

(1− φ)2.5 ,

α3 = (ρCp)n f = (1− φ)(ρCp) f + φ(ρCp)s, α4 =
κn f

κ f
=

(κs + 2κ f )− 2φ(κ f − κs)

(κs + 2κ f ) + φ(κ f − κs)
.

Figure 1. Configuration of Flow model.

The boundary conditions for the stated mathematical model are detailed as

u = uw(x) + A1
∂u
∂y , v = −vw, T = Tw = T0 + b1x, w = −δ ∂u

∂y , as y = 0.
u = 0, w = 0, T → T∞ = T0 + b2x, as y→ ∞.

(5)

where T0, b1, and b2 are allude temperature and dimensionless quantities respectively, φ is solid volume
fraction, κs and κ f are respective thermal conductivities of the nanoparticles and the base fluids, and ρs

and ρ f are respective densities of the nanoparticles and the base fluid. The temperature Tw at the
surface, Tc is Curie temperature, T∞ temperature of fluid away from the surface and A1 is the velocity
slip parameter.

The magnetic nanofluid flow is affected through the dipole field utilizing magnetic scalar potential
τ such as, ([38])

τ = (
γ

2π
)x/(x2 + (y + b)2) (6)



Symmetry 2020, 12, 520 5 of 19

The strength of magnetic field at the source position is represented by γ and b denotes the distance
from x-axis to the centre of magnetic field, and the x, y components of magnetic field M are shown as

Mx = −∂τ/∂x = (
γ

2π
)(x2 − (y + b)2)/(x2 + (y + b)2)2 (7)

My = −∂τ/∂y = (
γ

2π
)(2x(y + c))/(x2 + (y + c)2)2 (8)

as the force of body is proportionated to the gradient of magnitude M which is

M =
√
(∂τ/∂x)2 + (∂τ/∂y)2 (9)

By using Equations (7) and (8) to solve equation (9) by expanding power of x up to x2, then we get

∂M/∂x = − γ

2π
(2x/(y + b)4) (10)

∂M/∂y =
γ

2π
(−2/(y + b)3 + 4x2/(y + b)5) (11)

With temperature T, the impact of magnetization M is expressed as M = K1(T− T∞), where K1

shows pyromagnetic coefficient. To solve the system of equations, we are substituting the similarity
transformations; [38]

ψ(η, ζ) = (µ/ρ)η f̃ (ζ), θ(η, ζ) = (T∞ − T)/(T0 − Tw) = θ̃1(ζ) + η2θ̃2(ζ) (12)

where µ symbolize dynamic viscosity, θ̃1(ζ), θ̃2(ζ) symbolize the dimensionless temperature
respectively, and the non dimensional co-ordinates are as;

ζ = y
√
(cρ f )/µ f , η = x

√
(cρ f )/µ f , ω = cx

√
cµ

ρ
g̃(ζ) (13)

The components of velocity for the stream function ψ(η, ζ) and for temperature θ̃(η, ζ) are,

u =
∂ψ

∂y
= cx f̃ ′(ζ), v = −∂ψ

∂x
= −

√
(cv f ) f̃ (ζ), (14)

According to similarity transformations Equations (12)–(14), the system of equations from (1)–(4)
are transformed into system of ordinary differential equations (ODEs):

(α5 + K)
d3 f̃
dζ3 − α1

(
d f̃
dζ

)2

+ α1 f̃
d2 f̃
dζ2 + K

dg̃
dζ
− 2βθ̃1

(ζ + γ)4 = 0, (15)

(α5 + K/2)
d2 g̃
dζ2 − α1 f̃

dg̃
dζ

+ α1 g̃
d f̃
dζ
− K

(
2g̃ +

d2 f̃
dζ2

)
= 0, (16)

α4(1 + Rd)
d2θ̃1

dζ2 + α3Pr
(

f
dθ̃1

dζ
− 2θ̃1

d f̃
dζ

)
+

2λβ f̃ (θ̃1 − ε)

(ζ + γ)3 − 2λα5

(
d f̃
dζ

)2

= 0, (17)

α4(1 + Rd)
d2θ̃2

dζ2 + α3Pr
(

f̃
dθ̃2

dζ
− 4θ̃2

d f̃
dζ

)
+

2λβθ̃2

(ζ + γ)3

− λβ(θ̃1 − ε)

[
2

(ζ + γ)4
d f̃
dζ

+
4 f̃

(ζ + γ)5

]
− λα5

(
d2 f̃
dζ2

)2

= 0, (18)
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for the above problem the transformed boundary conditions are:

f̃ (0) = fw,
d f̃ (0)

dζ
= 1 + S f

d f̃ 2(0)
dζ2 , g̃(0) = −δ

d2 f̃ (0)
dζ2 , θ̃1 = 1− S1, and θ̃2 = 0. (19)

d f̃ (∞)

dζ
→ 0, g̃→ 0, θ̃1(∞)→ 0, and θ̃2(∞)→ 0. (20)

The primes show the derivatives with respect to the variable ζ. The involving parameters in
Equations (15)–(18) are explained as: Pr = ν/α, S1 = b2/b1 ε = T∞/T0 − Tw, β = γ

2π
Kµ0(T0−Tw)ρ

µ2
0

,

δ = A( cµ
ρ )1/2 λ = cµ2/ρκ(T0 − Tw), γ =

√
cρb2/

√
µ S f =

√
(cρ f )/µ f .

Here β is the ferromagnetic parameter, Rd is thermal radiation parameter, K micro-rotation
parameter, λ is the viscous dissipation, b distance from the origin to the magnetic dipole, Tc curie
temperature, respectively. Moreover, δ boundary parameter, S1 is thermal stratification parameter,
and Prandtl number Pr. The thermo-physical characteristics of the base fluid (60% water + 40%
ethylene glycol) and various magnetic nano-particles are shown in Table 1. The most important
physical measurements are the skin friction coefficient, Nusselt number and the explanation of these
dimensionless physical measurements are given as:

C f x = −2τw/ρn f u2
w, τw = µn f (∂u/∂y)y=0, Nux = −

Kn f

K f
(1 + Rd)

x
(T0 − Tw)

[∂T/∂y]y=0 (21)

when Equations (13) and (14) substituted into Equation (21) the resulting form is achieved as

C f (Rex)
1/2 = −[α5 + (1− δ)K]

d2 f̃ (0)
dζ2 (22)

Nux = Nu/(Rex)
1/2 = α4(1 + Rd)

[dθ̃1(0)
dζ

+ ζ2 dθ̃2(0)
dζ

]
(23)

where the local Reynolds number is Rex = xuw(x)
v f

.

Table 1. Physical properties of base fluids (water 60% + ethylene glycol 40%) and nanoparticles.

Property Base Fluid Paramagnetic (Ta) Diamagnetic (Cu) Ferromagnetic (Fe)
[39] [40] [40] [40]

Cp(J·(kg·K)−1) 3752 140 385 447
ρ(kg·m−3) 1054 16,600 8933 7870

κ(W·(m·K)−1) 0.416 57.5 401 80.2

3. Implementation of Method

The finite element method has been implemented on the system of Equations (15) –(18) to obtain
the numerical solution under the boundary conditions that are given in Equations (19) and (20).
The FEM has been instigated to the study of various problems in computational fluid dynamics and
extremely efficient methods to solve assorted nonlinear problems [41–44]. This method is more efficient
and consistent as compared to other numerical methods, such as the Adomian decomposition method
(ADM), homotopy perturbation method (HPM), and finite difference method (FDM). Moreover, it is
very proficient and has been instigated to study the various problems in fluid mechanics, and in
computational fluid dynamics, solid mechanics, mass transfer, heat transfer, and in many other fields.
Reddy [45] described a general aspects of variational finite element method. Swapna et al. and
Gupta et al. [46,47] described that the variational finite element method resolves the boundary value
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problems very effectually, quickly and precisely. In order to apply the finite element method (FEM) to
solve the system of differential Equations (15)–(18), first, we have to consider

d f̃
dζ

= h̃ (24)

The Equations (15)–(18) takes the form

(α5 + K)
d2h̃
dζ2 + α1 f

dh̃
dζ
− α1h̃2 + K

dg̃
dζ
− 2βθ̃1

(ζ + γ)4 = 0, (25)

(α5 + K/2)
d2 g̃
dζ2 − α1 f̃

dg̃
dζ

+ α1 g̃h̃− K(2g̃ +
dh̃
dζ

) = 0, (26)

α4(1 + Rd)
d2θ̃1

dζ2 + α3Pr( f̃
dθ̃1

dζ
− 2θ̃1h̃) +

2λβ f̃ (θ̃1 − ε)

(ζ + γ)3 − 2λα5h̃2 = 0, (27)

α4(1 + Rd)
d2θ̃2

dζ2 + α3Pr( f̃
dθ̃2

dζ
− 4θ̃2h̃) +

2λβθ̃2

(ζ + γ)3

− λβ(θ̃1 − ε)[2h̃/(ζ + γ)4 + 4 f̃ /(ζ + γ)5]− λα5(
dh̃
dζ

)2 = 0, (28)

The correspondent boundary conditions are

f̃ (0) = fw, h̃(0) = 1 + S f
d f̃ 2(0)

dζ2 , g̃(0) = −δ
d2 f̃ (0)

dζ2 , θ̃1 = 1− S1, and θ̃2 = 0. (29)

h̃(∞)→ 0, g̃→ 0, θ̃1(∞)→ 0, and θ̃2(∞)→ 0. (30)

3.1. Variational Formulations

The variational formation associated with the Equations (24)–(28) over a three nodded quadratic
element (ζb, ζb+1) is given as ∫ ζb+1

ζb

t1{
d f̃
dζ
− h̃}dζ = 0, (31)

∫ ζb+1

ζb

t2{(α5 + K)
d2h̃
dζ2 + α1 f̃

dh̃
dζ
− α1h̃2 + K

dg̃
dζ
− 2βθ̃1

(ζ + γ)4 }dζ = 0, (32)

∫ ζb+1

ζb

t3{(α5 + K/2)
d2 g̃
dζ2 − α1 f̃

dg̃
dζ

+ α1 g̃h̃− K(2g̃ +
dh̃
dζ

)}dζ = 0, (33)

∫ ζb+1

ζb

t4{α4(1 + Rd)
d2θ̃1

dζ2 + α3Pr( f̃
dθ̃1

dζ
− 2θ̃1h̃) +

2λβ f̃ (θ̃1 − ε)

(ζ + γ)3 − 2λα5h̃2}dζ = 0, (34)

∫ ζb+1

ζb

t5{α4(1 + Rd)
d2θ̃2

dζ2 + α3Pr( f̃
dθ̃2

dζ
− 4θ̃2h̃) +

2λβθ̃2

(ζ + γ)3

− λβ(θ̃1 − ε)[2h̃/(ζ + γ)4 + 4 f̃ /(ζ + γ)5]− λα5(
dh̃
dζ

)2}dζ = 0, (35)

where t1, t2, t3, t4, and t5 are weight functions that are observed as the variation in f̃ , h̃, g̃, θ̃1, θ̃2,
respectively and domain (ζb, ζb+1) shows the length of the boundary layer region.
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3.2. Finite Element Formulation

The corresponding finite element approximation over the three noded quadratic element
(ζb, ζb+1) which is obtained from the Equations (31)–(35) is as follows

¯̃f =
3

∑
j=1

¯̃f j ψj, ¯̃g =
3

∑
j=1

¯̃gjψj, ¯̃θ =
3

∑
j=1

¯̃θψj and ¯̃φ =
3

∑
j=1

¯̃φψj

with t1 = t2 = t3 = t4 = t5 = ψi where i = 1, 2, 3 and the shape function ψi for the element
Ωb = (ζb, ζb+1) given by

ψ1 =
(ζb+1 − ζb − 2ζ)(ζb+1 − ζ)

(ζb+1 − ζb)2 , ψ2 =
4(ζ − ζb)(ζb+1 − ζ)

(ζb+1 − ζb)2 ,

ψ3 = − (ζb+1 − ζb − 2ζ), (ζ − ζb)

(ζb+1 − ζb)2 , ζb ≤ ζ ≤ ζb+1. (36)

The finite element model of these equations is declared as
[T11] [T12] [T13] [T14] [T15]

[T21] [T22] [T23] [T24] [T25]

[T31] [T32] [T33] [T34] [T35]

[T41] [T42] [T43] [T44] [T45]

[T51] [T52] [T53] [T54] [T55]




{ f }
{h}
{g}
{θ1}
{θ2}

 =


{r1}
{r2}
{r3}
{r4}
{r5}

 (37)

where Tmn and rm (m,n = 1,2,3,4,5) are defined as

T11
ij =

∫ ζb+1
ζb

ψi
dψj
dζ dζ, T12

ij =
∫ ζb+1

ζb
ψiψj dζ, T13

ij = T14
ij = 0, T15

ij = T21
ij = 0.

T22
ij = −(α5 + K)

∫ ζb+1
ζb

dψi
dζ

dψj
dζ dζ + α1

∫ ζb+1
ζb

¯̃f ψi
dψj
dζ dζ − α1

∫ ζb+1
ζb

¯̃hψiψj dζ,

T23
ij = K

∫ ζb+1
ζb

ψi
dψj
dζ dζ, T24

ij = −2β

(ζ+γ)4

∫ ζb+1
ζb

ψiψj dζ, T25
ij = 0, T31

ij = 0,

T32
ij = −K

∫ ζb+1
ζb

ψi
dψj
dζ dζ, T33

ij = −(α5 +
K
2 )
∫ ζb+1

ζb

dψi
dζ

dψj
dζ dζ − α1

∫ ζb+1
ζb

¯̃f ψi
dψj
dζ dζ dζ

+α1
∫ ζb+1

ζb

¯̃hψiψj − 2K
∫ ζb+1

ζb
ψiψj dζ, T34

ij = T35
ij = 0, T41

ij = −2βλε

(ζ+γ)3

∫ ζb+1
ζb

ψiψj dζ,

T42
ij = −2α5λ

∫ ζb+1
ζb

¯̃hψiψj dζ, T43
ij = 0, T44

ij = −α4(1 + Rd)
∫ ζb+1

ζb

dψi
dζ

dψj
dζ dζ + α3Pr

∫ ζb+1
ζb

¯̃f ψi
dψj
dζ dζ

−2α3Pr
∫ ζb+1

ζb

¯̃hψiψj dζ + −2βλ

(ζ+γ)3

∫ ζb+1
ζb

¯̃f ψiψj dζ, T45
ij = 0, T51

ij = − 4βλε

(ζ+γ)5

∫ ζb+1
ζb

ψiψj dζ,

T52
ij = 2βλε

(ζ+γ)4

∫ ζb+1
ζb

ψiψj dζ − α5λ
∫ ζb+1

ζb

¯̃h′ψi
dψj
dζ dζ, T53

ij = 0,

H54
ij = −2βλ

(η+γ)4

∫ ηb+1
ηb

¯̃hψiψj dη − 4βλ

(η+γ)5

∫ ηb+1
ηb

¯̃f ψiψj dη.

T55
ij = −α4(1 + Rd)

∫ ζb+1
ζb

dψi
dζ

dψj
dζ dζ + α3Pr

∫ ζb+1
ζb

¯̃f ψi
dψj
dζ dζ − 4α3Pr

∫ ζb+1
ζb

¯̃hψiψj +
2βλ

(ζ+γ)3

∫ ζb+1
ζb

ψiψj dζ,

(38)

and

r1
i = 0, r2

i = −(α5 + K)
(

ψ
dh̃
dζ

)ζb+1

ζb

, r3
i = −(α5 + K/2)

(
ψ

dg̃
dζ

)ζb+1

ζb

,

r4
i = −α4(1 + Rd)

(
ψ

dθ̃1

dζ

)ζb+1

ζb

, r5
i = − α4(1 + Rd)

(
ψ

dθ̃1

dζ

)ζb+1

ζb

,

where ¯̃f = ∑3
j=1

¯̃f jψj,
¯̃h = ∑3

j=1
¯̃hjψj, ¯̃g = ∑3

j=1
¯̃gjψj, ¯̃θ1 = ∑3

j=1
¯̃θ1ψj and ¯̃θ2 = ∑3

j=1
¯̃θ2ψj

are considered as to be unknown. We acquired a matrix after the accumulation of all element
equations. Afterward, the assemblage of the system of element equations, a subsequent system
of non-linear equations is achieved; after this, it executes an iterative method to calculate it for an
effective solution. Mesh independence in the computations has been attained. The method is very
durable and convergence is attained rapidly. At an inferior level of iterations, the functions ¯̃f , ¯̃h, ¯̃g,
and ¯̃θ are assumed to be known to linearize the framework and this procedure is repeated until the
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required accuracy of 0.00005 is not obtained. To make sure of the mesh individuality, the mesh impact
capability has been used. Table 2 displays the convergence of the results, we intended for the quantity
of elements to enlarge; n = 40, 100, 200, 340, 500, and 700. From the results that are shown in Table 2,
It is clear that as the number of elements increases further than 500, there is no significant variation in
the values of ¯̃h, ¯̃g , ¯̃θ1, and ¯̃θ2 is observed. Thus, the final results are stated for 500 elements.

Table 2. Finite Element Method (FEM) convergence results of h̃(η), g̃(η), θ̃1(η), and θ̃2(η) for various
number of elements when Pr = 2, K = 0.1, λ = 0.01, S f = 0.2, β = 0.5, E = 2, δ = 0.5, fw = 0.2,
N = 0.5.

Number of Elements h̃(3) g̃(3) θ̃1(3) θ̃2(3)

40 0.007067 0.006707 0.143487 0.000010
100 0.007279 0.006842 0.142996 0.000011
200 0.007309 0.006861 0.142925 0.000012
340 0.007315 0.006865 0.142909 0.000012
500 0.007317 0.006866 0.142905 0.000012
700 0.007318 0.006867 0.142903 0.000012

4. Results and Discussion

In this section the effects of three different types of magnetic nanoparticles like paramagnetic
(Ta), diamagnetic (Cu) and ferromagnetic (Fe) on velocity, temperature, and micro-rotation velocity
are studied. To study the physical behavior of velocity, temperature, nanoparticle concentration,
and thermal stratification functions, an inclusive numerical calculation was found out for various
values of the different physical parameters that show the flow properties and the results are represented
in the form of graphs and tables. Furthermore, all the other used parameters are preserved to be
fixed throughout the problem as, (Pr = 2, k = 0.1, λ = 0.01, β = 0.5, E = 2, δ = 0.5, fw = 0.2,
Nr=0.3, R = 0.5, S f = 0.2, S1 = 0.2). These values are taken in accordance with the previous studies,
as presented in the literature. The characteristics of the current results and the assessment of flow
velocity have been done by the accurate results that consent the validity of the finite element technique.
Table 3 describes the results of the heat transfer rate attained by FEM which is compared to the results
of earlier studies and the exact solutions [35,48–51]. An excellent correlation was achieved and a grid
invariance test was conducted to maintain four decimal points of accuracy. To see the consistency
and validations of the results, the current results have been compared with [52–54] that are efficiently
simulated as shown in Table 4. We determined that current results are in complete concurrence and
the grid invariance test has accomplished tolerating the accuracy up to five decimal places.

Table 3. Comparison of −θ̃′(0) for various values of Prandtl number Pr, when all others parameters
are zero.

Pr Sohaib et al. Liaqat et al. Bagh et al. Majeed et al. Bachok et al. FEM
[35] [48] [49] [50] [51] (Current Results)

0.72 0.808633 0.808634 0.808634 0.808640 0.8086 0.808633
1.00 1.000008 1.000001 1.000001 1.000000 1.0000 1.000009
3.00 1.923677 1.923678 1.923683 1.923609 1.9237 1.923680
10.0 3.720668 3.720668 3.720674 3.720580 3.7207 3.720669

Figure 2 shows the impacts of magnetic nanoparticles paramagnetic (Ta), diamagnetic (Cu),
ferromagnetic (Fe), and suction/injection fw on the velocity profile f̃ ′(ζ) for both the linear and
nonlinear sheets. The velocity profile was decreasing with the increasing values of suction/injection
parameter fw up to a certain distance ζ, while the momentum boundary layer thickness increased.
It is fascinating our attention that the flow velocity form increased in the order as paramagnetic,
diamagnetic, and ferromagnetic. It is revealed that the boundary layer thickness for nanoparticles
was progressive as paramagnetic, diamagnetic, and ferromagnetic, respectively. Figure 3 shows
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the micro-rotation velocity was decreasing the enhancing values of suction/injection parameter fw,
while the opposite effect was seen for the domain {0–0.25} along ζ. Figure 4 demonstrates that
the thermal boundary layer thickness of the temperature field was increasingly thinner with the
increasing values of suction/injection parameter fw. A frequent stretching in the sheet causes the fluid
motion in the boundary layer region, the fluid fascinated the heat and as a result, the reduction in
temperature occurred. Figure 5 describes that impact of ferromagnetic parameter β, the presence of
ferrite nanoparticles in the fluid caused an increase in the thickness of fluid and, as a result, reduction in
the velocity field took place while the values of β increased.

Table 4. Comparison of skin friction for various values of K and δ when all others parameters are zero.

K δ
Qasim et al. Abid Hussanan et al. Kumar FEM

[52] [53] [54] (Current Results)

0.0 0.5 −1.000000 −1.0000000 - −1.0000089
1.0 −1.224741 −1.2247448 - −1.2248199
2.0 −1.414218 −1.4142135 - −1.4144797
4.0 −1.732052 −1.7320508 - −1.7332924
0.0 0.0 −1.000000 - −1.000008 −1.0000089
1.0 −1.367872 - −1.367996 −1.3679971
2.0 −1.621225 - −1.621575 −1.6215754
4.0 −2.004133 - −2.005420 −2.0054211

0 0.5 1 1.5 2 2.5
0.5

0.55

0.6

0.65

0.7

0.75

f
w

 = 0.2, 0.5, 1.0

Paramagnetic  (Ta)

Diamagnetic   (Cu)
Ferromagnetic (Fe)

Figure 2. Impact of nano-particles and fw on f̃ ′(ζ).

0 0.5 1 1.5 2 2.5 3
0

0.05

0.1

0.15

0.2

0.25

0.3 Paramagnetic  (Ta)

Diamagnetic   (Cu)
Ferromagnetic (Fe)

f
w

 = 0.2, 0.5, 1.0

Figure 3. Impact of nano-particles and fw on g̃(ζ).
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Paramagnetic  (Ta)

Ferromagnetic (Fe)
Diamagnetic   (Cu)

f
w

 = 0.2, 0.5, 1.0

Figure 4. Impact of nano-particles and fw on θ̃1(ζ).

0 0.5 1 1.5 2 2.5
0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

Paramagnetic  (Ta)

Ferromagnetic (Fe)
Diamagnetic   (Cu)

 = 1.0, 2.0, 3.0

Figure 5. Impact of nano-particles and β on f̃ ′(ζ).

Figure 6 describes that the increasing values of ferromagnetic parameter β caused an increase
in micro-rotation velocity and the momentum boundary layer turn to dense. Figure 7 shows that
with the increasing values of ferromagnetic parameter β the velocity profile increased and the thermal
boundary layer thickness of the temperature field was increasingly thinner with the increasing values
of β [55]. Figures 8–10 demonstrate that the impact of micro-rotation parameter K on the velocity
profile, micro-rotation velocity, and temperature by keeping fixed values of all the other parameters.
It can be seen that with the enhancing values of K, both the velocity profile and the thermal boundary
layer thickness increased. From Figure 9 it is clear that as the value of parameter K increases, firstly the
micro-rotation velocity goes to be decrease for the domain {0–0.5} along ζ after that the opposite effect
is observed.

0 0.5 1 1.5 2 2.5 3
0

0.1

0.2

0.3

0.4

0.5
Paramagnetic  (Ta)

Ferromagnetic (Fe)
Diamagnetic   (Cu)

 = 1.0, 2.0, 3.0

Figure 6. Impact of nano-particles and β on g̃(ζ).
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Figure 10 reveals that the boundary layer thickness in the temperature field was gradually thinner
with the increasing values of K and displays that the rate of heat transfer turns faster. Figure 11 exposes
that with the increasing values of slip parameter S f the velocity profile decreased while the boundary
layer thickness increased. Subsequently, the nano-particles were coupled with temperature and the
substantial feature was to analyze the heat diffusion, and the heat transfer rate of Ta, Cu, Fe increased
respectively. Figure 12 explains that the micro-rotation velocity reduced with the increasing values of
slip parameter S f . Figure 13 scrutinized that the impacts of slip parameter S f on temperature profile,
it was exposed that due to the increment in values of the slip parameter S f the heat transfer coefficient
increases that caused an increase in temperature of nanoparticles, also reduced the thermal boundary
layer thickness and showed that the surface temperature was higher for greater values of S f .

0 1 2 3 4 5 6 7 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Paramagnetic  (Ta)

Ferromagnetic (Fe)
Diamagnetic   (Cu)

 = 1.0, 2.0, 3.0

Figure 7. Impact of nano-particles and β on θ̃1(ζ).

0 0.5 1 1.5 2 2.5 3
0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85
Paramagnetic  (Ta)

Ferromagnetic (Fe)
Diamagnetic   (Cu)

K = 0.5, 1.0, 1.5

Figure 8. Impact of nano-particles and K on f̃ ′(ζ).

0 0.5 1 1.5 2 2.5 3 3.5
0

0.05
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0.15

0.2

0.25

0.3

0.35
Paramagnetic  (Ta)

Ferromagnetic (Fe)
Diamagnetic   (Cu)

K = 0.5, 1.0, 1.5

Figure 9. Impact of nano-particles and K on g̃(ζ).
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The discrepancy of heat transfer rate for different values of Prandtl number Pr and for different
nanoparticles is exposed in Figure 14, this shows that the thermal transmission being faster and the
thermal boundary layer thickness was gradually thinner with increasing values of Prandtl number
(Pr). Figure 15 displays the impact of radiation parameter Rd and the nanoparticles on temperature
profile. It is declared that the thermal diffusivity decreases with the increasing values of radiation
parameter Rd. The decrease in the thermal diffusivity causes the heat diffusing far as of the heated
sheet and as the surface temperature increased and the thermal boundary layer thickness decreased
while velocity was increasing. Figure 16 shows that the thermal boundary layer decreased with the
increasing values of λ. Figure 17 presents the impact of the thermal stratification parameter S1 on the
temperature profile θ̃1(ζ).

0 1 2 3 4 5 6 7 8
0

0.2

0.4

0.6

0.8

1

Paramagnetic  (Ta)

Ferromagnetic (Fe)
Diamagnetic   (Cu)

K = 0.5, 1.0, 1.5

Figure 10. Impact of nano-particles and K on θ̃1(ζ).
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0.8

0.9

1

Paramagnetic  (Ta)

Ferromagnetic (Fe)
Diamagnetic   (Cu)

S
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 = 0.0, 0.2, 0.5

Figure 11. Impact of nano-particles and S f on f̃ ′(ζ).
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Figure 12. Impact of nano-particles and S f on g̃(ζ).
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It is clear from the Figure 17 that the thermal boundary layer thickness decreased gradually for
the increasing values of the corresponding thermal stratification parameter [22]. Change in values of
thermal stratification parameter causes of enhancing the density of fluid layers which leads the dense
particles toward the surface that creates more magnetohydrodynamic interaction, due to which the
decrement occurs in the heat transfer rate.

0 1 2 3 4 5 6 7 8 9
0

0.2

0.4

0.6

0.8

1

Paramagnetic  (Ta)

Ferromagnetic (Fe)
Diamagnetic   (Cu)

S
f
= 0.0, 0.2, 0.5

Figure 13. Impact of nano-particles and S f on θ̃1(ζ).
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0.8
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Ferromagnetic (Fe)
Diamagnetic   (Cu)

Pr = 2, 3, 5

Figure 14. Impact of nano-particles and Pr on θ̃1(ζ).
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Figure 15. Impact of nano-particles and Rd on θ̃1(ζ).
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Figure 16. Impact of nano-particles and λ on θ̃1(ζ).
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Figure 17. Impact of nano-particles and S1 on θ̃1(ζ).

5. Concluding Remarks

In this article, a mathematical analysis has been performed to inspect the behavior of different
magnetic nanoparticles like paramagnetic (Ta), diamagnetic (Cu), ferromagnetic (Fe) on heat transfer
and boundary layer flow through a stretching sheet, water (H2O) and ethylene glycol (C2H6O2) are
used as base fluid. The heat transporting phenomena is represented in the resulting of ferromagnetic
nanofluids. Suitable similarity transformations have been used to transform the system of equations
into ordinary differential equations and solved them by using the finite element method (FEM).
A parametric study has been made to explore the effect of different parameters on the velocity,
temperature, thermal stratification, and the properties of nanoparticles. The main expositions from the
analysis are:

• With increasing values of thermal stratification S1 corresponds in decreasing of velocity and
temperature profiles, Further, the heat transfer rate increases by increasing values of parameter S1.

• The velocity, temperature, and micro-rotational velocity is higher in the micropolar ferromagnetic
fluid as compare to the ferrimagnetic fluid.

• Thermal conduction of nanoparticles enhances with the inconsistency of volume fraction.
• The effect of K on the velocity profile and the micro-rotational velocity is increasing whereas it is

declining in the thermal boundary layer.
• The velocity profile reduces with increasing values of suction/injection parameter fw and

ferromagnetic parameter β in the presence of magnetic dipole while the temperature field increases.
• The velocity profile is a decreasing function of slip parameter S f while also an increasing function

of temperature profile and relative boundary layer of nanofluids.
• In the presence of magnetic dipole reducing the rate of heat transfer has been perceived.
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Nomenclature

Rex Local Reynold number
Rd Thermal radiation parameter
S1 Thermal Stratification
αn f Normal anxiety moduli
ρn f Fluid density
µn f Viscosity of fluid
K1 pyromagnetic coefficient
M Magnetic penetrability
µ0 Magnetic field
(ρcp)n f Thermal capability of nano-fluid
γn f Spin gradient viscosity
qr Rosseland eradicative heat flux
σ∗ Stefan-Boltzmann number
κ∗ Mean assimilation coefficient
ε Curie temperature
T Non-dimensional temperature
Tw Temperature at surface
T∞ Temperature away from the surface
m Micro-rotation parameter
uw Velocity of sheet
u, v Velocity components
β Ferromagnetic parameter
λ Viscous dissipation
αn f Normal anxiety moduli
Pr Prandtl number
δ boundary parameter
S f Slip parameter
K micro-rotation parameter
φ Solid volume fraction

κs
thermal conductivity of
nanoparticles

κ f thermal conductivity of base fluid
ρs density of the nanoparticles
ρ f density of base fluid
γ Strength of magnetic field
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